Chapter 2

Existence and uniqueness of
non-local Cauchy problem for
fractional differential equation on
Banach space

The impulsive fractional quasiliner integro-differential equation

‘Dx(t) = A(t,x)x(t) + f(t,x(t), Tx(t),Sz(t)) t#ty, k=1,2,---,p

Ax(tk) = [k(x<tk))> t= tk, k= 1,2,- P

Where, A(t, z) is bounded quasi-linear operator on Banach space X and

10, TO]XXXXXX—>X T,S: X — X are defined by Tx(¢) fo (t,s,x(s))ds
and Sz(t) = [ k(t,s,2(s))ds, h: Do x X = X, Dy ={(t,5);0 < s <t < Ty} and
k:DyxX — X, Dy ={(t,s);0 <t s <Ty} are continuous, with local condition
z(0) = x¢ and nonlocal condition z(0) = z¢ — g(x) over the interval [0, 7] in X, is
considered in this chapter. Existence and uniqueness of mild solution of the problem
is established . Inclusion of Fredholm integral operator S in the equation is more
relavent in modelling of many physical phenomena arises in field of viscoelasticity.

An example is added to illustrate the efficacy of the method.
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2.1 Introduction

There are various problems in science and engineering like seepage flow in porous
media [7], anomalous diffusion [8, [9], and transport [10], the nonlinear oscillations
of earthquake [II], fluid dynamics traffic model [12] etc are well modeled in frac-
tional differential equations. This is because of its non local property [14] which
mean, that the next state of the system depends upon its entire historical states.
Due to this nonlocal property fractional dynamical systems are considered as an
alternative model for highly nonlinear integer order systems [I3]. Using fixed point
theory existence and uniqueness of fractional dynamical semilinear and nonlinear
systems have been studied by Delbosco and Rodino [11], Cheng and Guozhu [14]
and El-Borai [I5]. Byszewski [16] initiated study of existence of nonlocal Cauchy
problem using fixed point theorem and extended it by various researchers [I7]. The
study of existence and uniqueness of mild solution of nonlocal Cauchy problem of
fractional dynamical systems with fixed point theory was initiated by N’ Guerekata
[18] followed by Balachandran and Park [19].

On the other hand, rapid development of impulsive differential equations played
very important role in modeling of many problems of population dynamics, chem-
ical technology and biotechnology [20]. This motivates many researchers to study
existence and uniqueness solutions of the impulsive differential equations [39]. De-
termination of sufficient conditions for existence and uniqueness of mild solution of
impulsive fractional Cauchy problem with classical conditions with the use of fixed
point theory and semigroup theory given by Benchohra and Slimani [40], Mophou
[41], Ravichandran and Arjunan [42]. Sufficient conditions for the mild solution for
semilinear impulsive fractional nonlocal Cauchy problem using various fixed point
theorem was studied by Benchohra and Slimani [40]. Balachandran et. al. [21) 22]
and Gao et. al. [43] studied existence and uniqueness of mild solution of impulsive
fractional nonlocal quasilinear Cauchy problem with nonlocal conditions. Motivated

by the work of Balachandran et. al. [21].
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2.2 Notations

(N1) X = Banach space.
(N2) Ry = [0, 00)
(N3) C([0,Tp), X) = {z : [0, Tp] — X/x is continuous } with norm ||z|| = sup,||z(t)||

(N4) PC([0,To), X) = {z : [0,Tp] = X; 2 € C([tp—1,ts], X), and z(t;) and x(t]) exist,

k=1,2,--,pwith x(t;) = z(tx) } with norm ||z||pc = supreppn||z(t)]]
(N5) AC([0,Tp], X) = {x : [0,Ty] = X/ is absolutely continuous} with norm
=[] = SuptHﬂﬂ(t)H
(N6) B(X) = {A : X — X/A is bouneded and linear} with norm |[A]|px) =

sup{[|A(y)ll;y € X, [[yll <1}

Using these definitions and properties, sufficient conditions for existence and unique-

ness of solutions are derived as follows:

2.3 Equation with classical condition

This section deals with the study of the existence and uniqueness of the solution of

impulsive fractional differential equation with classical condition of the form

“Da(t) = A(t,2)a(t) + f(t,x(t), Ta(t), Su(t)) t#tx, k=12, ,p
z(0) =z
over the interval [0,7p], where A(t,z) is bounded linear operator on Banach
space X and f:[0,T5] x X x X x X — X, T,5 : X — X are defined by Tx(t) =

fot h(t,s,z(s))ds and Sxz(t) = fOTO k(t,s,x(s))ds; where h: Dy x X — X, with
Do ={(t,s);0 < s<t<Ty}and k: D; x X — X, Dy ={(t,5);0 <t,s <Tp}
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are continuous. This type of nonlinear equations arise in many physical situations,
like mathematical problems concerned with heat flow in materials with viscoelastic
problems [44].

Applying fractional integral operator both side of the equation , we get

1 b .
x(t) = a:o—l-m O;Kt/tk—l@k —8)P T A(s, 2(s))x(s)ds

_1 t — )P L A(s, 2(5))ds

Fl ' — ) (s, x(s), Tx(s), Sx(s))ds

(8) O;Kt/tkl(tk )P f(s,2(s), Tx(s), Sx(s))d

—1 t — )97 (s, x(s), Tx(s), Sx(s))ds + E x(t:
F(/G) [k (t ) f< ’ ( )7 ( )7S ( >>d 0<tk<tl (tk‘>

The following conditions are assumed to show the existence and uniqueness of

the solution ([2.3.1]).

(H1) A:[0,7p) x X — X is continuous bounded linear operator and there exists
a positive constant M, such that ||A(¢,z) — A(t,y)||px) < M|z — y||, for all

x,y € X.

(H2) f:]0,Tp] x X x X x X — X is continuous and there exists positive constants
Ly, Ly and Lg, such that |[f(¢, 21, 22, x3) — f(t, 91,52, 93)l]
< Lillzy — wil| + Lal[r2 — || + Lal|lzs — ys]| for all z1, 22, 23,91, y2 and y3 in
X.

(H3) h : Dy x X — X and k : D; x X — X are continuous and there exists
positive constants H and K, such that ||h(t, s, z) — h(t, s, y)|| < H||z —y|| and

|k(t, s, ) — k(t,s,9)|| < K|z —y]|| for all z and y in X.

(H4) The functions [ : X — X are continuous and there exist positive constants
It for all k =1,2,--- ,p, such that || Iz — Ixy|| < ||z —y|| for all x and y in
X.
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Consider, v = and further assume that,

ﬁ
FB+1
H5) ¢=~[(p+ 1)[M + L1 + ToH Ly + TyK Ls)] + > I}; ,with g < 1

Define F : PC([0,Ty], X) — PC(]0,Ty], X) by

Fult) = nor e 3 / "t — 8)PLA(s, 2(s))x(s)ds

F(ﬁ) O<tp<t?te—1
+ﬁ/t (t — )" A(s, 2(s))x(s)ds
b [ 0,000, 7o), S
" ﬁ/t (t - S)B_lf(sv (s), Tz(s), Sz(s))ds + Z Ikx(t;)'

(2.3.2)
Then equation (2.3.1)) has unique solution if F' defined by ([2.3.2)) has unique fixed
point. This means F' is well defined bounded operator on PC([0, 7], X) and F' is

contraction [23].

Lemma 2.3.1. If the operators A, f,T,S and I}, for k=1,2,---,p are continuous
then F' is bounded operator on PC([0, Ty, X).

Proof. Let a sequence {z,} be converges to x in PC([0,Tp], X).

Therefore ||z, — x|| = 0 as n — oco. Consider,

1P = Fallpo < oo z / (= ) YA 5)) ) = As.(5))a(s) s
1 p-1 — s.x(s))x(s S
+W / (t = 5)P | A5, 0 (5))n(5) — A(s, (s))z(s)]|d

O / (e = )" 1 (5,20(s), Ta(s), Sa(s)

0<t <t/t—1

— f(s,2(s), Tx(s), Sxz(s))||ds

L t_sﬁ—l S, T,(S (S rn(8)) — (s, x(s x(s x(s S
G /tk(t )7 (s, wn(s), Tan(s), Swn(s)) — f(s,2(s), Tz(s), Sz(s))||d
+ 3 Mwalty) — L)
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Assuming the continuity of A, f,T, S and I, for k = 1,2,--- , p the right side of above
expression tends to zero as n — oo. Therefore F' is continuous on PC([0,Tp], X)

and hence F' is bounded. O]

For derivation of sufficient conditions for existence and uniqueness of the solution

of equation ([2.3.1]).

Theorem 2.3.2. If the hypotheses (H1)-(H5) are satisfied, then the fractional quasi-
linear impulsive integro-differential equation has unique solution in PC([0, Ty, X)
for0< g <1.

Proof. To show equation (2.3.1)) has unique solution it is sufficient to show F' defined

(2.3.2)) is contraction. Let z and y in PC([0,T5], X) and consider,

1
|[Fz — Fyllpc < G >

0<trp<t

/t 1 (tx — )P Y| A(s, z(s))z(s) — A(s, y(s))y(s)||ds

L t — 5)P1 s, x(s))x(s) — S, y(s S S
+W)/<t VI A(s, 2(s))x(s) — As,y(s))y(s)lId

173

1

SR {7 =97 17 Gss6), Tts) 556

— f(s.y(s), Ty(s), Sy(s))||ds}
1 |
+ W/ (t — 5)5 [ f(s,x(s), Tz(s), Sx(s)) — f(s,y(s), Ty(s), Sy(s))||ds

173

+ Y Hety) = Ly()]

O<trp<t
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By hypotheses (H1)-(H4),

t
/ (t — )P M|z — yl|ds

1 1
Fx—Fy < — / (ty — )" M||x — y||ds + =——

0<t <t/te—1

2

/ (tx — )" { Ly + ToH Ly + TyK Ly } || — y]|ds
tp—1

0<tp<t
1 ;
+—/(t )t ds{Ly + TyH Ly + TyK L} ||z — yllds + Y Ii|lz —yl]
F(ﬁ) tg 0<trp<t

Ty
< {m[(p‘i‘ 1)[M + Ly + ToH Ly + Ty K L] +ZII:}H33—ZJ||
= {’Y[(p+ 1)[M + Ly + ToH Ly + Ty K Ls]| +ZI;}H$_Z/||

And by hypotheses (H5), ||[Fx — Fy||pc < q||z — y|| with ¢ < 1. Hence by Banach

fixed point theorem [97] the equation ([2.3.1)) has unique solution. O

2.4 Equation with non-local condition

This section determines sufficient conditions for existence of mild solution of frac-

tional impulsive system with non-local condition of the form

‘DPx(t) = A(t,x)x(t) + f(t, x(t), Tx(t),Sx(t)) t#ty, k=1,2,---,p
Ax(ty) = I(x(ty), t=ty, k=1,2,---,p (2.4.1)
2(0) = 2o — g(z)
over the interval [0, Ty], where A(t,z) is bounded linear operator on Banach space
X and f : [O,TO]XXXXXX—>X T,5 : X — X are defined by Tz(t) =
3 h(t, s,x(s))ds and Sz(t fo (t,s,2(s))ds; where h : Dy x X — X, with
Dy ={(t,s);0<s<t<Tpland k:D; x X - X, D; = {(t,5);0 < t,s < Tp} are

continuous and g : X — X is given function.
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The equivalent integral equation of (2.4.1)) is given by

1 b .
z(t) = x9 — g(x) + W{ O;Kt /tk—1<tk — 8)P7LA(s, 2(s))2(s)ds

ﬁ /tt(t — ) Al a(s))ds

1 L2 »
i r(B) o;kq /tkl(tk = 8)" 7 f(s,2(5), Ta(s), Sa(s))ds

L t — )97 (s, x(s z(s x(s))as x(t,
IR Flosa(9) To(e) Sa(o)ds + 35 Tt

+

The following hypotheses are to be assumed,

(H6) g : X — X is continuous and there exist a positive constant ¢g*, such that

lg(z) — g()[| < g*[|x — yl| for each z and y in X.
(H7) ¢ =g* +7[(p+ 1)[M + Ly + ToHLy + TyK Ls]] + S I; < 1.

Define G : PC(|0,Ty], X) — PC([0,T5], X) by

=29 — gl L " — )P A(s, x(s))z(s)ds
Golt) = —s(a) + gy 3 [ (=" Aot
+ﬁ / (£ — 5)P 1 A(s, 2(s))2(s)ds
L (2.4.2)
) > /t)_l(tk—s)ﬁlf(s,x(s),T:c(s),Sx(s))ds
+ﬁ /t (t = )" f(s,2(s), Ta(s), Su())ds + 3 La(ty)

Lemma 2.4.1. If the operators A, f,T,S and I}, for k=1,2,--- ,p are continuous

then G is bounded operator on PC([0,Tp], X).

Proof. Let a sequence {z,} be converges to x in PC([0,Ty], X).
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Therefore ||z, — x|| = 0 as n — oco. Consider,

|Gz — Gzllpe < [lg(2n(s)) — g(z(s))|

1 b »
hor L = A 260 = A, (o)) s

T / (t = 8) 7 HIA(s, 2 () 2n(s) — A(s, 2(s))a(s)||ds

T /.,
L " —35_1 S, TnlS Tpls Tp(S
H Z{/@ VU1 (5, 2n(5), Twa(s), Stals))

— f(s,ac(s),Tm(s),Sx(s))||ds}

L t —3'8_1 S, Tyl S TplS TS
*rw)/tk{(t V1 (5, 2n(8), Tea(s), Szals))

— f(s,x(s),Tm(s),Sx(s))||ds}
+ > kwa(ty) = Tty

O<tp<t

By assumption of continuity of A, f,T,S,g and I for k = 1,2,---  p the right
side of above expression tends to zero as n — oo. Therefore GG is continuous on

PC(]0,Tp], X) and hence G is bounded. O

The sufficient conditions are derived as under for existence and uniqueness of

the solution of equation ([2.4.1]).

Theorem 2.4.2. If the hypotheses (H1)-(H4) and (H6)-(H7) are satisfied, then
the fractional quasi-linear impulsive integro-differential equation has unique
solution in PC([0,Tp], X) for 0 < g < 1.

Proof. To show equation ([2.4.1)) has unique solution it is sufficient to show G defined
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in (2.4.2)) is contraction. Let z and y in PC([0, 5], X) and consider,

|Gz — Gyl|pc < |l9(z) — 9(y)||

1 23 )
Y 2 / (te — )7 M| A(s, 2(s))(s) — Als, y(s))y(s)l|ds

1 t —Sﬂ_l s 2(sNxls) — < 5 . .
+F(5) /tk(t )PA(s, z(s))x(s) — A(s, y(s))y(s)||d

: E: ! —5)P1 s,x(s), Tx(s), Sx(s
' L'(8) 0<tk<t{/tk—1(tk )7 (s, 2(s), Tao(s), Sa(s))

— f(s,y(s), Ty(s), Sy(s)|ds}
L t —g)ft S, x(s x(s x(s
gy . {7 o206 T, 52(5)
(

— f(5,y(s), Ty(s), Sy(s)l|ds}

+ Z [Tz (ty) — Ty ()]

O<tr<t

From (H1)-(H4) and (H6) the result is,

[Ga = Gullve < glle =il + 1z 3 [ Gt bl = s
0<t <t/te—1
b g [ @Myl
— s x —yllds
F(ﬁ) tr
+— Z/ tk—S)ﬁ_l{[n+T0HL2+T0KL3}H~T—ZJ||0Z5
O<t <t/te—1
1
b / (t— 8 Yds{ Ly + ToHLs + ToE Ly}l — yllds + 3 Tille— ol
t O<trp<t
T8
< {g*—F(5+1) [(p+ )[M + Ly + ToyH Ly + Ty K L] +Z[1:}H$_y||

And by (H7) , ||Gx — Gyl||pc < ¢*||z —y|| with ¢* < 1. Hence by Banach fixed point
theorem [97] the equation ([2.4.1]) has unique solution. O
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2.5 Example

Consider the following fractional integro-differential equation with the impul-

sive condition,

1 1 |z 1 [f w11 ~
*DPx(t) = —cosz(t)x(t - — [ (t—s)e")d
x(t) 9003x()x()+(t+3)41+’x‘+9/0se a +9/0( s)e s,
1 |z(5 )]
A:):(E): 2 —
18+ [z(5 )
T
2(0) = 20 — ¢
(2.5.1)

where 0 < 8 < 1 over the interval [0,1]. Since, A(t,z) = gcoszl therefore

|A(t, )z — At y)yl| < gll(coszl)z — (cosyl)yl| < gllz —yl|,

[Te =Tyl < 3 fyslle™® =757 < &llz -yl

152 = Syl < 5 Jy |t = 9)lle™ = e7*[|lds < gl — ],

| f(t, 2, T, Sx) = f(t,y, Ty, Sy)l| < gl =yl llg(x) — 9| < 55llz — yl|
and ¢* = g* +y[(p+ 1)[M + Ly + TyHLy + ToK L3]| + S I = £ +92 + L.
Choose 8 = % then ¢* = 0.57 which is less than 1. Therefore by existence

theorem the given system has unique solution in the interval [0, 1].

2.6 Remark

1. This method suggest not only the existence and uniqueness about the solution

but it also suggest method to find approximate solution of impulsive fractional

differential equations (3.3.1)) and (3.4.1)).

2. This condition is not necessary condition this means equations (3.3.1) and

(3.4.1) may have solution if one of the (H1) to (H7) not satisfied.
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2.7 Conclusion

The system taken by Balachandran et. al. [21] is a special case of the system taken
in this chapter because of inclusion of the nonlinear Fredholm operator in the system

which is more relevant in many physical situations.
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