Chapter 6

Inequalities involving generalized

Konhauser polynomial

6.1 Introduction

In this chapter, a generalized structure of the well known Konhauser polynomial

20 (w1 k) = (k‘m +o + 1) zm: ( > hn R(o) > 1,

— F(kn+o+1)’
(6.1.1)
suggested by the function ((2.1.5) of Chapter-2):
Josp 2 6.1.2
Hasdeisn) = S e (012

is studied. In particular, the differential equation and inverse inequality relation
are obtained. Moreover, several other properties involving inequalities are also de-
rived which yield as the particular cases, the inverse series relation, the generating
function relations and finite summation formulas. An integral representation is
also derived for this polynomial. The fractional integral operator, fractional dif-
ferential operator, Laplace transform and Euler(Beta) transform are also applied
on this polynomial.

In fact, by taking v = —m, a negative integer, replacing 5 by ¢ + 1 and z by real

variable ¥, k € N in (6.1.2), the generalized structure of Konhauser polynomial
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BlasoA)

is obtained which is denoted here by B x"; s,r). The explicit representation

is as follows.mm

am+o0+1) > [(—m)g,]% xF"

(m!)s

B(a*»o'v)‘vu) ( k

¥ s,r) = ,(6.1.3)

< Tan+ o+ 1) [V

n=

where a, 0, A > 0, m,0,u, k,s € N, r € NU{0}, and m* = [%¥] denotes the integral
part of .
This generalized polynomial will be henceforth referred to as the Generalized Kon-

hauser polynomial, briefly by GKP.

6.2 (Generalized Konhauser polynomial

For o, B, A\, 0 > 0, m,d,u,k,s € N, r € NU{0} and putting 8 =0+ 1,7 = —
and replacing z by z* in (6.1.2), one gets

m* kn
x
B (dFs ) = l
W ; I'(an + o+ 1) [(A)un]” n!
(m!)* I'(am+o+1)

[(am+o0+1) (ml)s

8 ; T(an + o + 1) [(A)un)” 7!

1\s
(m!) Bﬁff”\’“) (:pk; S,T).
['(am+o0+1)

If « =k € N,s=1,r =0 then this further reduces to another generalization of

Konhauser polynomial due to Ajudia, Prajapati, Agarwal [58]:

B0 @10) = (z), (6.2.1)

where

LG (2 = 25, (k) =

m* m

(6.2.2)

The reducibility of (6.1.3) to (6.2.2) is given by

BESA (k1 0) = Z7 (2 k). (6.2.3)
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The classical Konhauser polynomial given in (6.1.1) is

Zy (w3 k) = BRo (a4:1,0) =

D(km+o+4+1) N
F(m + 1) Ek, o+1, A,u(x ;1 O) (624)

Evidently,
'm+o+1) _
(1707A7 ) . — - 7 m’l .
Bm . (Z’,l,O) - F(m—l—l) El,a-i—l,)\,u(m?l’o)
= L9(x) (6.2.5)

is (generalized) Laguerre polynomial (?77?).

6.3 Differential equation

For the polynomial (6.1.3), the differential equation is obtained as follows.

Theorem 6.3.1. If o, B, A\, m, 0, u, k,s € N, r € NU{0} and the operator © is
d

defined by © f(x) = xd—f(x) then U = Béfi’ﬁ”\’”) (z%; s,7) satisfies the equation
T

G I Go ) e
_aéjulf“ " {;ﬁ <%@+ _””;ﬂ)s}

Proof. The first task is to convert the coefficient of x*" in (6.1.3) in factorial
function notations with the aid of the formula [63, Eq.2, p.22]:

k-1
ok (O a+1 at+k—=1\ . a+s
(@) = k (k>n( . >n<—k = 1:[0 i) s Fen

Then

U=0. (6.3.1)

C(am+B+1)
()

[(=m)sn]” a*
Llan+ B +1) [(Aun]” n!

Ms

U:

0

S
Il

_ Tlam+3+1) s [(=m)sn]" xF"

~ (m)ET(B+1) ;( + Dan [(Aun]” nl

_ Dam+ B+ 1) =0 [(5),)° [(759),)7 - [(=5),] o™
(mh)* T(B+1) = o (23 )n (%3),--- (59),
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1
o [G))102), ] (o),
- {T=,0) .

n—=

F(am—l—ﬁ—l—
( ﬂ_{_l Zaom r,un{

IT (), }{fﬁ: ()] m

Using the symbols:

11(3““)5/% : ()] == I[=5) [=on

Clam+ g+
(m!)* T(B+1

1)

) B
T(am+ B+ 1) « Ch

)

1)

(ml)> (6 +1

n=

~ Tlam+ B+ /{:m* . C,ahn
= TG 2"

n=1

Further,

_ Tlam+B8+1) kg, G,
20U = TG nipAan(n—l)!

=1
B F(am+ﬁ+1
 (m)sT(B+1) Z A, B, n—l)

a—1
X{JHO(HT_Q}QE

F(am+6+1 zkn
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Finally,

F(am—l—ﬁ%—

(m!)s Z AnlB n—l)

(I)lq)QGU = (bll'kn

~ TIlam+B8+1)k
N (B+1) Z AnlB n—l)

i) T
AT 1>T}$“‘

(
F(am—|—5+1 zkn

Thus,

T(am+B+1) k<~ .y Coyy bt
O] — n—&—l—'
12200 (m))* T(B+ 1) ;p A, B, nl

(6.3.2)

On the other hand,

I'(am+pg+1
(m!)* T(6+1

[am+p5+1
(mhs T(B+1

[am+pg+1
(m) T(B+ 1) =" 4, B, nl’

YU =

Il
3
I 3
[e)
=
s
I
=
=0 W
s
S
—
T Ik
o -
A~
+
|
ol 3
+
~
vy
——
X
s

hence

i Clam+p+1) k mz i1 Ont1 itk

(m T(B+1) =" "4, B, nl (6.3.3)

The differential equation (6.3.1) now follows from (6.3.2) and (6.3.3). O

6.4 Inverse series and inequality relations

If the real valued functions f(x,n;s) and g(x,n;s), s € N\ {1} are such that
flz,nys) < BOPM) gk s r) and g(z,n;s) > B@P M) (2%: s r), then one finds
the following inequality relations.

7 77

The presence of parameter yields an unusual inverse series relations involving
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the polynomial (6.1.3). In fact for s = 1, the usual inverse series relation occurs
whereas for other values of s, the series relations involve the inequality. This is

proved in the following theorems.

Theorem 6.4.1. Let f(x,n;s) and g(x,n;s) be real valued functions, o, 5, A > 0,
and p, k € N, r € NU{0}. If s is odd positive integer and m, (n—a non negative

integer) are even positive integers, then
flz,n;s) < Bfﬁ’ﬂ’)"“) (z%;s,7) (6.4.1)

implies

o Dlan 4+ 6+ 1) [(V)] ! fﬁ ( (Emn)il” i (642)

(mn!)s — ['(aj +B+1) j!
and
n_ Dlan+ B8+ 1) [Nl 0l g~ [(=mn),]’ y
J,’k < (mn')s Z (Oé] +B+ 1) ]' g(x,j,s), (643)
implies

g(x,n;8) > BO@PMI (kg 1), (6.4.4)

Proof. Since the inequality (6.4.1) holds, putting

Dlan 8+ 1) [l ml & [Com)}o
(DD ST E AR

and substituting the series inequality (6.4.1) for f(x, j;s), one gets

C(an+6+1) [(N)u]" n Z [(=mn);]* T(aj+p+1)
[(mn)!]® D(aj+B8+1) (s

[(=5)mi]® =™
— T+ 8 +1) [(A)u]” 2!

L(an + B+ 1) [(A)un]” 0l g~ (=1 [(mn)!)°
[(mn)!]* ]z: [(mn — j)!]°

&n

—
RS
i

X

I§
o

( )smi xki
(7 —mi)!)"T(cd + B+ 1) [(A)]" 4!

Ms\~

=0
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)#tsmi Dan+ B+ 1) [(A)un]” n! 2
ZZ (5 —md)!]° [(mn—)° T(ai+ B+1) [(N)u]" i

7=0 =0
Here the double series relation (1.2.21),

n mn—mj

D= fli+mjj)

i=0 j=0 j=0 =0

3
3=

ngE
M

further simplifies this to

EEe )9 Dan + 8+ 1) [Vl nl *
> Z [(mn—mi— ) T(ai+ B+ 1) [N i

N . T(an+ 8+ 1) [(A)]™n! 2*
B * ; [(mn —mi)l]® T(ad+ B+ 1) [(N)u]" 4!

mn—msi . s
. mn —mai
x Z -

J

R an+5+DKMWYMxk
7+ Z{; [(mn —md)" T(ai+ B+ 1) [N @

(Zen(, "))

IA

Since the inner most series on the right hand side vanishes, the inequality (6.4.2)

follows.
The other series inequality relation occurs as follows.
Here (6.4.3) holds true. Taking

and then substituting the series inequality (6.4.3) for 2%/ | one gets

y Clan+ B+ 1) (=) mj]®
! (nl) S T(aj+B+1) (M) J!
D(ej+ B+1) [(N) 1S [(—mj)]
) 2 Tars g+1) 55%)
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|3

)

B Fom+ﬁ—|—1 )smi (nl)

N Z [(n = m)1)" [(mg)!]*
S ) [(m)!)° 3
Z z's (ai+ﬁ+1)g($’z’s>

0

SRS (=1)*m* T(an + B +1)
N Z [(n—m))” [(mj—9)]° T(ai+B8+1

In view of double series relation (1.2.22):

n k n n

this takes the form:

smj—l—zs F(an+5+1) )
vy, < ZZ = my)! I T(oi+ B+ 1) g(z,i;8)

pr e " {(mj — )]
= g(z,n;s +Z Fai j_ﬂgiﬁ;q) g9(x,i; 5)
)sm]
mZ (= m) T [(mj = DI
— +B8+1) :
= g(z,n;s) ; Z?_i_ﬁle) g(x,i; )
)sm]
mZ (n—i—mj)" [(m))]
(an+B+1)

= .73 n;s +;F&Z+ﬁ+ [( —Z)']s g(w,i;s)

IA
=R
JE%
v3
>
+
3
M7
=
Q
3
+
o)
_|._
=
V)
o
“H
\’S
>

- (;f_”mj( mi )) '

Once again the inner most series on the right hand side vanishes, hence

n < g(x,n;s).

)ﬂ%@ﬁ



Chapter 6. Inequalities involving generalized Konhauser polynomial 159

]

Towards the converse of these inequality relations, one can obtain the fol-

lowing theorem.

Theorem 6.4.2. Let f(x,n;s) and g(x,n;s) be real valued functions, a, B, A > 0,
and u,k € N, r € NU{0}. If either s is an even positive integer or s,m,(n—a

non negative integer) are all odd positive integers, then

f(z,7;9) (6.4.5)

xm>Nm+ﬁ+DWM$m§§(Kﬁmms

(mn!)s — I'(aj +B8+1) j!
implies

flz,nys) < B (g g ), (6.4.6)
and

g(z,m;8) > B (kg ) (6.4.7)
implies

ﬁn<FMn+ﬁ+DKMWYm§§ J(wmﬂs

(mn!)s Tlaj + B+ 1) ! g(x,jis).  (6.4.8)

The proof runs parallel to that of Theorem 6.4.1, hence is omitted.
Now, for s = 1, one obtains the inverse series relations for the polynomial (6.1.3)

which is stated as
Theorem 6.4.3. For o, B, A > 0,m, u, k € N, r € NU {0},

Flan+ B +1) T2 (—n)uy o
2 i

B(iﬁﬁ?)‘vu)
e nl T(aj + B+ 1) [(N)] !

(6.4.9)

¥ 1,r) =

if and only iof

T‘

xkn (Oén—f-ﬁ—i—l n m i
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and forn #ml, | € N,

~_ (=n) (@B M) k
———— B (2" 1,r) = 0. 6.4.11
;F(aj+ﬁ+1) J ( ) ( )

Proof. The proof of (6.4.9) implies (6.4.10) runs as follows.
Denoting the right hand side of (6.4.10) by €2,,, and then substituting for

B](»f"ﬁ”\’“) (z%;1,7) from (6.4.9), one gets

B [(an+ B +1) [()‘)lm]r — (—mn); (BAm) [ k.
= (mn)! Z [(aj+B8+1) By @i L,7)

~ D(an+ B+ 1) (V)] e

N (mn)! 2 (=mm); 3 T(ai+ B+ 1) (W] d!

ki

=0
This in view of the double series relation (1.2.21), further takes the form

j/m]

=N

N —1)7 M an+ B+ 1) [(A)un]” 2™

Qn - e ; (mn _ ] ] — mz)' F(CEZ + B + 1) [()\> ]
B n mn—mi 1 J F(an + ﬁ -+ 1) [()\>Mn] xki

par il mn—mz—j) T (i 4+ B41) [(N)u]”

o I(an+p+1) [(A M i (mn—mi
e = v (M)

F—'—, F(oi+ 6 +1) [(A)u] (mn—mz

=0 7=0

Here the inner sum in the second term on the right hand side vanishes, conse-
kn

quently, one may arrive at €, = “+-.
To show further that (6.4.9) also implies (6.4.11), one may substitute for

BB (k1 1 from (6.4.9) to the left hand of (6.4.11), to get

J

~_ (=n) (2.0
ety L)

[i/m]

B - (—=1)7 n! (—1)mé gk
= 2 G 2 T B () Gl
[n/m] ki
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if n # ml, | € N. Thus completing the first part. The proof of converse part
runs as follows [13]. In order to show that both the series (6.4.10) and the condi-
tion (6.4.11) together imply the series (6.4.9), the following simplest inverse series
relations [64, Eq.(1), p.43] will be used.

=T -3 T

v
=0 =0

Here putting

j! (Q,B,)\,/L) k
= ——"——— B % 1),
Pi = Tajrpr1) 7 ( )

and considering one sided relation that is, the series on the left hand side implies

the series on the right side, one gets

- (=n); (B )k
wp =Y ————2  BIPAMI(pk g 6.4.12
%;ij+5+m J ( ) ( )

=

Tan+B+1) <= (—n);

| 1
n! = 7

Bfﬁ’ﬂ’A’“) (2% 1,7r) =

Since the condition (6.4.11) holds, w,, = 0 for n # ml, | € N, whereas

— (—mn); (B ) [k
= B‘*’ ’ 7/1/ ;]_, .
s =2 oy g O @)

But since the series (6.4.10) holds true,

Y (mn)! xFn
"l T(an+ B41) (M)

Consequently, the inverse pair (6.4.12) and (6.4.13) assume the form:

o Dlan+ B+ 1)((N)m) ~~  (—mn);
nl (mn)! jzo [aj +B+1)

(aBm) (k.
x Bj. (% 1,71)

) 7>\7M . m

n! e (mj)!
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Flan+ g+ 1) /] (—n)pm; o
2 (

n! Plaj+B84+1) (M)" 3V

subject to the condition (6.4.11). O

6.5 Some inequalities

In this section certain inequalities connecting GKP and GHF are deduced.

Theorem 6.5.1. If o, 5, \, 0,2 >0, 6, u,m,k,s € N, r e NU{0}, 0 <t <1,

s6

and p = oo 05 before, then the following series inequalities hold.
i Baﬁ’\m) (2F;s,7) g
=0 + Lam
xk 86
< e 0 Futrp ’ o () , (6.5.1)
Ale; B+1), AQuA),
Z —((U)m) njiﬁ/\”)(a: s,r) t"e
2B+ L
A(S: )5 k(—t 56
<=1 5 Fairs (8;0)° Pt (5) , (6.5.2)
Al B+1), AQw A);
and
B(aﬁ)\ﬂ) 2fms
mzoram+6+1) (% 5.7)
5 ¢ s0
so 170, k .
S (1 —t) Ea BH1, A 1 (.’L’ (1——t> ,S,T’) . (653)
Proof. (of (6.5.1))
Here,
oo B(a*ﬁ,)\vﬂ) k.
Lhs, = Y 2m (2555:7) s

m=0

e kn

_ 1 (6+1am ( )5n] xr ms
B 7;)F(Ozm—l—ﬁ—l—l) ZFan+B+ 1) [(A) pn]” n!t
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B S (P N G B )
= Z (5 + 1)am (m!)s % ((m _ 5n)!)s (5 T 1)% [O\)un]T ol
> (_1)5611 xkn t(m+5n)5

(mD)* (6 + Dan [(A) ] 0!

( 1)s5n tsén Ikn

() o0 S
B Z{Z %> }(5+1)an ()]

tm B (_1)3671 tsén xkn
(B4 Dan [(A)un]" 1!

hE
[M]#

m!

- i 1)86n tsén kn N
n=0 <B + 1)0m [()‘);m] n!

o A tfu—1 e B+ij—1 _1(_t)5snl,kn
— ets p+j—1

TLZZO 1£[1 ( H )n] [jHI ( « )n] MM""” oon n!

k S0
_ 2 _¢
= ets OFa+7'p, a® prH ( )
A( ’ﬁ_'_ 1)7 A(lua )‘) 5

= r.h.s

Proof. (of (6.5.2))
The left hand side

— S ((0)m)® T(am+B+1) - [(—m)snl® = kn yms
> ZF(an+ﬁ+1)[() T

_ - ((U)m)s am 55” (ml)s kn yms
- n;) (B + 1)am Z ((m — (5n )5 (B+ Dan [(A) )" n!
B 0o 00 s(5n m+5n>s kn t(m+5n)s
- mzz 6+1>m [(Aw nl
(o0 + (571 S (=1)%" ((0)5n)* t507 2km
<6 + 1)om [(/\);m]r n!

IN
:M8

(0 + 5n (_1)85n ((0)5)* 57 ghm
(B+ Dan [(A)n]” 1!

RN o (F1)PT ((0)50)° 50 b
- 7;1 v (B+ Dan [(A)pn]” n!
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_1) °
n (_6 t)ésn $kn
T

B TR (e
= e >}{

= (1 - t)isg séFaJrru

Proof. (of (6.5.3)) Here

Z ((0)m) Bﬁ:fi,k,#)@k; 5,7‘) gms
0 (/B + 1>am

kn $ms

ran+5+numwmn!

> 0)m)? Fam "
_ ZF ((o)m) ( +ﬁ+ 3 Jon]” @

(am+B+1)

n=0

_ v (@) F(Oém+5+ 1)
B Z I'(am+p+1) (m!)s

S~ (D" (ml)* ((m = dm)!) >t ¢
L Tan+ 5+ 1) (T

B X (_1)5(5n ((U)m+§n)s xkn tms—i—sén
B n;); (m!)* T'(an + B+ 1) [(A)ma]" n!
O (0 ) NS (1) ((0)50)° 2

N Z Z m! ) [(an+ B+ 1) [(A)mn]” n!

(4 ) ) (1) ((0)g0)° 2T
(Z m! ) F(an+ B +1) [(A)ma]" n!

S somsin (D) (0)50)* a0
> (-1 D(an + B+ 1) [(A)pn]" n!

s0
50 110,0 —
= (1—t) Eaﬁ-l-l)\u(xk(m S, T .

Hence (6.5.3) holds. O

HMS

Note 6.5.1. Equality occurs in the theorem when s = 1.
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6.5.1 Special cases-inequalities

(i) If « = k € N then (6.5.1) becomes

Z € +11) B(kﬁ’\m)(x ps,r) T

m=0

k

kkm T (_t)S(S

< €” oFytrp (6.5.4)

Ak; B+1), A( ),

The special case § = 1,7 = 0 of GKP B>7*"(z: s, ) will be denoted by Z5 J(x:k).
Thus

F(k;m+5+1 z’"‘: wkn

Z8 (x;k) =
(@5 K) ['(m+1) Fk:n+ﬂ+1) n!’

R(B) > —1 (6.5.5)
n=0

is another extended form of the Konhauser polynomial (6.1.1).

With these substitutions and notation (6.5.4) gets reduces to

=\ Z5 (k)

i T L pm < eSO F
(Bt D

A(k; B +1);

Finally, £ =1 yields

< StF
E 5‘1‘1 >~ € ol

m=0 m

B+ 1;

involving “extended” generalized Laguerre polynomial Lﬁ,f?s(m).
(ii)) f 0 = 1,7 =0, = k € N then (6.5.2) reduces to

X (0)m)* .
;mzﬁ,s(%k) t

s k

)

A(k; B+1);

£

S (]— - t)—sa st

(%) ] (k>s). (656

The associated series inequality occurs for £ = 1, in the form:

3 ((0)7;)5 L ()™ < (1= 1)7 515;1; * (=) ]

= (B+1)m

The function F}[#| exists only for s = 1,2.
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6.5.2 Special cases - Generating function relations

For s = 1, the series inequality relations in Theorem 6.5.1 provide the generating
function relations.
(i) Taking as before « =k € N, r =0 in (6.5.1), one gets

Z m (ZL’ ) m = 6t OFk
m=0 (6 + ]—)km

A(k; 8+ 1);

involving the polynomial (6.2.2).

Further for 9 = 1, it yields the generating function relation:

o b
78 (x k - _rt
m<x7 ) tm — et OFk ) k_k ]
o 0 Don A(k: B+ 1)
Finally, if £ = 1 then it gives the known generating function relation [63, Eq. (1),
p. 201] for Laguerre polynomial:
i L) i _ o | _xt]
m:O 6 - 1 m 5 + 1;

(ii) If 6 = 1,r = 0, = k € N then (6.5.2) provides the generating function

relation:
> o o (L)
k 1—1)°F ’ o (o (6.5.7
,;ﬂﬂ A PN Y ]( )

And with k£ = 1, it yields the known relation [63, Eq.(3), p.202]

—  (0)m _ o; -
_Im O ()¢ = (1 — )7 F =t
mZ:O(BH)m @ =0 =07R|
(iii) From (6.5.3), one immediately gets
0 ¢ 19
(e, B, o,0 —
Z ﬁ N)(x,l,?"):(l—t) ECVB‘H)\M('T(l—_t) 01, ) (658)

[e=]

m=

With r = 0,a = k € N, this would reduce to

= o — o, —t ’
> ok soen a0 g (4 () ),
m:0
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Further putting 6 = 1, it gives

3 _Tm g (2 k Y .
Z 5+1 (k) ¢ = (1 =) E} 54 T—7 )"

=0

The case k = 1 is the relation:

= m —0 10 —xl

6.6 Finite series inequalities

In this section, the following inequalities involving finite series and GKP are es-
tablished.

A>0,0,u,k,m,s,weN, re NU{0},
k
—1<w( (1) —(%)7><0th6n

A(k; B+1), A(ps )

with t = (%) W w, takes the form

£ st (0 son (1))
A e (% (—u))” ]

A(k; B41), Al A),

X OFk+r/,L
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That is,

o (o (B)7) S oo (7))

B ’gj“j”"” (0 | (6.6.2)
Ak B+1), Al A

< OFk+7°u

In this, interchanging x and y, gives

oxp (_Sw (g)s’%) mf; . ;kagfn B (4 5 ) <(%>;; w)“”

2 gk NS
< oFkprp i (~ ) ] (6.6.3)

A(k; B+1), Al A

From (6.6.2) and (6.6.3), it follows that either

()¢
&=
ENS
~
&=
N——

) ewp (s

(ﬁ+11) Bt 5,m) <(%)

1 (kBN (, x
B (o =
G B ()

3
]
o

VAN
[~]e
gl=

g

~
3
V)

@

»

i)
/|\
V)

g
N
8
N—

g
~
=

o

=

3
I

or

@

M8

B () ) e (o (1))

k w) " e <—sw (%)l%) . (6.6.5)

(5+11) Byt (@, m) ((%)

Rewritting the inequality (6.6.4) by transfering the exponential function from left

ms
w)

3
I
(=)

gl

<

W

0

3
]

side and proceeding further, one obtains

1 (kBAM) (k. y
(/B"i_]-)kmBm* ((L’ 7S7T) (k?)

5l

[M]¢

m=0

© St () o
(sw (" -6)7))
o0 mk

IA

B(kﬁA#) (E)T ms
mX::O 5+1 (y 757T) k w
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X exp (ws ((%)’E B (%)§)>

“ (B +1)km p
1 s ) % T\ 3 J
> ( (' -6)))
= ii 1 B(k,B)\u)( k. g ") <_><mgj)k o
(6"’ 1)k(m—j) ]‘ (m—yj) yis, 2

ms

Now comparing the coefficients of w™*, one arrives at (6.6.1). The inequality in

(6.6.1) with y and x interchanged, may be proved by using (6.6.5). O

The equality occurs in the theorem when s = 1. This is recorded in the

following.

6.6.1 Special cases

(i) From (6.6.1) , the finite summation formula occurs for s = 1:

BT(:;BA#)(Z.]C;]_’T) = ( )62 ( ﬂ+km ) (j')

X ((g)’E . 1) BEPMI 4 1,r). (6.6.6)

If » = 0 then this provides the following summation formula involving the gener-

alized Laguerre polynomial (6.2.2).

LEP) (k) = (g)kgﬂ i ( b :jm ) % ((%)g - 1) LD ("), (6.6.7)

J=0
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Further, 6 = 1 yields the summation formula:
km m . j
k k) k I
Ziwi = (2) () EE((5) 1)z . 66s)
Y = kj 7 x
The Laguerre polynomial case follows immediately with £ = 1 as given below.

LO(z) < >m§: ( B+m ) <% - 1>jL§f>j(y). (6.6.9)

J=0

6.7 Mixed relation

In the following, the relation involving the derivative of GKP is obtained.

Theorem 6.7.1. Ifa, B, A\ >0, 0, u,k,m,s € N, r € NU{0} then

% z DB (F: s vy = (am+ B)BL T (a4 s r) — BB (ks 1),
(6.7.1)

where D = di
XL

Proof. Consider
['(am+p+1)
(m!)®

L (an+ ) [(—m)sa)® o
szm+wuw&mm

<%xD+5>B(a’3)‘“)(a: s,r) =

n=0

_ Tlam+5+1) > [(=m)sn)® zF"
- (m!)® Z I'(an + ) [(A)un]” n!

= (am + BB (g ).

The relation (7.9.5) now follows. O

6.8 Integral representations

Theorem 6.8.1. If a,B,0,A >0, 0, u, k,m,s € N, r € NU{0} then

I'(am+p+1)

B(%ﬁ)\,ﬂ)
Fam+o+1) T(B —o0)xb

m*

(% s,1r) =
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xT

X /(x - u)ﬁ_”_lu"B,Sj‘f’)"”)(ua; s,r)du. (6.8.1)

0

Proof. 1t is straight forward to see that

x

/(x — u)'@"”lu"Bfﬁf’A’“)(uo‘; s,r) du

o1 UP Ozm+g + 1 m S 0m
:/(x_u)ﬂ U nzran+0+1)][()\) ]r n!du
_Tlamto+ g~ [=mal I —
— (ml) I‘ om_|_g_|_1) ()\) ] /(:C—u)ﬁ u du

m” [ s an+0+6—a—1+1

I'(an —i— o+ 1)[(A)um]" n!

Ban+o+1,8—0)

_T(am+o+ 1)F(6 o)’ - (G an
- () 2 Tant 5+ DT
~ Tlam+o+1)I(B — U)UCBB(&,B,/\,/L)
- Llam+ B +1) "

(x;s,1).

Another integral representation is derived in the following theorem.

Theorem 6.8.2. If a,3,0,A >0, 0, u, k,m,s € N, r € NU{0} then

I'(am+p+1)
Mam+ -0+ 1)I'(0)

(z = 1)’ Bi ™ (= 1) s,7) =

T

« / (= 0L — )P~ BEFA) (y _ 1y s 1 du. (6.8.2)

t

Proof. Consider

T = /(x — )’ Hu — t)ﬁ_"BT(,?*’B_J”\’“)((u — )% s,7) du.

t

By changing the variable u to s = Z—:’;, then

1
~_ T(am + ﬁ —o+1) (x —t)nt? antf-c o1
)= ;ranm—aﬁ)[mun]rn!/s =)

ds
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. F(ozm—i—ﬁ—a—l—l - (x_t>om+ﬁ
— gran—i—ﬁ—o-_'_1)[(}\>“n]rn!%(an+ﬂ—0+1,0’)'

This after some simplification, leads to

L(am + 8 — o+ D)I(0)(x = 1) papam
T(am+ B+ 1) ™

((x —t)% s,71).

6.8.1 Special cases

Here, putting 6 = s = 1,7 = 0,a = k € N in (6.8.1), gives (Ajudia, Prajapati,
Agarwal [58])

F(km+ﬁ+1
F(km+o+4+1)T

Z8 (xk) = B/m—uﬁ 7 Z° (u; k) du.
o)z

0
The special case k = 1, further gives

(m~|—ﬁ+

L (@) I(m+o+1)

B/x—uﬂ 7L L7 (u) du.
o)z
0

By substituting ¢ = 0 in (6.8.2), one obtains

['(am+p+1)
Flam+p —o+ 1)I'(o)

T

X /(x - u)"’lu[a’”B?(T?;B_U”\’”) (u®;s,7) du.
0
Taking o = 1, this reduces to
P BEPM (x5 1) = (am+ B) /uﬁlB,(,?;Bl”\’”)(ua; s, ) du.
0

Further, for x = 1, it gives

WP BT (e g 1 du,

)
3
+
=
@
E
>
E
)—l
Cn
ﬁ
O\H
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6.9 Fractional operators

In this section, the fractional operators are applied on GKP and the following

results are obtained.

6.9.1 Fractional integral operator

In the first place consider the fractional integral operator (1.6.1)

Iy f(z) = F(l /( f(t)iudu, x>0,

V) / x—t)!

Theorem 6.9.1. If a, B, A\,v >0, 0, u, k,m,s € N, r € NU {0}, then

1 (o' ,)\, o F(@m + /8 + ]') v «, l/,)\7 [e%
Iy, [xﬁB,(n*ﬁ M (g ;s,r)] “Tamt 5101 1)x5+ Bl (e s ). (6.9.1)

Proof. Here beginning with

n=0

0+

(@0 o o

- 0/ Fy B )

_ / (x— )" 8 T(am + B+ 1) i [(—m)s]? tom
/T (ml) D(an + B + [Vl nl

T

CTlam+f+1) & [(—m)sn)? .
=l > Fan Fr D0 / S

And replacing ¢t by zu, one gets
Iy, 2 Bl (g 3,7")]

_ Tlam+5+1)
 (m!)s T(v)

[(_m) s om-i—,@-i—l/ / oer,Bdu
['(an+ B+ 1)[(A)um]™n!
0

_ Tlam+pB+1) [(=m)sn ]2z P T(an+ B+ 1)I'(v)
(ml)s I'(v) I'(an+ B+ 1[N T'(an+ B +v +1)

[(_m)én]sxanJrﬁJru
F(an+ B+ v+ 1)[(N) ] n!

0

*

n

3

B Mlam+ 5+1)
(m!)s

Il
o

n
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Dlam+pB+v+1) ™

(% s,71).

6.9.1.1 Special cases

Taking r = 0,s = 1 in (6.9.1), gives

F(am + B + 1) $’8+V (a,8+v)
Dlam+B+v+1) ™

I, [xﬂLE,?;ﬁ)(x“)} = (x%).

For a« = k € N, § = 1, this reduces to

. D(km+ B +1) 2t ..
Iy, [2°Z0 (v k)] = Thmt v+l Z5 (13 k).
Putting k£ = 1, one obtains

Cm+p+1) 2% 4.,
'm+B8+v+1) ™

1y, [2PLE (x)] = (x).

6.9.2 Fractional differential operator

Now the fractional differential operator Df, (1.6.4) will be considered. This is
given by

14 d " n—v
05 N = (5) @ D)
Theorem 6.9.2. If a, 3, \,v >0, §,u,k,m,s € N, r € NU{0}, then

Dlam+pB+1) 2P~
Flam+B+m—v+1) I'am+p—v)
XBfr?;ﬁ_V_l”\’“)(xo‘; 8,7). (6.9.2)

Dy, [xﬂBf,?;ﬁ”\’“) (x%; s, r)}

Proof. With the use of (1.6.4) and Theorem 6.9.1,

l.h.s = Dy, [mﬁBﬁ*’ﬁ’)"“)(xa;s,r)]

- (@) ()
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(am + B + ) $,3+n—l/By(sé;/B+n—V,/\,H) (:L,oz; s, ,,,,)
Flam+p+m—v+1)

n=0

[(=m)sn)® 2"
an+ B —v) [(Nu]” !

Flam+pB+n—v+1)

_ F(ozm + B + 1) n B(a,ﬁ—u—l,)\,u)(

Tlam+pf+m—-v+1)Tlam+B—v) ™

T(am+ 8 +1) 2% i
n=0 F(
ead

x%s,r).

6.9.2.1 Special cases

Taking f,v € C with ®(8) > —1,r =0,s = l,a =k € Nand § = 1 in (6.9.2),

gives

D(am+ B +1) a1

D27 Zu(w W] = p B m— vt 1) Nam ¥ 5 =2)

Z0 (w3 k).

And for the generalized Laguerre polynomial, it gives

D(am+ B +1) 2! LD ()
(am+B8+m—-v+1)lam+p8—-v) ™ ’

when k = 1.

6.10 Integral transforms

6.10.1 Laplace transform:

Theorem 6.10.1. Ifa,5,A >0, d,u,k,m,s € N, r, 0 e NU{0}, v € C then

e (VB (a1 s, ) = L Deml 2 )

Sl/+1(ml)
09057 1
% 55 Fhrp (8 =m)’, Alosv+1) - —ome |, (6.10.1)
Ala; B+1),  A(us A

B ( ) I'(am + B +1) i m)sy|* aom oty
B Flam+B+m—v+1) Fan+ﬁ+n—u+1) [(A)yn]™ !

)
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Proof. The left hand member

£ {t”B(aﬁA“)((:ﬁt"); 5,7‘)}
= /B_Stt”B,(f;ﬁ’A’“)((a:tU); s,7) dt

0
o

a Z,F(ozm + 6 +1) & o) (xto)"
= O/e t nzran+ﬁ+1)[() T 4t
_ Tlam+ A+ DN (emal e [
B (m!)® nz:% L(an + 8+ 1)[(A)un]™n! 0/ o
_ Tlam+p+ >§ (=m)sa]* 2" T(on+v+1)
(m!)s —U(an+f+ 1[(A)um]n! st
_ T(am+8+1) [(=m)sn)® 2™
B (m!)s ;; I'(an + B +61)[()\)W]Tn!
XF(an+V+1)F(1/+1) I'B+1)
sortvtl - T(w+1)T(o—a+ 5 +1)

*

1am +1) & s g v+ 1), (1),
_ B+ )Zm [()] (v + Don (1)

st ( n! 51

n=

(B4 Dam F(V +1)
gvtl (m|>s

556 o
A(5;—m)®, A(o;v+1); g
X 55 Fltrp acutrtse

Al; B+1),  AQ )75

(6.10.2)

6.10.2 Euler(Beta) transform:

Theorem 6.10.2. If o, 5,A >0, 0, u, k,m,s,a,b € N, r € NU{0}, then

,5,A,mMm ay. . _ (ﬁ+ 1)amr(b)

B {Bﬁn*ﬁ’\ )((tx );8,7) " a,b} = ol T(a)
6% ¢
A—m)y,  Alasa) aopri | (6.10.3)

Ala; B+1), A(wA)", Aaza+Db);

X 56 Fa+r,u
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Proof. Here

B {B,(S,:B”\’“)((txo‘); s,7) :a, b} (6.10.4)
1
:i/xk%1—$f4B$fww«mﬁﬁarﬁk

0
1

_ [ a1 b—lram+/8+1 = (tz>)"
- [ea-a > a2 7 DT

0 n=0

1

CDam 4 BN [ [ ey
(m))> g;an+B+UKMWWﬂ! (1=o)d
_ Tlam+pB+1) - [(—=m)sn]® t™ ot a
() g;an+B+UKMWWﬂ%( +a,b)
~ Tlam+B5+1) i [(—m)sn]® t" I'(an +a) I'(b)
(m!)s “— T(an+ B+ 1)[(A)um]n! T'(an + a+b)
_ (B4 Dam L) < [(=m)sn]" (@)ant”
(m!)* I'(a) 7; (6 + Dan[(A)n]" (@ + 0)an n!
_ B4 Dam I'(H)
(m!)* I'(a)
60 ¢
s5Fa+r,u ( ) A(a;a); acp™ . (6105)

Al B+1), AQ;A)", Alasa+b);

]

(A piece of the content of this work is accepted in “The Mathematics Stu-

dent” for publication)
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