Chapter 4

Fractional integration and

differentiation

4.1 Introduction

In this chapter, an operator involving E;/gu “(z; s,r) will be introduced in the

space L(a,b), a space of Lebesgue measurable real or complex functions. Cer-
tain properties of Riemann - Liouville fractional integral and differential operators
associated with the function Egg (258, 7) are studied and the integral represen-
tations are derived. Some properties of a special case of this function are also

studied by means of fractional calculus.

Definition 4.1.1. For «, 5,7, \,w € C; R(a,B,7,A) > 0; ,u > 0, r € NU
{-1,0}, se NU{0} and z > a

T

(1 3o, ) (1) = / (e — )P B (wle — )% s,0) f(0) dt. (411)

a

4.2 Main results

o

4.2.1 Fractional operators associated with Eg’ﬂAu(z; S,T)

In this section the following results are proved.
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Theorem 4.2.1. Let 0 < a < oo, a, B, v, A\, n € C, R(ev, B,7,\,n) >0; 6, u>0
for x > a, then

(2 (=0 B (et - s ) @

5
_ (x )(n+ﬁ 1) Egﬁﬂ)\u

(w(z —a)%s,r), (4.2.1)
and

(D2 (¢ - 0" B3 lele - ) 0)

= (z— )(,3 n—1) g0

10 (@ — )% s,7). (12)

Proof. Applying Riemann-Liouville fractional integral operator (1.6.3) given by

(- @ o) = (o e

on the function (2.1.5), one gets

(I (t —a)’~ lEggAM(w(t—a)a;s,r) (x)

o v e L Wanl® (@ (= a)™)" .
- (I“+ =0 3 N+ 5) [ )”
X o (e 6= ()
- [(7)5n]® W™ [(an + B) an+B+n—1
nzzo Tan+ 8) [V i Tan+ 5+ &~ ’
_ ,6+n 1 S [(y w (v —a)*)"
a %Fammn)[(k) n]" !

which is (4.2.1).

Similarly using Riemann-Liouville fractional derivative operator (1.6.4) given by

« d " n—o
0z N = (31) 5 N,
on the function (2.1.5), one obtains

(DL (1= )" Bl (0l = a)5s,7)) (@)

_ (di> (F( = ) B2 (= a)%5,7)) ()
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d\" n+B8-n—1 1,9 o
= (5) [@- B2y e = 0)%,7)|
= (z—a) ! Eg:g_m/\,u(w(x —a)%s,T).
O
Theorem 4.2.2. Let a,v,\,n € C, R(a,v,\,n) >0, 6,1 >0 then
]-77 El,(; a, —_ n E1,5 o, 4.2.3
0+ [ a,l,)\,u(x 787T)} Z a,n+1,\ M(.T 787T)' ( e )

Proof. Applying the integral operator (1.6.1) given by

xT

0 f(x) = IV, f(x) = r(lu) / . i(;)l_ﬂdt, v>a,

a

1,6 a.
to Ea717A7M(x ;8,7), one gets

Ly [(1)sn]° i on(y _ i1
© T(n) &= T(an+1) (M) n! 0/75 (x —1)"" dt.

=0

3

The substitution ¢ = xu together with (1.2.10) further simplifies this as follows.

1

= W
M) 25 o+ 1) (3
>

0

[(Wen]” " B(an + 1,1)

1 > (1) 6]’ antn I'(an + 1) (n)
B Z F(an +1) [(A)um]" n! v I'(an+n+1)

< [(1)sn]” —
- ;%F(om—l—n—l—l) (Ol 1l ’

- n 176
=z Ea,n+17>\7u

«

(% s,71).

)un]r o xom—i—n/uom—i—l—l(l _u)n—l du
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Theorem 4.2.3. Let 0 < a < oo, 5,7, A\, n € C, R(e, 5,v,\,n) >0; 6, u>0
for x > a, then

(D;L” (t—a)! EZ:Z’/\,#(w(t —a)%;s, 7“)) (x)

=1 6
- (ZE - a)ﬂ - E;{,B—n,)\,u

(w(z —a)%;s,r). (4.2.4)

Proof. With the use of Hilfer’s generalized Riemann-Liouville fractional derivative

operator(1.6.6) given by

d

(D D) = (L (L0 ) (@),

one gets

= (z—a) ! B

a,B—n,\ 1 (W(ZL‘ - a)a; S, ’T‘) .

Theorem 4.2.4. Let o, 5,7, \,v,w € C; R(a, 5,7, A, v) > 0; 0, u > 0 then
)0 v— v— ,0 @
(EXs w0, (t = @) 1) (@) = (z =) T(v) E)Gy, 0, (w(z —a)). (4.2.5)

Proof. Tf f(t) = (t — a)*~!, then (4.1.1) gives

(ezzz,x,u,w; . >) (@)

- /(913 - t)ﬁfl Eg:g’/\# (w(:c — t)a) (t— )" dt

xT

/ (l’ . t)om—i—ﬁ—l (t . a)u—l dt

a

n

[('7)6 n]s W
[(an + B) [()‘)u n" 1!

n

[(7)sn]" w
L(an + B)[(A)un]™n!

B(an+ 5 —1,v).

>

n=0
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Now using (1.2.10), the simplification of the above equation gives (4.2.5).
It is now shown that the operator defined by (4.1.1) is bounded. ]

Theorem 4.2.5. Let the function ¢ be in the space L(a,b) of Lebesgue measurable

functions on a finite interval [a,b] of R given by

Lab) = {£: 17l = [ 150 @t <o}, (4.2.6)

8
||gg,,8,)\,u,w;0+¢||1 < M ||¢||1’ (427)
where the constant M (0 < M < oo) given by

|(’Y)5k|s

RN
m = (b—a) kz:; IT(ak + B)] (R(ak + B))
w(b—a)k
X"(g\)u—k‘r)m’ (4.2.8)

in which the series is converges for ®(«) + rp—sd +1 > 0.

Proof. Using (4.1.1) and (4.2.6) and interchanging the order of integration by
applying the Dirichlet formula [67], one gets

)
||53,5,,\,p,w, 0+¢||1

/’/ (z =) Bl (wle =% 5.7) (1) dt' da

[[[ur

On substituting x — t = wu, this gives

dx] 6(t)] dt.

Bl = )% s,7)

0
”gg,ﬁ,)\,u,w 0+¢H1
b b—t

J1f =

0

IN

é
EZﬁ/\,u(wu )

] 1ot at,

a

b b—
/ > e B | [ Y o
0

k=0

IN
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b
_ = |(7)sk]” b — a ") |g(1)]
N /Z|Pa/€+5|| (A)ur|” B! R(ak + ) a

e Ol o (b= ™
= (e E:HV%+BNK)MVH Rak + 7] Q/W e

o §j LI UL — Y
|Fak+6|%Wk+6H(LMTH
= Mo[l, s
where, 901 is finite. O

Theorem 4.2.6. Let o, 5,7, \,w € C; R(ev, B,7,\) > 0; 9, u > 0 then the relations

n 7,0 o0 ~,0
Ia+ gohﬂ’)\“u’w;a_’_f - gang+777Auu7w; a+f g 57A7M7w7a+ (l+f (4'2'9)

hold for any summable function f € L(a,b).

Proof. From (4.1.1),

u

Ly Elgapanan f(@) = Il /(u—t)ﬁ PEL G (wlu = 0% s, ) (1) d | (2).

a

In the view of (1.6.1), this further gives

1 xr u
n oY, - - _ \B-1 _oan—1
2 €35 a1 (2) F(m//w 0 (@

XE(ZBAM( wlu —1)%s,7) f(u) dt du.

Now applying Dirichlet formula [67] to interchange the order of integrations, one

obtains

x

0
IZZ+ 5;/75,)\,u,w; a+f<x) - /

a

T

L uw—1)"1 (x— )"t
PW/( P (- u)

t

ngg/\ J(wu—1)%s,7) du] f(t) dt.
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Here the substitution u —t = 7 gives

xT

0
IZ+ gg,ﬁ,)\,u,w;a_‘_f(x) - /

a

Again use of (1.6.1) gives

T

B e @) = [ (B [P E i) -0 (0

a

On making use of (4.2.1), this yields

xT

Il 53jg,x,u,w;a+f(f€) = / [(u — t)BJm_lEZ:ngn,)\,u (w(u — )% s, 7“))} f(t) dt

a

0
= gg,ﬂ-ﬁ-n,)\,u,w; a+f('r)

from (4.1.1). To prove another relation, consider

T

76 - 75 o,
sl F@) = [l = 0P EZS (wle — 0% si0) I S0)

a

With the help of (1.6.1), this is written as

£re I f(x)

B, p,w; ay ~ at
X

— /(w — )77 (=)t Eg:g)\,u (wlz =) s,7) L7, f(t) dt

a
x t

= [e—0r Bl e =) g [ -0 s duar

a

— L y tx_ B-1 _un—l v,0 wlr — )% s 7 " "
_F(n)a/a/( 7 (=) B (wle =) s r) f(u) dudt

- L x mm_ A=1 (¢ )1~ g9 wlr —H)* s r U U
_F(n)a/u/( )77t — )" By (wlz — )% s,7) f(u) dt du
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Here substituting © — ¢t = 7 , one gets

X 1 r—u B B
5ng,x,u,w;a+fg+ flx) = /W / |:T’8 ! El:gv/\’u(wTa;s,r) (x—u—7)"" dT:| f(u) du.
a 0

Again use of (1.6.1) and then (4.2.1) and (4.1.1) in turn, one obtains

xT

,0 _
gzvﬁyk,u,w;a+jg+ f(ZL’) = /I&_
a
X

= /Tﬁﬂl Egjgﬂ’/\,#(wﬂ;s,r) f(u) du

a

B-1 Ez:g)\’u(wfl;s,r) (x — u)] f(u) du

0
= gg,ﬂ—&—n,)\,p,w; a+f($)'
]

Theorem 4.2.7. Let o, 3,77, \,w € C; (v, B,7,\) > 0; 0, u > 0 then the relation

n V50
Da+ ga’/B7A7

,0
W Ll+f = 52,5717,)\,#,“;; a+f (4210)

holds for any summable function f € L(a,b).

Proof. From (4.1.1),

u

DI, €15, u f(2) = DI / (u— 1) B9, (w(u— )% s.0) f(t) dt | ().

a

Now using (1.6.4), it gives

U] 7,6
Da+ ga,ﬁ A

37\

Bw; a f(l')

d\" i
- (@) Lo / (x = )7 By (wle —0)%s,7) () db

a

Further using Theorem 4.2.6 and then making an appeal to (2.3.2), one finds

0
DZ+ gg,ﬂ,)\,u,w; a+f(x)

d\" [
N (%) /(x =0 B g (W = )%, ) (1) dt

a
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xT

— /(x — 15)5_1 Eg:g_ny/\ju(w(x — )% s, r)f(t) dt
= &1 f(@)
a,B—n,\,pu,w; a+ ).

]

Theorem 4.2.8. Let a, 8,7, \,w € C; R(«, 5,7, A) > 0; &, > 0 then the relation

Y 0,0 _ 76
Da+ 5a7/37/\7u,W; a+f o ga,ﬂ—n,k,u,w; a4

£, 0<n<l1,0<v<1 (4.2.11)

holds for any summable function f € L(a,b).
Proof. From (1.6.6), that is,

vl—p d —v)(1l—p
(D D) = (L2 - (17 D) @),

one gets

oy B vi—n) 4 a-n(i=v) [ o6
DU e S0 = (107 1 (B (E28000)) ) @)
_ (e 4 aema-n) (ere
- (Ia—i- a (]a-i- (ga,ﬁ,)\,u,w; at f)
v(1—n) v—nu 0
= (2 (D (€ o)) ) @),
This in view of Theorem 4.2.7, gives
R .0 v(1—n) 0
DZJr g;, By A, W, w; a+f(x) = <]a+ ! (52, B—n—v+nu, A\, pu, w; a+f>> ({L‘)

Finally from Theorem 4.2.6, it follows that

WV o,0 _ ,0
DZ+ gg,ﬁ ) WIRAE a+f(x) - (g;l,ﬁfn,)\,u,w; a+f> (l’)

1\ Wy
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4.2.2 Gauss multiplication type formula of EM /\’u(z)

If m is a positive integer and z € C then the Gauss multiplication theorem [63]
states that

ﬁr (z + E) = (21)"T m2z ™ T(m2). (4.2.12)

By taking z =n + é, this takes the form

that is,

1 (m-1 -1
1 o (em)T B k
T(mn+8) mmn+ﬂ;{gr(”+E+E>} '

Using this, the function (2.1.5) for « = m € N, takes the form

N ) i =0 R N (Ve 2"
Enpaulsinr) = { OF( >} 2 ), (el ol

k= n=0 m

)

l\J\»—l

(4.2.13)

Here substituting d = ¢, s =1, r =0 in (4.2.13), it reduces to

_1
2

This generalizes the result due to Kilbas [31] when ¢ = 1.

4.2.3 Fractional differential equations based upon the Hil-

fer derivative operator

Consider the following fractional differential equation due to Kilbas [32, p. 144,
Eq.(1.2)].

(D2 y) (1) =X (E15uar) (@) + f(2), (4.2.15)
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with the initial condition
(D&F y) (04) = by,

where a < x <b; R(a) > 0;\,8,7v€C, b €C; k=1,2,...n.

Here the general integral operator (Ez/éw a +) (x) is a special case § = 1,s = 1,1 =
0 of (4.1.1). Indeed, as pointed out by Kilbas et al. [32, p. 144], the homogeneous
differentail equation corresponding to (4.2.15) when f(z) = 0 is a generalization
of a certain first order Volterra-type integro-differential equation governing the
unsaturated behaviour of the free electron laser (see also [89]). Later, by using
the Laplace transform method, H. M. Srivastava and Z. Tomovski [90, Theorem-
8, p.10 and Theorem-8, p.11] obtained an explicit solution in the L(0,00), of
a more general fractional diffrential equation than (4.2.15) which contains the
generalized Riemann-Liouville fractional derivative operator (1.6.6). In the light

of these theorems, the following theorems are proved which involve the operator
defined in (4.1.1).

Theorem 4.2.9. If 0 <n< 1, 0<v <1, w,§ € C, R(a) > maz{0,R(5) — 1}
and min{R(5,~v,\, )} > 0 then

(22 0) @) = € (Efaor ) @) + 1 (1.216)
with the initial condition

(féi‘”’“‘m y) (04) = ¢,

has solution in the space L(0,00) given by

xn_y(l_n)_l

- _'_ xTH’B E'Y:é
T—vem)

y(x) - a,B+n+1,A,u (wxa)

xT

1 1
) 0/ (x — )" £(¢) dt, (4.2.17)

where C'is arbitrary constant.

Proof. Applying the Laplace transform on both sides of (4.2.16), it gives

£ @) (9) = £(6 (E2mmos ) @) + 1)) (5),
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and further with the help of (4.1.1),

£ (DR y(@)) (S) = u( [a* 1 B lontisn) )0 dt) (s)

+ F(S). (4.2.18)

Now

N [(Van]* w™  Tlan+5)
_ nz; Tlant B 0Tl S (4.2.19)

Using the Laplace convolution Theorem 1.4.4 in (4.2.18), one gets
LD y(@) (8) = € £ (a7 BLY,, (weis,r)) (S)LQ)(S) + F(S).
Using (1.6.7), which is
LIDR f@))(S) = 8" LIF@))(S) = §" I~ f)(0+),

and then using (4.2.19), this becomes

B~ ()00 = €3G

Hence,

STY(S)—C S = ¢ L7 EL L (wa™)](S) L1)(S) + F(S)

o

e 3 el )

From this, it follows that

Y(S) = ¢ §vi-m-n 4 gg-h-n-1 i [(7{){;])%?57)”

n=0

+ F(S)S77. (4.2.20)
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Now, taking the inverse Laplace transform on both sides of equation (4.2.20), one

obtains

0 S n
y(x) = (C ,C_I(SV(l—??)—”) (;p) + & Z [[((Z\))(ZL% ﬁ—l(S_a”—ﬁ—n—l)(x)
+LHSTE(S))
pn—v(1=m-1 - V) on) W x"
- CF(U v +nv) team Z I'(an + 5 + 1+ D[(A) ] n!

T

T /(:c — )17 () dt

I'(n)
0
xﬁ—l/(l—n)—l 6 a
= Tavran T A A TR ()
+L /(a:—t)”l f(t) dt
n)

The instance f(y) = E°

a g1,y 8, 7) is the following theorem.

Theorem 4.2.10. If 0 <n< 1, 0<v <1, w,€ € C, R(a) > maxz{0, R(6) — 1}

and min{R(B,v,\,u)} > 0 then

(D0+ y) (x) = {(Eg”g,,\%w; 0+> (z) +2PED gﬂ ap(w(az)®s, ) (4.2.21)
with the initial condition

(#770 )on) = ¢,

has solution in the space L(0,00) given by

IW*V(lfri)*l

m + &+ " Eggn-i-l)\u( (aﬁ)a;S,T), (4.2.22)

y(r) =C
where C' is arbitrary constant.

Proof. Put
ft) = t? EZ?BHA;L( (at)o‘;s,r)
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in Theorem 4.2.9, to get

pn—v(1-n)—1 AP )
ylx)=C T(n—v+nv) + & a" EaﬁJrnHA#(w(ax) ;s,r)
1 x
o) /(:c )7 P EXSL Ly (wlaz)®; s, r) dt. (4.2.23)
0

Here,

/(x )yt P Eggﬂx\u( (at)®;s,r) dt

T

_ 77 1 ( (at)a)n
- / : Z Tt 70 [0

x

Jon]” w"

Z - om+6 T / (2 — )7 on B .

n=0

Taking t = zu, dt = vdu, u — 0ast — 0 and u — 1 as t — x, hence

/(m )yt ¢f EZZHM( (at)®;s,r) dt
0

Wn gontnth

_ - [ n / n—1, an
- ZFan+ﬁ ) [N ]n!o/(l_u) ut de

n=

 _ [(W)an]” w" 2T () T(an + B)
;F(om B) [N un] ! T(an+ B +n+1)

B e w (az)®)" £+P)
B ZFan+ﬁ+n+1)[()\) o7 n!

=0
5
= g1th) L'(n) EZ BN+ 0

(wz®;s,7).
Using this in (4.2.23), (4.2.22) is obtained. O

Theorem 4.2.11. If 0<n< 1, 0<v <1, w,& € C, R(a) > max{0,R(J) — 1}
and min{R(B,v,\, )} > 0 then

o (0 0) ) = € (€280 ) @) (1221)
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with the initial condition
(#5770 )00 =

has solution in the space L(0,00) given by

C xnfl C xnfy(lfn)fl o
y(x) = 2@ + 111(77 =) +¢ aﬁﬂAu(u}x ,8,7’), (4.2.25)

where C7 and Cy are arbitrary constants.

Proof. Applying Laplace transform on both the sides of (4.2.24), gives

c(e (06 0) @) = £(e (a0 )@) )

and using (4.1.1), this gives

L(z DY y())(S) = ¢L (/ P EYS \u(wa s, r) (1)(1) dt) (S). (4.2.26)

Now using the Laplace convolution Theorem 1.4.4 in (4.2.18), one gets

£(x DY y(@) (8) = €L (a7 B, (watsm)) (S) £O)(S),

Using the derivative formula (1.4.5) with n = 1, and using (1.6.7) and (4.2.19),
this yields

o (s” L(y(x))(8) = $"0~ (Iéi‘”’“"” y) <0+>)

o0

B I'(an+p+1)
= ¢ nZO I'(an —|— B ) n)7 nl Senthtl

Hence,

55 (S7Y(8) = Cos0) = e L[ B, 0] () £0)(S) + F(S)
—£ g—h-1 f: [(’Y)an]s (an + B) (wS™)"

= [(A)pn]" !

which leads to the first order ordinary linear differential equation:

Y'(S) + g Y(S) — Cy (1 — n)Sri-m=1=n
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—B—n—-1 - [(’7)(%]8 (Oﬂl—i—ﬁ) (w S_a)n
S T '

for Y'(S). Now, by solving this ordinary differential equation, one finds

Y(S) = exp (/gdS)

S
Cy + / (01 p(1 — ) SYm—1on

S
et N~ L(sn]® (an + B) (w ST U
£S5 p nz:% YRS )exp (/ g dS) dS]
s
— - v(1-n)—n -n — [(sn]" (an+ ) w" 1
= Oy ST+ Cy ST ¢ S 7; YRR /SQW+1 as

oo

= O, ST+ (O, Su(lfn)fn_i_f S Z [()\)[(’Y])rari! ((Z‘Zig)) anJrﬂ'

n=0

Finally applying inverse Laplace transform, it gives

xr]—l xn—u(l—n)—l o0 [(7)671] L xan+ﬂ+77—l
y(x) = Co==+C +¢
@ = O O T =) T8 2 (Wl nl Tan 54 )
n—1 n—v(l-n)-1
CQ—:U + O v +¢& EZ:ngn,A,u (wa:o‘; s, r).

['(n) I(n—v(l—n))

4.2.4 Integral transforms of (52:5’%“’&);%]‘") (x)

An application of Mellin transform is considered on (53:g,>\, s 0 f)(z) in the fol-

lowing theorem.

Theorem 4.2.12. Let o, 5,7, \,w € C,R(a, 8,7, A) > 0;0, > 0,R(1—-5—-5) >0

then
, A o
M{E o 05} = 5,
a-n0F O

r+3,s+1 a
XH5+1,7«+3 [ —wt

(071)7 (1_5’_5’@)7 [(1_/\7:“)]T7 (071)
x M{tPf(t); S}.
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Proof. By the definition of the Mellin transform,

M { (g;/:g,)\,u,w; 04 f) (ZE)? S}

= /xs_l /(a: — )1 Eg:g)\’u(w(x — )% s,r) f(t) dt d.
0 0

Interchanging the order of integration, which is permissible under the given con-
ditions, one finds that

MY (B8 o, (0135 |
= /f(t) /xS_l(:p - t)’B_lEZ:g’/\yﬂ(w(x —1)%s,7) dz dt.
0 t
For x =t + u, then above integral takes the form
M (€3 o, (015 }

= /f(t)/ (t+ )t w7t E’zjg’/\#(wua;s,r) du dt.
0 0

To evaluate the u-integral, the Mittag-Leffler function is expressed in terms of its
Mellin-Barnes contour integral by means of the formula (2.2.16), then the above

expression gets transformed into the form

M { (g(z:g’,)\,u,w; 0+ f) (ZE), S}

2mi [[(7)]° T8+ af) LA+ pé) T(1 +€)

—100

- /f(t) (L)) / (=TI +8) [C(y + 9] (~w)

X / (t + )5t w1t du d€ dt.
0

Now put u = tv, to get

MY (€% 0, D)5
_ 7f(t) oy 7r<—s>m+g> Dy + ) ()t
J T+ a8) O+ )P D11 €)
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X / (14 v)57t 001 o o851 ¢ de.
0

On evaluating the u- integral with the help of the formula

[e.o]

/x”_l (x+a)dx =

0

L(v) Tp—v).
SR ) > R >0,

then the right hand side of above equation simplifies to

M { (52:g,>\,u,w; 04+ f) (l’), S}

o0

oy s
ST GG

0

T F-OTA+HTA-S—a6—B) o
* / [F(7+5§)]—S [F<)‘+N£>]T F(1+§)< 13 ) d¢ dt

—100

Ty s
= i T I sy/t+ f®

>,<an,[u—vMM%<s+@—w ]
), [(1= A @)

dt

;S+ﬂ}

In view of the definition (1.2.12) of H-function, this yields the desired result. [J

1 S+3 6%
XH5+3 r+1 [ —wt

%Hﬂﬂ]ﬂl—ﬁ

XM{f(ﬂ H 5 [‘ wie | (L7 (01), [ =7, (S + 5, —a)

(07 1)7 [(1 - )‘7 :U’)]T

For s =1, r =0, 6 = q the Theorem 4.2.12 reduces to the following form.
Corollary 4.2.1. The Mellin transform
M{ (€38 0,05

1
97 T(7) T(1— S)

x M { f@) Hyy [— wt®

(17 _1)7 (07 1)7 (1 - %(Da (S + ﬂv —Oz)
(0,1)

;S+5},
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where R(a, 5,7) > 0; ¢ € (0,1)UN,R(1-5—-p) > 0 and H1221(*) is the H-function
defined by (1.2.12).

Theorem 4.2.13. The Laplace transform of the operator (527’27/\,u7w;0+f) (x) is
given by

'C gg,g,/\,,u,w, 04+ f)(ll'), P}

OV H%l[[((%q)]s, (L1 /P iy

[L(y))s PP*

where R(a, B,7) > 0;R(p) > |w|VR) and F(P) is the Laplace transform of f(t),
defined by

o0

L{f(t);P} = F(P) = / e PR AL, R(P) > 0.

0

Proof. By virtue of the definition of Laplace transform, and interchanging the
order of integration which is permissible under the conditions given in the theorem,
one finds that

- 7 o f(t)?@—t)ﬂlElgM[w(x )°] dz dt

With x =t + u, this gives

£{ (gg:fga%u,w;mf) (2); P}

= /eptf / uP~ 1EggA“[wua] du
0

0
e

_ ZF ak+6 )k - /6_pu uprek-1 du/e‘Pt F(6)dt

k=0 0 0

> Wk D(ak + p) Oo,t
Zrak+ﬁ () W7kl pBtak /epf(t)dt

k=0 0
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T T I -
- Sl [ o

The special case s =1, r =0, § = q of Theorem 4.2.13 is

Corollary 4.2.2. In the notations of the above theorem,

5{(5zf§w;o+f)($);f)} = ﬁp_ﬁ 190 [

(v,q); w/P*

Y

F(P).

4.2.5 Properties of Ei(c,v,v,0, A\, ) and Ei(c,—n, 7,0, \, i)

In this section, certain properties of the functions E;(c, v, 7,0, A, ) and
Ei(c,—n,7,0, A\, ) will be obtained.

Consider the function

= [(Menl® ()
0 = 2 G T

n=0

where v, A € C,R(v,A) > 0,0, > 0, r € NU{-1,0}, s € NU {0}, and c is
arbitrary constant.
Now, using (1.6.1),

T

JL@) = 12 @) = s / - ! %)I_th, 7> a.

a

The fractional integral operator of order v, gives

]g+f(t) _ 1 /(t _ 5)1/71 Z [(’7)571]8 <C§)j d¢
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Taking & = tu, this gives

1

B = — ZK(?!‘;’;]K; Z]fn [ = w

L E el
= T2 ey 2 thY)

I = [(Y)sa)® 7T ™ T(n+1) T(v)
2 (nD)? [(Mun]” Tln+v+1)

N [(1)6n]* ()"
= 1
Z F(n+v+1)n! [(A)um]"
=t EK’SH’/\,#(ct; S,T).
Put

¢ E;/,,l(/5+1,)\“u(6t; S, T) = Et(ca v, 7, 57 >\7 H) (4227)

Now using (1.6.4), the fractional differential operator of order 7 is given as

DyS) = |1 S

(n+k—n+1)n [()\)W]’“]

n

_ - [(7)sn]® € k(k—n+n
=2 Tntk—ntna oyl &

After some simplification and using (2.1.5), it yields

g 7)6n]8 (ct)"
Dl f(t) = t7" I .
- ; L(n+(1—=n)) [(A)un]" n!
=tV B, (et ). (4.2.28)
Put
Eic,—n,y,0, A, 1n) = t7" El’f_nA’ll(ct; 8,7). (4.2.29)

In the following theorems, the act of fractional integral and differential operators

are taken in to account.
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Theorem 4.2.14. If v, \,v € C,R(v,\,v) > 0,0,u >0, r € NU{-1,0}, s €
NU{0}, ¢ is arbitrary constant and fractional integral and differential operators

are of order o then

IS, Ei(c,v,v,0,\,n) = Ec,0+v,7,0,\ ). (4.2.30)

Di Ei(c,v,v,0,\, 1) = Eic,v—0,7,6 A\ p1). (4.2.31)

Proof. From (1.6.1),

1

Ig-i— Et(cvy>7>6a)‘>u) = F(O’)

(t =€) Ee(e,v,7,0,\, ) d&.

S —

Using (4.2.27) this gives

‘ -

[g+ E§<Ca v, 7, 57 )\7 :u) =

)1

X
Mg 2

o fuore

[(V)on]* (c€)"

d¢.
— T(n+v+1)n! [(A)wm] ¢
Here substituting & = xt, then after some simplification, one gets
IS, Ei( 5, A, 1) ! i fer e / o= pvtnd
C,Vy7,5 0, A, = /N x T x
T N < R e DETNEVE
1 0 n jotv+n
= — B(o,v+n+1
['(o) RZ:O ['(n —I— v —|— 1) n! [(A) un]” ( )

1 ngetvtn - o) T(v+n+1)
B ZF?”L+V+ (AN T(e+v+n+1)

Once again use of (4.2.27) gives (4.2.30).
Now, in view of (1.6.4) and using (4.2.30),

Dng Et(QVa%(Sa)\;M) = Dk|:[k0 Et<C,l/,’)/,(5,)\,[I/>:|

= Dk|:Et(C7k_U+V77757>\7:u):|

—o+v g
= DM {t** By orvpinplctis,r)}

_ k k—o+v [(7)(%]5 (Ct)n
=P [t ; Tntk—o+v+i)nl [()\)W]T]
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- [(v)sn]® " —o4v+n
; Fn—l—k—a%—éy—i—l) [()\)un]TDk(tk )

On simplifying this and using (2.1.5), one arrives at

U L (Dl (ct)"
Dy, Ei(c,v,7,0,\p) = t nZ:O L(n+(1+ ;/6— 7)) [(A)un]™ !

_ =0 0 .
=t E11+1/ aAu(Ct7S?T)'

Finally using (4.2.27), (4.2.31) occurs. O

Using this Theorem 4.2.14, one may prove

Theorem 4.2.15. If y,\,n € C,R(y,\,n) > 0,0,u >0, s,7 € Z, c is arbitrary

constant and fractional integral as well as differential operators are of order o then

Ig+ Et(ca _7]7’7767 >\7:u) = Et(C,O' - 7777757A7,u)7 (4232)

Di. Efc,—n,7,6, A\ pn) = Ec,—0—n,7,0,\ 1. (4.2.33)

Theorem 4.2.16. If vy, \,v,n € C,R(v,\,v,n) > 0,0,u >0, r € NU{-1,0}, s €
NU {0}, and c is arbitrary constant then

1 1 5
ey L(Ec,v,v,0,\, 1)) = SV+1EZ>\)\H<Ct/S; s,r—1)  (4.2.34)
1 1 '
m ‘C(Et(c7 =17, 57)‘7M)) = S,nJrlEZ)\)\u(Ct/SvSar - 1) (4235)
Proof. Here
Lhs. = —— £(Eye,,7,6,\ 1)
hs. = 0 (e, vy, 0, A, 1
1
— mﬁ(t ngﬂ/\u ct;s,r))
1 = 1% (ct)
= — L[|t
INOY) ( ; n—{—u—l— 1) [()\),m]”>
o 1 - s n+v
T ZF n+u—|—1 [()x),m]rﬁ(t )

n=
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i 15 I'v+n+1)
—~T(n+v —|— 1) PIA) 7 S HL

[e.9]

_ 1 [(7)sn)® "
s Z I'(un + A) [(5 Aun]" 1 5™ 0l

1
= Su+1E#/\>\#(Ct/S s,r—1)
= r.h.s. of (4.2.34).

Similarly,
Lhs. = L(Ei(c,=n,7,0,\ 1))

- m L (t " EY‘SWH/\N(ct;s,T))

75 .
- WEZ,A,A,M(CUS, s,r—1).

Hence (4.2.35) holds. O
(A piece of the content of this work has been published in “Ukrainian Math-

ematical Journal, Vol. 66, No. 8, January, 2015, 1267-1280")
MR f 3334434
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