Chapter 3

Generalized ¢g-Mittag-Lefller

function

3.1 Introduction

The ¢-theory has remarkable property that a g-analogue of an ”ordinary” expres-
sion is not unique; especially if the expression is a finite or infinite series. In such
case the two ¢-forms are defined; one involving the factor of the form ¢"(*~1/2 n
being summation index, and the other without this factor. This is due to the
definition of ,¢4[z] (1.3.4) and the fact that the number 0 (zero) can be consid-
ered as a parameter in numerator or in denominator. This has given rise to two
g-exponential functions, two g-cosine, g-sine functions and many other such cases.
Following this tradition, the two g-extensions of the function (2.1.5) are defined in

this chapter and derive the properties analogues to those obtained in Chapter-2.

Definition 3.1.1. If a, 8,7, A € C with R(a, B,7v,\) >0, 6,4 >0, re {—1,0}U
N, s e NU{0} then

i (=1 qp”(” VR0 (y+m)*

Iyl 5+ an) [T, + un)]” (g; Q)nz , (3.11)

EZ B, A, ,U,(Z;S7T‘q

where p = a® + rp? — 6% + 1 with R(p) > 0
Definition 3.1.2. If a, 8,7, A € C with R(a, B,7v,\) >0, 6,4 >0, re {—1,0}U
N, s e NU{0} and o® + ru? + 1 = s6° then

[e.9]

0 . Ly(y+on)® .
€ s, 2 (25, 7|q) qu B+om T,00+ )] (q;q)nz . (3.1.2)

n=

60
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Alternatively in view of the definition of ¢-Gamma function (1.2.31) these

g-forms can also be put in the form:

e pn pn(n—1)/2 (qom—i-,B. q) [(q)\+un. q) ]r
ET  (zs,rlq q e T2 2 (3.1.3
wB A p 2 ; [(@*"; @)oc)* (45 0)n (3.1.3)
and
— (4P q [(qM“” Q)]
e’ (z;8,7|q ’ 2" 3.1.4
€a, 8, 1 | Z q’y+5n ]s (q, Q)n ( )

n=

The g-analogues of the Shukla and Prajapati’s function (2.1.4) and the other
functions listed above in Table-1 of Chapter 2 are all yielded by (3.1.1) or (3.1.2).
They are tabulated below together with the indicated substitutions.

Table-3

g-Function of | r |s | « B |~v|d0]| A| p |Particular case of
Mittag-Leffler | 0 | 1| « 1 1]1] - - (3.1.1)
Wiman 01| « g |11/ - - (3.1.1)
Prabhakar 01] « g |yl 1] - - (3.1.1)
Shukla and 01| « B vl al - - (3.1.1)

Prajapati

Bessel-Maitland | 0 |0 | p |v+1|- |- | - - (3.1.1)
Dotsenko 1l w/v| ¢ all|blw/ (3.1.2)
Nsisaﬁii%lg’_co 111 oy oh vy K| By | (3.1.1)
Elliptic 111 1 [5]1]35] 1 (3.1.2)

The explicit forms of the functions mentioned in this table are as stated

below.

e ¢-Mittag-Lefler function:

o2

|q _ Z n n(n 1) /2} (qom—i-l;q)oo s
n=0

e ¢-Analogue of Wiman’s function:

o2

|q _ Z (n—1) /2} (qan+ﬂ;q)oo pus

n=0
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e ¢-Analogue of Prabhakar’s generalized ML-function:

2

00 (_1)71 qn(n—l)/ﬂa (qcm-I—B; Q)oo
E? .(z|q) = [ 2",
walele) =2 (@™ @)oo (45 Dn

n=0

e ¢-ML-function of Shukla and Prajapati (¢ is replaced by 0):

00 n n(n— (o2 =8241) an
1 (slq) — Z gD/ (6" Dos
— (@ @)oo (@ @)
e ¢-Bessel-Maitland function:
(B2+1)

1)71 qn(n—l)/Q} <qun+u+1;q)oo .

= .
=2 (¢;9)n '

n=0

(Later on, this will be referred to this as ¢-BMF)

e ¢-Dotsenko function:

= )
oR1(a,b;c,w;v; 2;q) = E T —— : 2",
(" Doo (@ @)oo (G5 D0

e ¢-Form of the particular case m = 2 of the function due to Saxena and

Nishimoto
(@ +ad—K241)
00 [(_1)71 qn(n—l)/ﬂ (qa1n+’81§Q)oo
E’K Oé',ﬂ‘ 1,2y 2|4 =
2k (5 8,25 21d] nzo (@™ @)oo (5 Q)n
X<qagn+62 C_I)oo 2"

(Later on, this will be referred to as ¢-SNF)

e ¢-Elliptic function:

N[

1
K(Vzlg) = 5 261 < ;’
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3.2 Main results

3.2.1 Convergence

Theorem 3.2.1. Let R(a, B,7,A) >0, R(a?) +rp? —s>+1>0, ,u>0,r€
{-1,0}UN, s e NU{0} and 0 < g < 1. Then Eg 5., u(238:7]q) is an entire

function of order zero.

Proof. Put

(=1 gD Dy (y + on))?

T 0B+ an) O+ an)]” Tyn+ 1)

(3.2.1)
to get

Egdﬁ)\ﬂzsﬂq ZVZ

Then in view of (1.2.32), one can get after some simplifications,

L(s—r— s—r— n+s

(=1)pm @rn=D/2 (1 4 g)2(7=2) (Tp(2))572 (1 — g)"*2
—s(5—y—0n an r(—X—pun
(1—q)=*G77 (1 — g)z=F=on (1 — g)rG—A=#n)

eq'y+§n 9q5+an qu+un 6q1+n
Xel—q—g T o 1—g—gftan o 1_g—grtin o 1—g—qlFn

Vi, ~

Hence,

3=

Y, |Vn’ ~

(1 @307 (D)0 (1= g0 (1= g
(1—q)z P (1-q)'G

9q’7+6n _ eqﬁ+an _ Qq)‘+“n _ 9q1+n
el—g—q7 0 o 1—g—gftan o 1_q_gAtun o 1_q—qltn

—A—pun)

n

X

% |(_1)p qp(nfl)/Z‘ )

Making limit n — oo, this gives

lim WN |(1 o q)oa+7‘u—s§+1| lim ‘q n—1) /2‘
n—00

n—00
= 0

1
R

when R(a?) + ru? — s6% + 1 > 0. Thus, the function (3.1.1) is an entire function.
Its order may be determined by Theorem 1.2.1.
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By choosing f(z) = Eg:;/\,u(z; s,r|q) and u, = V,,, Theorem 1.2.1 gets particular-
ized to

o o ~ lim sup 1987
0B, rla) = m sup{om oy,

)

1
+log [T'y(n+1)| — én(n — D[R(a® +rp? — s6* +1)]log g
—slog |Ty(y + dn)|. (3.2.2)

where
0g A = log qr(n—D(a+ru?—s62+1)/2 [T,(y + on)s
= log|T'y(an+ B) + rlog|Ty(A + un)|

From the definition (1.2.31) of ¢-Gamma function, one finds

(¢;9)o - 5‘
log [T’ + = log|———(1 — on

(4 D)oo ‘ 1-nR(a)—R(B)

= log|—————| (1 — e

& (" P @)oo 1=
= log |(¢; @)ec| + (1 = nR(a) — R(B)) log(1 — q)
—log [(¢""*"; q)oo] ; (3.2.3)
in which

log |(q(m+ﬁ§ Q)oo‘ = log (H ‘1 — qom—i-ﬁ—i-k‘)
k=0

_ : _ on+p+k
- 1og<n11§éon\1 q ++\)

k=0

_ . _ on+p+k
— Wllli%OkZ:Olog‘l ¢

— Zlog ‘1 o qan—l—,@’—i-k‘ )
k=0
Here it may be noted that [7, p.207]
log ‘1 _ qom-i-ﬁ—f—k} < lOg(l + |qom+5+k|) < |qo¢n+,3+k} _ qn%(a+6)+k

which leads to

nR(a-+5)

ilog |1 . qan+5+k| < i qn%(aJrB)Jrk _ q .
k=0 k=0 l—gq



Chapter 3. Generalized q-Mittag-Leffler Function 65

This implies that

log [(¢°"*7; ¢)oo |

lim = 0.

n—oo n logn
Consequently from (3.2.3) it follows that

i 08 Falan+B)| _

n—00 n logn

This last limit and the trivial limit

n—1

lim

= 0
n—oo logn

when used in (3.2.2), yields

A

n—oo  nlogn

Thus,
5
(Ezﬂ sz s,r]g)) = 0.

[
Theorem 3.2.2. The function 61”65’ x (23 8,7]q) represents the series which con-
verges absolutely for |z| < |(1— ¢)*~=#=V| and |q| < 1.
Proof. Take

[Cy(y +dn)]°
Ly(8 + an) [[g(A+ pn)]" Ty(n + 1)

U, = (3.2.4)

then

s

eaﬁA#zsﬂq ZUZ

Now in view of the ¢- analogue of Stirling’s asymptotic formula (1.2.32), one gets

L(s—r— S—r— n+ti

g (@ Da(z) T (1)
T (g (L g e (1 g

9q 7o ggPtan ggrthn ggltm

Xel-a—0 T o 1-g-gftan o 1 g gtun o7 T gIFn
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This gives

ol
S|=

(1+@307 (Lp ()02 (1 -G (1 - g
(1= @i 07 (1= gy

n\/ |Un’ ~

pgY+on _ ggbtan _ ggrTHT _ ogltn
el-q—q7T0n o 1—g—gPFan o 1_g_grtun o 1-_q—ql¥n

n

X

whence

}l% — lim MN ‘(1 _ q)a+rp—sz§+1|.

n—o0
Thus, the series in (3.1.2) converges absolutely if |z| < R = (1—¢)* " ®@-re=1 ]

3.2.2 Contour integral

Theorem 3.2.3. Let o > 0; 8,7, A € C with R(B,7v,\) > 0 and d, u > 0. Then the
function El 27 o (z;8,7|q) is expressible as the Mellin - Barnes q-integral given

by

L [0 g I )

E?° z;8,rlq) = =—
ot (3710 [,(5—as) [0, — w8

271
L

(3.2.5)

where |argz| < mw. The contour L of integration begins from —ioo and proceeds
towards +100, and is indented to keep the poles of integrand at S = —n to the left;
and the poles at S = (v +mn)/J to the right of the path for all n € N U {0}.

Proof. The integral on the right hand side of (3.2.5) may be evaluated as the sum
of the residues at the poles S =0,—1,—-2,....

In fact, in view of the definition of residue,

L[ ()7 SR I8 Ly — a9 (=)

' 2mi T Ly(B = ) [Tg(A = pS)]" g5
_ 5 Res | (~1)78 gD () (—2)
L S=n [Ty(B = al) [Dy(A = pS)]r [Ty(y —69)]—*
_ N gy TS D) (217 g PSSR [T (y - 68))° (—2) 70

S—-n  sinTS Ly(8—alS) TyA—pS)|"Ty(1=25)

n=0
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_ Z A el VR
B Ly ( ﬁ—l—om LA+ pn)]" Ty(n+1)

= Eg,@ A M(Z§ s,7|q).

N(N-1)/2 :

By dropping the factor ¢ in this proof, one gets

Theorem 3.2.4. Let « € Ry; 5, v, A € C, with R(B,7v,\) >0 and §, u > 0. Then

the function e %7 o (z;8,7|q) is expressible as the Mellin - Barnes q-integral given

by

L [ 059 €02

2mi | Ty(5 —a8) Ty — uS)) (325)

)
eaﬁ/\u(z s,7l|q) =

where |argz| < m; the contour L of integration begins from —ioco and proceeds
towards +ioco, and is indented to keep the poles of integrand at S = —n to the left;
and the poles at S = (7 +mn)/d to the right of the path, for alln € NU{0}.

3.2.3 Difference equation

With the aid of the following operators, the difference equations of both ¢g-analogues
will be derived. Put

M) = f0) = fla ™), 05 = 1) - S0y (327)
D, J(a) = (1= ) Dyfa) = (1 = q) HOZLED SO 2T - (5

{aﬁl aljl[@ n C,uqlf(bva)/a _ 1]m}
{ aﬁl aﬁl [Cuql(bJrv)/a]m}

= Plbem) (3.2.9)

and

(3.2.10)
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In these notations, the ¢-difference equation satisfied by (3.1.1) is derived in the

following theorem.

Theorem 3.2.5. Let o, u, 6 € N, then EZ:Z,,\,H(ZQ s,7|q) satisfies the equation

AT a,B,0; ,
[0 @i o] 75 (215, ]0)

[ = W B s ) = 0 (3.2.11)

j?

h

in which ¢ is 8 root of unity, n is pu'" root of unity, o is o' root of unity.

Proof. The first attempt is to express the coefficient of 2™ in the series of
EZ:%/\,#(Z; s,7|q) in the ¢-factorial notations with the help of the set of the formulas
[18, Appendix IJ:

(@ Q)in = (a,aq, ..., aq""; 4",

(a’k; qk)n = (CL, aWg, - . . ,awllzil; qk)n TWE = 6(2M)/k,

(A; ¢k = (AY™ Q) r (A5 Q)i (A0 ), W™ = 1,

and
6—1
(@500 = (@%@ (@ @0 (@ @) = [ [(@' @)y @ = 1.
=0

Following the notation for this coefficient in (3.2.1), one gets

(=1 g7 D2 (g7 q)sn)®

(@ @pn]” (0% Dan (G Q)n

(=1)pm g =U2 (g7 q) 5]

(@ @)™ (0% Dan (G Q)n

(=17 g2 (00500 (@ %)l - (@0 0]
(@@l (@5 )T (T T

Va

1
X
(@%¢%)n (@®F50%) 0 -~ (€% 1 ¢%)n(q; O)n
5—1 6-1 '
(=1)pm grnin=1/2 {H [(¢7 0 F973: q) ]S}
=0 i=0
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where ( is 6" root of unity, 1 is u* root of unity, o is a'* root of unity.
Now take
0—1 6—-1 p—1p—1
(& g% )0 = Ao, TTTTI0N 09500 =B, (3:213)
7j=0 =0 =0 k=0
and
a—1 a—1
H H(O_h q(ﬁ—&-m)/a;q)n =C,, (_l)pn qpn(n—l)/Q — D, (3‘2‘14)
h=0 m=0
then

V, 2" = —— 2" =W, say.
2:: — B, C (¢ 0)n Y

Since the series in (3.1.2) has infinite radius of convergence, one can apply 'O’ to

get

QL
3
)
3
3
N
3
I

WE
™~
3

e
3

DN e B

:0 n—o =N Cn (Qa Q)n

Next operating by <I> B oil) , one gets

a—1 a—1
D,

h=0 m=0

a,B,0;1 = An
q)g“m ow = ZBn (¢ @)n— a—1a—1
e [T II (o=hgt=(Bm)/e)

aﬁl aﬁl (1 _ O.hqn71+(,3+m)/a)
A, D,

h=0 m=0

n

I1 II (c"q®+mie;q),

0 m=0

N ZBn(q;Q)n_l {alal }

n

z
n—1 Bn Cn—l (q7 Q)n—l

z
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Finally,
. { il ﬁ (CR/AE 1)]7}
AT plasol) gy — A, D =0 k=0
o o B Cn— pn—1p—1
"~ { T IT[r ‘gt e/ }
X
—1p—1
{ [T TT1(n" ¢A+R/m;q),, ]T}
(=0 k=0
—1p—1 .
A, D zHo AL l(=a" 40 g~ R
= 2.
[T TL[r-tq-0hrm)y
(=0 k=0
Z?’l
X
pu—1p—1
{ I1 H[(n qOR1s )] }
(=0 k=0
= Byt Cot (G Q-1
Thus,
3T ,0; - An 1 Dn+1
QU G gy = YT S L e (3.2.15)
— B, C (¢;0)n
On the other hand,
\I,(MCS) EZZAM(ZQP; 8,7“|q)
6—1 6—1 , '
11 H (6 + IO/ 1)]°
o = A D qpn 7=0 1= N

=0 =0

16—-1
D, ¢"™
n 7 qOrH. g s
Cr (¢;9)n {] H< ]}

— Bn C 6—1 6—1 o
n=0 {H H C jq—(’)/+i)/§)]s}
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that is,
. Ani1 Dnya
z (=1)P \If(i-’%c’s) Egé 2q"; s, 7|q) = Lol Al et 3.2.16
( ) 7 B)‘IL( | ) —~ Bn Cn (q’ q)n ( )
On comparing (3.2.15) and (3.2.16), the equation (3.2.11) is obtained. O

The ¢-difference equation satisfied by the function (3.1.2) is given in following
theorem whose proof follows line-to-line just dropping ¢""~Y/2 that is, dropping
D, in (3.2.14).

Theorem 3.2.6. Let o, u,d € N, then Y = ezz‘;,)\#(z; s,r|q) satisfies the equation

oYM @il g gl y = (3.2.17)

h,m

th

where ¢ is 8™ root of unity, n is pt" root of unity, o is o' root of unity.

3.2.4 Eigen function property

Take
a—1 a—l
Aq+C qlf(bJrv)/ 1)]m
u=0 v=0 = Qlabem) (3.2.18)
a—1 afl ’
b+v)/a]
u=0 v:O
and
Ay =Dy QU™ QAT el (3.2.19)
Here the operators Q bmti=e) @é’; ) <I>(a”8”1 in (3.2.19) are not commutative

with the operator D,.
In making an attempt to examine this property for the functions Eg apul(zi87q)
and eaﬂ)\#(z; s,7|q), it was found that eaﬂ)\#(z; s,7|q) turns out to be an eigen

function with respect to the operator A, whereas this property fails for the function

0
E G\ u(258,7q).

Theorem 3.2.7. Let a, pi, 6 € N and g-difference operator © be defined by (3.2.7)

then el’%/\u(z; s,7|q) is an eigen function with respect to the operator A, defined
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by (3.2.19). That is,

)6 . ,0 .
A, e; 5. /\7#(02, s,r|lq) =c 637 s, )\’“(cz, s,7|q). (3.2.20)

Proof. With A,,, B,, and C, as in (3.2.13) and in (3.2.14),

’Yaé . > Cn An n
el (cz;8,7|q) = — "
SRl ; B, C (4:9)n

Now if 62:56’ x (€23 8,7|q) =Y, then in the notation (3.2.9),

h=0 m=0

a—1 a—1
o y {H [[(©+07"q ‘”m)/a—l)}
(a,8,031) o c" n
D Ve = Z:B" (¢ q)n {a—la—l }

[T II (o7hg'=Bmi/e)
h=0 m=0

Zn

a—1 a—1
{ (ohq(Bm)/e; q)n}
h=0 m=0

a—1 a—1
T TT (1= ohgrtsemie)
c" An n

h=0 m=0

N Zﬁ’n(q;q)n { ~1a-1 }

z

n=0 H H(O-h (B+m) /a )
=0 m=0
> " A, n
pr— Z .
B, Cn-1 (¢;9)
Next
. { T ﬁ[(@wéql Ol 1>r}
(I)épk)\nr) (I)(oa,Bcl) Y:: _ o c" An =0k

{HH  qOrhn, )]}
X

/\+k)/u)]
(=0 k=0

{ HHI[( Q”+n“zq1“”’“)/")]’“}

1
Z A, eHo k=0
Cnf 7 n — —
n=0 1 (a:9) “Hl unl[(n—zq1—(>\+k)/u)]r
(=0 E=0

—N
e
::]|
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Z’I’L

{ T T [ s ) }

=0 k=0

X

= " A,
Bn—l Cn—l (Qa q)n

n=0
Further using (3.2.18),

9(574 —s) (I)(H)\TIT) (I)(aﬁal) Y.

Jl ¢

Z Bn 1 Cn 1 (q q)
{HH (g } I T o

)]

7=0i=
X o—1 0—1
[T TI[(Ag+(Hg=0ri/e —1)]s zmn
7=0 =0
- S
Bn—l Cn—l (Q7Q)n

60—16—1
I1 T1[(=gq" + ¢7g'-GH0/o)]s
_ i c" -An—l Zn
n=OB ‘

n—1 Cn—l (%Q)n

Finally,

6,7,(;—s AT a,fB,0;1
Aqr Y. = Dq ngv ) (I)%c i) (I)gz,m : Y.

& A Anfl zn—l
1 Bn—l Cn—l(q; Q)n—l
= ot A

_ _C M

= By, Co (¢ )n

n

0
= ¢ 62’ 5. )\,M(cz; s,7|q).

{E:m /e }{HOZHKCJ w}

z
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3.2.5 Mixed relations

Theorem 3.2.8. The mized relation involving Evﬁ)\u(za; s,r|q) is given by

v,6 Iy
Do(2PELG (2% 5,704))
= (1_qk 1) D (Z Ea,@+k+1,\u(za§3ﬂ“|61>)
+¢" (1= q) D2(ZPTEL) pn (278, 710), (3.2.21)

where k =2,3,4,....

Proof. The proofs for the cases k = 2,3 and for k > 4 differ, hence they are given

separately.

As the change is taking place only in the parameter 3, hence for the sake of brevity,

the following notations will be adopted here.

0
E) s ijna(2%8:710) = (Egiye an+ 8= o(n),

and
A el UtV
(@ q)o0)® (45 @) "l
CASE I: k=2
Here
QE5+2 - Z <q0(n)+2; Q)oo dn;q
n=0
_ i (q"("); @)oo "
— ( )) (1 —gotmst) 1
1 —q 1— q 1 _ qa(n)-i-l nq

3
Il
)

o

("™ q)oo ("™ q)oo
dniq Z nsg-

(1—q)(1—q°™) 1—q ) (1 —gotm+1)

[
NE

Il
=)

n n=

By rearranging the series, this becomes
U(n ,Q)
pwrt 1—q (1 —qom+1)

— (") p
—~ (1-q) (1 —¢"™)

Mg

qu

qEB+27

n
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00 (qU(n); q)oo S e,
- Z (1—q) (1—¢°™) g — Z (¢ 1 @)oo dnig

— (@"9)w S (@™ q)oe
= g — d,.
Z (1 _ q) (1 _ qa(n)) 4 Z (1 _ qa(n)) (1 _ qa(n)—I—l) 9

n=0 n=0
- i(qa(”);Q)m( I 1 ) "

= (1-¢"m)\1—q (1—¢q7t*) ’q
_q i (6" @)
- _ _ qo(n)+1 nq

1—q 4= (1-q¢ )
— o(n) d

q; ) ((1 — qo+2) (1 — q7+1) (1 — go(+2) (1 - q)> "
= 0> (""" ) (1= ¢"™) dyy

n=0
¢ < 3 1
e (@™ @) (1= "™F) (1= ¢°™) doy.
n=0

n=0 (1 o qa(n) ) n=0
+a) (@5 0)e (1= ¢7) (1= g7 ™M) diyy.
n=0
(3.2.22)
Now
=67y (B — ("™ 9
(1 — Q) z Dq(Z QEB‘FZ) = Z m dn;qa
n=0
(1 - Q> ZliBDCI(Zﬁ qEB+3) = Z(qa(n)+37 Q>oo (1 - qg " ) dn;tp
n=0
and
(1 . q)2 Zl—ﬁDg (ZB—H qEﬁ+3) _ Z<qa(n)+3; Q)oo (1 i qo(n)) (1 . qa(n)+1> dn;q'
n=0

Using these in (3.2.22), yields the relation (3.2.21) for k = 2.
CASEIIL: k=3
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In this case,

Eors = D (€7 q)00 duyg

n=0

_ i (¢°™; q)o .
n=0 (1 - qa(n)) (1 — qo'(n)"rl) (1 _ qo—(n)+2) n;q
p— I—gq (1 —q°M) (1 — gom+2)

1—gq ‘ 1—q°™) (1 — gom+2) niq

o(n).
4 3 (€™ @)oo p
- — go(n)+1 _ q40(n)+2 n;q-:
(1—q) = (1—q"™F) (1 —qom+2)
This is considered in the following form.
> o(n).
a 3 (¢°"™; Qoo ;
- — go(n)+1 _ qo(n)+2 n;q
1—q & (1—qo™F) (1 — goF2)
e (¢°"™; q)oo
pr— d . . E
- Z — qo\n _ o(n)+2 niq qLZB+3;
1 qnzo(l q())(l q()+)
1 — (qo(n); ?)oo
- d,,.
I—gq go (1 —qoM)(1 — go(m+2) q
_i (¢°™); 0o n
2o (1= ) (1 — g+ (1 — grm+2) 7
_ i (0°™; q)oe 1 1 ]
= ot (1 — qtf(n)) (1 — q(a)n+2) 1—gq 1— qg(n)_,_l niq
¢ 5 (¢°™); @)oo
B d,
1—g¢q nz% (1 — gom+1) (1 — go(m+2) q
— o(n).
e Q;<q ?q)00<<1 — qﬂ'(n)"rl) (1 _ qO’(TL)‘FQ) (1 _ qo-(n)+3)
2
+ U(nq)+2 o(n)+3 > dn;q
(1_Q)(1_q )(l—q )
_ 0 o(n). (1+¢q)
; (1 — gom+1) (1 — go(m+2) (1 — go(n)+3) q
3 = o(n).
q (¢°"™); @)oo
* .
11— q ; (1 — qo(n)+2) (1 _ qa(n)+3) q
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This gives
q Z U(n)+3 1 —q° a(n )) g
n=0
= q(1+q) Z (1—¢"™) d,,
0' n)+4 (1 . qU(n)) (1 . qa(n)—f—l) dn;q-
q n=

That is,

D (@)oo (1= ¢7™) digg

n=0

1 _ q Z O'(n)+4 1 qa(n)> dnq
n=0

+0 ) 1—¢"™) (1—¢"™")

But
(1 - q) ZliﬂDq (Zﬁ qE,B+3) = Z(qg(n)+3; Q)oo(l - qa(n)) dn;q;
n=0
(1+q¢)(1—-q)° ZI_BDq(ZB qEﬂ+4 (1—-¢° Z oo (1—¢7 i )) g
n=0
and
q2 (1 - Q)Q Zl_ﬁDg (ZB—H qEﬁ+4) = q2 Z(qa(n)+4; q)oo (1 - qa(n)) (1 - qa(n)+1) dn;qa
n=0
hence one finds
Dy(PEY 50 (2% 5,ml0)) = (1—¢%) Dy(2°EL% 4 . o(2%5.7]0))

0 «
" (1= q) Dy (2" EY 5 u(2%5,7]0)).

CASE III: £ =4,5,...
Begining with

o0

qEB-HC = Z(qg(n)-’_kaq)oo dn;q

n=0
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i (@°™; q)oo do

_ an _ qo(n)+1 _ +2 _ qo(n)+k—1
— () g7 W) (1 —qo*2) (1 — go(mth—T)

and putting (1 — ¢°™*) = B;, one finds

{HBZ} T —qc’]“‘;) Bi {HB}

=0

oEpre = Z(qa(n) $ @)oo
n=0

Once again writing this as

k-1 o(n). k-1 !
¢ (7" Q)
Z (1 _ qk72) {H Bi} dn;q

n=0 i=1
oo k—2 -1
- z@awaq)m{na} I
n=0 =0
© k-1 ( o(n) k-3 -1
" ("™ @)
+ B; d, Egip,
I et CH
one gets
i ¢! (¢°™;q) {ﬁ } 1
y 4 )oo B d
— k2 i n;q
n=0 (1 q ) i=1
oo k—2 -1 oo (]k 1 (qg(n) Q) k—3 -1
= 0'(7’7,)’ 00 Bz dn + ’ Bz dn
SN ICTREES ofiesss e T
00 k—1 -1
_Z(qo(n)7q>oo{HBz} dnq
n=0 =0
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—1
k-1 (,0(n). _ k-1 k
" (") l1—gq k1
B; d,.
(1—-q¢*2) <(1 — qo(m+1) i 11 !

(qa(n)+ks+1;q)oo (1 _ qcr(n)) qk—l (1 _ qk—l) p
(=)

U(n )+Ek+1. q> (1 qa(n)> (1 _ qa(n)—i-l) q2k—2

Z = (I — "2 rsg-

i

i
[e=)

+
n=0
But since
(1 — Q) qkil — 5 o
(1 —gk-2) 2 BD‘I(ZBEg,B—i—k,)\,M(Z ;S,T\Q))
—1
x k-1 o(n)
¢ (g

- Z (l—q’€2 {HB} nsg
n=0
(1—q)? ¢!

- - ¥
—1—qk—2) (1+q+¢*+..+¢72) 5D ( 5Eg 6+k+1>\u< 5,r|q))

(1= ¢ ) (T ) (1 — 7 ™)

—~

I
NE

dn' )
—~ (1—¢*?) !
and
(1—q)? @2 5 .
1— q’“*Q) 270 DY EL (2507 )
i n)+k+1. q>oo(1 _ qa(n))(l _ qa(n)—H) q2k—2 p
k—2 s
—~ (1—¢"?)
the recurrence relation (3.2.21) follows. O

Yet another such identity is obtained in straight forward manner as follows.

Theorem 3.2.9. For «,5,v,\A € C;R(«a,5,7,A) > 0, 6,0 > 0 there holds the

maized recurrence relation:

,6 a.
(1= ¢") EX% 10,(2% 5,710) + (1= q) ¢° 2 DyELY 15, (2% 5,71q)
1
= Egﬂ)\,u( 8, 7]q).

Proof. With the above notations of d,,, and o(n),

o

Lhs. = (1-— qﬁ) Z(qa(n)ﬂ' @)oo dng + (1 —q) q’ 2 D, Z(qa(n)H; @)oo dnig

n=0

n=0
= (1-¢% i o)+l g oo g +4° Z (1 —q"") dyyy
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o0

= D (07" 0)s0 dug
n=0
= r.h.s.

]

The function eg’% s (238, 7|q) satisfies the following mixed recurrence rela-

tions, whose proofs are omitted as it differs only in the factor ¢?»(»~1/2.
Theorem 3.2.10. The mixed relation for k € N with k > 2, is given by
76 .,
Dq(zﬁe;ﬁ”k N #(z s r|q))

= (1 - qk_l) D (Zﬁea B+Ek+1, A, u( S:HQ))
+¢" (1 —q) D2( s 7,5ﬁ+k+1 A, u( 5,7’|Q))- (3.2.23)

Theorem 3.2.11. For o, 5,7, A € C;R(a, B,7,A) > 0, 0,0 > 0 there holds the

mazed recurrence relation:
P ] v,5
(1- qﬂ) el,ﬁﬂ,)\,u('za’ s,7|q) + (1 —q) ¢’z D B B+, )\,u( ;5,7]q)

= e hau(z"5,700).

3.2.6 Finite summation formulas

By repeatedly applying g-derivatives to the function Egg N M(z; s,7|q) two finite
series formulas are obtained here. For the sake of simplicity, this function will be

symbolized by F(z), then in view of the definition (1.2.38) of ¢g-derivative, one gets

[e's) (_1)pn qpn(nfl)/2[(q)\+,un;q)oo]r(qBJrom; Q)oo
DyE(z) = Z

D, 2"
o [(cﬂ*é"' 0)oo)* (43 0)n !
1 > p(n+1) qpn(n“"l)/Q q/\+u+lm;q S L .
= Z 7+5+5n [< . ) ] (q * +67Q)Oo z .
—q = [(q 5 @)oc)* (43 D)
Likewise,
1 0 (_1)p(n+2) qp(n+1)(n+2)/2[(qA+2u+n,u.q) ]r
2 ) 00
DqE(Z) 1 —qg)2 Z Y+25+0n. s(p-
(1-¢q)? = [(q 1 0)oo)* (65 @)
X(q2a+an+5 Q)oo o
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In general,
DE(z) = i (—1)pltm) gplntm)(ntm=D/2[(gMmptnis g) )7
! (L—q)™ == (gm0 q) o] (g5 O
X (g g) o 2"
(=1)pm grmn =D -
- (1 _ q)m (;zy,ﬁ+ma,)\+mp,p(qu 7S, 7”|C])

Here using the formula [51, Eq.6.9, p.33]:

m

(1 — q)ng”f(a:) _ (_1)mq—m(m—1)/2 i(_l)qu(k_l)/z {k

k=0

} flzg™") (3.2.24)

with f(z) = E(2) = EZ:Z)\,#(Z; s,7|q), one obtains

ZmEz;Tf;i")\_’-m“’“(qum; s 74|q> _ (_1>pm qum(mfl)/2 Z(_l)kqpk(k—2m+l)/2
k=0
m 0
X [k‘] Egﬁ’)\’#(quk; s,7(q). (3.2.25)
qP

This last identity enables one to derive one more such sum; the method of obtaining

this uses inverse series relations [10] which is taken up below.

Lemma 3.2.1. For the finite sequences {G,} and {g.} of complex numbers, the

following series relations hold.

- m
k=0
if and only if
G, = Y _(—1)Fgrt1r2 [TZ] Gr. (3.2.27)
k=0

Proof. Part-1. Suppose (3.2.26) holds true. Then denoting the right hand side of
(3.2.27) by Q and substituting the series for G}, from (3.2.26),

i k
(_1)JqJ(J—2k+1)/2 [ ] gj-
= J

0 = Sl

k=0 J



Chapter 3. Generalized q-Mittag-Leffler Function 82
This in view of the double series relation:
n k n n—j
D> Alkg) = Ak + 7,7, (3.2.28)
k=0 j=0 j=0 k=0
and finite series-product identity:
n - n n
D gtne M =[]+ 2", (3.2.29)
k=0

simplifies to

m m L B o
0 = ZZ k+]|: 1|:]:| qk(k 1)/2qj(j 2k+1)/29j

k kk 1)/ (q; Q)m '
kz (q; Dyt (@5 D(4:0);

completing the first part.

Part-II. Assuming now that the series (3.2.27) holds true then proceeding as above,

_ _ 1)k k(k—2m+1)/2 m
S Z( )"q e 9k

k=0
m - k 1
_ Z(_l)quz(k—Qm—H /2|: :| Z Ji— 1)/2{ }Gj
k=0 k = J
m m—j .
2 M . m—
— Z ¢ [ _}Gj Z( 1)qu‘(k‘+2j 2m+1)/2 [ ]
Jj=0 J k=0 k
m—1 m—j
= Gm+2q’ {m}GJquk 1/2{ j:|( ¢ m+1)k’
=0 J e
m—1 m —j
— Gm _I_ q.] |: :| G] H ] m+k}
=0 /8 B
= Gp.

Hence the converse part and the proof of the lemma.
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The comparison of (3.2.26) with (3.2.25) suggests that

5
9. = Eluau(z¢"s,rlq)
and
(_1)pm m +md,é m
Gm = qum(mfl)/Z EZ B+ma, )\+m,u(2qp 7S T|Q)

With this choice, the inverse series (3.2.27) provides the identity:

9 pm. _ _ 1)k p(—1) m
a,ﬁ,)\,u(zq 7S;T|Q) Z( ) q k -

k=0

x (—1)Pk kEZ’;’fkin”u(quk;s,7"|q). (3.2.30)

Similarly, by repeatedly applying ¢-derivatives to the function ea a7 8,7|q) two

finite series formulas may be obtained. Here the m'* order g-derivative occurs in

the form:
Drelty . (z55,7lq) = (g™ ) o 2"
o (1—gqm nz% (qrtmotnd; Q)oo] (q,q)n
1 v+md,d

(1 _ q)m eoe,ﬁ—l—ma,)\—&-mp,u(z; S, TlQ)'

Once again use of the formula (3.2.24) with f(x) = el’f;’/\#(z; s,7]q), one finds

m

zmegzﬁfnéa)\muu (2:8,7]q) = Z gk 2m+1)/2[k} el:‘;,)\7u(z;s,r|q). (3.2.31)
k=0

This last identity enables one to derive one more such sum by using the inverse
series relations of Lemma 3.2.1. The comparison of (3.2.26) with (3.2.31) suggests
that

76 .
gk = 63,5,)\#(’2(]]{:7 S, T'l(J)
and
5,6
G = Zme’oyzzn—::ma )\—i-m,u(z; S, r’q)
With this choice, the inverse series (3.2.27) provides the identity:
m
0 . k6,6 .
elﬂ’)\yu(z,s,ﬂq Z Yegtk=1 /2{1{;} ker}jJrka Hkuu(zqk,s,ﬂq). (3.2.32)

k=0
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3.2.7 Double series representation

Next, the double series representation of the function Egg N N(z; s,r|q) is derived

as follows.

Theorem 3.2.12. With the restrictions to the parameters as in earlier properties,

* 117,0,0 . _ = <_1)iqi(i_1)/2 * 17Y,0,0+1+7 .
E (z,s,r|q)—Z— B sh, (z;8,7]q). (3.2.33)

WOAH 5= (60)i(a:9);

Proof. As in Theorem 3.2.1, take

(_1)pn qpn(n—l)/Q [<q)\+un;q)oo]r (qom—i—ﬁ;q)oo

V, =
[(+; @) ool® (45 D
and put
o n n(n 1)/2 174
* 177,00 n_n
Eaﬁ/\# %8 qu Z qp+n )oo z

n=0
which is valid under the condition R(a? + ru? — s62) > 0.
Now, introducing the function Eg’ﬁ au(238,7]g) in the integrand of the integral
(1.2.44) and applying this integral to the identity [18, p. 9]: e,(v)E,(—y) = 1, one
finds the integral

1
/ tr~1 E,(tq) e,(wt) E,(—xt) E(Z’B/\N(zt; s,r|q) dgt
0
1
:/ 11 By(tg) EY (et 5,7]q) dot. (3.2.34)
0

Here substituting the corresponding series representations for e,(zt) and E,(—xt)

on the left hand side, one gets

1
l.h.s. = /0 t 1 E,(tq) ey(xt) B (—at) Eg’ﬁ/\u(zt;s,ﬂq) d,t

- ' p—1 S _ ii(iﬂ)/zﬂ 2. it
/Ot {Zo( v (q;Q)i}{;@(q;Q)j}

xE, (tQ) Eg’ﬁ,\u(Zt'S rlq) dgt

z i-1)/2 1 o
= ~ ﬂ/ trHI—l B (tq) Eg’w\“(zt; s,7|q) dgt
i=0 j=0 0

2 zz 1)/2 (_1)n q—n(n—l)/2 174 .

= (1-¢q) qquZ );Z (@ )

=0 7=0 n=0
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[e.e]

(—1)iq' =02 ,8,0+i+j
= (1-9)(¢ 9 Z "B 50 (28, 1q). (3.2.35)

0 (69)ila:q);

Likewise,

1
rhs. = / t By (tq) ELS 5 (2t 5, 7]q) dgt
0

% 1
= Zunz”/ trtb B (tq) dgt
n=0 0

0 —1)» q—n(n—l)/Q Vn .
= (- g)gge Y Y .

—~ (")
= (1-9) (¢:0) "EL3A(z15.7]0). (3.2.36)

Consequently from (3.2.35) and (3.2.36), (3.2.34) yields (3.2.33). O

Next, the double series representation of the function ezé’%/w(z; s,7|q) can

be obtained similarly as above. This is given in

Theorem 3.2.13. With the restrictions to the parameters as in earlier properties,

ez s la) = io: GO pspins (2;5,7]q) (3.2.37)
A - “Nola-a).  wBAp D ; ‘&
= (@9)i(a;9);

where

- U
10, .
*elyﬁf&,#(zs,ﬂq) = E (qﬁ”?q)oozn'
n=0

Note 3.2.1. This property does not hold if r € Z.o. Hence, q- Dotsenko function
and q- Elliptic function fail to satisfy (3.2.37).

3.3 Other results

3.3.1 Differentiation

Theorem 3.3.1. If m € N, «, 5, v, A € C with R(«, 5,7,A) >0 and 6, p > 0
then

A" e
(d_qz) Elsau(zsrle) = WE;’M#(Z;S,T,(]), (3.3.1)
q
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and

d
( q) S wes i) = 2B

qu a,B,Au a,f— m)\u(wza;sar|Q)7(3’3'2)

wherein Re(f —m) > 0.

Proof. In order to prove (3.3.1), consider the

Lhs. = (d—)m $ O @R (@ s (@5 e (@ 0) 2
dgz) = (7™ @)oo )*
_ i (=17 g2 (2748 ) (@ o) (6" @)
—~ (7" q)oc)®
X STy gl m il
= j qzm(q _ 1)mqm(m—1)/2
_ f: (=1)7 @02 (g g) oo (@ @)oo)” (675 @)
—~ (" q)oc)® (L =)™
X(—l)m znfmqmnfm(mfl)/Q H(l o qfn+j*1)
j=1

i (=17 g2 (—1)™ (" g)oc

(@ @oo)” (" Voo ns1—m1
(1 —q)™[(qm; q

( z
)

— S
g mm=1)/2 (—1)™ qfnmfm+m72+% @ @)oo
(g™ q)
— (12_ " EZZZ,AM(Z, s,7|q)
= r.h.s

d 5 N
(_q) 27~ 1E35>\“(WZ ;8. 7]q)

z
( 1)pn qpn(n—l)/Z <qan+ﬁ’ q> [(q)\-i—un; q)oo]r (qn+1; q)oo "

= Z:; [(q7+5n,Q)oo]s
X(ﬂ mzan+,8—1

_ i =1 gD (@25 g) o (67 @)oo)” (07 @)oo "
[(@F0; @)oc]?

(qm—jz)an+,8—1

% jG-n/2 |
Zq ; qzm (q _ 1>m qm(m—l)/2
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_ i (_1)pn qpn(n—l)/2 <qan+ﬁ;q)oo [<q)\+un;q)oo]7‘ (qn+17q>oo wn
= (@7 ) oo ]®

3

m

X(=1)™ (1 — g)™m zontf=m=1 gmiam+f)-m(m=1)/2 T[(1 — q=on=0+J)

—~

j=1

_ f: (=17 @02 (g @)oo (@5 @)ool (07 D)oo 0" anipm
(@ q)oc)®

X(—l)m(l _ q)—mqm(an+ﬁ—m/2—l/2) (q—(an-&-ﬂ—l);q)m

B—m—1

,0 .
- (1 _ q)m EZ,Bfm,)\,,u(wz 7S, T|q)

0

3.3.2 Integral representations

Taking f(z) = Eljg’/\#(zua;s,r]q) in the g-Euler (Beta) transform (1.5.7), one
gets

Theorem 3.3.2. [f a, 57 v )\7 o, n, VvV € Ca %(@,ﬁ,’}/, )‘707777y> > O? 57 o> 0
then

1

(I1—q)™" /U,B—l (UG Qoo .6

«a 0 .
Ea,ﬁ,)\,,u(zu ;S,T‘Q) dqu = E3’5+n7)\’#<2, S,T’|Q), (333)

L'y(n) (uq"; q) oo
[ ﬁ*l ’776 a Zﬁ 776 (%
B s (wt; s,7]q) dgt = WEaﬂJrl,/\,u (w2 s,7]q), (3.3.4)
0
and
1
(1-g" 2z q) B (x(z p=1. ai 8, 7]q) dgz = E?S (x;8,7|q)
Fq(@) y4)p—1 B\, q 7 4)ay S, TG q© — Lo pgtarpu\tr 2 q).

(3.3.5)

Proof. In order to prove (3.3.3), take

Ihs — i (@™ Qoo (@ @)oo]” ("5 @) 2"
R on. s
s [(q7+9"; q)oc]

1
X/uan+,6’1 (UQ7Q)00 dqu
/ (uq"; q) oo
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1)pn qpn(n—l)/Q (qan+,3 ) [( Apn. Q)oo]r (qn+17Q)oo peg

o (_
,LZ; (7™ @)oo )®

(g™ TPH: q) oo
(q°":q) oo (07 @)

X(1=¢q) (¢ 9o

['y(n) 5
= OEW 2jg+n,x,u(z;8,7“|Q)

= r.h.s.

Next, it is easy to prove (3.3.4). In fact,

(_1)pn qpn(n—l)/2 (qom—l—ﬁ7 q> [(qk—l—,un; q>oo]r (qn+1; Q)oo w"

WE

l.h.s. =
—~ [(q7+°"; q)oc]®
X / oA=L q ¢t
0
_ i (=1)7 g2 (¢°" 5 q)oo (6" ) oo "
—~ (@77 @)ool *[(* 7™ @) o] ™"
x(1—q) Y (2¢")" 7" ¢
k=0
_ io: Pn qpn(n 1)/2 (qa"+5;q)oo(q”+1,Q)oow Zom-i-,@
- [(@7F9; @)oo )* (@47 )]
[e.e]
x(1 = q) Z g ts)
k=0
Zﬁ 5 o
= (1 _ q>_1 E;{:,B—i-l,/\,p(wz ;S7T|q)
= r.h.s.
Finally,

1

/ 21 (2q) g BT (2(20P Y @) 5,710) dy
0
1

e pn pn(n—1)/2 an+f. Aun. r
_ q (™" @)oo (@75 4)oc]
[# Gon 25

- q’H_(sn Q)OO]S[(Q)\—WTL: Q)OO]_T

0
X (" @)oo (26775 @)am 2" gz

_ i 1P gD (g7 q)oo (6" @)oo 2" (267715 @)an
— [(q7+"; @)oo] (@™ @) o) ™"

n
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1

X /Za_l (Z;Q)an—‘rﬂ—l qu

(=1)pm @ =02 (g2 B q) o ("5 @)oo 2 (267715 @)an
(@ @) oo)* (@7 @) o] "

(2 .

3
Il
o

a1 (2€Q)0 Qs
(2q°"*8; @)oo

(=1)pr gr=D2 (g2t ) o (6 @)oo (24775 ) am
7 [(@MH @)oo (@0 @) o)
(=1)Pr g =072 (g2 ) o (™ @)oo (75 @)oo 2™ (2% @) o
(@7 ¢) o)

(q 7)o

°"; )00 (4% @) o

(1-0)(¢ Do i (=1)prgprrn=0/2 (gomt8te: g) (@M q)oo) (@™ @) oo™
(@) = (@ q)oo)®

X
—
N

B,(a,an + j)

(M2 .

3
Il
o

WK

Il
=)

n
an+B+a.
)

x(1—q) (Q;Q)oo(

3.4 Special cases

The special cases of above obtained properties in section 3.2 are now illustrated

below by taking one special case from Table-3, section 3.1 for each property.

e Contour integral-g-Elliptic function:

R e e

L

e ¢- Difference equation-g-analogue of Shukla and Prajapati’s function: For

a,0 €N y= Ezg(z]q) satisfies the equation

a,B,0;1 0 a?-52 4,7,¢;1 ) a’—§2
(@27 O] E(lg) — (-1 01 200 ] BT (274 g) = 0,

in which ¢ is 6" root of unity, o is a'® root of unity.

e Eigen function property-¢-Dotsenko function:

A 1-b _ 1 -1 © hn— c,% . o;
{Dq ( q+qu_1 ) Qé}’b’n’ 2 (IDéng ’1)} oR1(a,b;c,w;v; Az; q)
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= A aRi(a,b;c,w;v; Az q)

e Mixed relations-¢-SNF:

1. Dy (2" Ey i [(a1, B1 + k, a2, B2); 2°|q])
—(1 = ¢*) Dy (% By x [(o, By + K + 1, a9, B2); 2 |g])
+¢" 1 (1= q) D2 (2" Ey ik [(an, fi + Ek + 1, a9, B2); 2*'[q]) -

2. (1 - qﬂl) E’Y,K[(alaﬂl + 1,@2,62); Zal‘Q]
+(1—q) " 2 DE, k[(on, i + 1, s, B2); 2| q]
S0y, Bi)12; 2% gl

e Inverse series relation-¢-BMF":

(_1)m(u2+1)q—m(m—1)(u2+1)

m 2
Jlljer( s —H); Q)

(¢—1™
« Z H 24+ 1) k(k—2m+1)/2 |:nk7“:| Jl/j(zqk(;ﬂ—&-l); q>‘
2
k=0 petl
if and only if
(1Y D /2 [y
1 (u +1 k 1 k(p2+1).
‘]u (Zq Z 1 _q)k |ik:| ) Jy+k( aq)'
-0 pne+1

e Double series relation-¢-SNF':

* - (_1)%]2(1_1)/ *
By i pt[ (s B2 21a) = Y = "B, ke pris (0, B)1.2; 21 ).

= (69)ilg:9);

3.5 ¢-Bessel function family
Definition 3.5.1. If o, 5,7, A,z € C with R(a, B,7,\) > 0, d,u > 0, r,s €

N U {0} then

N (2 S G el | VLG L)) M
(_> EO"B’)"“ __;S’T’q - Z 2n+& A r (g z )
2 4 £ 220 Ty (5 + an) [Ty(A+ pm)]” (43 )

(3.5.1)

where p = a® + rp? — 62 + 1 with R(p) > 0
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Alternatively in the view of the definition of ¢-Gamma function (1.2.31) the
g-form (3.5.1) can also be put in the form:

<E> N A g Z 1)@Hn genin=0)/2 (gon 8, )
2 aBAu\ g rar 2204 (07 q) o )®
Aun. T 2n+§
«a (’qq)q)] (3.5.2)

The g-analogues of the those functions listed above in Chapter 2 in Table-2 are all
yielded by the function (3.5.1).
They are tabulated below.

Table-4
g-Function of | r | s | « B Yy |6 A n I3
Bessel 0 v+1 - - - - v
Generalized 1100 |v+n+1| - | - n+1 v+ 2n
Bessel-Maitland
Lommel "_T”J“?’ %”Jr?’ n+1
Struve 3/2 3/24+v v+1

The explicit forms of the functions mentioned in this table are as stated below.

e ¢-Bessel function [18, Ex.1.24, p.25]:

- n nin— n-—+ruv n Z V+2n
I (zq) = D (=" """V (" o (" @)oo (§> .
n=0

e ¢-Analogue of generalized Bessel-Maitland function:

o0

J(zq) = Y (=)l tim qrinm D2 (grintl )

n=0
% <qan+u+n+1; Q)oo (2/2)u+27]+2n'
e g-Lommel function:
TS L (ziq) = Y (=D g (g )
n=0
X(q(n—u+3)/2+n; Q)oo (2/2)2n+n+1.
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e ¢-Struve function:

Hy(zq) = D (=1)" "0 (¢ g0 (P q)ec (27207,

3.5.1 Convergence

Theorem 3.5.1. Let R(a, 8,7, \) >0, R(a?+ru?>—s6>+1) >0, 6,u >0, r,s €
NU{0} and 0 < g < 1. Then (%)5 EZZZA,M (—%;s,ﬂq) is an entire function of
order zero.

The proof is simillar to the proof of the Theorem 3.2.1 in which

(—=1)@+Dn gpn(n=D/2 [T (y + 6n)]°

Vn,f = 922n+¢ Fq(ﬁ + an) [Fq()\ -+ Mn)]r Fq(n -+ 1)

(3.5.3)

instead of V,, given in (3.2.1).

3.5.2 Contour integral

Theorem 3.5.2. Leta > 0; 5,7, A € C with R(5,v,A) > 0 and 6, ;n > 0. Then the

function (%)é Egg A <—§; s, r|q> 15 expressible as the Mellin - Barnes q-integral:

2\ ¢ 22
7,0 .
(5) B (‘ZW'Q)

Q) [ e R TS) [yt =

270 ] Ly(8—alS) [LgA—uS)

4,5, (3.5.4)

where |argz| < m. The contour L of integration begins from —ioco and proceeds
towards +100, and is indented to keep the poles of integrand at S = —n to the left;
and the poles at S = (v +mn)/d to the right of the path for all n € N U {0}.

The proof is same as the proof of the Theorem 3.2.3.
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3.5.3 Difference equation

Here with the help of the following operators, the g-difference equation of (3.5.1)
will be derived. Define

0of (z) = f(zq"?), Of(x) = fz) — flzq), (©+¢*/%6,—1) =,

a—1a—1
{ H H [@ 4 C—uql—(b+v)/aq§/25q _ 1]m}
a—1la—1 uw ’
II Il[c—uql—w+vVayn

and

a—1a—1
[T 0+ vateoregees, -1y
qﬂabcnﬁ

u=0 v=0

{anl anl[c ug—(b+v) /a]m} b

u=0 v=

In these notations, the g-difference equation satisfied by (3.5.1) is obtain in

Theorem 3.5.3. Let o, 1,0 € N then (%) Elgw < 58, r|q> satisfies the equa-

tion
2
¢ AT a,B,051 z P z
¢ q’éuzkn ) (I)éhm )CI)E (5) Eg,mu (—ZQS;S,HQ)
—1)P gUrFDEFDFs 220 N 5 22 ]
DI 2 o (2 s, (~Zia) <o

(3.5.5)

t root of unity.

in which ¢ is 8" root of unity, n is pu'" root of unity, o is a
Proof. With the aid of the formulas [18, Appendix I], the coefficient V;, ¢ of 2™ in
(3.5.3) is first expressed in g-factorial form. Then for o, p,§ € N,

(_1)(p+1) qpnn 1)/

2

22048 [(g CI);m]T (¢;q

(_1)(p+1) pn(n—1)/2 [

2248 [(g Q)un]’" (¢%;q

(=)@ gV (g7 ¢7)a)® [(@50°)n) - (@70 ¢0)a)®
22748 [(gXs g)n]” (@5 0] - (@15 )]

Vg
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(Q‘”a 5 q®)n(d; On

%ﬁ{ﬁj@nwww@]}
(3.5.6)

1
X a—1 a—1 ?
{ (B+m)/e; q)n} (¢;9)n

I 11 (" o
=0 m=0
th root of unity.

where ( is 6" root of unity, 1 is u* root of unity, o is «

Now take
5—1 6—1 p=1lp—1
¢ g g = A [T 00 =B, (357)
j=0 7,:0 £=0 k=0
a—1a-1 h e (_1)(p+1)n qpn(n—l)/2

h=0 m=0
Since the series in (3.5.1) has infinite radius of convergent, term-by-term operation

is permitted, hence

Z2\¢ 5 22
P, <—) EZ:B,/\,;L <—Zq ;s,r\q)

2
00 A D
_ n Pn P Z2n+§
By Co (:0)n *
o qsnA
_ e} 5/25 2n+€
B, Co (4 o, O+ Ok
o Z2n+§)

oo
¢ A, Dy ( 220 ()2 (/2 2 e

=B, G (4:9)n
— ¢" A, D, GntE | /2 2ntE ntE)2

= = ()T T
= B, Cp (¢:@)n ( )
- q"" An Dn (g — g

= B, Cp (¢;4)n

— n n 1 _ n
2 B0 (wa” (1—¢")

2n+§& )

Z2n+€

iqn—i{ qsn A D
(¢ ODn1
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Next operating by q)gahﬁma Y,

(I)(aﬁal)q) E E 7,0 _Z_2 ER
& h,m 13 2 a,B,\,u 4Q787T|q

a—1 a—1
w A D, {H 1 (6 + o "qmFrmingsrzg, —1)}
q

B, (q;q)n— a=1a-1
[T I (o7"g'=Ftmi/e)
h=0 m=0
22n+§
X
a—1 a—1
{ IT I1 (O-hq(ﬁ+m)/a;Q)n}
h=0 m=0
1—¢ qnf m)/a
B 00 q2(n+§) qsn .An D,, | h=0m=0 onte
= B (¢ 9)n a-la-1 i
= H H (O—h (B+m)/a. q)
=0 m=0

00 q2(n+£) " A, Dnz2n+§
“ By Coe1 (4 @)n-

Finally,

(I)(M)\WT’) q)(aﬁal)q) z ¢ E’Y75 _’2_2 s.
£.0,k £,hm 5 B 4‘1 8, 7|q

pn—1 ,ufl
" A,
o s TL T Ortq =00y
£=0 k=0
z2n+§

X

B i q2("+5) q° D, { (=0 k:O
—1p—1
H [T[(n* g0k q
=0 k=0

p=1p

1
[T TT[(—q" +n ‘g OR/m)r
_ f: q2(n+§) qsn A D {E:O E—0
Cn_1 (g —1p—1
e {”H“ M_qu_wwr}

£=0 k=0

5 (24+r)n+¢
X

{ T T [t s ) }

=0 k=0
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X (247)(n+E) qsn A Dn 2n+§

Zq 2
nlcn1<QQ)n1

n=1

Thus,

2
5 AT a,B,0;1 z 0 <
¢ q)éuzkn ) q)éhﬁm : D¢ (5) EZ,B)\M (‘ZQS;SJ’M)

(r+s+2)n q(r+2)(5+1)+s(§+1) AnJrl Dryy 22(n+1)+§' (359)
B Co (4 0)n

Msz

q

Il
=)

n

On the other hand,

) (2 z
w o) (§> EX% s (—ZQHN’Z 5 7”|q>

S9]

0—1 6—1
[T TII® + (g 0r07°¢ 25, — 1)13}
2n+-€

1
=\ A, D, ¢rtrtn {gzo i=0

- — B, Cy (¢;9)n 5—1 6-1
" { [((—ig=0rn/o)]s }
7=0 =0
e8] s(n+€) p+r+2 0—16—1
q 7 s
I e 0111 (SRR,
n=0 n 7=0 =0
6—1 -1
> C] n+ ’y+z)/6)] }Z2n+£’
7=0 z=0

whence one finds

-1 p+1 (r+2)(E+1)+s 2 . 2
AP g (o3 (e )

4 f?j?i 2
_ Z grrst2n q(r+2)(£+1)+8(£+1)MZQ(nHHQ (3.5.10)
B, Cu (4:0)n

I
o

n

Thus, (3.5.5) follows by comparing (3.5.9) and (3.5.10). ]

3.5.4 Mixed relations

Theorem 3.5.4. The mized relation for k = 2,3,4..., is given by

D, | 2° <E> E}? 2—2 a's r|q
q 2 2a, BHaé+k, \, u 4 ’
2\ @
- z s c
= (1—¢"1) D, (zﬁ <§> B3 atat ikt ( <Z> ;s,r\q))
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_ 2z [e73 5 Z2 o
+ qk 1 (1—¢q) D, (25“ (5) E;&,ﬁ+a£+k+1,>\,u (— (Z) ;s,r|q)> . (3.5.11)

The proof differs from that of Theorem 3.2.8 only in the operator considered.

As suggested by Theorem 3.2.9, the following relation may be proved in a straight

forward manner.

Theorem 3.5.5. For 2a, 6 + a&,v,\ € C;R(e, B+ a&,v,\) >0, 6, u > 0 there

holds the mized recurrence relation:

2\ s 22\
(1 - qIB) <_> E;&,B—Faﬁ—l—l,)\,u —\ 4 7S T|q
2 4
2\ s 22\
+(1—q) ¢’ 2 D, (5) B srag+iag (_ (Z) ;577”|Q)

2\ s 22\
= <§> E;a,[3+046,)\7u (_ (Z) ;S,T’|q) :

3.5.5 Finite summation formulas

Here the function (3.5.2) is expressed as a finite series of the same function. For
the sake of simplicity, this function will be symbolized as ¢FE(z). Now define the

difference operator by

f@) — g7 f(zq"?)

gAqf(Q?) = 72 — x2q

: (3.5.12)

then one gets

o0 (_1)(p+1)n qpn(n—l)/2[(q)\+,un;q)oo]r(qﬂ—o—om;q)oo .
g eE(z) = Z ey 22T

— (70" @)oo)® 2274¢ (g5 ) !
_ i (=1)@HDtD) gen(n+)/2 [(gMrutun, gy r (gBtotan. o) e
o (1 —q) [(7HoH0m; q)oc]® 22 +DFE (g5 q),, '
Likewise,
A2 () = 1 i (—1)PHDH2) gplnt D422 (A 2wk, gy r
! (1-9q)? « [(qr 2040, q) oo ]® 22 424E (g5 q),,

% <q6+2a+om; q>oo Z2n+§'
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In general,
p+1 (n+m) p(n+m)(n+m—1)/27( ,A+mu+nu. r
A" B(z) = Z A [(q @)oo
_ m 7+m +n6’ q)oo]s 22 (n+m)+¢€ (q; q>n
X(qma+a(n);q>oo o
(_1)pm qpm(m—l)/2 S mbs
22m (1 _q)m o, f+ma, >\+m#y(zq SaMQ)-

Here in view of the formula (3.2.24), one finds the formula for the operator (3.5.12)

in the form:

m

21— q)" A f(x) = (—1)"g Y (—1)RgFE/ [ﬂ flxg™").

k=0

2

z
—: s,r]q) , this gives

For the choice f(z) = ¢E(z) = (f) Eg(sﬁxu <_ 4

2

(5) Eg,ﬁt’:n;a,)drmu,u _qum’ S; T|q

m 2

m —pm(m— —2m m 0 Z

= (i gy g (k).
k=0 qr

(3.5.13)

This last identity enables one to derive one more such form; the method of obtain-
ing this uses inverse series relations [10] which is already proved as Lemma 3.2.1.
The comparison of (6.4.4) with (3.5.13) suggests that

Z\¢ s 2*
9, = (5) EZ:B,)\,# <_quk;s>r‘Q)

and

2

1)m m
Gm _ (_1)(P+ ) (q - ]-) Z2m (E) E7+m66 (_qupm;sarlq> )

q—pm(m—l) 2 a,B+mo,A+mp

With this choice, the inverse series (6.4.3) provides the finite series formula:

22 m
EZZM <—qum;8,r!q) Z kgpk(k=1)/2 {k} (1) (g — 1)
qp

=0

2
% z 2 Etkde _Z k. |
2 a Brka, \+ku,u 4 qa ;s,Tiq ).

(3.5.14)
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3.5.6 Double series representation

2
Next, the double series representation of the function (g) E(Zg)\ i (_ZZ; s, r|q)
is derived as follows.
As in Theorem 3.5.1, take
(=1)m grn U2 (@)oo (4°"1 @)oc
(@5 q)ool® 227F¢ (g5 )

Vie =

and put

o n —n(n—l)/2

2\ & V,
_ * 7767/) n’g 2n+§
<2> Eavﬁ)‘:/‘ ( )8 r|q) Z qp+n, q) z

n=

which is valid under the condition R(a? + ru? — s6%) > 0.

Theorem 3.5.6. If R(a? + ru? — s62) > 0, then

Z>£ 0 22 — (—1)iq D2 rane spvivi 2
(— BT ( —;s r]q) = — (—) TEDGATT L ——is,7]q | -
@B 3 55 E, N @B 3 85
2 4 = @il a); \2 4
(3.5.15)

The proof of this theorem is same as the proof of Theorem 3.2.12. Hence it

is omitted.

3.6 Special cases

The properties obtained above will now be illustrated by taking one special case

from Table-4, section 3.5, for each property.

e Contour integral-g-Generalized Bessel-Maitland function:

z\V+2 o? a? - -
T (2q) = (3) "/(—1)( B S VG B
S 270 L,(v+n+1—0S)T,n+1-8)]

e ¢-Difference equation-Bessel function:

(_1)2 q2(£+1) 22
4

¢ LT @ W (2 ) + I (2¢* q) = 0.

v,hym
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e Mixed relations-¢-Lommel function:

n—v+3 n+1 1,1 2
L. Dq (Z 2 (%) E27 77—12'+3+n+1+k7 17Jv-g+37 1 <_ZZ7 1? 1’(]))
_ n—v+3 n+1 1,1 2
=1-d") Dy (Z = (5) Ey Dol k2, TS (JI’ L 1|q>>
k—1 i M_H z n+1 1,1 _é
+q (1 q) _Dq (Z 2 (2) E2, 77712/+3+77+k+27 7]+g+371 ( 4 bl 17 1|q>> .
n—v+3 ya n+1 1J 2
2. (=g ") (5) E2,—"‘§+3+n+2,7”+5+371 <_%;1’1’q>

n—v+3

z\ "t 22
—|—(1 - q) q 2 =z Dq <§> E;:i—;+3+n+27n+;+371 <_T; L, HQ)

— (A" g 211
- 5 27n—g+3+n+17n+g+371 R ’q .

e Inverse series relation-g-Generalized Bessel-Maitland funtion:

2 2
om [ * vtan E’Y+m5,5 2 (0242)m. 0 1‘
4 2 o,v+n+1+mo,n+1+m,u 4 q 7Y, Lig

m

— (_1)(02+3)m q—(02+2)m(m—1)/2 Z(_l)kq(02+2)k(k—2m+1)/2

k=0
2
m Ey A 2
X EY 2 gk 0 1]g ) .
[’f]qcoum J’”+77+1’77+1’1( 1! 0. 1a

if and only if

2
76 < 0'2 m
EZ,V+77+1,7]+1,1 <_Zq( 2m.q, 1|Q)

— _1)(U2+2)k

(_l)kq(02+2)k(k—1)/2 {m}
k=0 k] go2a)

2 2
w2k (Z v [rkes _E 02k, 1|
2 ov+n+l+kan+1+k,1 4(] U, Lg )

e Double series relation-g-Sturve function:

2\, 22 % (L1)igitD/2 o v
(5) E1,3/g,3/2+z/,1 (_Z; L, 1!q) = Z A <§>

= (6 9)ila:q);

2
% 1,1, p+itj 0
E1,3/p2,3/2]+1/,1 <_Zv L, 1|Q) .
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