
Chapter 4

Fractional integration and

differentiation

4.1 Introduction

In this chapter, an operator involving Eγ,δ
α,β,λ,µ(z; s, r) will be introduced in the

space L(a, b), a space of Lebesgue measurable real or complex functions. Cer-

tain properties of Riemann - Liouville fractional integral and differential operators

associated with the function Eγ,δ
α,β,λ,µ(z; s, r) are studied and the integral represen-

tations are derived. Some properties of a special case of this function are also

studied by means of fractional calculus.

Definition 4.1.1. For α, β, γ, λ, ω ∈ C; ℜ(α, β, γ, λ) > 0; δ, µ > 0, r ∈ N ∪
{−1, 0}, s ∈ N ∪ {0} and x > a

(

Eγ,δα,β,λ,µ,ω; 0+f
)

(x) =

x
∫

a

(x− t)β−1 Eγ,δ
α,β,λ,µ

(

ω(x− t)α; s, r
)

f(t) dt. (4.1.1)

4.2 Main results

4.2.1 Fractional operators associated with Eγ,δ
α,β,λ,µ(z; s, r)

In this section the following results are proved.
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Theorem 4.2.1. Let 0 ≤ a <∞, α, β, γ, λ, η ∈ C, ℜ(α, β, γ, λ, η) > 0; δ, µ > 0

for x > a, then

(

Iηa+ (t− a)β−1 Eγ,δ
α,β,λ,µ(ω(t− a)α; s, r

)

(x)

= (x− a)(η+β−1) Eγ,δ
α,β+η,λ,µ(ω(x− a)α; s, r), (4.2.1)

and

(

Dη
a+ (t− a)β−1 Eγ,δ

α,β,λ,µ(ω(c(t− a))α; s, r)

)

(x)

= (x− a)(β−η−1) Eγ,δ
α,β−η,λ,µ(ω(x− a)α; s, r). (4.2.2)

Proof. Applying Riemann-Liouville fractional integral operator (1.6.3) given by

Iµa+[(t− a)β−1](x) =
Γ(β)

Γ(µ+ β)
(x− a)µ+β−1

on the function (2.1.5), one gets

(

Iηa+ (t− a)β−1 Eγ,δ
α,β,λ,µ(ω(t− a)α; s, r

)

(x)

=

(

Iηa+ (t− a)β−1

∞
∑

n=0

[(γ)δn]
s (ω (t− a)α)n

Γ(αn+ β) [(λ)µn]r n!

)

(x)

=
∞
∑

n=0

[(γ)δn]
s ωn

Γ(αn+ β) [(λ)µn]r n!

(

Iηa+ (t− a)αn+β−1
)

(x),

=
∞
∑

n=0

[(γ)δn]
s ωn

Γ(αn+ β) [(λ)µn]r n!

Γ(αn+ β)

Γ(αn+ β + η)
(x− a)αn+β+η−1

= (x− a)β+η−1
∞
∑

n=0

[(γ)δn]
s (ω (x− a)α)n

Γ(αn+ β + η) [(λ)µn]r n!

which is (4.2.1).

Similarly using Riemann-Liouville fractional derivative operator (1.6.4) given by

(Dα
a+ f)(x) =

(

d

dx

)n

(In−αa+ f)(x).

on the function (2.1.5), one obtains

(

Dη
a+ (t− a)β−1 Eγ,δ

α,β,λ,µ(ω(t− a)α; s, r)
)

(x)

=

(

d

dx

)n
(

In−ηa+ (t− a)β−1 Eγ,δ
α,β,λ,µ(ω(t− a)α; s, r)

)

(x)
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=

(

d

dx

)n
[

(x− a)n+β−η−1 Eγ,δ
α, β−η+n, λ, µ(ω(x− a)α; s, r)

]

= (x− a)β−η−1 Eγ,δ
α,β−η,λ,µ(ω(x− a)α; s, r).

Theorem 4.2.2. Let α, γ, λ, η ∈ C, ℜ(α, γ, λ, η) > 0, δ, µ > 0 then

Iη0+
[

E1,δ
α,1,λ,µ(x

α; s, r)
]

= xη E1,δ
α,η+1,λ,µ(x

α; s, r). (4.2.3)

Proof. Applying the integral operator (1.6.1) given by

xI
µ
a f(x) = Iµa+f(x) =

1

Γ(µ)

x
∫

a

f(t)

(x− t)1−µ
dt, x > a,

to E1,δ
α,1,λ,µ(x

α; s, r), one gets

Iη0+
[

E1,δ
α,1,λ,µ(x

α; s, r)
]

= Iη0+

[

∞
∑

n=0

[(1)δn]
s xαn

Γ(αn+ 1) [(λ)µn]r n!

]

=
∞
∑

n=0

[(1)δn]
s

Γ(αn+ 1) [(λ)µn]r n!
Iη0+(x

αn)

=
1

Γ(η)

∞
∑

n=0

[(1)δn]
s

Γ(αn+ 1) [(λ)µn]r n!

x
∫

0

tαn(x− t)η−1 dt.

The substitution t = xu together with (1.2.10) further simplifies this as follows.

1

Γ(η)

∞
∑

n=0

[(1)δn]
s

Γ(αn+ 1) [(λ)µn]r n!
xαn+η

1
∫

0

uαn+1−1(1− u)η−1 du

=
1

Γ(η)

∞
∑

n=0

[(1)δn]
s

Γ(αn+ 1) [(λ)µn]r n!
xαn+η B(αn+ 1, η)

=
1

Γ(η)

∞
∑

n=0

[(1)δn]
s

Γ(αn+ 1) [(λ)µn]r n!
xαn+η

Γ(αn+ 1)Γ(η)

Γ(αn+ η + 1)

=
∞
∑

n=0

[(1)δn]
s

Γ(αn+ η + 1) [(λ)µn]r n!
xαn+η

= xη E1,δ
α,η+1,λ,µ(x

α; s, r).
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Theorem 4.2.3. Let 0 ≤ a <∞, α, β, γ, λ, η ∈ C, ℜ(α, β, γ, λ, η) > 0; δ, µ > 0

for x > a, then

(

Dη,ν
a+ (t− a)β−1 Eγ,δ

α,β,λ,µ(ω(t− a)α; s, r)

)

(x)

= (x− a)β−η−1 Eγ,δ
α,β−η,λ,µ(ω(x− a)α; s, r). (4.2.4)

Proof. With the use of Hilfer’s generalized Riemann-Liouville fractional derivative

operator(1.6.6) given by

(Dµ, ν
a+ f)(x) =

(

I
ν(1−µ)
a+

d

dx
(I

(1−ν)(1−µ)
a+ f)

)

(x),

one gets

(

Dη,ν
a+ (t− a)β−1 Eγ,δ

α,β,λ,µ(ω(t− a)α; s, r)
)

(x)

=

(

Dη,ν
a+

[

∞
∑

n=0

[(γ)δn]
s ωn (t− a)αn+β−1

Γ(αn+ β) [(λ)µn]r n!

])

(x)

=
∞
∑

n=0

[(γ)δn]
s ωn

Γ(αn+ β) [(λ)µn]r n!

(

Dη,ν
a+

[

(t− a)αn+β−1
])

(x)

=
∞
∑

n=0

[(γ)δn]
s ωn

Γ(αn+ β) [(λ)µn]r n!

Γ(αn+ β)

Γ(αn+ β − η)
(x− a)αn+β−η−1

= (x− a)β−η−1 Eγ,δ
α,β−η,λ,µ (ω(x− a)α; s, r) .

Theorem 4.2.4. Let α, β, γ, λ, ν, ω ∈ C; ℜ(α, β, γ, λ, ν) > 0; δ, µ > 0 then

(

Eγ,δα,β,λ,µ,ω; 0+(t− a)ν−1
)

(x) = (x− a)β+ν−1 Γ(ν) Eγ,δ
α,β+ν,λ,µ

(

ω(x− a)α
)

. (4.2.5)

Proof. If f(t) = (t− a)ν−1, then (4.1.1) gives

(

Eγ,δα,β,λ,µ,ω; 0+ (t− a)ν−1

)

(x)

=

x
∫

a

(x− t)β−1 Eγ,δ
α,β,λ,µ

(

ω(x− t)α
)

(t− a)ν−1 dt

=
∞
∑

n=0

[(γ)δ n]
s ωn

Γ(αn+ β) [(λ)µ n]r n!

x
∫

a

(x− t)αn+β−1 (t− a)ν−1 dt

=
∞
∑

n=0

[(γ)δ n]
s ωn

Γ(αn+ β)[(λ)µ n]rn!
B(αn+ β − 1, ν).
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Now using (1.2.10), the simplification of the above equation gives (4.2.5).

It is now shown that the operator defined by (4.1.1) is bounded.

Theorem 4.2.5. Let the function φ be in the space L(a, b) of Lebesgue measurable

functions on a finite interval [a, b] of R given by

L(a, b) =
{

f : ‖f‖1 =
b
∫

a

|f(t)| dt <∞
}

. (4.2.6)

Then the integral operator Eγ,δα,β,λ,µ,ω; 0+ is bounded on L(a, b) and

‖Eγ,δα,β,λ,µ,ω; 0+φ‖1 ≤ M ‖φ‖1, (4.2.7)

where the constant M (0 <M <∞) given by

M = (b− a)ℜ(β)
∞
∑

k=0

|(γ)δk|s
|Γ(αk + β)| (ℜ(αk + β))

×|ω (b− a)α|k
|(λ)µk|r k!

(4.2.8)

in which the series is converges for ℜ(α) + rµ− sδ + 1 > 0.

Proof. Using (4.1.1) and (4.2.6) and interchanging the order of integration by

applying the Dirichlet formula [67], one gets

‖Eγ,δα,β,λ,µ,ω; 0+φ‖1

=

b
∫

a

∣

∣

∣

∣

∫ x

a

(x− t)β−1 Eγ,δ
α,β,λ,µ(ω(x− t)α; s, r)) φ(t) dt

∣

∣

∣

∣

dx

≤
∫ b

a

[

b
∫

t

(x− t)ℜ(β)−1

∣

∣

∣

∣

Eγ,δ
α,β,λ,µ(ω(x− t)α; s, r)

∣

∣

∣

∣

dx

]

|φ(t)| dt.

On substituting x− t = u, this gives

‖Eγ,δα,β,λ,µ,ω; 0+φ‖1

≤
b
∫

a

[

b−t
∫

0

uℜ(β)−1

∣

∣

∣

∣

Eγ,δ
α,β,λ,µ(ωu

α; s, r)

∣

∣

∣

∣

du

]

|φ(t)| dt,

≤
b
∫

a

∞
∑

k=0

|(γ)δk|s ωk
|Γ(αk + β)| |(λ)µk|r k!

[

b−a
∫

0

uℜ(αk+β−1) du

]

|φ(t)| dt
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=

b
∫

a

∞
∑

k=0

|(γ)δk|s (ω)k |b− a|ℜ(αk+β) |φ(t)|
|Γ(αk + β)| |(λ)µk|r k! ℜ(αk + β)

dt

= (b− a)ℜ(β)
∞
∑

k=0

|(γ)δk|s
|Γ(αk + β)| |(λ)µk|r k!

|ω (b− a)ℜ(α)|k
ℜ(αk + β)

b
∫

a

|φ(t)| dt

= (b− a)ℜ(β)
∞
∑

k=0

|(γ)δ k|s |ω (b− a)α|k
|Γ(αk + β)| ℜ(αk + β) |(λ)µk|r k!

‖φ‖1

= M ‖φ‖1, say

where, M is finite.

Theorem 4.2.6. Let α, β, γ, λ, ω ∈ C; ℜ(α, β, γ, λ) > 0; δ, µ > 0 then the relations

Iηa+ Eγ,δα,β,λ,µ,ω; a+f = Eγ,δα,β+η,λ,µ,ω; a+f = Eγ,δα,β,λ,µ,ω; a+I
η
a+f (4.2.9)

hold for any summable function f ∈ L(a, b).

Proof. From (4.1.1),

Iηa+ Eγ, δα,β,λ,µ,ω; a+
f(x) = Iηa+





u
∫

a

(u− t)β−1 Eγ,δ
α,β,λ,µ

(

ω(u− t)α; s, r
)

f(t) dt



 (x).

In the view of (1.6.1), this further gives

Iηa+ Eγ,δα,β,λ,µ,ω; a+f(x) =
1

Γ(η)

x
∫

a

u
∫

a

(u− t)β−1 (x− u)η−1

×Eγ,δ
α,β,λ,µ

(

ω(u− t)α; s, r
)

f(u) dt du.

Now applying Dirichlet formula [67] to interchange the order of integrations, one

obtains

Iηa+ Eγ,δα,β,λ,µ,ω; a+f(x) =

x
∫

a

[

1

Γ(η)

x
∫

t

(u− t)β−1 (x− u)η−1

×Eγ,δ
α,β,λ,µ

(

ω(u− t)α; s, r
)

du

]

f(t) dt.
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Here the substitution u− t = τ gives

Iηa+ Eγ,δα,β,λ,µ,ω; a+f(x) =

x
∫

a

[

1

Γ(η)

x−t
∫

0

τβ−1 (x− t− τ)η−1

×Eγ,δ
α,β,λ,µ

(

ωτα; s, r
)

dτ

]

f(t) dt.

Again use of (1.6.1) gives

Iηa+ Eγ,δα,β,λ,µ,ω; a+f(x) =

x
∫

a

(

Iη0+

[

τβ−1Eγ,δ
α,β,λ,µ

(

ωτα; s, r
)

])

(x− t) f(t) dt.

On making use of (4.2.1), this yields

Iηa+ Eγ,δα,β,λ,µ,ω; a+f(x) =

x
∫

a

[

(u− t)β+η−1Eγ,δ
α,β+η,λ,µ

(

ω(u− t)α; s, r
))

]

f(t) dt

= Eγ,δα,β+η,λ,µ,ω; a+f(x)

from (4.1.1). To prove another relation, consider

Eγ,δα,β,λ,µ,ω; a+I
η
a+ f(x) =

x
∫

a

(x− t)β−1 Eγ,δ
α,β,λ,µ

(

ω(x− t)α; s, r
)

Iηa+f(t) dt.

With the help of (1.6.1), this is written as

Eγ,δα,β,λ,µ,ω; a+I
η
a+ f(x)

=

x
∫

a

(x− t)β−1 (x− u)η−1 Eγ,δ
α,β,λ,µ

(

ω(x− t)α; s, r
)

Iηa+ f(t) dt

=

x
∫

a

(x− t)β−1 Eγ,δ
α,β,λ,µ

(

ω(x− t)α; s, r
) 1

Γ(η)

t
∫

a

(t− u)η−1 f(u) du dt

=
1

Γ(η)

x
∫

a

t
∫

a

(x− t)β−1 (t− u)η−1 Eγ,δ
α,β,λ,µ

(

ω(x− t)α; s, r
)

f(u) du dt

=
1

Γ(η)

x
∫

a

x
∫

u

(x− t)β−1 (t− u)η−1 Eγ,δ
α,β,λ,µ

(

ω(x− t)α; s, r
)

f(u) dt du.
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Here substituting x− t = τ , one gets

Eγ,δα,β,λ,µ,ω; a+I
η
a+ f(x) =

x
∫

a

1

Γ(η)

x−u
∫

0

[

τβ−1 Eγ,δ
α,β,λ,µ

(

ωτα; s, r
)

(x− u− τ)η−1 dτ
]

f(u) du.

Again use of (1.6.1) and then (4.2.1) and (4.1.1) in turn, one obtains

Eγ,δα,β,λ,µ,ω; a+I
η
a+ f(x) =

x
∫

a

Iη0+

[

τβ−1 Eγ,δ
α,β,λ,µ

(

ωτα; s, r
)

(x− u)

]

f(u) du

=

x
∫

a

τβ+η−1 Eγ,δ
α,β+η,λ,µ

(

ωτα; s, r
)

f(u) du

= Eγ,δα,β+η,λ,µ,ω; a+f(x).

Theorem 4.2.7. Let α, β, γ, λ, ω ∈ C; ℜ(α, β, γ, λ) > 0; δ, µ > 0 then the relation

Dη
a+ Eγ,δα,β,λ,µ,ω; a+f = Eγ,δα,β−η,λ,µ,ω; a+f (4.2.10)

holds for any summable function f ∈ L(a, b).

Proof. From (4.1.1),

Dη
a+ Eγ,δα,β,λ,µ,ω; a+f(x) = Dη

a+





u
∫

a

(u− t)β−1 Eγ,δ
α,β,λ,µ

(

ω(u− t)α; s, r
)

f(t) dt



 (x).

Now using (1.6.4), it gives

Dη
a+ Eγ,δα,β,λ,µ,ω; a+f(x)

=

(

d

dx

)n


In−ηa+

x
∫

a

(x− t)β−1 Eγ,δ
α,β,λ,µ

(

ω(x− t)α; s, r
)

f(t) dt



 .

Further using Theorem 4.2.6 and then making an appeal to (2.3.2), one finds

Dη
a+ Eγ,δα,β,λ,µ,ω; a+f(x)

=

(

d

dx

)n
x
∫

a

(x− t)β−n−1 Eγ,δ
α,β+n−η,λ,µ

(

ω(x− t)α; s, r
)

f(t) dt



Chapter 4. Fractional Integration and differentiation 109

=

x
∫

a

(x− t)β−1 Eγ,δ
α,β−η,λ,µ

(

ω(x− t)α; s, r
)

f(t) dt

= Eγ,δα,β−η,λ,µ,ω; a+f(x).

Theorem 4.2.8. Let α, β, γ, λ, ω ∈ C; ℜ(α, β, γ, λ) > 0; δ, µ > 0 then the relation

Dη,ν
a+ Eγ,δα,β,λ,µ,ω; a+f = Eγ,δα,β−η,λ,µ,ω; a+f, 0 < η < 1, 0 ≤ ν ≤ 1 (4.2.11)

holds for any summable function f ∈ L(a, b).

Proof. From (1.6.6), that is,

(Dµ, ν
a+ f)(x) =

(

I
ν(1−µ)
a+

d

dx
(I

(1−ν)(1−µ)
a+ f)

)

(x),

one gets

Dη,ν
a+Eγ,δα,β,λ,µ,ω; a+f(x) =

(

I
ν(1−η)
a+

d

dx

(

I
(1−η)(1−ν)
a+

(

Eγ,δα,β,λ,µ,ω; a+f
))

)

(x)

=

(

I
η(1−ν)
a+

d

dx

(

I
(1−η)(1−ν)
a+

(

Eγ,δα,β,λ,µ,ω; a+f
))

)

(x)

=
(

I
ν(1−η)
a+

(

Dη+ν−ην
a+

(

Eγ,δα,β,λ,µ,ω; a+f
)))

(x).

This in view of Theorem 4.2.7, gives

Dη,ν
a+Eγ, δα, β, λ, µ, ω; a+

f(x) =
(

I
ν(1−η)
a+

(

Eγ, δα, β−η−ν+ην, λ, µ, ω; a+f
))

(x).

Finally from Theorem 4.2.6, it follows that

Dη,ν
a+Eγ,δα,β,λ,µ,ω; a+f(x) =

(

Eγ,δα,β−η,λ,µ,ω; a+f
)

(x).
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4.2.2 Gauss multiplication type formula of Eγ,δ
α,β,λ,µ(z)

If m is a positive integer and z ∈ C then the Gauss multiplication theorem [63]

states that

m
∏

k=1

Γ

(

z +
k − 1

m

)

= (2π)
m−1

2 m
1
2
−mz Γ(mz). (4.2.12)

By taking z = n+ β
m
, this takes the form

m−1
∏

k=0

Γ

(

n+
β

m
+
k

m

)

= (2π)
m−1

2 m
1
2
−mn−β Γ(mn+ β),

that is,

1

Γ(mn+ β)
=

(2π)
m−1

2

mmn+β− 1
2

{

m−1
∏

k=0

Γ

(

n+
β

m
+
k

m

)

}−1

.

Using this, the function (2.1.5) for α = m ∈ N, takes the form

Eγ,δ
m,β,λ,µ(z; s, r) =

(2π)
m−1

2

mβ− 1
2

{

m−1
∏

k=0

Γ

(

β + k

m

)

}−1 ∞
∑

n=0

[(γ)δn]
s zn

(

β+k
m

)

n
[(λ)µn]r mmn n!

.

(4.2.13)

Here substituting δ = q, s = 1, r = 0 in (4.2.13), it reduces to

Eγ,q
m,β(z) =

(2π)
m−1

2

mβ− 1
2

{

m−1
∏

k=0

Γ

(

β + k

m

)

}−1 ∞
∑

n=0

[(γ)qn]
(

β+k
m

)

n

(

z
mm

)n

n!
. (4.2.14)

This generalizes the result due to Kilbas [31] when q = 1.

4.2.3 Fractional differential equations based upon the Hil-

fer derivative operator

Consider the following fractional differential equation due to Kilbas [32, p. 144,

Eq.(1.2)].

(

Dα
a+ y

)

(x) = λ
(

Eγ,1α,β,ω; a+

)

(x) + f(x), (4.2.15)
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with the initial condition

(

Dα−k
a+ y

)

(0+) = bk,

where a < x ≤ b; ℜ(α) > 0;λ, β, γ ∈ C, bk ∈ C; k = 1, 2, . . . n.

Here the general integral operator
(

Eγ,1α,β,ω; a+

)

(x) is a special case δ = 1, s = 1, r =

0 of (4.1.1). Indeed, as pointed out by Kilbas et al. [32, p. 144], the homogeneous

differentail equation corresponding to (4.2.15) when f(x) = 0 is a generalization

of a certain first order Volterra-type integro-differential equation governing the

unsaturated behaviour of the free electron laser (see also [89]). Later, by using

the Laplace transform method, H. M. Srivastava and Z. Tomovski [90, Theorem-

8, p.10 and Theorem-8, p.11] obtained an explicit solution in the L(0,∞), of

a more general fractional diffrential equation than (4.2.15) which contains the

generalized Riemann-Liouville fractional derivative operator (1.6.6). In the light

of these theorems, the following theorems are proved which involve the operator

defined in (4.1.1).

Theorem 4.2.9. If 0 < η < 1, 0 ≤ ν ≤ 1, ω, ξ ∈ C, ℜ(α) > max{0,ℜ(δ)− 1}

and min{ℜ(β, γ, λ, µ)} > 0 then

(

Dη, ν
0+ y

)

(x) = ξ

(

Eγ,δα,β,λ,µ,ω; 0+
)

(x) + f(x) (4.2.16)

with the initial condition

(

I
(1−ν)(1−η)
0+ y

)

(0+) = C,

has solution in the space L(0,∞) given by

y(x) = C
xη−ν(1−η)−1

Γ(η − ν + ην)
+ ξ xη+β Eγ,δ

α,β+η+1,λ,µ

(

ωxα
)

+
1

Γ(η)

x
∫

0

(x− t)η−1 f(t) dt, (4.2.17)

where C is arbitrary constant.

Proof. Applying the Laplace transform on both sides of (4.2.16), it gives

L
(

Dη,ν
0+ y(x)

)

(S) = L
(

ξ

(

Eγ,δα,β,λ,µ,ω; 0+
)

(x) + f(x)

)

(S),
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and further with the help of (4.1.1),

L
(

Dη,ν
0+ y(x)

)

(S) = ξ L





x
∫

0

xβ−1 Eγ,δ
α,β,λ,µ

(

ωxα; s, r
)

(1)(t) dt



 (S)

+ F (S). (4.2.18)

Now

L
(

xβ−1 Eγ,δ
α,β,λ,µ

(

ωxα; s, r
)

)

(S)

= L
(

xβ−1

∞
∑

n=0

[(γ)δn]
s ωn xαn

Γ(αn+ β) [(λ)µn]r n!

)

(S)

=
∞
∑

n=0

[(γ)δn]
s ωn

Γ(αn+ β) [(λ)µn]r n!
L(xαn+β−1)

=
∞
∑

n=0

[(γ)δn]
s ωn

Γ(αn+ β) [(λ)µn]r n!

Γ(αn+ β)

Sαn+β
. (4.2.19)

Using the Laplace convolution Theorem 1.4.4 in (4.2.18), one gets

L
(

Dη,ν
0+ y(x)

)

(S) = ξ L
(

xβ−1 Eγ,δ
α,β,λ,µ

(

ωxα; s, r
)

)

(S)L(1)(S) + F (S).

Using (1.6.7), which is

L[Dµ, ν
0+ f(x)](S) = Sµ L[f(x)](S)− Sν(1−µ)(I

(1−ν)(1−µ)
0+ f)(0+),

and then using (4.2.19), this becomes

Sη L(y(x))(S)− Sν(1−η)
(

I
(1−ν)(1−η)
0+ y

)

(0+) = ξ

∞
∑

n=0

[(γ)δn]
s ωn

[(λ)µn]r n!

Γ(αn+ β)

Sαn+β+1
.

Hence,

Sη Y (S)− C Sν(1−η) = ξ L[xβ−1 Eγ,δ
α,β,λ,µ(ω x

α)](S) L(1)(S) + F (S)

= ξ S−β−1

∞
∑

n=0

[(γ)δn]
s (ω S−α)n

[(λ)µn]r n!
+ F (S).

From this, it follows that

Y (S) = C Sν(1−η)−η + ξS−β−η−1

∞
∑

n=0

[(γ)δn]
s(ω Sα)n

[(λ)µn]rn!
+ F (S)S−η. (4.2.20)
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Now, taking the inverse Laplace transform on both sides of equation (4.2.20), one

obtains

y(x) = C L−1
(

Sν(1−η)−η
)

(x) + ξ

∞
∑

n=0

[(γ)δn]
S ωn

[(λ)µn]r n!
L−1(S−αn−β−η−1)(x)

+L−1(S−ηF (S))

= C
xη−ν(1−η)−1

Γ(η − ν + ην)
+ ξ xη+β

∞
∑

n=0

[(γ)δn]
sωnxαn

Γ(αn+ β + η + 1)[(λ)µn]rn!

+
1

Γ(η)

x
∫

0

(x− t)η−1f(t) dt

= C
xη−ν(1−η)−1

Γ(η − ν + η ν)
+ ξ xη+β Eγ,δ

α,β+η+1,λ,µ

(

ωxα
)

+
1

Γ(η)

x
∫

0

(x− t)η−1 f(t) dt.

The instance f(y) = Eγ,δ
α,β+1,λ,µ(y; s, r) is the following theorem.

Theorem 4.2.10. If 0 < η < 1, 0 ≤ ν ≤ 1, ω, ξ ∈ C, R(α) > max{0, R(δ)− 1}

and min{R(β, γ, λ, µ)} > 0 then

(

Dη,ν
0+y

)

(x) = ξ

(

Eγ,δα,β,λ,µ,ω; 0+
)

(x) + xβEγ,δ
α,β+1,λ,µ

(

ω(ax)α; s, r
)

(4.2.21)

with the initial condition

(

I
(1−ν)(1−η)
0+ y

)

(0+) = C,

has solution in the space L(0,∞) given by

y(x) = C
xη−ν(1−η)−1

Γ(η − ν + ην)
+ (ξ + 1) xη+β Eγ,δ

α,βη+1,λ,µ

(

ω(ax)α; s, r
)

, (4.2.22)

where C is arbitrary constant.

Proof. Put

f(t) = tβ Eγ,δ
α,β+1,λ,µ

(

ω(at)α; s, r
)
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in Theorem 4.2.9, to get

y(x) = C
xη−ν(1−η)−1

Γ(η − ν + η ν)
+ ξ xη+β Eγ,δ

α,β+η+1,λ,µ

(

ω(ax)α; s, r
)

+
1

Γ(η)

x
∫

0

(x− t)η−1 tβ Eγ,δ
α,β+1,λ,µ

(

ω(ax)α; s, r
)

dt. (4.2.23)

Here,

x
∫

0

(x− t)η−1 tβ Eγ,δ
α,β+1,λ,µ

(

ω(at)α; s, r
)

dt

=

x
∫

0

(x− t)η−1 tβ
∞
∑

n=0

[(γ)δ n]
s (ω (at)α)n

Γ(αn+ β + 1) [(λ)µn]r n!
dt

=
∞
∑

n=0

[(γ)δn]
s ωn

Γ(αn+ β + 1) [(λ)µn]r n!

x
∫

0

(x− t)η−1 tαn+β dt.

Taking t = xu, dt = xdu, u→ 0 as t→ 0 and u→ 1 as t→ x, hence

x
∫

0

(x− t)η−1 tβ Eγ,δ
α,β+1,λ,µ

(

ω(at)α; s, r
)

dt

=
∞
∑

n=0

[(γ)δn]
s ωn xαn+η+β

Γ(αn+ β) [(λ)µn]r n!

1
∫

0

(1− u)η−1 uαn+β dt

=
∞
∑

n=0

[(γ)δn]
s ωn xαn+η+β Γ(η) Γ(αn+ β)

Γ(αn+ β) [(λ)µn]r n! Γ(αn+ β + η + 1)

= Γ(η)
∞
∑

n=0

[(γ)δ n]
s (ω (ax)α)n x(η+β)

Γ(αn+ β + η + 1) [(λ)µn]r n!

= x(η+β) Γ(η) Eγ,δ
α,β+η+1,λ,µ

(

ωxα; s, r
)

.

Using this in (4.2.23), (4.2.22) is obtained.

Theorem 4.2.11. If 0 < η < 1, 0 ≤ ν ≤ 1, ω, ξ ∈ C, ℜ(α) > max{0,ℜ(δ)− 1}

and min{ℜ(β, γ, λ, µ)} > 0 then

x

(

Dη, ν
0+ y

)

(x) = ξ

(

Eγ,δα,β,λ,µ,ω; 0+
)

(x) (4.2.24)
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with the initial condition

(

I
(1−ν)(1−η)
0+ y

)

(0+) = C1,

has solution in the space L(0,∞) given by

y(x) = C2
xη−1

Γ(η)
+ C1

xη−ν(1−η)−1

Γ(η − ν(1− η))
+ ξ Eγ,δ

α,β+η,λ,µ

(

ωxα; s, r
)

, (4.2.25)

where C1 and C2 are arbitrary constants.

Proof. Applying Laplace transform on both the sides of (4.2.24), gives

L
(

x

(

Dη, ν
0+ y

)

(x)

)

(S) = L
(

ξ

(

Eγ,δα,β,λ,µ,ω; 0+
)

(x)

)

(S)

and using (4.1.1), this gives

L
(

x Dη,ν
0+ y(x)

)

(S) = ξ L





x
∫

0

xβ−1 Eγ,δ
α,β,λ,µ

(

ωxα; s, r
)

(1)(t) dt



 (S). (4.2.26)

Now using the Laplace convolution Theorem 1.4.4 in (4.2.18), one gets

L
(

x Dη,ν
0+ y(x)

)

(S) = ξ L
(

xβ−1 Eγ,δ
α,β,λ,µ

(

ωxα; s, r
)

)

(S) L(1)(S).

Using the derivative formula (1.4.5) with n = 1, and using (1.6.7) and (4.2.19),

this yields

∂

∂S

(

Sη L(y(x))(S)− Sν(1−η)
(

I
(1−ν)(1−η)
0+ y

)

(0+)

)

= −ξ
∞
∑

n=0

[(γ)δn]
s ωn

Γ(αn+ β) [(λ)µn]r n!

Γ(αn+ β + 1)

Sαn+β+1
.

Hence,

∂

∂S

(

Sη Y (S)− C1 S
ν(1−η)

)

= −ξ L
[

xβ−1 Eγ,δ
α,β,λ,µ(ω x

α)
]

(S) L(1)(S) + F (S)

= −ξ S−β−1

∞
∑

n=0

[(γ)δn]
s (αn+ β) (ω S−α)n

[(λ)µn]r n!

which leads to the first order ordinary linear differential equation:

Y ′(S) +
η

S
Y (S)− C1 ν(1− η)Sν(1−η)−1−η



Chapter 4. Fractional Integration and differentiation 116

+ξ S−β−η−1

∞
∑

n=0

[(γ)δn]
s (αn+ β) (ω S−α)n

[(λ)µn]r n!
= 0

for Y (S). Now, by solving this ordinary differential equation, one finds

Y (S) = exp



−
S
∫

η

S
dS





[

C2 +

S
∫

(

C1 ν(1− η) Sν(1−η)−1−η

−ξ S−β−η−1

∞
∑

n=0

[(γ)δn]
s (αn+ β) (ω S−α)n

[(λ)µn]r n!

)

exp





S
∫

η

S
dS



 dS

]

= C2 S
−η + C1 S

ν(1−η)−η − ξ S−η

∞
∑

n=0

[(γ)δn]
s (αn+ β) ωn

[(λ)µn]r n!

S
∫

1

Sαn+β+1
dS

= C2 S
−η + C1 S

ν(1−η)−η + ξ S−η

∞
∑

n=0

[(γ)δn]
s (αn+ β) ωn

[(λ)µn]r n! (αn+ β) Sαn+β
.

Finally applying inverse Laplace transform, it gives

y(x) = C2
xη−1

Γ(η)
+ C1

xη−ν(1−η)−1

Γ(η − ν(1− η))
+ ξ

∞
∑

n=0

[(γ)δn]
s ωn

[(λ)µn]r n!

xαn+β+η−1

Γ(αn+ β + η)

= C2
xη−1

Γ(η)
+ C1

xη−ν(1−η)−1

Γ(η − ν(1− η))
+ ξ Eγ,δ

α,β+η,λ,µ

(

ωxα; s, r
)

.

4.2.4 Integral transforms of
(

Eγ,δ
α,β,λ,µ,ω; 0+

f
)

(x)

An application of Mellin transform is considered on
(

Eγ,δα,β,λ,µ,ω; 0+f
)

(x) in the fol-

lowing theorem.

Theorem 4.2.12. Let α, β, γ, λ, ω ∈ C,ℜ(α, β, γ, λ) > 0; δ, µ > 0,ℜ(1−S−β) > 0

then

M
{

(Eγ,δα,β,λ,µ,ω; 0+f)(x);S
}

=
[Γ(λ)]r

2πi [Γ(γ)]s Γ(1− S)

×Hr+3,s+1
s+1,r+3

[

−wtα [(1− γ, δ)]s, (0, 1)

(0, 1), (1− S − β, α), [(1− λ, µ)]r, (0, 1)

]

×M{tβf(t);S}.
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Proof. By the definition of the Mellin transform,

M
{

(Eγ,δα,β,λ,µ,ω; 0+f)(x);S
}

=

∞
∫

0

xS−1

x
∫

0

(x− t)β−1 Eγ,δ
α,β,λ,µ

(

ω(x− t)α; s, r
)

f(t) dt dx.

Interchanging the order of integration, which is permissible under the given con-

ditions, one finds that

M
{

(Eγ,δ
α,β,λ,µ,ω; 0+

f)(x);S

}

=

∞
∫

0

f(t)

∞
∫

t

xS−1(x− t)β−1Eγ,δ
α,β,λ,µ

(

ω(x− t)α; s, r
)

dx dt.

For x = t+ u, then above integral takes the form

M
{

(Eγ, δα,β,λ,µ,ω; 0+
f)(x);S

}

=

∞
∫

0

f(t)

∞
∫

0

(t+ u)S−1 uβ−1 Eγ,δ
α,β,λ,µ(ωu

α; s, r) du dt.

To evaluate the u-integral, the Mittag-Leffler function is expressed in terms of its

Mellin-Barnes contour integral by means of the formula (2.2.16), then the above

expression gets transformed into the form

M
{

(Eγ,δα,β,λ,µ,ω; 0+f)(x);S
}

=

∞
∫

0

f(t)
[Γ(λ)]r

2πi [Γ(γ)]s

i∞
∫

−i∞

Γ(−ξ) Γ(1 + ξ) [Γ(γ + δξ)]s (−ω)ξ
Γ(β + αξ) [Γ(λ+ µξ)]r Γ(1 + ξ)

×
∞
∫

0

(t+ u)S−1 uαξ+β−1 du dξ dt.

Now put u = tv, to get

M
{

(Eγ,δα,β,λ,µ,ω; 0+f)(x);S
}

=

∞
∫

0

f(t)
[Γ(λ)]r

2πi [Γ(γ)]s

i∞
∫

−i∞

Γ(−ξ) Γ(1 + ξ) [Γ(γ + δξ)]s (−ω)ξ
Γ(β + αξ) [Γ(λ+ µξ)]r Γ(1 + ξ)
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×
∞
∫

0

(1 + v)S−1 vαξ+β−1 dv tαξ+S+β−1 dξ dt.

On evaluating the u- integral with the help of the formula

∞
∫

0

xν−1 (x+ a)−ρ dx =
Γ(ν) Γ(ρ− ν)

Γ(ρ)
; ℜ(ρ) > ℜ(ν) > 0,

then the right hand side of above equation simplifies to

M
{

(Eγ,δα,β,λ,µ,ω; 0+f)(x);S
}

=
[Γ(λ)]r

2πi [Γ(γ)]s Γ(1− S)

∞
∫

0

tβ+S−1 f(t)

×
i∞
∫

−i∞

Γ(−ξ) Γ(1 + ξ) Γ(1− S − αξ − β)

[Γ(γ + δξ)]−s [Γ(λ+ µξ)]r Γ(1 + ξ)
(−ωtα)ξ dξ dt

=
[Γ(λ)]r

2πi [Γ(γ)]s Γ(1− S)

∞
∫

0

tβ+S−1 f(t)

×H1,s+3
s+3,r+1

[

−wtα (1,−1), (0, 1), [(1− γ, δ)]s, (S + β,−α)
(0, 1), [(1− λ, µ)]r

]

dt

=
[Γ(λ)]r

2πi [Γ(γ)]s Γ(1− S)

×M
{

f(t) H1,s+3
s+3,r+1

[

− wtα
(1,−1), (0, 1), [(1− γ, δ)]s,(S + β,−α)

(0, 1), [(1− λ, µ)]r

]

;S + β

}

In view of the definition (1.2.12) of H-function, this yields the desired result.

For s = 1, r = 0, δ = q the Theorem 4.2.12 reduces to the following form.

Corollary 4.2.1. The Mellin transform

M
{

(Eγ,qα,β,ω; 0+f)(x);S
}

=
1

2πi Γ(γ) Γ(1− S)

×M
{

f(t) H1,4
4,1

[

− wtα
(1,−1), (0, 1), (1− γ, q), (S + β,−α)
(0, 1)

]

;S + β

}

,
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where ℜ(α, β, γ) > 0; q ∈ (0, 1)∪N,ℜ(1−S−β) > 0 and H2,1
1,2 (∗) is the H-function

defined by (1.2.12).

Theorem 4.2.13. The Laplace transform of the operator
(

Eγ,δα,β,λ,µ,ω; 0+f
)

(x) is

given by

L
{

(Eγ,δα,β,λ,µ,ω; 0+f)(x);P
}

=
[Γ(λ)]r

[Γ(γ)]s P β s+1ψr+1

[

[(γ, q)]s, (1, 1); ω/Pα

[(λ, µ)]r, (1, 1);

]

F (P ),

where ℜ(α, β, γ) > 0;ℜ(p) > |ω|1/ℜ(α) and F(P) is the Laplace transform of f(t),

defined by

L{f(t);P} = F (P ) =

∞
∫

0

e−Ptf(t) dt, ℜ(P ) > 0.

Proof. By virtue of the definition of Laplace transform, and interchanging the

order of integration which is permissible under the conditions given in the theorem,

one finds that

L
{

(

Eγ,δα,β,λ,µ,ω; 0+f
)

(x);P

}

=

∞
∫

0

e−Px
x
∫

0

(x− t)β−1Eγ,δ
α,β,λ,µ[ω(x− t)α] f(t) dt dx

=

∞
∫

0

e−Px f(t)

∞
∫

t

(x− t)β−1Eγ,δ
α,β,λ,µ[ω(x− t)α] dx dt.

With x = t+ u, this gives

L
{

(

Eγ,δα,β,λ,µ,ω; 0+f
)

(x);P

}

=

∞
∫

0

e−Ptf(t) dt

∞
∫

0

e−Pu uβ−1Eγ,δ
α,β,λ,µ[ωu

α] du

=
∞
∑

k=0

[(γ)δk]
s ωk

Γ(αk + β) [(λ)µk]r k!

∞
∫

0

e−Pu uβ+αk−1 du

∞
∫

0

e−Pt f(t)dt

=
∞
∑

k=0

[(γ)δk]
s ωk

Γ(αk + β) [(λ)µk]r k!

Γ(αk + β)

P β+αk

∞
∫

0

e−Ptf(t)dt



Chapter 4. Fractional Integration and differentiation 120

=
∞
∑

k=0

[(γ)δk]
s ωk

P β+αk [(λ)µk]r k!

∞
∫

0

e−Ptf(t)dt

=
[Γ(λ)]r

[Γ(γ)]s P β sψr

[

[(γ, δ)]s, ω/P α

[(λ, µ)]r,

]

F (P ).

The special case s = 1, r = 0, δ = q of Theorem 4.2.13 is

Corollary 4.2.2. In the notations of the above theorem,

L
{

(Eγ, qα,β,ω; 0+
f)(x);P

}

=
1

Γ(γ)
P−β

1ψ0

[

(γ, q); ω/Pα

−;

]

F (P ).

4.2.5 Properties of Et(c, ν, γ, δ, λ, µ) and Et(c,−η, γ, δ, λ, µ)

In this section, certain properties of the functions Et(c, ν, γ, δ, λ, µ) and

Et(c,−η, γ, δ, λ, µ) will be obtained.

Consider the function

f(t) =
∞
∑

n=0

[(γ)δn]
s (ct)n

(n!)2 [(λ)µn]r
,

where γ, λ ∈ C,ℜ(γ, λ) > 0, δ, µ > 0, r ∈ N ∪ {−1, 0}, s ∈ N ∪ {0}, and c is

arbitrary constant.

Now, using (1.6.1),

xI
ν
af(x) = Iνa+f(x) =

1

Γ(ν)

x
∫

a

f(t)

(x− t)1−ν
dt, x > a.

The fractional integral operator of order ν, gives

Iν0+f(t) =
1

Γ(ν)

t
∫

0

(t− ξ)ν−1

∞
∑

n=0

[(γ)δn]
s (cξ)n

(n!)2 [(λ)µn]r
dξ

=
1

Γ(ν)

∞
∑

n=0

[(γ)δn]
s cn

(n!)2 [(λ)µn]r

t
∫

0

ξn(t− ξ)ν−1 dξ.
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Taking ξ = tu, this gives

Iν0+f(t) =
1

Γ(ν)

∞
∑

n=0

[(γ)δn]
s tν+n cn

(n!)2 [(λ)µn]r

1
∫

0

un (1− u)ν−1du

=
1

Γ(ν)

∞
∑

n=0

[(γ)δn]
s tν+n cn

(n!)2 [(λ)µn]r
B(n+ 1, ν)

=
1

Γ(ν)

∞
∑

n=0

[(γ)δn]
s tν+n cn

(n!)2 [(λ)µn]r
Γ(n+ 1) Γ(ν)

Γ(n+ ν + 1)

= tν
∞
∑

n=0

[(γ)δn]
s (ct)n

Γ(n+ ν + 1) n! [(λ)µn]r

= tν Eγ,δ
1,ν+1,λ,µ(ct; s, r).

Put

tν Eγ,δ
1,ν+1,λ,µ(ct; s, r) = Et(c, ν, γ, δ, λ, µ). (4.2.27)

Now using (1.6.4), the fractional differential operator of order η is given as

Dη
0+f(t) = Dk

[

Ik−η
∞
∑

n=0

[(γ)δn]
s (ct)n

(n!)2 [(λ)µn]r

]

= Dk

[

tk−η
∞
∑

n=0

[(γ)δn]
s (ct)n

Γ(n+ k − η + 1) n! [(λ)µn]r

]

=
∞
∑

n=0

[(γ)δn]
s cn

Γ(n+ k − η + 1) n! [(λ)µn]r
Dk(tk−η+n).

After some simplification and using (2.1.5), it yields

Dη
0+f(t) = t−η

∞
∑

n=0

[(γ)δn]
s (ct)n

Γ(n+ (1− η)) [(λ)µn]r n!
.

= t−η Eγ,δ
1,1−η,λ,µ(ct; s, r). (4.2.28)

Put

Et(c,−η, γ, δ, λ, µ) = t−η Eγ,δ
1,1−η,λ,µ(ct; s, r). (4.2.29)

In the following theorems, the act of fractional integral and differential operators

are taken in to account.
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Theorem 4.2.14. If γ, λ, ν ∈ C,ℜ(γ, λ, ν) > 0, δ, µ > 0, r ∈ N ∪ {−1, 0}, s ∈
N ∪ {0}, c is arbitrary constant and fractional integral and differential operators

are of order σ then

Iσ0+ Et(c, ν, γ, δ, λ, µ) = Et(c, σ + ν, γ, δ, λ, µ). (4.2.30)

Dσ
0+Et(c, ν, γ, δ, λ, µ) = Et(c, ν − σ, γ, δ, λ, µ). (4.2.31)

Proof. From (1.6.1),

Iσ0+ Et(c, ν, γ, δ, λ, µ) =
1

Γ(σ)

t
∫

0

(t− ξ)σ−1 Eξ(c, ν, γ, δ, λ, µ) dξ.

Using (4.2.27) this gives

Iσ0+ Eξ(c, ν, γ, δ, λ, µ) =
1

Γ(σ)

t
∫

0

(t− ξ)σ−1 ξν

×
∞
∑

n=0

[(γ)δn]
s (cξ)n

Γ(n+ ν + 1) n! [(λ)µn]r
dξ.

Here substituting ξ = xt, then after some simplification, one gets

Iσ0+ Et(c, ν, γ, δ, λ, µ) =
1

Γ(σ)

∞
∑

n=0

[(γ)δn]
s cn tσ+ν+n

Γ(n+ ν + 1) n! [(λ)µn]r

1
∫

0

xσ−1 xν+n dx

=
1

Γ(σ)

∞
∑

n=0

[(γ)δn]
s cn tσ+ν+n

Γ(n+ ν + 1) n! [(λ)µn]r
B(σ, ν + n+ 1)

=
1

Γ(σ)

∞
∑

n=0

[(γ)δn]
s cn tσ+ν+n

Γ(n+ ν + 1) n! [(λ)µn]r
Γ(σ) Γ(ν + n+ 1)

Γ(σ + ν + n+ 1)
.

Once again use of (4.2.27) gives (4.2.30).

Now, in view of (1.6.4) and using (4.2.30),

Dσ
0+ Et(c, ν, γ, δ, λ, µ) = Dk

[

Ik−σ Et(c, ν, γ, δ, λ, µ)

]

= Dk

[

Et(c, k − σ + ν, γ, δ, λ, µ)

]

= Dk {tk−σ+ν Eγ,δ
1,k−σ+ν+1,λ,µ(ct; s, r)}

= Dk

[

tk−σ+ν
∞
∑

n=0

[(γ)δn]
s (ct)n

Γ(n+ k − σ + ν + 1) n! [(λ)µn]r

]
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=
∞
∑

n=0

[(γ)δn]
s cn

Γ(n+ k − σ + ν + 1) n! [(λ)µn]r
Dk(tk−σ+ν+n).

On simplifying this and using (2.1.5), one arrives at

Dσ
0+ Et(c, ν, γ, δ, λ, µ) = tν−σ

∞
∑

n=0

[(γ)δn]
s (ct)n

Γ(n+ (1 + ν − σ)) [(λ)µn]r n!
.

= tν−σ Eγ,δ
1,1+ν−σ,λ,µ(ct; s, r).

Finally using (4.2.27), (4.2.31) occurs.

Using this Theorem 4.2.14, one may prove

Theorem 4.2.15. If γ, λ, η ∈ C,ℜ(γ, λ, η) > 0, δ, µ > 0, s, r ∈ Z, c is arbitrary

constant and fractional integral as well as differential operators are of order σ then

Iσ0+ Et(c,−η, γ, δ, λ, µ) = Et(c, σ − η, γ, δ, λ, µ), (4.2.32)

Dσ
0+ Et(c,−η, γ, δ, λ, µ) = Et(c,−σ − η, γ, δ, λ, µ). (4.2.33)

Theorem 4.2.16. If γ, λ, ν, η ∈ C,ℜ(γ, λ, ν, η) > 0, δ, µ > 0, r ∈ N∪{−1, 0}, s ∈
N ∪ {0}, and c is arbitrary constant then

1

Γ(λ)
L (Et(c, ν, γ, δ, λ, µ)) =

1

Sν+1
Eγ,δ
µ,λ,λ,µ(ct/S; s, r − 1) (4.2.34)

1

Γ(λ)
L (Et(c,−η, γ, δ, λ, µ)) =

1

S−η+1
Eγ,δ
µ,λ,λ,µ(ct/S; s, r − 1) (4.2.35)

Proof. Here

l.h.s. =
1

Γ(λ)
L (Et(c, ν, γ, δ, λ, µ))

=
1

Γ(λ)
L
(

tν Eγ,δ
1,ν+1,λ,µ(ct; s, r)

)

=
1

Γ(λ)
L
(

tν
∞
∑

n=0

[(γ)δn]
s (ct)n

Γ(n+ ν + 1) n! [(λ)µn]r

)

=
1

Γ(λ)

∞
∑

n=0

[(γ)δn]
s cn

Γ(n+ ν + 1) n! [(λ)µn]r
L
(

tn+ν
)
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=
1

Γ(λ)

∞
∑

n=0

[(γ)δn]
s cn

Γ(n+ ν + 1) n! [(λ)µn]r
Γ(ν + n+ 1)

Sn+ν+1

=
1

Sν+1

∞
∑

n=0

[(γ)δn]
s cn

Γ(µn+ λ) [(λ)µn]r−1 Sn n!

=
1

Sν+1
Eγ,δ
µ,λ,λ,µ(ct/S; s, r − 1)

= r.h.s. of (4.2.34).

Similarly,

l.h.s. =
1

Γ(λ)
L (Et(c,−η, γ, δ, λ, µ))

=
1

Γ(λ)
L
(

t−η Eγ,δ
1,−η+1,λ,µ(ct; s, r)

)

=
1

Γ(λ)
L
(

t−η
∞
∑

n=0

[(γ)δn]
s (ct)n

Γ(n− η + 1) n! [(λ)µn]r

)

=
1

Γ(λ)

∞
∑

n=0

[(γ)δn]
s cn

Γ(n− η + 1) n! [(λ)µn]r
L
(

tn−η
)

=
1

Γ(λ)

∞
∑

n=0

[(γ)δn]
s cn

Γ(n− η + 1) n! [(λ)µn]r
Γ(−η + n+ 1)

Sn−η+1

=
1

Γ(λ)

∞
∑

n=0

[(γ)δn]
s cn

n! [(λ)µn]r Sn+ν+1

=
1

S−η+1
Eγ,δ
µ,λ,λ,µ(ct/S; s, r − 1).

Hence (4.2.35) holds.

(A piece of the content of this work has been published in “Ukrainian Math-

ematical Journal, Vol. 66, No. 8, January, 2015, 1267-1280”)
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