
CHAPTER III

ABSOLUTE CONVERGENCE OF FOURIER SERIES 
OF RESTRICTED Llp( * . tO-FUNCTIONS

In the present chapter we Investigate the behaviour, 

as regards absolute convergence, of Fourier series of 

functions. belonging to L-t-jv fp) which also satisfy 

certain extra conditions. For this reason, these functions 

are called, restricted. L [<*t P) -functions.

We begin by giving a new proof of the following 
theorem of Min-Teh Cheng t ^

THEOREM-A« Let o ^ j , | ^ and “f\"7o • If

has the Fourier coefficients ^ and if

PJT

(i) J
then

(2) 2— ^ l A-n! •+t ]) &>4%x J
for ^ c<-+\r^ | * Moreover» (2) mav not hold-for

T *r «r-(- JfL|
Our proof of Theorem-A is comparatively shorter and 

more direct than that of Min-Teh Cheng. Our proof uses 

the Hausaorff-Young Inequality and Is essentially a

l) Cheng [8]
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modification of Bensteln1 s method, whereas Min-Teh Cheng 
uses an inequality analogous to Hausdorff-Young Inequality 

said relating to L i-j? }P) classes•

In addition to giving a new proof of Theorem-A, we 
prove three more theorems, namely Theorems 7, 8 and 9.
Theorem 7 is a generalization of Theorem-A and Theorems 8 
and 9 throw some light on the question of determining extra 
conditions satisfied by f so that (2) may hold for T=s ct+jfLf

It will be observed that we have obtained such a 
condition under a more.general situation in Theorem 9 which 
ensures the validity of (4) when j$ ■=. l~T+l) J(l-t *<I?) .

HEW PROOF OF THEOREM-A % We have

Therefore, by Hausdorff-Young inequality, we get

Pq ,, //r
( 21 t-L-l'k-z-\ x Ja sj

L f l/ ^ i
Where nd \ is given by
Putting ^ - JL. , we get from (1)
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_•(
Ut-(g))i*<»ik) .

Taking /V ■=. X and taking into account only the terms with 
indices exceeding X n » we obtain

1 pj
&

04 I ^Since
that

(Uf£) O+W/it
P-f

V-f 
+!

L

^ “jhL 7 f0r * 11 4-Z* ** follows

*' . / \O

Now, by Holder*s inequality,

z:,«,

-I H J ■ I

0
A

■>/f>

[ly *!!)Li+*})!!> ■X
?lf

W'



o
1

Lutnr) )J
and hence

i- , f- Y« ± w zl„ e,^ £ 4-1 -- ’^ ^ ■#■/

&

lh tr
Finally,

- oU),
for 7* ZL
This completes the proof of the theorem*
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We now proceed to give a generalization of Theorem-A 
In the form of the following

THEOREM 7* If 0 ^ c( ^ ^ , i?OM&
wo) J I ftyfa = 0f t->J~ *pj

SSS£S S — f-t » then

J

«*» £.
7

for all jfr y> j?(T-tlJ f W need not hold for
/* =■ HrtiJ/0+ .

PROOF: Proceeding as In the proof of Theorem-A, we have
from (3)

N(Hir.*- inK l n Vr
2tjr
ZMl! J T [M

A

f/f>/ N
( 6f(V/irj)

Therefore

'HzjCh *
0 A

£?J ll+W'llr
W;



and hence

T «2>~-l n

A' >^A'/A
o

\ l^¥)>; (i+«P/NP

Now, by Holder*b Inequality, we get

t r! , t T-J y
-fA

A' \ A//'
+1

0

wt
<A >

X*j Jt'(H-tf/ij? ' ^

[t°j A^AZ/A
= 0
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Therefore

~°U),

tor / ? Hr-clJlCl+^J.
We omit the proof of the second part of the theorem.

The following two theorems give sufficient conditions 
under which (2) Is valid for 7and (4) holds for
/ = ^ LTri)l'U+«})~
THEOREM 8 •* _If q <?( /• ^ 1 j jp A- ^ $ 'f\'P O* £. "70 -»SS

xr
(5) J1#*+}

then (2) holds for 7- ^ - 0<+F~l.

THEOREM 9«’ If 0 A,o{ * J a, j? 4=~ £ t ^ yo * XL an<^

(6) xrI^ I f l**tK



then (4) holds for fi *= p tT+1)/((+t

mOQFl Again, as In the proof of Theorem-A, we can obtain, 
by using (5),

Now, applying Holder^ inequality,

Therefore
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Z

r f, y- < y- t t
5-o(._____________

1

putting ~T~ =- 
Hence

A?

X f.

o

*<+ jrl i
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y
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?*!

/$ VT■<h

*= o
f M 
\ —

l_____ )

»W
fr€L j 
7> /

O (I)

This proves Theorem 8.

To prove Theorem 9* we obtain with the help of (6)
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Applying Holder's Inequality, we have

+!
K /

vlhp/k'J J
' /

and hence

Z f»

0

T .z.
£

?*’ ZL t /



- 0(1)J ■

by putting ^ s- /? (T-rlJ/(!-+ rf)

In fact, the method of proofs which we hare developed 
above can. be used to prove each and every one of the 
results proved above In their more general forms* Thus 
we have

THEOREM 10* Let a ^ $ £_ ?o and q

(1) If
- zr

Je>
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I2E 7V- c(+yL\ > but not for TV # + V~l 
(If) If

-yr

«*£££. fs i+pO'fj/f then

JI l !kjj a/* * ~
a*** J

tor ^ ^ )? [T-t!)J(j-f~ #(}?} • but not necessarily for
fi = t tT+\)l(t+«p).
(HI) If

l) Cheng, loc. cit, Theorem 3*
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<*▼! IS

i2£S = fj, hh~ &>)f& * iSas yh&^s / ^ Hi-ft fa * —

X; /‘.y /V^c z_ ^y

for / = Ht+oJo+«H.


