
Chapter 3

Generalized q-Mittag-Leffler

function

3.1 Introduction

The q-theory has remarkable property that a q-analogue of an ”ordinary” expres-

sion is not unique; especially if the expression is a finite or infinite series. In such

case the two q-forms are defined; one involving the factor of the form qn(n−1)/2, n

being summation index, and the other without this factor. This is due to the

definition of rφs[z] (1.3.4) and the fact that the number 0 (zero) can be consid-

ered as a parameter in numerator or in denominator. This has given rise to two

q-exponential functions, two q-cosine, q-sine functions and many other such cases.

Following this tradition, the two q-extensions of the function (2.1.5) are defined in

this chapter and derive the properties analogues to those obtained in Chapter-2.

Definition 3.1.1. If α, β, γ, λ ∈ C with ℜ(α, β, γ, λ) > 0, δ, µ > 0, r ∈ {−1, 0}∪
N, s ∈ N ∪ {0} then

Eγ,δ
α, β, λ, µ(z; s, r|q) =

∞
∑

n=0

(−1)pn qpn(n−1)/2 [Γq(γ + δn)]s

Γq(β + αn) [Γq(λ+ µn)]r (q; q)n
zn, (3.1.1)

where p = α2 + rµ2 − sδ2 + 1 with ℜ(p) > 0.

Definition 3.1.2. If α, β, γ, λ ∈ C with ℜ(α, β, γ, λ) > 0, δ, µ > 0, r ∈ {−1, 0}∪
N, s ∈ N ∪ {0} and α2 + rµ2 + 1 = sδ2 then

eγ,δα, β, λ, µ(z; s, r|q) =
∞
∑

n=0

[Γq(γ + δn)]s

Γq(β + αn) [Γq(λ+ µn)]r (q; q)n
zn. (3.1.2)
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Alternatively in view of the definition of q-Gamma function (1.2.31) these

q-forms can also be put in the form:

Eγ,δ
α, β, λ, µ(z; s, r|q) =

∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r

[(qγ+δn; q)∞]s (q; q)n
zn, (3.1.3)

and

eγ,δα, β, λ, µ(z; s, r|q) =
∞
∑

n=0

(qαn+β; q)∞ [(qλ+µn; q)∞]r

[(qγ+δn; q)∞]s (q; q)n
zn. (3.1.4)

The q-analogues of the Shukla and Prajapati’s function (2.1.4) and the other

functions listed above in Table-1 of Chapter 2 are all yielded by (3.1.1) or (3.1.2).

They are tabulated below together with the indicated substitutions.

Table-3

q-Function of r s α β γ δ λ µ Particular case of

Mittag-Leffler 0 1 α 1 1 1 - - (3.1.1)

Wiman 0 1 α β 1 1 - - (3.1.1)

Prabhakar 0 1 α β γ 1 - - (3.1.1)

Shukla and 0 1 α β γ q - - (3.1.1)
Prajapati

Bessel-Maitland 0 0 µ ν + 1 - - - - (3.1.1)

Dotsenko -1 1 ω/ν c a 1 b ω/ν (3.1.2)

Saxena- 1 1 α1 β1 γ K β2 α2 (3.1.1)
Nishimoto

Elliptic -1 1 1 1 1
2

1 1
2

1 (3.1.2)

The explicit forms of the functions mentioned in this table are as stated

below.

• q-Mittag-Leffler function:

Eα(z|q) =
∞
∑

n=0

[

(−1)n qn(n−1)/2
]
α2

(qαn+1; q)∞ zn.

• q-Analogue of Wiman’s function:

Eα,β(z|q) =
∞
∑

n=0

[

(−1)n qn(n−1)/2
]
α2

(qαn+β; q)∞ zn.
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• q-Analogue of Prabhakar’s generalized ML-function:

Eγ
α,β(z|q) =

∞
∑

n=0

[

(−1)n qn(n−1)/2
]α

2

(qαn+β; q)∞

(qγ+n; q)∞ (q; q)n
zn.

• q-ML-function of Shukla and Prajapati (q is replaced by δ):

Eγ,δ
α,β(z|q) =

∞
∑

n=0

[

(−1)n qn(n−1)/2
](α2

−δ2+1)

(qαn+β; q)∞

(qγ+δn; q)∞ (q; q)n
zn.

• q-Bessel-Maitland function:

Jµν (−z; q) =
∞
∑

n=0

[

(−1)n qn(n−1)/2
](µ2+1)

(qµn+ν+1; q)∞

(q; q)n
zn.

(Later on, this will be referred to this as q-BMF)

• q-Dotsenko function:

2R1(a, b; c, ω; ν; z; q) =
∞
∑

n=0

(qc+
ω
ν
n; q)∞

(qb+
ω
ν
n; q)∞ (qn+a; q)∞ (q; q)n

zn.

• q-Form of the particular case m = 2 of the function due to Saxena and

Nishimoto

Eγ,K [(αj, βj)1,2; z|q] =
∞
∑

n=0

[

(−1)n qn(n−1)/2
]
(α2

1+α2
2−K2+1)

(qα1n+β1 ; q)∞

(qγ+Kn; q)∞ (q; q)n

×(qα2n+β2 ; q)∞ zn.

(Later on, this will be referred to as q-SNF)

• q-Elliptic function:

K(
√
z|q) = π

2
2φ1

(

1
2
, 1

2
; z

1;

)

.
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3.2 Main results

3.2.1 Convergence

Theorem 3.2.1. Let ℜ(α, β, γ, λ) > 0, ℜ(α2) + rµ2 − sδ2 + 1 > 0, δ, µ > 0, r ∈
{−1, 0} ∪ N, s ∈ N ∪ {0} and 0 < q < 1. Then Eγ,δ

α, β, λ, µ(z; s, r|q) is an entire

function of order zero.

Proof. Put

Vn =
(−1)pn qpn(n−1)/2 [Γq(γ + δn)]s

Γq(β + αn) [Γq(λ+ µn)]r Γq(n+ 1)
(3.2.1)

to get

Eγ,δ
α, β, λ, µ(z; s, r|q) =

∞
∑

n=0

Vn z
n.

Then in view of (1.2.32), one can get after some simplifications,

Vn ∼ (−1)pn qpn(n−1)/2 (1 + q)
1
2
(s−r−2) (Γq2(

1
2
))s−r−2 (1− q)n+

1
2

(1− q)−s(
1
2
−γ−δn) (1− q)

1
2
−β−αn (1− q)r(

1
2
−λ−µn)

×e
θqγ+δn

1−q−qγ+δn e
− θqβ+αn

1−q−qβ+αn e
− θqλ+µn

1−q−qλ+µn e
− θq1+n

1−q−q1+n .

Hence,

n
√

|Vn| ∼
∣

∣

∣

∣

∣

(1 + q)
1
2
(s−r−2) (Γq2(

1
2
))(s−r−2) (1− q)s(

1
2
−γ−δn) (1− q)n+

1
2

(1− q)
1
2
−β−αn (1− q)r(

1
2
−λ−µn)

∣

∣

∣

∣

∣

1
n

×
∣

∣

∣

∣

e
θqγ+δn

1−q−qγ+δn e
− θqβ+αn

1−q−qβ+αn e
− θqλ+µn

1−q−qλ+µn e
− θq1+n

1−q−q1+n

∣

∣

∣

∣

1
n

×
∣

∣(−1)p qp(n−1)/2
∣

∣ .

Making limit n→ ∞, this gives

1

R
= lim

n→∞

n
√

|Vn| ∼
∣

∣(1− q)α+rµ−sδ+1
∣

∣ lim
n→∞

∣

∣qp(n−1)/2
∣

∣

= 0

when ℜ(α2) + rµ2 − sδ2 + 1 > 0. Thus, the function (3.1.1) is an entire function.

Its order may be determined by Theorem 1.2.1.
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By choosing f(z) = Eγ,δ
α,β,λ,µ(z; s, r|q) and un = Vn, Theorem 1.2.1 gets particular-

ized to

̺(Eγ,δ
α,β,λ,µ(z; s, r|q)) = lim

n→∞
sup

n log n

log(1/|Vn|)
,

where

log

(

1

|Vn|

)

= log

(∣

∣

∣

∣

Γq(β + αn)[Γq(λ+ µn)]rΓq(n+ 1)

qn(n−1)(α2+rµ2−sδ2+1)/2[Γq(γ + δn)]s

∣

∣

∣

∣

)

= log |Γq(αn+ β) + r log |Γq(λ+ µn)|

+ log |Γq(n+ 1)| − 1

2
n(n− 1)[ℜ(α2 + rµ2 − sδ2 + 1)] log q

−s log |Γq(γ + δn)|. (3.2.2)

From the definition (1.2.31) of q-Gamma function, one finds

log |Γq(αn+ β)| = log

∣

∣

∣

∣

(q; q)∞
(qαn+β; q)∞

(1− q)1−αn−β
∣

∣

∣

∣

= log

∣

∣

∣

∣

(q; q)∞
(qαn+β; q)∞

∣

∣

∣

∣

(1− q)1−nℜ(α)−ℜ(β)

= log |(q; q)∞|+ (1− nℜ(α)−ℜ(β)) log(1− q)

− log
∣

∣(qαn+β; q)∞
∣

∣ ; (3.2.3)

in which

log
∣

∣(qαn+β; q)∞
∣

∣ = log

(

∞
∏

k=0

∣

∣1− qαn+β+k
∣

∣

)

= log

(

lim
m→∞

m
∏

k=0

∣

∣1− qαn+β+k
∣

∣

)

= lim
m→∞

m
∑

k=0

log
∣

∣1− qαn+β+k
∣

∣

=
∞
∑

k=0

log
∣

∣1− qαn+β+k
∣

∣ .

Here it may be noted that [7, p.207]

log
∣

∣1− qαn+β+k
∣

∣ ≤ log(1 +
∣

∣qαn+β+k
∣

∣) ≤
∣

∣qαn+β+k
∣

∣ = qnℜ(α+β)+k

which leads to

∞
∑

k=0

log
∣

∣1− qαn+β+k
∣

∣ ≤
∞
∑

k=0

qnℜ(α+β)+k =
qnℜ(α+β)

1− q
.
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This implies that

lim
n→∞

log
∣

∣(qαn+β; q)∞
∣

∣

n log n
= 0.

Consequently from (3.2.3) it follows that

lim
n→∞

log |Γq(αn+ β)|
n log n

= 0.

This last limit and the trivial limit

lim
n→∞

n− 1

log n
= ∞

when used in (3.2.2), yields

lim
n→∞

log(1/ |Vn|)
n log n

= ∞.

Thus,

̺(Eγ,δ
α,β,λ,µ(z; s, r|q)) = 0.

Theorem 3.2.2. The function eγ,δα, β, λ, µ(z; s, r|q) represents the series which con-

verges absolutely for |z| <
∣

∣(1− q)(sδ−α−rµ−1)
∣

∣ and |q| < 1.

Proof. Take

Un =
[Γq(γ + δn)]s

Γq(β + αn) [Γq(λ+ µn)]r Γq(n+ 1)
(3.2.4)

then

eγ,δα, β, λ, µ(z; s, r|q) =
∞
∑

n=0

Un z
n.

Now in view of the q- analogue of Stirling’s asymptotic formula (1.2.32), one gets

Un ∼ (1 + q)
1
2
(s−r−2) (Γq2(

1
2
))s−r−2 (1− q)n+

1
2

(1− q)−s(
1
2
−γ−δn) (1− q)

1
2
−β−αn (1− q)r(

1
2
−λ−µn)

×e
θqγ+δn

1−q−qγ+δn e
− θqβ+αn

1−q−qβ+αn e
− θqλ+µn

1−q−qλ+µn e
− θq1+n

1−q−q1+n .
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This gives

n
√

|Un| ∼
∣

∣

∣

∣

∣

(1 + q)
1
2
(s−r−2) (Γq2(

1
2
))(s−r−2) (1− q)s(

1
2
−γ−δn) (1− q)n+

1
2

(1− q)
1
2
−β−αn (1− q)r(

1
2
−λ−µn)

∣

∣

∣

∣

∣

1
n

×
∣

∣

∣

∣

e
θqγ+δn

1−q−qγ+δn e
− θqβ+αn

1−q−qβ+αn e
− θqλ+µn

1−q−qλ+µn e
− θq1+n

1−q−q1+n

∣

∣

∣

∣

1
n

whence

1

R
= lim

n→∞

n
√

|Un| ∼
∣

∣(1− q)α+rµ−sδ+1
∣

∣ .

Thus, the series in (3.1.2) converges absolutely if |z| < R = (1−q)sδ−ℜ(α)−rµ−1.

3.2.2 Contour integral

Theorem 3.2.3. Let α > 0; β, γ, λ ∈ C with ℜ(β, γ, λ) > 0 and δ, µ > 0. Then the

function Eγ, δ
α, β, λ, µ (z; s, r|q) is expressible as the Mellin - Barnes q-integral given

by

Eγ, δ
α, β, λ, µ (z; s, r|q) = 1

2πi

∫

L

(−1)−pS q−pS(−S−1)/2 Γq(S)[Γq(γ − δS)]s (−z)−S
Γq(β − αS) [Γq(λ− µS)]r

dqS,

(3.2.5)

where |argz| < π. The contour L of integration begins from −i∞ and proceeds

towards +i∞, and is indented to keep the poles of integrand at S = −n to the left;

and the poles at S = (γ + n)/δ to the right of the path for all n ∈ N ∪ {0}.

Proof. The integral on the right hand side of (3.2.5) may be evaluated as the sum

of the residues at the poles S = 0,−1,−2, . . . .

In fact, in view of the definition of residue,

I =
1

2πi

∫

L

(−1)−pS q−pS(−S−1)/2 Γq(S) [Γq(γ − δS)]s (−z)−S
Γq(β − αS) [Γq(λ− µS)]r

dqS

=
∞
∑

n=0

Res
S = −n

[

(−1)−pS q−pS(−S−1)/2 Γq(S) (−z)−S
Γq(β − αS) [Γq(λ− µS)]r [Γq(γ − δS)]−s

]

=
∞
∑

n=0

lim
S→−n

π(S + n)

sinπS

(−1)−pS q−pS(−S−1)/2 [Γq(γ − δS)]s (−z)−S
Γq(β − αS) [Γq(λ− µS)]r Γq(1− S)
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=
∞
∑

n=0

(−1)pn qpn(n−1)/2 [Γq(γ + δn)]s

Γq(β + αn) [Γq(λ+ µn)]r Γq(n+ 1)
zn

= Eγ,δ
α,β,λ,µ(z; s, r|q).

By dropping the factor qN(N−1)/2 in this proof, one gets

Theorem 3.2.4. Let α ∈ R+; β, γ, λ ∈ C, with ℜ(β, γ, λ) > 0 and δ, µ > 0. Then

the function eγ, δα, β, λ, µ (z; s, r|q) is expressible as the Mellin - Barnes q-integral given

by

eγ,δα,β,λ,µ(z; s, r|q) =
1

2πi

∫

L

Γq(S) [Γq(γ − δS)]s (−z)−S
Γq(β − αS) [Γq(λ− µS)]r

dqS, (3.2.6)

where |argz| < π; the contour L of integration begins from −i∞ and proceeds

towards +i∞, and is indented to keep the poles of integrand at S = −n to the left;

and the poles at S = (γ + n)/δ to the right of the path, for all n ∈ N ∪ {0}.

3.2.3 Difference equation

With the aid of the following operators, the difference equations of both q-analogues

will be derived. Put

Λqf(x) = f(x)− f(xq−1), Θf(x) = f(x)− f(xq), (3.2.7)

Dq f(x) = (1− q) Dqf(x) := (1− q)
f(x)− f(xq)

x− xq
=
f(x)− f(xq)

x
, (3.2.8)

{

a−1
∏

u=0

a−1
∏

v=0

[Θ + c−uq1−(b+v)/a − 1]m
}

{

a−1
∏

u=0

a−1
∏

v=0

[c−uq1−(b+v)/a]m

} = Φ(a,b,c;m)
u,v (3.2.9)

and

{

a−1
∏

u=0

a−1
∏

v=0

[Θ + c−uq(b+v)/a − 1]m
}

{

a−1
∏

u=0

a−1
∏

v=0

[c−uq−(b+v)/a]m
} = Ψ(a,b,c;m)

u,v . (3.2.10)
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In these notations, the q-difference equation satisfied by (3.1.1) is derived in the

following theorem.

Theorem 3.2.5. Let α, µ, δ ∈ N, then Eγ,δ
α,β,λ,µ(z; s, r|q) satisfies the equation

[

Φ
(µ,λ,η;r)
ℓ,k Φ

(α,β,σ;1)
h,m Θ

]

Eγ,δ
α,β,λ,µ(z; s, r|q)

−
[

(−1)p z Ψ
(δ,γ,ζ;s)
j,i

]

Eγ,δ
α,β,λ,µ(zq

p; s, r|q) = 0 (3.2.11)

in which ζ is δth root of unity, η is µth root of unity, σ is αth root of unity.

Proof. The first attempt is to express the coefficient of zn in the series of

Eγ,δ
α,β,λ,µ(z; s, r|q) in the q-factorial notations with the help of the set of the formulas

[18, Appendix I]:

(a; q)kn = (a, aq, . . . , aqk−1; qk)n,

(ak; qk)n = (a, aωk, . . . , aω
k−1
k ; qk)n ;ωk = e(2πi)/k,

(A; qn)νk = (A1/n; q)νk (A
1/nω; q)νk . . . (A

1/nωn−1; q)νk, ω
n = 1,

and

(qγ; qδ)n = (qγ/δ; q)n (̟qγ/δ; q)n . . . (̟
δ−1qγ/δ; q)n =

δ−1
∏

i=0

(̟iqγ/δ; q)n, ̟
δ = 1.

Following the notation for this coefficient in (3.2.1), one gets

Vn =
(−1)pn qpn(n−1)/2 [(qγ; q)δn]

s

[(qλ; q)µn]r (qβ; q)αn (q; q)n

=
(−1)pn qpn(n−1)/2 [(qγ; q)δn]

s

[(qλ; q)µn]r (qβ; q)αn (q; q)n

=
(−1)pn qpn(n−1)/2 [(qγ; qδ)n]

s [(qγ+1; qδ)n]
s · · · [(qγ+δ−1; qδ)n]

s

[(qλ; qµ)n]r [(qλ+1; qµ)n]r · · · [(qλ+µ−1; qµ)n]r

× 1

(qβ; qα)n (qβ+1; qα)n · · · (qβ+α−1; qα)n(q; q)n

=

(−1)pn qpn(n−1)/2

{

δ−1
∏

j=0

δ−1
∏

i=0

[(ζj q(γ+i)/δ; q)n]
s

}

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]r
} {

α−1
∏

h=0

α−1
∏

m=0

(σh q(β+m)/α; q)n

}

(q; q)n

,

(3.2.12)
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where ζ is δth root of unity, η is µth root of unity, σ is αth root of unity.

Now take

δ−1
∏

j=0

δ−1
∏

i=0

[(ζj q(γ+i)/δ; q)n]
s = An,

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]
r = Bn, (3.2.13)

and

α−1
∏

h=0

α−1
∏

m=0

(σh q(β+m)/α; q)n = Cn, (−1)pn qpn(n−1)/2 = Dn (3.2.14)

then
∞
∑

n=0

Vn z
n =

∞
∑

n=0

An Dn

Bn Cn (q; q)n
zn = W, say.

Since the series in (3.1.2) has infinite radius of convergence, one can apply ′Θ′ to

get

ΘW =
∞
∑

n=0

An Dn

Bn Cn (q; q)n
Θzn =

∞
∑

n=0

An Dn

Bn Cn
1− qn

(q; q)n
zn =

∞
∑

n=1

An Dn

Bn Cn
zn

(q; q)n−1

.

Next operating by Φ
(α,β,σ;1)
h,m , one gets

Φ
(α,β,σ;1)
h,m ΘW =

∞
∑

n=1

An Dn

Bn (q; q)n−1

{

α−1
∏

h=0

α−1
∏

m=0

(Θ + σ−hq1−(β+m)/α − 1)

}

{

α−1
∏

h=0

α−1
∏

m=0

(σ−hq1−(β+m)/α)

}

× zn
{

α−1
∏

h=0

α−1
∏

m=0

(σhq(β+m)/α; q)n

}

=
∞
∑

n=1

An Dn

Bn (q; q)n−1

{

α−1
∏

h=0

α−1
∏

m=0

(1− σhqn−1+(β+m)/α)

}

{

α−1
∏

h=0

α−1
∏

m=0

(σhq(β+m)/α; q)n

} zn

=
∞
∑

n=1

An Dn

Bn Cn−1 (q; q)n−1

zn.
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Finally,

Φ
(µ,λ,η;r)
ℓ,k Φ

(α,β,σ;1)
h,m ΘW =

∞
∑

n=1

An Dn

Cn−1 (q; q)n−1

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(Θ + η−ℓq1−(λ+k)/µ − 1)]r

}

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(η−ℓq1−(λ+k)/µ)]r

}

× zn
{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]r

}

=
∞
∑

n=1

An Dn

Cn−1 (q; q)n−1

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(−qn + η−ℓq1−(λ+k)/µ)]r

}

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(η−ℓq1−(λ+k)/µ)]r

}

× zn
{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]r

}

=
∞
∑

n=1

An Dn

Bn−1 Cn−1 (q; q)n−1

zn.

Thus,

Φ
(µ,λ,η;r)
ℓ,k Φ

(α,β,σ;1)
h,m ΘW =

∞
∑

n=0

An+1 Dn+1

Bn Cn (q; q)n
zn+1. (3.2.15)

On the other hand,

Ψ
(δ,γ,ζ;s)
j,i Eγ,δ

α,β,λ,µ(zq
p; s, r|q)

=
∞
∑

n=0

An Dn q
pn

Bn Cn (q; q)n

{

δ−1
∏

j=0

δ−1
∏

i=0

[(Θ + ζ−jq−(γ+i)/δ − 1)]s

}

{

δ−1
∏

j=0

δ−1
∏

i=0

[(ζ−jq−(γ+i)/δ)]s

} zn

=
∞
∑

n=0

Dn q
pn

Bn Cn (q; q)n

{

δ−1
∏

j=0

δ−1
∏

i=0

[(ζj q(γ+i)/δ; q)n]
s

}

×
{

δ−1
∏

j=0

δ−1
∏

i=0

[(1− ζjqn+(γ+i)/δ)]s

}

zn,
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that is,

z (−1)p Ψ
(δ,γ,ζ;s)
j,i Eγ,δ

α,β,λ,µ(zq
p; s, r|q) =

∞
∑

n=0

An+1 Dn+1

Bn Cn (q; q)n
zn+1. (3.2.16)

On comparing (3.2.15) and (3.2.16), the equation (3.2.11) is obtained.

The q-difference equation satisfied by the function (3.1.2) is given in following

theorem whose proof follows line-to-line just dropping qn(n−1)/2 that is, dropping

Dn in (3.2.14).

Theorem 3.2.6. Let α, µ, δ ∈ N, then Y = eγ,δα,β,λ,µ(z; s, r|q) satisfies the equation

[

Φ
(µ,λ,η;r)
ℓ,k Φ

(α,β,σ;1)
h,m Θ− z Ψ

(δ,γ,ζ;s)
j,i

]

Y = 0, (3.2.17)

where ζ is δth root of unity, η is µth root of unity, σ is αth root of unity.

3.2.4 Eigen function property

Take

a−1
∏

u=0

a−1
∏

v=0

[(Λq + c−uq1−(b+v)/a − 1)]m

{

a−1
∏

u=0

a−1
∏

v=0

[c−uq1−(b+v)/a]m

} = Ω(a,b,c;m)
u,v , (3.2.18)

and

∆q = Dq Ω
(δ,γ,ζ;−s)
j,i Φ

(µ,λ,η;r)
ℓ,k Φ

(α,β,σ;1)
h,m . (3.2.19)

Here the operators Ω
(δ,γ,ζ;−s)
j,i ,Φ

(µ,λ,η;r)
ℓ,k ,Φ

(α,β,σ;1)
h,m in (3.2.19) are not commutative

with the operator Dq.

In making an attempt to examine this property for the functions Eγ,δ
α,β,λ,µ(z; s, r|q)

and eγ,δα,β,λ,µ(z; s, r|q), it was found that eγ,δα,β,λ,µ(z; s, r|q) turns out to be an eigen

function with respect to the operator ∆q whereas this property fails for the function

Eγ,δ
α,β,λ,µ(z; s, r|q).

Theorem 3.2.7. Let α, µ, δ ∈ N and q-difference operator Θ be defined by (3.2.7)

then eγ,δα,β,λ,µ(z; s, r|q) is an eigen function with respect to the operator ∆q defined
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by (3.2.19). That is,

∆q e
γ,δ
α, β, λ, µ(cz; s, r|q) = c eγ,δα, β, λ, µ(cz; s, r|q). (3.2.20)

Proof. With An, Bn and Cn as in (3.2.13) and in (3.2.14),

eγ,δα, β, λ, µ(cz; s, r|q) =
∞
∑

n=0

cn An

Bn Cn (q; q)n
zn.

Now if eγ,δα, β, λ, µ(cz; s, r|q) = Yc then in the notation (3.2.9),

Φ
(α,β,σ;1)
h,m Yc =

∞
∑

n=0

cn An

Bn (q; q)n

{

α−1
∏

h=0

α−1
∏

m=0

(Θ + σ−hq1−(β+m)/α − 1)

}

{

α−1
∏

h=0

α−1
∏

m=0

(σ−hq1−(β+m)/α)

}

× zn
{

α−1
∏

h=0

α−1
∏

m=0

(σhq(β+m)/α; q)n

}

=
∞
∑

n=0

cn An

Bn (q; q)n

{

α−1
∏

h=0

α−1
∏

m=0

(1− σhqn−1+(β+m)/α)

}

{

α−1
∏

h=0

α−1
∏

m=0

(σhq(β+m)/α; q)n

} zn

=
∞
∑

n=0

cn An

Bn Cn−1 (q; q)n
zn.

Next

Φ
(µ,λ,η;r)
ℓ,k Φ

(α,β,σ;1)
h,m Yc =

∞
∑

n=0

cn An

Cn−1 (q; q)n

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(Θ + η−ℓq1−(λ+k)/µ − 1)]r

}

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]r

}

× zn
{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(η−ℓq1−(λ+k)/µ)]r

}

=
∞
∑

n=0

cn An

Cn−1 (q; q)n

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(−qn + η−ℓq1−(λ+k)/µ)]r

}

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(η−ℓq1−(λ+k)/µ)]r

}
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× zn
{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]r

}

=
∞
∑

n=0

cn An

Bn−1 Cn−1 (q; q)n
zn.

Further using (3.2.18),

Ω
(δ,γ,ζ;−s)
j,i Φ

(µ,λ,η;r)
ℓ,k Φ

(α,β,σ;1)
h,m Yc

=
∞
∑

n=0

cn

Bn−1 Cn−1 (q; q)n

×

{

δ−1
∏

j=0

δ−1
∏

i=0

[(ζ−jq1−(γ+i)/δ)]s

}

δ−1
∏

j=0

δ−1
∏

i=0

[(ζj q(γ+i)/δ; q)n]
s

δ−1
∏

j=0

δ−1
∏

i=0

[(∆q + ζ−jq1−(γ+i)/δ − 1)]s z−n

=
∞
∑

n=0

cn

Bn−1 Cn−1 (q; q)n

×

{

δ−1
∏

j=0

δ−1
∏

i=0

[(ζ−jq1−(γ+i)/δ)]s

}{

δ−1
∏

j=0

δ−1
∏

i=0

[(ζj q(γ+i)/δ; q)n]
s

}

{

δ−1
∏

j=0

δ−1
∏

i=0

[(−qn + ζ−jq1−(γ+i)/δ)]s

} zn

=
∞
∑

n=0

cn An−1

Bn−1 Cn−1 (q; q)n
zn.

Finally,

∆q Yc = Dq Ω
(δ,γ,ζ;−s)
j,i Φ

(µ,λ,η;r)
ℓ,k Φ

(α,β,σ;1)
h,m Yc

=
∞
∑

n=1

cn An−1 z
n−1

Bn−1 Cn−1(q; q)n−1

=
∞
∑

n=0

cn+1 An

Bn Cn (q; q)n
zn

= c eγ,δα, β, λ, µ(cz; s, r|q).
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3.2.5 Mixed relations

Theorem 3.2.8. The mixed relation involving Eγ,δ
α,β,λ,µ(z

α; s, r|q) is given by

Dq

(

zβEγ,δ
α,β+k,λ,µ(z

α; s, r|q)
)

= (1− qk−1) Dq

(

zβEγ,δ
α,β+k+1,λ,µ(z

α; s, r|q)
)

+qk−1 (1− q) D2
q

(

zβ+1Eγ,δ
α,β+k+1,λ,µ(z

α; s, r|q)
)

, (3.2.21)

where k = 2, 3, 4, . . . .

Proof. The proofs for the cases k = 2, 3 and for k ≥ 4 differ, hence they are given

separately.

As the change is taking place only in the parameter β, hence for the sake of brevity,

the following notations will be adopted here.

Eγ,δ
α,β+j,λ,µ(z

α; s, r|q) = qEβ+j, αn+ β = σ(n),

and
(−1)pn qpn(n−1)/2 [(qλ+µn; q)∞]r zαn

[(qγ+δn; q)∞]s (q; q)n
= dn;q.

CASE I: k = 2

Here

qEβ+2 =
∞
∑

n=0

(qσ(n)+2; q)∞ dn;q

=
∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)) (1− qσ(n)+1)

dn;q

=
∞
∑

n=0

(qσ(n); q)∞
1− q

(

1

1− qσ(n)
− q

1− qσ(n)+1

)

dn;q

=
∞
∑

n=0

(qσ(n); q)∞
(1− q) (1− qσ(n))

dn;q −
∞
∑

n=0

q (qσ(n); q)∞
(1− q) (1− qσ(n)+1)

dn;q.

By rearranging the series, this becomes

∞
∑

n=0

q (qσ(n); q)∞
(1− q) (1− qσ(n)+1)

dn;q

=
∞
∑

n=0

(qσ(n); q)∞
(1− q) (1− qσ(n))

dn;q − qEβ+2,
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=
∞
∑

n=0

(qσ(n); q)∞
(1− q) (1− qσ(n))

dn;q −
∞
∑

n=0

(qσ(n)+2; q)∞ dn;q

=
∞
∑

n=0

(qσ(n); q)∞
(1− q) (1− qσ(n))

dn;q −
∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)) (1− qσ(n)+1)

dn;q

=
∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n))

(

1

1− q
− 1

(1− qσ(n)+1)

)

dn;q

=
q

1− q

∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)+1)

dn;q

= q
∞
∑

n=0

(qσ(n); q)∞

(

1

(1− qσ(n)+2) (1− qσ(n)+1)
+

q

(1− qσ(n)+2) (1− q)

)

dn;q

= q

∞
∑

n=0

(qσ(n)+3; q)∞ (1− qσ(n)) dn;q

+
q2

1− q

∞
∑

n=0

(qσ(n)+3; q)∞ (1− qσ(n)+1) (1− qσ(n)) dn;q.

Thus

∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)+1)

dn;q = (1− q)
∞
∑

n=0

(qσ(n)+3; q)∞ (1− qσ(n)) dn;q

+q
∞
∑

n=0

(qσ(n)+3; q)∞ (1− qσ(n))(1− qσ(n)+1) dn;q.

(3.2.22)

Now

(1− q) z1−βDq

(

zβ qEβ+2

)

=
∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)+1)

dn;q,

(1− q) z1−βDq

(

zβ qEβ+3

)

=
∞
∑

n=0

(qσ(n)+3; q)∞ (1− qσ(n)) dn;q,

and

(1− q)2 z1−βD2
q

(

zβ+1
qEβ+3

)

=
∞
∑

n=0

(qσ(n)+3; q)∞ (1− qσ(n)) (1− qσ(n)+1) dn;q.

Using these in (3.2.22), yields the relation (3.2.21) for k = 2.

CASE II: k = 3



Chapter 3. Generalized q-Mittag-Leffler Function 76

In this case,

qEβ+3 =
∞
∑

n=0

(qσ(n)+3; q)∞ dn;q

=
∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)) (1− qσ(n)+1) (1− qσ(n)+2)

dn;q

=
∞
∑

n=0

(qσ(n); q)∞
1− q

(

1

(1− qσ(n)) (1− qσ(n)+2)

− q

(1− qσ(n)+1) (1− qσ(n)+2)

)

dn;q

=
1

1− q

∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)) (1− qσ(n)+2)

dn;q

− q

(1− q)

∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)+1) (1− qσ(n)+2)

dn;q.

This is considered in the following form.

q

1− q

∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)+1) (1− qσ(n)+2)

dn;q

=
1

1− q

∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)) (1− qσ(n)+2)

dn;q − qEβ+3,

=
1

1− q

∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n))(1− qσ(n)+2)

dn;q

−
∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)) (1− qσ(n)+1) (1− qσ(n)+2)

dn;q

=
∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)) (1− q(σ)n+2)

(

1

1− q
− 1

1− qσ(n)+1

)

dn;q

=
q

1− q

∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)+1) (1− qσ(n)+2)

dn;q

= q

∞
∑

n=0

(qσ(n); q)∞

(

1 + q

(1− qσ(n)+1) (1− qσ(n)+2) (1− qσ(n)+3)

+
q2

(1− q) (1− qσ(n)+2) (1− qσ(n)+3)

)

dn;q

= q

∞
∑

n=0

(qσ(n); q)∞
(1 + q)

(1− qσ(n)+1) (1− qσ(n)+2) (1− qσ(n)+3)
dn;q

+
q3

1− q

∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)+2) (1− qσ(n)+3)

dn;q.
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This gives

q

1− q

∞
∑

n=0

(qσ(n)+3; q)∞ (1− qσ(n)) dn;q

= q(1 + q)
∞
∑

n=0

(qσ(n)+4; q)∞ (1− qσ(n)) dn;q

+
q3

1− q

∞
∑

n=0

(qσ(n)+4; q)∞ (1− qσ(n)) (1− qσ(n)+1) dn;q.

That is,

∞
∑

n=0

(qσ(n)+3; q)∞ (1− qσ(n)) dn;q

= (1− q2)
∞
∑

n=0

(qσ(n)+4; q)∞ (1− qσ(n)) dn;q

+q2
∞
∑

n=0

(qσ(n)+4; q)∞ (1− qσ(n)) (1− qσ(n)+1) dn;q.

But

(1− q) z1−βDq

(

zβ qEβ+3

)

=
∞
∑

n=0

(qσ(n)+3; q)∞(1− qσ(n)) dn;q,

(1 + q)(1− q)2 z1−βDq

(

zβ qEβ+4

)

= (1− q2)
∞
∑

n=0

(qσ(n)+4; q)∞ (1− qσ(n)) dn;q

and

q2 (1− q)2 z1−βD2
q

(

zβ+1
qEβ+4

)

= q2
∞
∑

n=0

(qσ(n)+4; q)∞ (1− qσ(n)) (1− qσ(n)+1) dn;q,

hence one finds

Dq

(

zβEγ,δ
α, β+3, λ, µ(z

α; s, r|q)
)

= (1− q2)Dq

(

zβEγ,δ
α, β+4, λ, µ(z

α; s, r|q)
)

+q2 (1− q)D2
q

(

zβ+1Eγ,δ
α, β+4, λ, µ(z

α; s, r|q)
)

.

CASE III: k = 4, 5, . . .

Begining with

qEβ+k =
∞
∑

n=0

(qσ(n)+k; q)∞ dn;q
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=
∞
∑

n=0

(qσ(n); q)∞
(1− qσ(n)) (1− qσ(n)+1) (1− qσ(n)+2) ... (1− qσ(n)+k−1)

dn;q.

and putting (1− qσ(n)+i) = Bi, one finds

qEβ+k =
∞
∑

n=0

(qσ(n); q)∞

[{

k−2
∏

i=0

Bi

}−1

+
qk−1

(1− qk−2) Bk−1

{

k−3
∏

i=0

Bi

}−1

− qk−1

(1− qk−2)

{

k−1
∏

i=1

Bi

}−1]

dn;q

=
∞
∑

n=0

(qσ(n); q)∞

{

k−2
∏

i=0

Bi

}−1

dn;q +
∞
∑

n=0

qk−1 (qσ(n); q)∞
(1− qk−2) Bk−1

{

k−3
∏

i=0

Bi

}−1

dn;q

−
∞
∑

n=0

qk−1 (qσ(n); q)∞
(1− qk−2)

{

k−1
∏

i=1

Bi

}−1

dn;q.

Once again writing this as

∞
∑

n=0

qk−1 (qσ(n); q)∞
(1− qk−2)

{

k−1
∏

i=1

Bi

}−1

dn;q

=
∞
∑

n=0

(qσ(n); q)∞

{

k−2
∏

i=0

Bi

}−1

dn;q

+
∞
∑

n=0

qk−1 (qσ(n); q)∞
(1− qk−2) Bk−1

{

k−3
∏

i=0

Bi

}−1

dn;q − qEβ+k,

one gets

∞
∑

n=0

qk−1 (qσ(n); q)∞
(1− qk−2)

{

k−1
∏

i=1

Bi

}−1

dn;q

=
∞
∑

n=0

(qσ(n); q)∞

{

k−2
∏

i=0

Bi

}−1

dn;q +
∞
∑

n=0

qk−1 (qσ(n); q)∞
(1− qk−2) Bk−1

{

k−3
∏

i=0

Bi

}−1

dn;q

−
∞
∑

n=0

(qσ(n); q)∞

{

k−1
∏

i=0

Bi

}−1

dn;q

=
∞
∑

n=0

(qσ(n); q)∞

{

k−3
∏

i=1

Bi

}−1
(

1

Bk−2

+
qk−1

(1− qk−2)

1

Bk−1

− 1

Bk−2 Bk−1

)

dn;q

=
∞
∑

n=0

qk−1(qσ(n); q)∞
(1− qk−2)

{

k−1
∏

i=1

Bi

}−1

dn;q



Chapter 3. Generalized q-Mittag-Leffler Function 79

=
∞
∑

n=0

qk−1 (qσ(n); q)∞
(1− qk−2)

(

1− qk−1

(1− qσ(n)+1)
+ qk−1

)

{

k
∏

i=2

Bi

}−1

dn;q

=
∞
∑

n=0

(qσ(n)+k+1; q)∞ (1− qσ(n)) qk−1 (1− qk−1)

(1− qk−2)
dn;q

+
∞
∑

n=0

(qσ(n)+k+1; q)∞ (1− qσ(n)) (1− qσ(n)+1) q2k−2

(1− qk−2)
dn;q.

But since

(1− q) qk−1

(1− qk−2)
z1−βDq

(

zβEγ,δ
α, β+k, λ, µ(z

α; s, r|q)
)

=
∞
∑

n=0

qk−1 (qσ(n); q)∞
(1− qk−2)

{

k−1
∏

i=1

Bi

}−1

dn;q,

(1− q)2 qk−1

(1− qk−2)
(1 + q + q2 + ...+ qk−2) z1−β Dq

(

zβEγ,δ
α, β+k+1, λ, µ(z

α; s, r|q)
)

=
∞
∑

n=0

qk−1 (1− qk−1) (qσ(n)+k+1; q)∞ (1− qσ(n))

(1− qk−2)
dn;q,

and

(1− q)2 q2k−2

(1− qk−2)
z1−β D2

q

(

zβ+1Eγ,δ
α, β+k+1, λ, µ(z

α; s, r|q)
)

=
∞
∑

n=0

(qσ(n)+k+1; q)∞(1− qσ(n))(1− qσ(n)+1) q2k−2

(1− qk−2)
dn;q,

the recurrence relation (3.2.21) follows.

Yet another such identity is obtained in straight forward manner as follows.

Theorem 3.2.9. For α, β, γ, λ ∈ C;ℜ(α, β, γ, λ) > 0, δ, µ > 0 there holds the

mixed recurrence relation:

(1− qβ) Eγ,δ
α,β+1,λ,µ(z

α; s, r|q) + (1− q) qβ z DqE
γ,δ
α,β+1,λ,µ(z

α; s, r|q)
= Eγ,δ

α,β,λ,µ(z
α; s, r|q).

Proof. With the above notations of dn;q and σ(n),

l.h.s. = (1− qβ)
∞
∑

n=0

(qσ(n)+1; q)∞ dn;q + (1− q) qβ z Dq

∞
∑

n=0

(qσ(n)+1; q)∞ dn;q

= (1− qβ)
∞
∑

n=0

(qσ(n)+1; q)∞ dn;q + qβ
∞
∑

n=0

(qσ(n)+1; q)∞(1− qαn) dn;q
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=
∞
∑

n=0

(qσ(n); q)∞ dn;q

= r.h.s.

The function eγ,δα,β,λ,µ(z; s, r|q) satisfies the following mixed recurrence rela-

tions, whose proofs are omitted as it differs only in the factor qpn(n−1)/2.

Theorem 3.2.10. The mixed relation for k ∈ N with k ≥ 2, is given by

Dq

(

zβeγ,δα, β+k, λ, µ(z
α; s, r|q)

)

= (1− qk−1) Dq

(

zβeγ,δα, β+k+1, λ, µ(z
α; s, r|q)

)

+qk−1 (1− q) D2
q

(

zβ+1eγ,δα, β+k+1, λ, µ(z
α; s, r|q)

)

. (3.2.23)

Theorem 3.2.11. For α, β, γ, λ ∈ C;ℜ(α, β, γ, λ) > 0, δ, µ > 0 there holds the

mixed recurrence relation:

(1− qβ) eγ,δα,β+1,λ,µ(z
α; s, r|q) + (1− q) qβ z DqE

γ,δ
α,β+1,λ,µ(z

α; s, r|q)
= eγ,δα,β,λ,µ(z

α; s, r|q).

3.2.6 Finite summation formulas

By repeatedly applying q-derivatives to the function Eγ,δ
α,β,λ,µ(z; s, r|q) two finite

series formulas are obtained here. For the sake of simplicity, this function will be

symbolized by E(z), then in view of the definition (1.2.38) of q-derivative, one gets

DqE(z) =
∞
∑

n=0

(−1)pn qpn(n−1)/2[(qλ+µn; q)∞]r(qβ+αn; q)∞
[(qγ+δn; q)∞]s(q; q)n

Dqz
n

=
1

1− q

∞
∑

n=0

(−1)p(n+1) qpn(n+1)/2[(qλ+µ+µn; q)∞]r

[(qγ+δ+δn; q)∞]s(q; q)n
(qα+αn+β; q)∞ zn.

Likewise,

D2
qE(z) =

1

(1− q)2

∞
∑

n=0

(−1)p(n+2) qp(n+1)(n+2)/2[(qλ+2µ+nµ; q)∞]r

[(qγ+2δ+δn; q)∞]s(q; q)n

×(q2α+αn+β; q)∞ zn.
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In general,

Dm
q E(z) =

1

(1− q)m

∞
∑

n=0

(−1)p(n+m) qp(n+m)(n+m−1)/2[(qλ+mµ+nµ; q)∞]r

[(qγ+mδ+nδ; q)∞]s(q; q)n

×(qmα+αn+β; q)∞ zn

=
(−1)pm qpm(m−1)/2

(1− q)m
Eγ+mδ,δ
α,β+mα,λ+mµ,µ(zq

pm; s, r|q).

Here using the formula [51, Eq.6.9, p.33]:

xm(1− q)mDm
q f(x) = (−1)mq−m(m−1)/2

m
∑

k=0

(−1)kqk(k−1)/2

[

m

k

]

f(xqm−k) (3.2.24)

with f(x) = E(z) = Eγ,δ
α,β,λ,µ(z; s, r|q), one obtains

zmEγ+mδ,δ
α,β+mα,λ+mµ,µ(zq

pm; s, r|q) = (−1)pm q−pm(m−1)/2

m
∑

k=0

(−1)kqpk(k−2m+1)/2

×
[

m

k

]

qp
Eγ,δ
α,β,λ,µ(zq

pk; s, r|q). (3.2.25)

This last identity enables one to derive one more such sum; the method of obtaining

this uses inverse series relations [10] which is taken up below.

Lemma 3.2.1. For the finite sequences {Gr} and {gr} of complex numbers, the

following series relations hold.

Gm =
m
∑

k=0

(−1)kqk(k−2m+1)/2

[

m

k

]

gk (3.2.26)

if and only if

g
m
=

m
∑

k=0

(−1)kqk(k−1)/2

[

m

k

]

Gk. (3.2.27)

Proof. Part-I. Suppose (3.2.26) holds true. Then denoting the right hand side of

(3.2.27) by Ω and substituting the series for Gk from (3.2.26),

Ω =
m
∑

k=0

(−1)kqk(k−1)/2

[

m

k

] k
∑

j=0

(−1)jqj(j−2k+1)/2

[

k

j

]

gj.
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This in view of the double series relation:

n
∑

k=0

k
∑

j=0

A(k, j) =
n
∑

j=0

n−j
∑

k=0

A(k + j, j), (3.2.28)

and finite series-product identity:

n
∑

k=0

qk(k−1)/2

[

n

k

]

xk =
n
∏

k=1

(1 + xqk−1), (3.2.29)

simplifies to

Ω =
m
∑

j=0

m
∑

k=j

(−1)k+j
[

m

k

][

k

j

]

qk(k−1)/2qj(j−2k+1)/2gj

=
m
∑

j=0

m−j
∑

k=0

(−1)kqk(k−1)/2 (q; q)m
(q; q)m−j−k(q; q)k(q; q)j

gj

=
m
∑

j=0

[

m

j

]

gj

m−j
∑

k=0

qk(k−1)/2

[

m− j

k

]

(−1)k

= g
m
+

m−1
∑

j=0

[

m

j

]

gj

m−j
∏

k=1

(1− qk−1)

= g
m
,

completing the first part.

Part-II. Assuming now that the series (3.2.27) holds true then proceeding as above,

ζ =
m
∑

k=0

(−1)kqk(k−2m+1)/2

[

m

k

]

gk

=
m
∑

k=0

(−1)kqk(k−2m+1)/2

[

m

k

] k
∑

j=0

(−1)jqj(j−1)/2

[

k

j

]

Gj

=
m
∑

j=0

qj
2−mj

[

m

j

]

Gj

m−j
∑

k=0

(−1)kqk(k+2j−2m+1)/2

[

m− j

k

]

= Gm +
m−1
∑

j=0

qj
2−mj

[

m

j

]

Gj

m−j
∑

k=0

qk(k−1)/2

[

m− j

k

]

(

−qj−m+1
)k

= Gm +
m−1
∑

j=0

qj
2−mj

[

m

j

]

Gj

m−j
∏

k=1

(

1− qj−m+k
)

= Gm.

Hence the converse part and the proof of the lemma.
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The comparison of (3.2.26) with (3.2.25) suggests that

g
k

= Eγ,δ
α,β,λ,µ(zq

pk; s, r|q)

and

Gm =
(−1)pm

q−pm(m−1)/2
zmEγ+mδ,δ

α,β+mα,λ+mµ(zq
pm; s, r|q).

With this choice, the inverse series (3.2.27) provides the identity:

Eγ,δ
α,β,λ,µ(zq

pm; s, r|q) =
m
∑

k=0

(−1)kqpk(k−1)

[

m

k

]

qp

×(−1)pk zkEγ+kδ,δ
α,β+kα,λ+kµ,µ(zq

pk; s, r|q). (3.2.30)

Similarly, by repeatedly applying q-derivatives to the function eγ,δα,β,λ,µ(z; s, r|q) two
finite series formulas may be obtained. Here the mth order q-derivative occurs in

the form:

Dm
q e

γ,δ
α,β,λ,µ(z; s, r|q) =

1

(1− q)m

∞
∑

n=0

[(qλ+mµ+nµ; q)∞]r

[(qγ+mδ+nδ; q)∞]s(q; q)n
(qmα+αn+β; q)∞ zn

=
1

(1− q)m
eγ+mδ,δα,β+mα,λ+mµ,µ(z; s, r|q).

Once again use of the formula (3.2.24) with f(x) = eγ,δα,β,λ,µ(z; s, r|q), one finds

zmeγ+mδ,δα,β+mα,λ+mµ,µ(z; s, r|q) =
m
∑

k=0

(−1)kqk(k−2m+1)/2

[

m

k

]

eγ,δα,β,λ,µ(z; s, r|q). (3.2.31)

This last identity enables one to derive one more such sum by using the inverse

series relations of Lemma 3.2.1. The comparison of (3.2.26) with (3.2.31) suggests

that

gk = eγ,δα,β,λ,µ(zq
k; s, r|q)

and

Gm = zmeγ+mδ,δα,β+mα,λ+mµ(z; s, r|q).

With this choice, the inverse series (3.2.27) provides the identity:

eγ,δα,β,λ,µ(z; s, r|q) =
m
∑

k=0

(−1)kqk(k−1)/2

[

m

k

]

zkeγ+kδ,δα,β+kα,λ+kµ,µ(zq
k; s, r|q). (3.2.32)
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3.2.7 Double series representation

Next, the double series representation of the function Eγ,δ
α,β,λ,µ(z; s, r|q) is derived

as follows.

Theorem 3.2.12. With the restrictions to the parameters as in earlier properties,

∗Eγ,δ,ρ
α,β,λ,µ(z; s, r|q) =

∞
∑

i,j=0

(−1)iqi(i−1)/2

(q; q)i(q; q)j
∗Eγ,δ,ρ+i+j

α,β,λ,µ (z; s, r|q). (3.2.33)

Proof. As in Theorem 3.2.1, take

Vn =
(−1)pn qpn(n−1)/2 [(qλ+µn; q)∞]r (qαn+β; q)∞

[(qγ+δn; q)∞]s (q; q)n

and put

∗Eγ,δ,ρ
α,β,λ,µ(z; s, r|q) =

∞
∑

n=0

(−1)n q−n(n−1)/2 Vn
(qρ+n; q)∞

zn

which is valid under the condition ℜ(α2 + rµ2 − sδ2) > 0.

Now, introducing the function Eγ,δ
α,β,λ,µ(z; s, r|q) in the integrand of the integral

(1.2.44) and applying this integral to the identity [18, p. 9]: eq(y)Eq(−y) = 1, one

finds the integral

∫ 1

0

tρ−1 Eq(tq) eq(xt) Eq(−xt) Eγ,δ
α,β,λ,µ(zt; s, r|q) dqt

=

∫ 1

0

tρ−1 Eq(tq) E
γ,δ
α,β,λ,µ(zt; s, r|q) dqt. (3.2.34)

Here substituting the corresponding series representations for eq(xt) and Eq(−xt)
on the left hand side, one gets

l.h.s. =

∫ 1

0

tρ−1Eq(tq) eq(xt) Eq(−xt) Eγ,δ
α,β,λ,µ(zt; s, r|q) dqt

=

∫ 1

0

tρ−1

{

∞
∑

i=0

(−1)iqi(i−1)/2 xiti

(q; q)i

}{

∞
∑

j=0

xjtj

(q; q)j

}

×Eq(tq) Eγ,δ
α,β,λ,µ(zt; s, r|q) dqt

=
∞
∑

i=0

∞
∑

j=0

(−1)iqi(i−1)/2

(q; q)i(q; q)j
xi+j

∫ 1

0

tρ+i+j−1 Eq(tq) E
γ,δ
α,β,λ,µ(zt; s, r|q) dqt

= (1− q)(q; q)∞

∞
∑

i=0

∞
∑

j=0

(−1)iqi(i−1)/2

(q; q)i(q; q)j

∞
∑

n=0

(−1)n q−n(n−1)/2 Vn
(qρ+i+j+n; q)∞

zn
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= (1− q)(q; q)∞

∞
∑

i,j=0

(−1)iqi(i−1)/2

(q; q)i(q; q)j
∗Eγ,δ,ρ+i+j

α,β,λ,µ (z; s, r|q). (3.2.35)

Likewise,

r.h.s. =

∫ 1

0

tρ−1Eq(tq)E
γ,δ
α,β,λ,µ(zt; s, r|q) dqt

=
∞
∑

n=0

unz
n

∫ 1

0

tρ+n−1 Eq(tq) dqt

= (1− q)(q; q)∞

∞
∑

n=0

(−1)n q−n(n−1)/2 Vn
(qρ+n; q)∞

zn

= (1− q) (q; q)∞
∗Eγ,δ,ρ

α,β,λ,µ(z; s, r|q). (3.2.36)

Consequently from (3.2.35) and (3.2.36), (3.2.34) yields (3.2.33).

Next, the double series representation of the function eγ,δα,β,λ,µ(z; s, r|q) can

be obtained similarly as above. This is given in

Theorem 3.2.13. With the restrictions to the parameters as in earlier properties,

∗eγ,δ,ρα,β,λ,µ(z; s, r|q) =
∞
∑

i,j=0

(−1)iqi(i−1)/2

(q; q)i(q; q)j
∗eγ,δ,ρ+i+jα,β,λ,µ (z; s, r|q), (3.2.37)

where

∗eγ,δ,ρα,β,λ,µ(z; s, r|q) =
∞
∑

n=0

Un
(qρ+n; q)∞

zn.

Note 3.2.1. This property does not hold if r ∈ Z<0. Hence, q- Dotsenko function

and q- Elliptic function fail to satisfy (3.2.37).

3.3 Other results

3.3.1 Differentiation

Theorem 3.3.1. If m ∈ N, α, β, γ, λ ∈ C with ℜ(α, β, γ, λ) > 0 and δ, µ > 0

then

(

dq
dqz

)m

Eγ,δ
α,β,λ,µ(z; s, r|q) =

z−m

(1− q)m
Eγ,δ
α,β,λ,µ(z; s, r|q), (3.3.1)
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and

(

dq
dqz

)m

zβ−1 Eγ,δ
α,β,λ,µ(ωz

α; s, r|q) = zβ−m−1 Eγ,δ
α,β−m,λ,µ(ωz

α; s, r|q),(3.3.2)

wherein Re(β −m) > 0.

Proof. In order to prove (3.3.1), consider the

l.h.s. =

(

dq
dqz

)m ∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞ zn

[(qγ+δn; q)∞]s

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞
[(qγ+δn; q)∞]s

×
m
∑

j=0

(−1)j qj(j−1)/2

[

m

j

]

q

(qm−jz)n

zm(q − 1)mqm(m−1)/2

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞
[(qγ+δn; q)∞]s (1− q)m

×(−1)m zn−mqmn−m(m−1)/2

m
∏

j=1

(1− q−n+j−1)

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (−1)m(qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞
(1− q)m[(qγ+δn; q)∞]s

zn+1−m−1

×qmn−m(m−1)/2 (−1)m q−nm−m+m2

2
+m

2
−1 (q

n+1−m; q)∞
(qn+1; q)∞

=
z−m

(1− q)m
Eγ,δ
α,β,λ,µ(z; s, r|q)

= r.h.s.

And (3.3.2) may be proved as follows.

(

dq
dqz

)m

zβ−1 Eγ,δ
α,β,λ,µ(ωz

α; s, r|q)

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞ ωn

[(qγ+δn; q)∞]s

×
(

dq
dqz

)m

zαn+β−1

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞ ωn

[(qγ+δn; q)∞]s

×
m
∑

j=0

qj(j−1)/2

[

m

j

]

q

(qm−jz)αn+β−1

zm (q − 1)m qm(m−1)/2
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=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞ ωn

[(qγ+δn; q)∞]s

×(−1)m (1− q)−m zαn+β−m−1 qm(αn+β)−m(m−1)/2

m
∏

j=1

(1− q−αn−β+j)

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞ ωn

[(qγ+δn; q)∞]s
zαn+β−m−1

×(−1)m(1− q)−mqm(αn+β−m/2−1/2) (q−(αn+β−1); q)m

=
zβ−m−1

(1− q)m
Eγ,δ
α,β−m,λ,µ(ωz

α; s, r|q).

3.3.2 Integral representations

Taking f(z) = Eγ;δ
α,β,λ,µ

(

zuα; s, r|q
)

in the q-Euler (Beta) transform (1.5.7), one

gets

Theorem 3.3.2. If α, β, γ, λ, σ, η, ν ∈ C, ℜ(α, β, γ, λ, σ, η, ν) > 0, δ, µ > 0

then

(1− q)−η

Γq(η)

1
∫

0

uβ−1 (uq; q)∞
(uqη; q)∞

Eγ,δ
α,β,λ,µ(zu

α; s, r|q) dqu = Eγ,δ
α,β+η,λ,µ(z; s, r|q), (3.3.3)

z
∫

0

tβ−1Eγ,δ
α,β,λ,µ (ωtα; s, r|q) dqt =

zβ

(1− q)−1
Eγ,δ
α,β+1,λ,µ (ωzα; s, r|q), (3.3.4)

and

(1− q)−a

Γq(a)

1
∫

0

za−1(z; q)β−1 E
γ,δ
α,β,λ,µ(x(zq

β−1; q)α; s, r|q) dqz = Eγ, δ
α,β+a,λ,µ(x; s, r|q).

(3.3.5)

Proof. In order to prove (3.3.3), take

l.h.s. =
∞
∑

n=0

(qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞ zn

[(qγ+δn; q)∞]s

×
1
∫

0

uαn+β−1 (uq; q)∞
(uqη; q)∞

dqu



Chapter 3. Generalized q-Mittag-Leffler Function 88

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞ zn

[(qγ+δn; q)∞]s

×(1− q) (q; q)∞
(qαn+β+η; q)∞

(qαn+β; q)∞(qη; q)∞

=
Γq(η)

(1− q)−η
Eγ,δ
α,β+η,λ,µ(z; s, r|q)

= r.h.s.

Next, it is easy to prove (3.3.4). In fact,

l.h.s. =
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞ ωn

[(qγ+δn; q)∞]s

×
z
∫

0

tαn+β−1 dqt

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞(qn+1; q)∞ ωn

[(qγ+δn; q)∞]s[(qλ+µn; q)∞]−r
z

×(1− q)
∞
∑

k=0

(zqk)αn+β−1 qk

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞(qn+1; q)∞ ωn

[(qγ+δn; q)∞]s[(qλ+µn; q)∞]−r
zαn+β

×(1− q)
∞
∑

k=0

qk(αn+β)

=
zβ

(1− q)−1
Eγ,δ
α,β+1,λ,µ(ωz

α; s, r|q)

= r.h.s.

Finally,

1
∫

0

za−1 (z; q)β−1 E
γ,δ
α,β,λ,µ(x(zq

β−1; q)α; s, r|q) dqz

=

1
∫

0

za−1 (z; q)β−1

∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r

[(qγ+δn; q)∞]s[(qλ+µn; q)∞]−r

×(qn+1; q)∞ (zqβ−1; q)αn x
n dqz

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞(qn+1; q)∞ xn (zqβ−1; q)αn
[(qγ+δn; q)∞]s[(qλ+µn; q)∞]−r
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×
1
∫

0

za−1 (z; q)αn+β−1 dqz

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞(qn+1; q)∞ xn (zqβ−1; q)αn
[(qγ+δn; q)∞]s[(qλ+µn; q)∞]−r

×
1
∫

0

za−1 (zq; q)∞
(zqαn+β; q)∞

dqz

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ (qn+1; q)∞ (zqβ−1; q)αn
x−n [(qλ+µn; q)∞]−r[(qγ+δn; q)∞]s

Bq(a, αn+ β)

=
∞
∑

n=0

(−1)pn qpn(n−1)/2 (qαn+β; q)∞ [(qλ+µn; q)∞]r (qn+1; q)∞ xn (zqβ−1; q)αn
[(qγ+δn; q)∞]s

×(1− q) (q; q)∞
(qαn+β+a; q)∞

(qαn+β; q)∞(qa; q)∞

=
(1− q)(q; q)∞

(qa; q)∞

∞
∑

n=0

(−1)pnqpn(n−1)/2 (qαn+β+a; q)∞[(qλ+µn; q)∞]r(qn+1; q)∞x
n

[(qγ+δn; q)∞]s
.

3.4 Special cases

The special cases of above obtained properties in section 3.2 are now illustrated

below by taking one special case from Table-3, section 3.1 for each property.

• Contour integral-q-Elliptic function:

K(
√
z|q) = 1

4i

∫

L

Γq(S)[Γq(
1
2
− S)]2 (−z)−S

Γq(1− S)
dqS.

• q- Difference equation-q-analogue of Shukla and Prajapati’s function: For

α, δ ∈ N, y = Eγ,δ
α,β(z|q) satisfies the equation

[

Φ
(α,β,σ;1)
h,m Θ

]

Eγ,δ
α,β(z|q)−

[

(−1)α
2−δ2+1 zΨ

(δ,γ,ζ;1)
j,i

]

Eγ,δ
α,β(zq

α2−δ2+1|q) = 0,

in which ζ is δth root of unity, σ is αth root of unity.

• Eigen function property-q-Dotsenko function:

{

Dq
(Λq + q1−b − 1)−1

qb−1
Ω

(ω
ν
,b,η;−1)

ℓ,k Φ
(c,ω

ν
,σ;1)

h,m

}

2R1(a, b; c, ω; ν;λz; q)
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= λ 2R1(a, b; c, ω; ν;λz; q)

• Mixed relations-q-SNF:

1. Dq

(

zβ1Eγ,K [(α1, β1 + k, α2, β2); z
α1 |q]

)

=(1− qk−1) Dq

(

zβ1Eγ,K [(α1, β1 + k + 1, α2, β2); z
α1 |q]

)

+qk−1 (1− q) D2
q

(

zβ1+1Eγ,K [(α1, β1 + k + 1, α2, β2); z
α1 |q]

)

.

2. (1− qβ1) Eγ,K [(α1, β1 + 1, α2, β2); z
α1 |q]

+(1− q) qβ1 z DqEγ,K [(α1, β1 + 1, α2, β2); z
α1 |q]

= Eγ,K [(αj, βj)1,2; z
α1 |q].

• Inverse series relation-q-BMF:

zmJµν+m(zq
m(µ2+1); q) =

(−1)m(µ2+1)q−m(m−1)(µ2+1)

(q − 1)m

×
m
∑

k=0

(−1)kq(µ
2+1)k(k−2m+1)/2

[

m

k

]

µ2+1

Jµν (zq
k(µ2+1); q).

if and only if

Jµν (zq
m(µ2+1); q) =

m
∑

k=0

(−1)kq3k(k−1)(µ2+1)/2

(1− q)k

[

m

k

]

µ2+1

zkJµν+k(zq
k(µ2+1); q).

• Double series relation-q-SNF:

∗Eγ,K,ρ,1[(αm, βm)1,2; z|q] =
∞
∑

i,j=0

(−1)iqi(i−1)/2

(q; q)i(q; q)j
∗Eγ,K,ρ+i+j,1[(αm, βm)1,2; z|q].

3.5 q-Bessel function family

Definition 3.5.1. If α, β, γ, λ, z ∈ C with ℜ(α, β, γ, λ) > 0, δ, µ > 0, r, s ∈
N ∪ {0} then

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
; s, r|q

)

=
∞
∑

n=0

(−1)(p+1)n qpn(n−1)/2 [Γq(γ + δn)]s

22n+ξ Γq(β + αn) [Γq(λ+ µn)]r (q; q)n
z2n+ξ,

(3.5.1)

where p = α2 + rµ2 − sδ2 + 1 with ℜ(p) > 0.
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Alternatively in the view of the definition of q-Gamma function (1.2.31) the

q-form (3.5.1) can also be put in the form:

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
; s, r|q

)

=
∞
∑

n=0

(−1)(p+1)n qpn(n−1)/2 (qαn+β; q)∞
22n+ξ [(qγ+δn; q)∞]s

× [(qλ+µn; q)∞]r z2n+ξ

(q; q)n
, (3.5.2)

The q-analogues of the those functions listed above in Chapter 2 in Table-2 are all

yielded by the function (3.5.1).

They are tabulated below.

Table-4

q-Function of r s α β γ δ λ µ ξ

Bessel 0 0 1 ν + 1 - - - - ν

Generalized 1 0 σ ν + η + 1 - - η + 1 1 ν + 2η
Bessel-Maitland

Lommel 1 1 1 η−ν+3
2

1 1 η+ν+3
2

1 η + 1

Struve 1 1 1 3/2 1 1 3/2 + ν 1 ν + 1

The explicit forms of the functions mentioned in this table are as stated below.

• q-Bessel function [18, Ex.1.24, p.25]:

J (1)
ν (z; q) =

∞
∑

n=0

(−1)n qn(n−1) (qn+ν+1; q)∞ (qn+1; q)∞

(z

2

)ν+2n

.

• q-Analogue of generalized Bessel-Maitland function:

Jσν,η(z; q) =
∞
∑

n=0

(−1)(σ
2+1)n qn(n−1)(σ2+2)/2 (qη+n+1; q)∞

×(qσn+ν+η+1; q)∞ (z/2)ν+2η+2n.

• q-Lommel function:

2−(η+1) Sη,ν(z; q) =
∞
∑

n=0

(−1)n qn(n−1) (q(η+ν+3)/2+n; q)∞

×(q(η−ν+3)/2+n; q)∞ (z/2)2n+η+1.
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• q-Struve function:

Hν(z; q) =
∞
∑

n=0

(−1)n qn(n−1) (q(3/2+ν)+n; q)∞ (q(3/2+n); q)∞ (z/2)2n+ν+1.

3.5.1 Convergence

Theorem 3.5.1. Let ℜ(α, β, γ, λ) > 0, ℜ(α2+ rµ2−sδ2+1) > 0, δ, µ > 0, r, s ∈
N ∪ {0} and 0 < q < 1. Then

(

z
2

)ξ
Eγ,δ
α,β,λ,µ

(

− z2

4
; s, r|q

)

is an entire function of

order zero.

The proof is simillar to the proof of the Theorem 3.2.1 in which

Vn,ξ =
(−1)(p+1)n qpn(n−1)/2 [Γq(γ + δn)]s

22n+ξ Γq(β + αn) [Γq(λ+ µn)]r Γq(n+ 1)
(3.5.3)

instead of Vn given in (3.2.1).

3.5.2 Contour integral

Theorem 3.5.2. Let α > 0; β, γ, λ ∈ C with ℜ(β, γ, λ) > 0 and δ, µ > 0. Then the

function
(

z
2

)ξ
Eγ,δ
α,β,λ,µ

(

− z2

4
; s, r|q

)

is expressible as the Mellin - Barnes q-integral:

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
; s, r|q

)

=

(

z
2

)ξ

2πi

∫

L

(−1)(p+1)S q−pS(−S−1)/2 Γq(S) [Γq(γ − δS)]s z−2S

Γq(β − αS) [Γq(λ− µS)]r
dqS, (3.5.4)

where |argz| < π. The contour L of integration begins from −i∞ and proceeds

towards +i∞, and is indented to keep the poles of integrand at S = −n to the left;

and the poles at S = (γ + n)/δ to the right of the path for all n ∈ N ∪ {0}.

The proof is same as the proof of the Theorem 3.2.3.
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3.5.3 Difference equation

Here with the help of the following operators, the q-difference equation of (3.5.1)

will be derived. Define

δqf(x) = f(xq1/2), Θf(x) = f(x)− f(xq),
(

Θ+ qξ/2δq − 1
)

= Φξ,

{

a−1
∏

u=0

a−1
∏

v=0

[Θ + c−uq1−(b+v)/aqξ/2δq − 1]m
}

{

a−1
∏

u=0

a−1
∏

v=0

[c−uq1−(b+v)/a]m

} = Φ
(a,b,c;m)
ξ,u,v ,

and

{

a−1
∏

u=0

a−1
∏

v=0

[Θ + c−uq(b+v)/aqξ/2δq − 1]m
}

{

a−1
∏

u=0

a−1
∏

v=0

[c−uq−(b+v)/a]m
} = Ψ

(a,b,c;m)
ξ,u,v .

In these notations, the q-difference equation satisfied by (3.5.1) is obtain in

Theorem 3.5.3. Let α, µ, δ ∈ N then
(

z
2

)ξ
Eγ,δ
α,β,λ,µ

(

− z2

4
; s, r|q

)

satisfies the equa-

tion

qsξ Φ
(µ,λ,η;r)
ξ,ℓ,k Φ

(α,β,σ;1)
ξ,h,m Φξ

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
qs; s, r|q

)

+
(−1)p q(r+2)(ξ+1)+s z2

4
Ψ

(δ,γ,ζ;s)
ξ,j,i

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
qp+r+2; s, r|q

)

= 0,

(3.5.5)

in which ζ is δth root of unity, η is µth root of unity, σ is αth root of unity.

Proof. With the aid of the formulas [18, Appendix I], the coefficient Vn,ξ of z
n in

(3.5.3) is first expressed in q-factorial form. Then for α, µ, δ ∈ N,

Vn,ξ =
(−1)(p+1)n qpn(n−1)/2 [(qγ; q)δn]

s

22n+ξ [(qλ; q)µn]r (qβ; q)αn (q; q)n

=
(−1)(p+1)n qpn(n−1)/2 [(qγ; q)δn]

s

22n+ξ [(qλ; q)µn]r (qβ; q)αn (q; q)n

=
(−1)(p+1)n qpn(n−1)/2 [(qγ; qδ)n]

s [(qγ+1; qδ)n]
s · · · [(qγ+δ−1; qδ)n]

s

22n+ξ [(qλ; qµ)n]r [(qλ+1; qµ)n]r · · · [(qλ+µ−1; qµ)n]r
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× 1

(qβ; qα)n (qβ+1; qα)n · · · (qβ+α−1; qα)n(q; q)n

=

(−1)(p+1)n qpn(n−1)/2

{

δ−1
∏

j=0

δ−1
∏

i=0

[(ζj q(γ+i)/δ; q)n]
s

}

22n+ξ
{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]r
}

× 1
{

α−1
∏

h=0

α−1
∏

m=0

(σh q(β+m)/α; q)n

}

(q; q)n

, (3.5.6)

where ζ is δth root of unity, η is µth root of unity, σ is αth root of unity.

Now take

δ−1
∏

j=0

δ−1
∏

i=0

[(ζj q(γ+i)/δ; q)n]
s = An,

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]
r = Bn, (3.5.7)

α−1
∏

h=0

α−1
∏

m=0

(σh q(β+m)/α; q)n = Cn,
(−1)(p+1)n qpn(n−1)/2

22n+ξ
= Dn. (3.5.8)

Since the series in (3.5.1) has infinite radius of convergent, term-by-term operation

is permitted, hence

Φξ

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
qs; s, r|q

)

=
∞
∑

n=0

An Dn

Bn Cn (q; q)n
Φξ z

2n+ξ

=
∞
∑

n=0

qsn An Dn

Bn Cn (q; q)n

(

Θ+ qξ/2δq − 1
)

z2n+ξ

=
∞
∑

n=0

qsn An Dn

Bn Cn (q; q)n

(

z2n+ξ − (zq)2n+ξ + qξ/2z2n+ξqn+ξ/2 − z2n+ξ
)

=
∞
∑

n=0

qsn An Dn

Bn Cn (q; q)n

(

(zq)2n+ξ + qξ/2z2n+ξqn+ξ/2
)

=
∞
∑

n=0

qsn An Dn

Bn Cn (q; q)n
z2n+ξ(qn+ξ − q2n+ξ)

=
∞
∑

n=0

qsn An Dn

Bn Cn (q; q)n
z2n+ξqn+ξ(1− qn)

=
∞
∑

n=1

qn+ξ qsn An Dn

Bn Cn
z2n+ξ

(q; q)n−1

.
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Next operating by Φ
(α,β,σ;1)
ξ,h,m ,

Φ
(α,β,σ;1)
ξ,h,m Φξ

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
qs; s, r|q

)

=
∞
∑

n=1

qn+ξ qsn An Dn

Bn (q; q)n−1

{

α−1
∏

h=0

α−1
∏

m=0

(Θ + σ−hq1−(β+m)/αqξ/2δq − 1)

}

{

α−1
∏

h=0

α−1
∏

m=0

(σ−hq1−(β+m)/α)

}

× z2n+ξ
{

α−1
∏

h=0

α−1
∏

m=0

(σhq(β+m)/α; q)n

}

=
∞
∑

n=1

q2(n+ξ) qsn An Dn

Bn (q; q)n−1

{

α−1
∏

h=0

α−1
∏

m=0

(1− σhqn−1+(β+m)/α)

}

{

α−1
∏

h=0

α−1
∏

m=0

(σhq(β+m)/α; q)n

} z2n+ξ

=
∞
∑

n=1

q2(n+ξ) qsn An Dn

Bn Cn−1 (q; q)n−1

z2n+ξ.

Finally,

Φ
(µ,λ,η;r)
ξ,ℓ,k Φ

(α,β,σ;1)
ξ,h,m Φξ

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
qs; s, r|q

)

=
∞
∑

n=1

q2(n+ξ) qsn An Dn

Cn−1 (q; q)n−1

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(Θ + η−ℓq1−(λ+k)/µqξ/2δq − 1)]r

}

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(η−ℓq1−(λ+k)/µ)]r

}

× z2n+ξ
{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]r

}

=
∞
∑

n=1

q2(n+ξ) qsn An Dn

Cn−1 (q; q)n−1

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(−qn + η−ℓq1−(λ+k)/µ)]r

}

{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(η−ℓq1−(λ+k)/µ)]r

}

× z(2+r)n+ξ
{

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]r

}
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=
∞
∑

n=1

q(2+r)(n+ξ) qsn An Dn

Bn−1 Cn−1 (q; q)n−1

z2n+ξ.

Thus,

qsξ Φ
(µ,λ,η;r)
ξ,ℓ,k Φ

(α,β,σ;1)
ξ,h,m Φξ

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
qs; s, r|q

)

=
∞
∑

n=0

q(r+s+2)n q(r+2)(ξ+1)+s(ξ+1) An+1 Dn+1

Bn Cn (q; q)n
z2(n+1)+ξ. (3.5.9)

On the other hand,

Ψ
(δ,γ,ζ;s)
ξ,j,i

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
qp+r+2; s, r|q

)

=
∞
∑

n=0

An Dn q
(p+r+2)n

Bn Cn (q; q)n

{

δ−1
∏

j=0

δ−1
∏

i=0

[(Θ + ζ−jq−(γ+i)/δqξ/2δq − 1)]s

}

{

δ−1
∏

j=0

δ−1
∏

i=0

[(ζ−jq−(γ+i)/δ)]s

} z2n+ξ

=
∞
∑

n=0

qs(n+ξ) Dn q
(p+r+2)n

Bn Cn (q; q)n

{

δ−1
∏

j=0

δ−1
∏

i=0

[(ζj q(γ+i)/δ; q)n]
s

}

×
{

δ−1
∏

j=0

δ−1
∏

i=0

[(1− ζjqn+(γ+i)/δ)]s

}

z2n+ξ,

whence one finds

(−1)p+1 q(r+2)(ξ+1)+s z2

4
Ψ

(δ,γ,ζ;s)
ξ,j,i

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
qp+r+2; s, r|q

)

=
∞
∑

n=0

q(r+s+2)n q(r+2)(ξ+1)+s(ξ+1) An+1 Dn+1

Bn Cn (q; q)n
z2(n+1)+ξ. (3.5.10)

Thus, (3.5.5) follows by comparing (3.5.9) and (3.5.10).

3.5.4 Mixed relations

Theorem 3.5.4. The mixed relation for k = 2, 3, 4 . . ., is given by

Dq

(

zβ
(z

2

)αξ

Eγ,δ
2α, β+αξ+k, λ, µ

(

−
(

z2

4

)α

; s, r|q
))

= (1− qk−1) Dq

(

zβ
(z

2

)αξ

Eγ,δ
2α, β+αξ+k+1, λ, µ

(

−
(

z2

4

)α

; s, r|q
))
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+ qk−1 (1− q) Dq

(

zβ+1
(z

2

)αξ

Eγ,δ
2α, β+αξ+k+1, λ, µ

(

−
(

z2

4

)α

; s, r|q
))

. (3.5.11)

The proof differs from that of Theorem 3.2.8 only in the operator considered.

As suggested by Theorem 3.2.9, the following relation may be proved in a straight

forward manner.

Theorem 3.5.5. For 2α, β + αξ, γ, λ ∈ C;ℜ(α, β + αξ, γ, λ) > 0, δ, µ > 0 there

holds the mixed recurrence relation:

(1− qβ)
(z

2

)αξ

Eγ,δ
2α,β+αξ+1,λ,µ

(

−
(

z2

4

)α

; s, r|q
)

+(1− q) qβ z Dq

(z

2

)αξ

Eγ,δ
2α,β+αξ+1,λ,µ

(

−
(

z2

4

)α

; s, r|q
)

=
(z

2

)αξ

Eγ,δ
2α,β+αξ,λ,µ

(

−
(

z2

4

)α

; s, r|q
)

.

3.5.5 Finite summation formulas

Here the function (3.5.2) is expressed as a finite series of the same function. For

the sake of simplicity, this function will be symbolized as ξE(z). Now define the

difference operator by

ξΛqf(x) =
f(x)− q

−ξ
2 f(xq1/2)

x2 − x2q
, (3.5.12)

then one gets

ξΛq ξE(z) =
∞
∑

n=0

(−1)(p+1)n qpn(n−1)/2[(qλ+µn; q)∞]r(qβ+αn; q)∞
[(qγ+δn; q)∞]s 22n+ξ (q; q)n

ξΛq z
2n+ξ

=
∞
∑

n=0

(−1)(p+1)(n+1) qpn(n+1)/2 [(qλ+µ+µn; q)∞]r (qβ+α+αn; q)∞
(1− q) [(qγ+δ+δn; q)∞]s 22(n+1)+ξ (q; q)n

z2n+ξ.

Likewise,

ξΛ
2
q ξE(z) =

1

(1− q)2

∞
∑

n=0

(−1)(p+1)(n+2) qp(n+1)(n+2)/2[(qλ+2µ+nµ; q)∞]r

[(qγ+2δ+δn; q)∞]s 22(n+2)+ξ (q; q)n

×(qβ+2α+αn; q)∞ z2n+ξ.
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In general,

ξΛ
m
q ξE(z) =

1

(1− q)m

∞
∑

n=0

(−1)(p+1)(n+m) qp(n+m)(n+m−1)/2[(qλ+mµ+nµ; q)∞]r

[(qγ+mδ+nδ; q)∞]s 22(n+m)+ξ (q; q)n

×(qmα+σ(n); q)∞ zn

=
(−1)pm qpm(m−1)/2

22m (1− q)m
Eγ+mδ,δ
α,β+mα,λ+mµ,µ(zq

pm; s, r|q).

Here in view of the formula (3.2.24), one finds the formula for the operator (3.5.12)

in the form:

x2m(1− q)m ξΛ
m
q f(x) = (−1)mq−m(m−1)/2

m
∑

k=0

(−1)kqk(k−1)/2

[

m

k

]

f(xqm−k).

For the choice f(x) = ξE(z) =
(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
; s, r|q

)

, this gives

(z

2

)2m+ξ

Eγ+mδ,δ
α,β+mα,λ+mµ,µ

(

−z
2

4
qpm; s, r|q

)

= (−1)(p+1)m q−pm(m−1)/2

m
∑

k=0

(−1)kqpk(k−2m+1)/2

[

m

k

]

qp
Eγ,δ
α,β,λ,µ

(

−z
2

4
qpk; s, r|q

)

.

(3.5.13)

This last identity enables one to derive one more such form; the method of obtain-

ing this uses inverse series relations [10] which is already proved as Lemma 3.2.1.

The comparison of (6.4.4) with (3.5.13) suggests that

g
k

=
(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
qpk; s, r|q

)

and

Gm =
(−1)(p+1)m (q − 1)m

q−pm(m−1)
z2m

(z

2

)ξ

Eγ+mδ,δ
α,β+mα,λ+mµ

(

−z
2

4
qpm; s, r|q

)

.

With this choice, the inverse series (6.4.3) provides the finite series formula:

Eγ,δ
α,β,λ,µ

(

−z
2

4
qpm; s, r|q

)

=
m
∑

k=0

(−1)kqpk(k−1)/2

[

m

k

]

qp
(−1)pk (q − 1)k

×
(z

2

)2k+ξ

Eγ+kδ,δ
α,β+kα,λ+kµ,µ

(

−z
2

4
qpk; s, r|q

)

.

(3.5.14)
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3.5.6 Double series representation

Next, the double series representation of the function
(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
; s, r|q

)

is derived as follows.

As in Theorem 3.5.1, take

Vn,ξ =
(−1)(p+1)n qpn(n−1)/2 [(qλ+µn; q)∞]r (qαn+β; q)∞

[(qγ+δn; q)∞]s 22n+ξ (q; q)n

and put

(z

2

)ξ
∗Eγ,δ,ρ

α,β,λ,µ

(

−z
2

4
; s, r|q

)

=
∞
∑

n=0

(−1)n q−n(n−1)/2 Vn,ξ
(qρ+n; q)∞

z2n+ξ

which is valid under the condition ℜ(α2 + rµ2 − sδ2) > 0.

Theorem 3.5.6. If ℜ(α2 + rµ2 − sδ2) > 0, then

(z

2

)ξ
∗Eγ,δ,ρ

α,β,λ,µ

(

−z
2

4
; s, r|q

)

=
∞
∑

i,j=0

(−1)iqi(i−1)/2

(q; q)i(q; q)j

(z

2

)ξ
∗Eγ,δ,ρ+i+j

α,β,λ,µ

(

−z
2

4
; s, r|q

)

.

(3.5.15)

The proof of this theorem is same as the proof of Theorem 3.2.12. Hence it

is omitted.

3.6 Special cases

The properties obtained above will now be illustrated by taking one special case

from Table-4, section 3.5, for each property.

• Contour integral-q-Generalized Bessel-Maitland function:

Jσν,η(z; q) =

(

z
2

)ν+2η

2πi

∫

L

(−1)(σ
2+3)S q−(σ2+2)S(−S−1)/2 Γq(S) z

−2S

Γq(ν + η + 1− σS) [Γq(η + 1− S)]r
dqS.

• q-Difference equation-Bessel function:

qsν Φ
(1,ν+1,1;1)
ν,h,m Φν J

(1)
ν (z; q) +

(−1)2 q2(ξ+1) z2

4
J (1)
ν (zq4; q) = 0.
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• Mixed relations-q-Lommel function:

1. Dq

(

z
η−ν+3

2

(

z
2

)η+1
E1,1

2, η−ν+3
2

+η+1+k, η+ν+3
2

, 1

(

− z2

4
; 1, 1|q

))

= (1− qk−1) Dq

(

z
η−ν+3

2

(

z
2

)η+1
E1,1

2, η−ν+3
2

+η+k+2, η+ν+3
2

, 1

(

− z2

4
; 1, 1|q

))

+qk−1(1−q)Dq

(

z
η−ν+3

2
+1
(

z
2

)η+1
E1,1

2, η−ν+3
2

+η+k+2, η+ν+3
2

,1

(

− z2

4
; 1, 1|q

))

.

2. (1− q
η−ν+3

2 )
(z

2

)η+1

E1,1

2, η−ν+3
2

+η+2, η+ν+3
2

,1

(

− z2

4
; 1, 1|q

)

+(1− q) q
η−ν+3

2 z Dq

(z

2

)η+1

E1,1

2, η−ν+3
2

+η+2, η+ν+3
2

,1

(

− z2

4
; 1, 1|q

)

=
(z

2

)η+1

E1,1

2, η−ν+3
2

+η+1, η+ν+3
2

,1

(

− z2

4
; 1, 1|q

)

.

• Inverse series relation-q-Generalized Bessel-Maitland funtion:

z2m
(z

2

)ν+2η

Eγ+mδ,δ
σ,ν+η+1+mσ,η+1+m,µ

(

−z
2

4
q(σ

2+2)m; 0, 1|q
)

= (−1)(σ
2+3)m q−(σ2+2)m(m−1)/2

m
∑

k=0

(−1)kq(σ
2+2)k(k−2m+1)/2

×
[

m

k

]

q(σ
2+2)

Eγ,δ
σ,ν+η+1,η+1,1

(

−z
2

4
q(σ

2+2)k; 0, 1|q
)

.

if and only if

Eγ,δ
σ,ν+η+1,η+1,1

(

−z
2

4
q(σ

2+2)m; 0, 1|q
)

=
m
∑

k=0

(−1)kq(σ
2+2)k(k−1)/2

[

m

k

]

q(σ
2+2)

(−1)(σ
2+2)k

×z2k
(z

2

)ν+2η

Eγ+kδ,δ
σ,ν+η+1+kα,η+1+k,1

(

−z
2

4
q(σ

2+2)k; 0, 1|q
)

.

• Double series relation-q-Sturve function:

(z

2

)ν+1
∗E1,1,ρ

1,3/2,3/2+ν,1

(

−z
2

4
; 1, 1|q

)

=
∞
∑

i,j=0

(−1)iqi(i−1)/2

(q; q)i(q; q)j

(z

2

)ν+1

∗E1,1,ρ+i+j
1,3/2,3/2+ν,1

(

−z
2

4
; 1, 1|q

)

.
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