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LACTOARY TRIGONOMETRIC SERIES MS) THE ORDER 
OF EPS COEFFICIENTS

1. In chapter II, we saw that, a good deal of work
has been done in studying the set of necessary conditions 
for a given lacunary trigonometric series to become the 
Fourier series of a function which belongs to some Lipschitz 
class. But a glance at the literature of the theory of 
lacunary Fourier series reveals that much remains to be 
done for studying the sufficient conditions in this regard. 
In the present chapter, we shall study the sufficient 
conditions under which a given trigonometric series becomes 
the Fourier series of a function belonging to some Lipschitz 
class.

Here, we consider the sequence given by
r krink = ta -1 5 where a > 1 and 0 < r ^ 1. 

It can be easily verified that, for

Vi0 < r < 1 -> 1 as k -> co

and for r = 1, the sequence £n^ in (3.1) satisfies 

Hadamard gap condition
nk+1 >-t. > 1 for all sufficiently large

(3.
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values of k. Thus a sequence | n^ of the type described 
in (3.1) is less' restrictive than a Hadamard sequence. It is 
also known that for such a sequence

nk^nk+l “ ^k^ ^ for aH sufficiently
k

large values of k, where A is a positive constant 
independent of k .

further, while considering the gap condition (3.1) 
for studying the estimates of the fourier coefficients of 
functions in Lipa(P), we need the following result due to 
Chao

THEOREM 3.A Theorem 3 If
(i) f 6 Lipa(P) . , a > 0 , 

and (ii) (nk+1 - n^) > T(n^) , where

f (n-,p ® as k #1X co , FOn^.) 1 ny for all k

and A^ is a positive constant, then

k = 1,2,3 $ 9 ♦ » »

Using Theorem 3.A for the sequence in (3.1), 
we obtain :

If f 6 Iiipa(P) (a > 0) and fn^ satisfies 

the condition (3.1) then
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a.n'k n 0 k(1-r) a
k n-a

(k -> oo )
k

We'now consider the converse problem and state 
the result proved by Kennedy £19]} in this regard.

19 ; Theorem FJ . If

(i) tnk*^ is a se(Iuence °£ ^a’tural numbers satisfying

the Hadamard gap condition (1.2) , 
oo sino^x ) (3.2)

*

is a trigonometric series with

a , b = 0(n~a) , 0 < a < 1, (k ->'co) , 
nk ■ x

then (3.2) is the Fourier series of a function belonging 

to -Lipa(E) s where E is a set of positive measure in

jF-Tt , %J.
, While studying the order of magnitude of Eourier

coefficients for more general gap condition than (1.2)
M. Izumi and S. Izumi {l5~] and thereafter Chao OQ obtained 

the results similar to that of Theorem 3.B. In fact,

M. Izumi and S. Izumi proved the following theorem.

and (ii > YZ CO
k

+ b.
n.k

THEOREM 5.B F
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THEOREM 5.0, [l5 ; Corollary l]. If

(i) f 6 Lipa(P) (0 < a < 1),

aZLd (ii) f has the. Fourier series with the Iladamard gap

condition (1.2), .
then f G. Lipa in .

How, our aim here is to replac-e the Hadamard ■ 

gap condition (1.2) in Theorems, 3,3. and 3.0 by a weaker 

gap condition (3.1). In fact, we prove the following theorem 

in this chapter.

THEOREM. 4. If . (i) | is a given increasing sequence

of natural numbers satisfying
nk = 3 » wlxere a>l;0<r<l (3,3)

/ v /]r(l-r)a\
and (ii) , b = 0 \ , 0 < a < 1 , (3.4)

k k V. nk J .
then the trigonometric series (3.2) is the Courier series 

of a function belonging to' Lip o£r * aQ .

It may be. observed that, when r = 1 , our theorem 

matches with Theorem 3.B due to Kennedy as well as with 

'Theorem 3.0 due to M. Izumi and S. Izumi „

Tn order to prove the theorem, we need the following 

lemma due to Chao [V] .
EMMA 5.1 If 0 < ar < 1 'then

* 1-ar “1 1-ar
np p = )•

P=1
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Proof ox. theorem 4; It follows, from the gap hypothesis 

(3.3) that, given any positive integer m, we have

mnp > p for a11 sufficiently large values, of

We choose m > 1 +

P<

Then certainly m >
a

Now hi. cosV+\ sinr^x)
< ( %■ + lbn I) 5

k
X 6 jT~7t ,

A k(l-r)a
”£

<>.
,A k^1~r)Q:

jpna

k
JL

.ma ~ a + ra
CD

and A

k=l
; kma - a +*~ ls convergent as

m > LjLJL^cL by (3,7)

(3.5)

(3.6)

(3.7)

Hence, by Weierstrass M-test, the series (3.2) converges 
uniformly to some function f in s rrj and that It is' a

Fourier series of f.- Therefore
^.QD ,tf{x) = 2_! (an, 00™icx+ V s*™**). X 6 r-tt , Til
k=l & k "*

In order to show that f e Lipcer ,0<a<l;0<r<l
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in jjlrc , tQ, we have to show that

f(x+h) - f(x) = 0( |hjar) uniformly for x 6 , nQ

as h -> 0 .
c.

It follows from (3.5) that there exists a positive- 

integer such that n^ > pm for all p > (3.8)

Consider any K > , and then the interval

, Take a real number h so small that

W G ( nTK+l

Now |f(x+h)-f(x) ) £A

1 •—r

“k J (3.9)

pal

-«lnp P
(1-r) a

j in V1

where A > 0 is a constant, independent of x and h.

QD.1 -a (1-r) 

p=K+l-*

r K ____ _

ztk*
L p=i

a nh 
sin —S“—

= A(S + T) , say

Since jsinyj < |y| for all real y.

(3.10)

(3.11)
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But, by (3,6)
m > 1 + r)

m(a-ar) (l~r)a+l 
Therefore p > p

This together with (3,8) gives
a*-ar (1-r)a+1

inP > P for all P> Ki *

Therefore, on multiplying both the tsides by
1-a -1 1-ar -1 1-a (l-,r)oc

(3.12)nP
P 1 , we get * p - np ’ P

Thus
K (1,
> nX—> p

*a) (1-r) a
• P <

K
1 .!■>. I •xx -ar -1 

, P (3.13)
p=K1 p=K1

Also, by using Archimedean property, we have
K K„(l**oc) (l~r)a .■, 1-ar —1

np * p < 11 Z- nP • p »
P=1 P=1

for some positive integer N. (3.14)
Hence, using (3.13) and (3.14), the relation (3.11) gives

✓ N'fh I / (l--0^) .s i ir111 <np • p > 
p=i
1-ar= 0(|h| n^ ) , by lemma 3.1.

Therefore, by using (3.9) we have

s =.o(n>r). (3,15)
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On the other hand,

T
-a (l-r)’a / - } » h
nt) :P | ' /(ain~§~ )

P=K+1

oo •a (l-r)a
< > l11^ * P

p=K+l

■(3.16)

But by (3.12)
-ar -1 -a (l-r)a

n. P > *y P

Therefore (3.16) becomess

-ar -1
T < TZ nP * p

p=K+l

Y-o

Y+i2 (K+l) — 1 ~ar —1
(n * P ) (r 

P J
p=2 (K+l)

<„
r - A
Y=o

cd f -ar * (2V(K+1) ) X 2E
• n

y2r(K+l)

Y+l
-1 2 (K+l)-l

p=gr (K+l)

f -ar . yY, v-1 Y ">
> lnY C2 (K+l)) • 2 (K+l) (
yi$l 2 (K+l) N X ■ J

_qo -ar 
n

_ w
? “ y,2' (K+l)
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-ccr
“k+i 1C+1

rar
\ XL,r. 1 /

?2ml -ar­
il.K+l

(3.17)

Now it is known £3 ; p.311jthat, by some modifications,

n2k
n, > X > 1

Therefore (3.17) becomes.

I < n.-ar ('K+l 1 +f JL -ar

for all

q -2ar
JL +

The series inside the bracket is a geometric series with
common ratio less than ls as I >1 and therefore it is

convergent. This shows that
-arT = )

ar= 0(jhj) ) , by (3.9) .

Hence, from (3.10), (3.15) and (3.18), we have
ar|f (x+h)-f (x) | = 0(|h| ) uniformly for every

x 6 £-71 , % ^ ’ as h -> 0 •,
and therefore f 6 lipar in £-tc , nTJ .

This completes the proof of theorem 4.

(3.18)


