Chapter 5

CHAIN RECURRENT SETS IN
NONAUTONOMOUS
Di1SCRETE DYNAMICAL
SYSTEMS

In this chapter, we define, give examples and study chain re-
current sets and weak isolated sets in a nonautonomous discrete
dynamical system induced by a sequence of homeomorphisms.

5.1 Properties of Chain Recurrent Sets in
Nonautonomous Discrete Dynamical Sys-
tems

We first define chain recurrent point for a time varying homeo-
morphism.

Definition 5.1.1 Let (X, d) be a metric space and F = {f,} , be a time
varying homeomorphism on X. A point x € X is said to be a chain
recurrent point for F if for any 6 > 0 and for any n > 0, there exist

m > n and a finite sequence {x;}*_ of points of X with xg = x = x such
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that
A(frri(Xi), Xis1) <0,
foralli=0,1,...,k=1or

d(f (), xie1) < 6,

foralli=0,1,...,k—1. The sequence {xi}fzo is said to be a 6-chain for
x with action starting at m. The set of all chain-recurrent points of F is

denoted by CR(F).

Remark 5.1 Let xo € X be a periodic point for F, then there exists k > 0
such that xi.x = x;, for all i € Z, where xp,11 = fur1(xy), for all n > 0
and x, = f-H(xn41), for all n < 0. Now for any & > 0 and for any n > 0,
there exist m = jk > n and a finite sequence {xj.i}5_, of points of X with
Xjk = X(j+1)k = Xo such that

A(frnri(Xm+i), Xmviv1) = d(fjk+i(xjk+i)/ xjk+i+1)
= d(Xjkriv1, Xjkriv1)
=0<,

foralli =0,1,...,k—1. Hence xq is a chain recurrent point. Thus
Per(F) € CR(F). Also note that the set of periodic points need not be closed
when CR(F) is closed.

The following example shows that Per(F) is a proper subset of CR(F).

Example 5.1 Let F = {f,}, be a time varying homeomorphism on X =
[0, 1], where for x € X and n > 0,

0 . .
£lx) = {x a fn is non — prime;

x if n is prime.
Note that 0 and 1 are the only periodic points. For any x € [0,1], 6 > 0
and n > 0, there exist m > n which is prime. Hence {x, f,(x) = x} is a
O-chain for x with action starting at m. Hence x is chain recurrent. Thus
CR(F) = X.
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Following is an example of a chain recurrent set which is a proper
subset of X.

Example 5.2
Xz{l:ne]N}U{l—l:ne]N},
n n

where IN is the set of all positive integers, under the usual metric d given
by d(x,y) = |x — y|. Consider the map o on X defined as follows :

1 ifx:%,n>2;

n—1’
o) =41--L, if x=1-1 n>2,
X, if x=0o0r x=1.

Consider time varying homeomorphism F = {f,}> , on X where f, =
o", n>0.

Forany x € X —{0,1}, 0 < 6 < £ there exists n > 0 such that for any
m>n,
d(fu(x),1) <6 and d(f,'(x),0) <.

Thus there does not exist any 6-chain for x with action starting at m > nand
therefore x ¢ CR(F). Since 0 and 1 are fixed points, we have CR(F) = {0, 1}.

Next, we show that for an invertible nonautonomous discrete
dynamical system on a compact metric space, if the family of home-
omorphisms generating the time varying homeomorphism and its
inverse maps is equicontinuous, then the set of all chain recurrent
points is a closed set. Moreover, in this case, it contains the set of all
nonwandering points .

Theorem 5.1.1 Let F = {f,,} | be a time varying homeomorphism on a
compact metric space (X, d). If the family of homeomorphisms {f,, f;1}
is equicontinuous then CR(F) is a closed set.

o0

n=0
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Proof : Let {y]} be a sequence of points of CR(F) converging to

some i € X. Let ¢ > 0and N > 0 be given. Now X being compact,
the family {f,, £, '}, is uniformly equicontinuous on X therefore
there exists 0 < 6 < 5 such that

A(f), i) < 5 and d(fF7 (), £ W) < 5,

for all i > 0, whenever d(x,y) < 6. Since y; — y, there exists n > 0
such that d(y,, y) < 6. Now since y, € CR(F) therefore there exist
m > N and a finite sequence {xi}fzo with xp = xx = y, such that

A(fn+i(Xi), Xis1) < , forall i=0,1,...,k-1 (5.1)
or .
d(fn;}_i(xl‘),xi.;,.l) < X for all i=0,1,...,k-1. (5.2)
Now .
d(yl yn) < 6 = d(fm(]/)/fm(yn)) < 5/
A(fuly), 31) = d(fun(x0), 1) < 5
and

A Fustr(Kec), 1) = A Fusier (o), %0) < 5.

In case 5.1 holds then we have
Ay, 11) < Ay, fulyo)) +d(Fulyn),x1) < 5 +5 = €.
Also
A fustr(Ke-1), 1) < dfir (i), Y) + AW, ) < 5 +6 < e

Thus, taking zg = zk =yandz =x;, fori=1,2,...,k—1, wehavea
finite sequence {zl} such that

A(fm+i(zi), ziv1) < &,
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foralli=0,1,...,k—1an therefore y € CR(F).
Similarly

Ay, y) <5 = d(f' W) S ) < 5,

A(frr' (), x1) = d(f;" (x0), x1) < %

and
e

A (1), Yu) = d(fo by (), xE) < >

In case 5.2 holds then we have

d(f' (), 1) <A W), fu' (yn)) + (' (), x1) < ; i %

Also
d(fm+k 1(xk 1) y) d(fm+k 1(xk 1) yn) +d(yn/ )< 5 +(5 < E.

Thus taking zp = zr = yand z; = x;, fori = 1,2,...,k -1, we have a
finite sequence {z;}*_ such that

d(f, (zi), ziv1) < €,
foralli=0,1,...,k—=1. Thus y € CR(F). Hence CR(F) is closed.

Theorem 5.1.2 Let F = {f,} " be a time varying homeomorphism on a

compact metric space (X, d). If the family {fu, f;7 1152, is equicontinuous on
X then Q(F) C CR(F).

n=

Proof : Let x € Q)(F), ¢ > 0 and n > 0 be given. Now X being
compact, the family {f,, £, '}, is uniformly equicontinuous on X
therefore there exists 0 < 6 < € such that

d(fi(x), fy)) < e and d(f7(x), f7 () <&,

for all i > 0, whenever d(x, y) < 6. For 6 > 0 there exist m > n and
r > 0 such that

F[m,mJ,r](U@(x)) N Us(x) # q5 or F[‘nilmm(ll@(x)) N Us(x) # q5,
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where Us(x) = {y € X: d(x,y) < 6}. Equivalently, there exists y € X
such that d(x, y) < 6 and
A(Fpmen(y), %) <6 or d(F) (), %) <.

[m,m+r

If
d(F[m,mH](y)r x) <0

then put xp = x,41 = x and x; = Fyym+i-11(y), fori =1,2,...,r. We get
d(fm(x0), x1) = d(fun (%), fu(y)) < €
(as xo = x and x1 = Fpm(y) = fu(y)) and
A(fnr(xr), Xr41) = A(Fpmmin(y), x) <6 < e
@s fuer(Xr) = fonrr(Fpmms+r-11(¥)) = Fimm+r1(y).) Thus
A(fin+i(Xi), Xiv1) < €,

fori=0,1,...,r.
On the other hand, if

d(F[_rrlz,m+r](y)/ X) <o

then put xg = x,41 = xand x; = F[‘1 meiy (W) fori=1,2,..., 7. We get

m,

d(f (o), 1) = d(f,' (), fiu' (W) < &
(using the facts xp = x and x1 = F[‘ni’m](y) = £ 1(y)) and
AL (), ) = AL (), 3) <6 < e
(using the facts f;,1,(x,) = f,;}rr(F[‘nilm (W) = F[‘T;m (). Hence
d(f (), xie1) < &,

fori =0,1,...,r. Thus, in any case {xi}gol is an e-chain for x with

action starting at m which proves that x € CR(F).

In the following example C)(F) is a proper subset of CR(F).
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Example 5.3 Let

Y:{l:nelN}U{l—l:nelN},
n n

where IN is the set of all positive integers under the usual metric dy given
by do(x,y) = |x = y|. Defineamap f: Y = Y by

[0 if y=0o0ry=1;
f(y)_{y yeY—{0,1}.

Consider the quotient space X = Y/ f with metric d defined on X as follows.
For any {a}, {b} € X,

d(fa}, {b}) = min{do(a, b), 1 — do(a, b)}

Define shift map o on X as follows :
1

o) ={1-:4) if x={1-1}, n>2,
] 0

Consider the time varying homeomorphism F = {f,}> , on X, where f, =
o', n > 0. Let x € X — {A}, where A = {0, 1} be given. Put ¢ = @.
Then there exists n > 0 such that for any m > n, any r > 0 and for any
y € Ue(),
Ad(Fpmmn(y), A) < €.

Therefore

Fpmmin(Ue(x)) 0 Ue(x) = ¢
which implies x is not a nonwandering point. Let x € X be fixed. Now for
any € > 0and n > 0, there exists m > n + 1 such that

F[n,m—l](x) € U%(A)
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We can choose y € U:(A) such that Fiy,m+r(y) = x for some r > 0. Note

that
A(fin-1(Fnm-21(x)), y) = d(Fp,m-11(x), y)
< d(Fpnm-11(x), A) + d(A, y)
e €
< E + E = &.
Thus

{x/ fn(x)/ F[n,n+1](x); Tt /F[n,m—Z](x)/ Y, fm(y)/ F[m,m+1](y)/ e
<o /F[m,m+r](y) = x}

is an e-chain for x with action starting at n. Hence x € CR(F). Thus
CR(F) = X and Q(F) = {A}.

In the above example, if f, = 0, n > 0 then for time varying homeo-
morphism F = {f,}*> ,, we have Q(F) is a proper subset of CR(F) and
the family {f,, f, 1}‘;’:0 is equicontinuous on X being a finite family of
homeomorphisms {g, o71}.

5.2 Chain Recurrence and Shadowing Prop-
erty

In this section, we study chain recurrent sets in an invertible
nonautonomous discrete dynamical system having shadowing prop-
erty.

Theorem 5.2.1 Let F = {f,};", be a time varying homeomorphism on a
metric space (X, d). If F has PO.T.P. on X then CR(F) € CQ(F).

Proof : Let x € CR(F), ¢ > 0 and np > 0 be given. Since F has PO.T.P,,
there exists a 6 > 0 such that any 6-pseudo orbit can be e-traced by
an orbit of F.
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Since x € CR(F), there exists m with m + 1 > ny and a finite
sequence {x;}!"'" with x,, = x4, = x such that

d(fm+i+1(xm+i)/ xm+i+1) <0 fOT" i= O/ 1/ e, = 1/
or

d(fy;}.i.ﬂ(xmﬂ)/ xm+i+l) < 6 for Z = 0/ 1/ ceo, = 1

In the first case, put z = (F,,)"'(x), x; = Fi(z), for all i < m and
Xi = Fmar+1,q(x), for all i > m + r. Hence

A(fus1(xXn), Xnt1)
d(fn+1(Pn(Z))/ Fn+1(z)) if n<m;
A(finric1 (Xm+i)s Xmrie1) if n=m+i, 0<i<r-1;
= d(fm+r+l(xm+r)/ xm+r+1) Zf n=m+r;
d(fm+r+2+i(F[m+r+1,m+r+1+i] (x));
Fomsr+1,mer+2+i(X)) if n=m+r+1+i, i>0;

d(Fp41(2), Fns1(2)) if n<m;
A(fnrict Xm+i), Xmeiv1) if n=m+i, 0<i<r-1;
= Qd(fnrr+1(X), frnrr1 () if n=m+r;
A(Fper+1,mre2+(X),

Finsrsimerso+i)(x)) if n=m+r+14+i, i>0;

<6 (in any case)

Thus we get a 6-pseudo orbit {x;};> _ for F. By the PO.T.P. of F, there
exists a y € X such that

d(Fi(y), xi) < ¢,

for every i € Z. Note that x,, = x4 = x,

A(Fn(y), xm) < e and  d(Fnsr(Y), Xmar) < €
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ie.
d(Fu(y),x) <& and  d(Fims1,men(Fn(y)), x) < .

Thus

F[m+1,m+r](ug(x)) N U (x) # 0,
where U,(x) = {y € X: d(x,y) < €}. Similarly in the latter case, put
z = (Fem) 1(x), xi = Fi(z), for alli < m and x; = F[_n1+r+1,i](x)’ for all
1>m+r. Hence

(il (), Xnn)
d(f 1 (F-n(2)), F-us1)(2)) if n<m;
d(fn;ii+1(xm+i)/ Xnti+l) if n=m+i, 0<i<r-1;
= d(f,;}_rﬂ(xmw)/ Xm+r+1) if n=m+r;
d(fn;}-r+2+i(F[_r;+r+1,m+r+1+i] (x))’
F[_nLHLerHzH](x)) if n=m+r+1+i, i>0;

A(F-(n+1)(2)), F-n+1)(2))) if n<m;
d(fn;}.i_,_l(xmﬂ)/ xm+i+1) lf n=m-+ i/ 0< i <r-— ]-/
A friri1 ) fripin @) if m=m+r;

A

-1
d(F[m+r+1,m+r+2+i] (x)’
-1 . _ . . .
F[m+r+1’m+r+2+i](x)) if n=m+r+1+i, i>0;

<06 (in any case)

Thus we get a 6-pseudo orbit {x;};> _ for F. By PO.T.P. of F, there is
a y € X such that
d(Fi(y), xi) <€,

for every i € Z. Note that x,, = x4, = X,

AE,(y), xm) < & and  AFpir(y), Xpar) < €,
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ie.
d(Fu(y),x) <& and  d(Fims1,men(Fn(y)), x) < .

Thus
F[m+1,m+r](us(x)) N ug(x) F (D,

where U, (x) = {y € X: d(x, y) < ¢}. Similarly we can show that

F—l

[m+1,m+r

Hence x € ()(F) which proves CR(F) € Q(F).

(U) N U) # 0.

From Theorem 5.1.2 and Theorem 5.2.1, we have the following re-
sult.

Corollary 5.2.1 Let F = {f,} >, be a time-varying homeomorphism on
a compact metric space (X,d). If F has PO.T.P. on X and the family
Ufur fir 1}210 is equicontinuous on X then CR(F) = Q(F).

Proof : Since {f,, f;'}°, is equicontinuous therefore by Theorem
51.2 (76), QQ(F) € CR(F). Further since F has P.O.T.P. on X, by
Theorem 5.2.1 (on Page 79) we have CR(F) € Q(F) also. Hence
CR(F) = Q(F).

5.3 WeakIsolated set for an Invertible Nonau-
tonomous Discrete Dynamical Systems

We define and study the notion of weak isolated set for an invert-
ible nonautonomous discrete dynamical system.

Definition 5.3.1 Let (X, d) be a compact metric space and F = {f,}_, be
a time varying homeomorphism on X. A subset E of X is said to be weak
isolated for F if it is compact and there exist a neighborhood U of E such
that for any y € X, F,(y) € cl(U), for every n € Z, where cl(U) is the
closure of set U in X, implies that y € E i.e.

Moo (Fn) 7 (cI(LD) C E.
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The following result gives a sufficient condition under which the set
of all chain recurrent points is weak isolated.

Theorem 5.3.1 Let (X, d) be a compact metric space and F = {f,,}" , be
a time varying homeomorphism on X with the family {f,, f; 1}, being
equicontinuous. If F is expansive on X and F|cr(r) has P.O.T.P. then CR(F)
is weak isolated.

Proof : Let ¢ > 0 be an expansive constant for F. Since F|cg(r) has

PO.T.P, for 0 < § < 5, there exists « > 0 such that any a-pseudo

orbit is f-traced by F.

Since X is compact, therefore {f,,, f;}°, is uniformly continuous
and therefore there exists 0 < y < min{g, %}, such that for any
x,y €X,

de,y) <y = A, i) < 5 and A7 @0 <3,

foranyn > 0. Let0 < 6 < yand U = {y € X: d(y, CR(F)) < 6}.
Choose y € X such that F,,(y) € cl(U), for every n € Z. It remains to
show that y € CR(F). Note that

cl(U) = {y € X: d(y,CR(F)) < o}.
Hence there is x,, € CR(F) with
A(F.(y),xn) <6, for every n € Z.
Now
d(xn, Fa(y)) <6 <y
and therefore

A(frr1(xn), fr1(Fu(y))) < %

and

d(f L (), foha (Fu)) < g.
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Thus forn >0
d(fn+1(xn)/ xn+1) < d(fn+1(xn)/ fn+1(Fn(y)))+d(Fn+1(y)/ xn+1) < %"’V <aq,

and for n < 0 we have,

A1 (), %mt) < A1 (), ol Fa D)+ (Faca(9), 20) < 547 < @

(o)

which implies {x,};>__, is an a-pseudo orbit for F. Hence there is a
p-tracing point x € CR(F) satisfying

d(Fn(x), xn) < B,

for every n € Z. Thus forany n € Z,

Ad(Fu(y), Fu(x)) < d(Fu(y), xn) +d(xn, Fu(x)) <y +p < e.

Since F is expansive, we have x = y and therefore y € CR(F). So
CR(F) is weak isolated.

Remark 5.2 Let (X, d) be a compact metric space and F = {f,}  be a time
varying homeomorphism on X, where {f,, f;1}°, is an equicontinuous
family. Then for any x € X, w(x) € Q(F) € CR(F) and a(x) € (F) C
CR(F). From the definition of R(F) for any x € R(F), x € a(x) N w(x) and
thus R(F) € Q(F) € CR(F). From Theorem 4.1.1 (63) Q)(F) is nonempty,
so CR(F) is also a nonempty set.
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