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Existence and Uniqueness of Solution of
Fractional Order Differential Equations.

1 Historical Background

Recently fractional calculus emerged as a new branch of mathematics due to a wide range of
applications in physics and engineering vizvproblem of anomalous diffusion [8, 9] modeled us-
ing fractional calculus. The fractional calculus is a generalization of integral and derivatives
to non- integer order having a long history of approximately 300 years [2]. Many Researchers
on this topic cite a particular date as the birthday of so called fractional calculus. In a letter
dated September 30th, 1695 L’ hospital wrote to Leibniz asking him about half derivative of
f(z) = x and Leibniz replied ” An apparent paradox, from one day useful consequences will
be drawn”. In these words, fractional calculus was born. After this reply, many stalwart
mathematicians like Fuler, Laplace and Fourier started a study of fractional calculus and its
consequences. few of them found their own notations and methodology and definition that
fits into the concept of a non integer order integral and derivatives. The most popular defini-
tions are the Riemann- Liouville and Grunwald- Letnikov definition [2, 3, 4, [5, [6]. However,
differentiation and integration of non-integer order were not acceptable for geometrical and

physical interpretation unlike integer order [10].

Due to non-local property of the fractional differential equations, the non-linear systems
like the non-linear oscillations of earthquake [I1], seepage flow in porous media [7] and traf-
fic flow in fluid dynamics and viscoelastic problems are modeled in to fractional differential
equations [3], 8, [12] studied. Abel was the first one to used fractional derivative to solve tau-
tochrone problem which involves integral equation which was later termed as the Riemann-

Liouville integral of order .

The existence and uniqueness of solutions of fractional differential equations with classi-

cal condition z(0) = xy using fixed point theory has been studied by Delbosco and Rodino



[11], Cheng and Guozhu [14] and El-Borai [15]. In many physical situations, the initial con-
dition of the form z(0) = xy — g(z) can be more descriptive than classical condition called
nonlocal condition. Study of existence and uniqueness of solutions with nonlocal condition
was initiated by Byszewski [16]. The study of fractional differential equations with same
conditions was initiated by Guerekata [I8] and Balachandran, Trujillo and Park [19] [17].
There are problems for which past history is required to be modeled into delay differential
equations. The existence and Uniqueness of solution of such fractional differential equations

were studied by Balachandran et. al.[22].

Besides existence and uniqueness, many researchers now a days are also interested in
the solution’s behavior with respect to initial condition. The study of the behavior of the
solution is known as stability of differential equation. Matignon [28] derived necessary and
sufficient condition for asymptotic stability of linear fractional differential equations followed
by other mathematicians [29] [30, 31]. Most of nonlinear fractional differential equations do
not have analytical solution, so approximations and numerical techniques have to be used
to solve fractional differential equations. The decomposition method and variational iter-
ation method have been extensively studied by Odibat and Momani [24, 25]. Apart from
this semi-analytic iterative methods, few numerical methods have been developed till now.
Diethelm et. al. [26] generalized Adams-Bashforth method for fractional differential equa-
tions. Odibat and Momani [27] combined generalized trapezoidal rule with a generalized

Euler method to develop a new technique to solve fractional differential equations.



2 Preliminaries

Definition 2.1 ([1]). The gamma function is defined, for z € C as:
['(2) :/ e """ 'dz, Re(z) > 0.
0

This integral representation I'(z) is valid for right half plane. FExtend it to left half plane

barring negative integers using analytic continuation by:

nln?

P@) = lim ey vy

Thus T'(z) : C —{0,—1,-2,.....} — C, fig. 1.1 presents the graph of the function

Gamma(x)
R T

Definition 2.2 ([3]). The Riemann-Liowville fractional integral operator of order > 0, of
function f € Li(R,), is defined as

4 —L t —5)P7 L f(s)ds
Bof0) = 575 | (=5 s (2.1)

where T'(+) is gamma function.

Definition 2.3 ([3]). The Riemann-Liowville fractional derivative of order 8 > 0,
n—1<p8<n,neN, is defined as

DY IO = gy | = 5 (22)

where the function f(t) has absolutely continuous derivatives up to order (n — 1).



This derivative has singularity at zero and also requires special initial condition which
is lacking physical interpretation. To overcome this difficulty, Caputo [32] interchanged the

role of operators and defined the fractional derivatives as follows:

Definition 2.4 ([3]). The Caputo fractional derivative of order 5 > 0, n —1 < < n,
n € N, s defined as

Dy, f(t) = ﬁ/o (t—s)”_ﬁ_l%gs)ds. (2.3)

Where the function f(t) has absolutely continuous derivatives up to order (n —1).

Moreover if 0 < 8 < 1, then

. B 1 ¢ _gdf(s)
Dy, (t>—m/o(t—5) BTdS

3 Research work

In this work, qualitative property like existence and uniqueness of the solution of fractional
order differential equations studied. Fractional order differential equation with and without

impulses governing physical phenomena is also considered. Thesis consist of Six chapters:

Through out the all chapters ¢D” denotes Caputo fractional order differential operator.

3.1 Chapter one

The impulsive fractional quasiliner integro-differential equation

CDfBaU(t) = A(t,z)x(t) + f(t,z(t), Tx(t), Sx(t)) tH#ty, k=1,2,---,p
A.I'(tk) = [k(x(tk)), t:tk, k:1,2, , P

Where, A(t,z) is bounded quasi-linear operator on X and f : [O To) X X x X x X — X,
T,S : X — X are defined by Tx(t fo (t,s,2(s))ds and Sxz(t fo (t,s,2(s))ds, h :
DoxX — X, Dy ={(t,5);0 <s gtho}andk : D1><X — X, Dl ={(t,5);0<t, s <Tp}
are continuous, with local condition x(0) = z and nonlocal condition z(0) = xy — g(x) over
the interval [0,7p] in a Banach space X. Existence and uniqueness of mild solution of the
problem obtained. Inclusion of Fredholm integral operator S in the equation is more relavent
in modelling of many physical phenomena arises in the field of viscoelasticity. An example
is added to illustrate the efficacy of the method.
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3.2 Chapter Two

The work discussed in 1st chapter is extended in 2nd chapter by adding a delay condition
on it and derived sufficient conditions for existence and uniqueness of mild solution of the

integro-differential equations:

‘DPx(t) = A(t,x)x(t) + f(t,z(o(t)), Tx(t), Sx(t)) t#ty, k=1,2,---,p
AZL‘(tk) = ]k(l‘(tk)), t:tk, k= 1,2,"' N Y

r(0) = xo—g(w),

over the interval [0,7y] in a Banach space X. Where, A(t,z) is bounded quasi linear

operator on X and f 0, x X x X xX —- X, TS : X — X are defined by
fo (t,s,2(¢(s)))ds and Sz(t) = fOTO k(t,s,x(£(s)))ds, where h : Do x X — X,

Do = {(t,s),O <s<t<To}and k:D; x X — X, D; = {(t,5);0 < t,s < Tp} are the

operators satisfying condition of the hypotheses.

3.3 Chapter Three

The sufficient conditions for existence and uniqueness of mild and classical solution of frac-
tional order impulsive integro-differential equations of the following form is established in

this chapter. And also derived conditions in which mild and classical solution are congruence.

‘DPx(t) = Ax(t) + f(t,x(t), Tx(t), Sx(t)) t#ty, k=1,2,---p
Ax(tk):Ik(ZU(tk)), t:tk, k:1,2,-~- ,p
z(0) = xg

over the interval [0, 7p] in a Banach space X. Here, A is bounded linear operator on X and
f: [OTO]XXXXXX—>XTS X — X are defined by Tx(t) fo (t,s,2(s))ds and
Sx(t) = |, T k(t,s,2(s))ds. Where h: Dy x X — X, Dy = {(t,s);0 < s <t < To} and
k:DyxX — X, Dy ={(ts);0 <t,s <Ty} are the operators satisfying condition of the
hypotheses.



3.4 Chapter Four

This chapter, includes existence and uniqueness of mild and classical solution of generalized

fractional order impulsive evolution equations

‘Dix(t) = Ax(t) + ge(t,z(t)) t € (tpor,tp) k=1,2,--- ,p
AI(tk):]k<I(tk>)7 t:tk, ]{?:1,2, , P
z(0) = xg

in which perturbing force is different after every impulse over the interval [0, T;] on a Banach
space X. A is bounded linear operator on X and I : [0,Tp] x X — X for k=1,2,--- | p+1.

Also established conditions in which mild and classical solutions are congruent.

3.5 Chapter Five

Existence of mild solution for not-instantaneous impulses fractional order integro-differential

equations with local and nonlocal conditions in Banach space is established in this paper.

t
‘DPx(t) = Ax(t) + f(t,x(t),/ a(t, s,x(s))ds), t € [sp,thr1), k=1,2,--+ p
0
x(t) = In(k, z(t)), t € [ty sk)
with local condition z(0) = zy and nonlocal condition x(0) = x¢ + h(z) over the interval
[0,75] in a Banach space X. Here A : X — X is linear operator, Kz = fg a(t,s,z(s))ds
is nonlinear Volterra integral oprator on X, f : [0,7p] x X x X — X is nonlinear function

and I : [0,7p] x X are set of nonlinear functions applied in the interval [ty,s;) for all

i:1727"’ , D-

3.6 Chapter Six

This chapter established sufficient conditions for the mild solution of the fractional hybrid

equations:

‘DP[x(t) - f(t,z(t))] = g(t,z(t))
z(0) = h(x)

with nonlocal condition over the interval [0, Ty] on partially ordered Banach space X. The

nonlocal condition in this equation is more relevant in many physical phenomena in physics.
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