
Chapter 6

Inequalities involving generalized

Konhauser polynomial

6.1 Introduction

In this chapter, a generalized structure of the well known Konhauser polynomial

Zσ
m(x; k) =

Γ(km+ σ + 1)

Γ(m+ 1)

m
∑

n=0

(−1)n

(

m

n

)

xkn

Γ(kn+ σ + 1)
, ℜ(σ) > −1,

(6.1.1)

suggested by the function ((2.1.5) of Chapter-2):

Eγ,δ
α,β,λ,µ(z; s, r) =

∞
∑

n=0

[(γ)δn]
s zn

Γ(αn+ β) [(λ)µn]r n!
(6.1.2)

is studied. In particular, the differential equation and inverse inequality relation

are obtained. Moreover, several other properties involving inequalities are also de-

rived which yield as the particular cases, the inverse series relation, the generating

function relations and finite summation formulas. An integral representation is

also derived for this polynomial. The fractional integral operator, fractional dif-

ferential operator, Laplace transform and Euler(Beta) transform are also applied

on this polynomial.

In fact, by taking γ = −m, a negative integer, replacing β by σ + 1 and z by real

variable xk, k ∈ N in (6.1.2), the generalized structure of Konhauser polynomial
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is obtained which is denoted here by B
(α,σ,λ,µ)
m∗ (xk; s, r). The explicit representation

is as follows.mm

B
(α,σ,λ,µ)
m∗ (xk; s, r) =

Γ(αm+ σ + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s xkn

Γ(αn+ σ + 1) [(λ)µn]r n!
,(6.1.3)

where α, σ, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N∪{0}, and m∗ = [m
δ
] denotes the integral

part of m
δ
.

This generalized polynomial will be henceforth referred to as the Generalized Kon-

hauser polynomial, briefly by GKP.

6.2 Generalized Konhauser polynomial

For α, β, λ, σ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0} and putting β = σ + 1, γ = −m
and replacing z by xk in (6.1.2), one gets

E−m,δ
α, σ+1, λ, µ(x

k; s, r) =
m∗

∑

n=0

[(−m)δn]
s xkn

Γ(αn+ σ + 1) [(λ)µn]r n!

=
(m!)s

Γ(αm+ σ + 1)

Γ(αm+ σ + 1)

(m!)s

×
m∗

∑

n=0

[(−m)δn]
s xkn

Γ(αn+ σ + 1) [(λ)µn]r n!

=
(m!)s

Γ(αm+ σ + 1)
B

(α,σ,λ,µ)
m∗ (xk; s, r).

If α = k ∈ N, s = 1, r = 0 then this further reduces to another generalization of

Konhauser polynomial due to Ajudia, Prajapati, Agarwal [58]:

E−m,δ
k, σ+1, λ, µ(x

k; 1, 0) =
Γ(m+ 1)

Γ(km+ σ + 1)
L
(k,σ)
m∗ (xk), (6.2.1)

where

L
(k,σ)
m∗ (xk) = Zσ

m∗(x; k) =
Γ(km+ σ + 1)

Γ(m+ 1)

m∗

∑

n=0

(−m)δn
Γ(kn+ σ + 1)

xkn

n!
. (6.2.2)

The reducibility of (6.1.3) to (6.2.2) is given by

B
(k,σ,λ,µ)
m∗ (xk; 1, 0) = Zσ

m∗(x; k). (6.2.3)
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The classical Konhauser polynomial given in (6.1.1) is

Zσ
m(x; k) = B(k,σ,λ,µ)

m (xk; 1, 0) =
Γ(km+ σ + 1)

Γ(m+ 1)
E−m,1
k, σ+1, λ, µ(x

k; 1, 0). (6.2.4)

Evidently,

B(1,σ,λ,µ)
m (x; 1, 0) =

Γ(m+ σ + 1)

Γ(m+ 1)
E−m,1

1, σ+1, λ, µ(x; 1, 0)

= L(σ)
m (x) (6.2.5)

is (generalized) Laguerre polynomial (??).

6.3 Differential equation

For the polynomial (6.1.3), the differential equation is obtained as follows.

Theorem 6.3.1. If α, β, λ,m, δ, µ, k, s ∈ N, r ∈ N ∪ {0} and the operator Θ is

defined by Θf(x) = x
d

dx
f(x) then U = B

(α,β,λ,µ)
m∗ (xk; s, r) satisfies the equation

[{

α−1
∏

j=0

(

1

k
Θ+

β + j

α
− 1

)

}{

µ−1
∏

i=0

(

1

k
Θ+

λ+ i

µ
− 1

)r
}

Θ

− δsδ k

αα µrµ
xk

{

δ−1
∏

l=0

(

1

k
Θ+

−m+ l

δ

)s
}]

U = 0. (6.3.1)

Proof. The first task is to convert the coefficient of xkn in (6.1.3) in factorial

function notations with the aid of the formula [63, Eq.2, p.22]:

(α)kn = knk
(α

k

)

n

(

α + 1

k

)

n

. . .

(

α + k − 1

k

)

n

= knk
k−1
∏

s=0

(

α + s

k

)

n

, k ∈ N.

Then

U =
Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s xkn

Γ(αn+ β + 1) [(λ)µn]
r n!

=
Γ(αm+ β + 1)

(m!)s Γ(β + 1)

m∗

∑

n=0

[(−m)δn]
s xkn

(β + 1)αn [(λ)µn]
r n!

=
Γ(αm+ β + 1)

(m!)s Γ(β + 1)

m∗

∑

n=0

δsδn
[(

−m
δ

)

n

]s [(−m+1
δ

)

n

]s
. . .
[(

−m+δ−1
δ

)

n

]s
xkn

ααn
(

β+1
α

)

n

(

β+2
α

)

n
. . .
(

β+α
α

)

n
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× 1

µrµn
[(

λ
µ

)

n

]r [(
λ+1
µ

)

n

]r

. . .
[(

λ+µ−1
µ

)

n

]r

n!

=
Γ(αm+ β + 1)

(m!)s Γ(β + 1)

m∗

∑

n=0

δsδn

ααn µrµn

{

δ−1
∏

l=0

[(

−m+l
δ

)

n

]s
}

{

α−1
∏

j=0

(

β+j+1
α

)

n

}

{

µ−1
∏

i=0

[(

λ+i
µ

)

n

]r
}

n!

xkn.

Using the symbols:

α−1
∏

j=0

(

β + j + 1

α

)

n

= An,

µ−1
∏

i=0

[(

λ+ i

µ

)

n

]r

= Bn,
δ−1
∏

l=0

[(−m+ l

δ

)

n

]s

= Cn,

α−1
∏

j=0

(

1

k
Θ+

β + j + 1

α
− 1

)

= Φ1,

µ−1
∏

i=0

(

1

k
Θ+

λ+ i

µ
− 1

)r

= Φ2,

δ−1
∏

l=0

(

1

k
Θ+

−m+ l

δ

)s

= Ψ,
δsδ

αα µrµ
= p,

it takes the form

ΘU =
Γ(αm+ β + 1)

(m!)s Γ(β + 1)

m∗

∑

n=0

pn
Cn

An Bn n!
Θxkn

=
Γ(αm+ β + 1)

(m!)s Γ(β + 1)

m∗

∑

n=0

pn
Cn

An Bn n!
kn xkn

=
Γ(αm+ β + 1) k

(m!)s Γ(β + 1)

m∗

∑

n=1

pn
Cn x

kn

An Bn (n− 1)!
.

Further,

Φ2ΘU =
Γ(αm+ β + 1) k

(m!)s Γ(β + 1)

m∗

∑

n=1

pn
Cn

An Bn (n− 1)!
Φ2x

kn

=
Γ(αm+ β + 1) k

(m!)s Γ(β + 1)

m∗

∑

n=1

pn
Cn

An Bn (n− 1)!

×
{

α−1
∏

j=0

(

n+
β + j + 1

α
− 1

)

}

xkn

=
Γ(αm+ β + 1) k

(m!)s Γ(β + 1)

m∗

∑

n=1

pn
Cn x

kn

An−1 Bn (n− 1)!
.
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Finally,

Φ1Φ2ΘU =
Γ(αm+ β + 1) k

(m!)s Γ(β + 1)

m∗

∑

n=1

pn
Cn

An−1 Bn (n− 1)!
Φ1x

kn

=
Γ(αm+ β + 1) k

(m!)s Γ(β + 1)

m∗

∑

n=1

pn
Cn

An−1 Bn (n− 1)!

×
{

µ−1
∏

i=0

(

n+
λ+ i

µ
− 1

)r
}

xkn

=
Γ(αm+ β + 1) k

(m!)s Γ(β + 1)

m∗

∑

n=1

pn
Cn x

kn

An−1 Bn−1 (n− 1)!
.

Thus,

Φ1Φ2ΘU =
Γ(αm+ β + 1) k

(m!)s Γ(β + 1)

m∗

∑

n=0

pn+1Cn+1 x
kn+k

An Bn n!
. (6.3.2)

On the other hand,

ΨU =
Γ(αm+ β + 1)

(m!)s Γ(β + 1)

m∗

∑

n=0

pn
Cn

An Bn n!
Ψ xkn

=
Γ(αm+ β + 1)

(m!)s Γ(β + 1)

m∗

∑

n=0

pn
Cn

An Bn n!

{

δ−1
∏

l=0

(

n+
−m+ l

δ

)s
}

xkn

=
Γ(αm+ β + 1)

(m!)s Γ(β + 1)

m∗

∑

n=0

pn
Cn+1 x

kn

An Bn n!
,

hence

kpxkΨU =
Γ(αm+ β + 1) k

(m!)s Γ(β + 1)

m∗

∑

n=0

pn+1Cn+1 x
kn+k

An Bn n!
. (6.3.3)

The differential equation (6.3.1) now follows from (6.3.2) and (6.3.3).

6.4 Inverse series and inequality relations

If the real valued functions f(x, n; s) and g(x, n; s), s ∈ N \ {1} are such that

f(x, n; s) < B
(α,β,λ,µ)
n∗ (xk; s, r) and g(x, n; s) > B

(α,β,λ,µ)
n∗ (xk; s, r), then one finds

the following inequality relations.

The presence of parameter ”s” yields an unusual inverse series relations involving
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the polynomial (6.1.3). In fact for s = 1, the usual inverse series relation occurs

whereas for other values of s, the series relations involve the inequality. This is

proved in the following theorems.

Theorem 6.4.1. Let f(x, n; s) and g(x, n; s) be real valued functions, α, β, λ > 0,

and µ, k ∈ N, r ∈ N ∪ {0}. If s is odd positive integer and m, (n−a non negative

integer) are even positive integers, then

f(x, n; s) < B
(α,β,λ,µ)
n∗ (xk; s, r) (6.4.1)

implies

xkn >
Γ(αn+ β + 1) [(λ)µn]

r n!

(mn!)s

mn
∑

j=0

[(−mn)j]s
Γ(αj + β + 1) j!

f(x, j; s); (6.4.2)

and

xkn <
Γ(αn+ β + 1) [(λ)µn]

r n!

(mn!)s

mn
∑

j=0

[(−mn)j]s
Γ(αj + β + 1) j!

g(x, j; s), (6.4.3)

implies

g(x, n; s) > B
(α,β,λ,µ)
n∗ (xk; s, r). (6.4.4)

Proof. Since the inequality (6.4.1) holds, putting

Γ(αn+ β + 1) [(λ)µn]
r n!

[(mn)!]s

mn
∑

j=0

[(−mn)j]s
Γ(αj + β + 1)

f(x, j; s) = ξn

and substituting the series inequality (6.4.1) for f(x, j; s), one gets

ξn <
Γ(αn+ β + 1) [(λ)µn]

r n!

[(mn)!]s

mn
∑

j=0

[(−mn)j]s
Γ(αj + β + 1)

Γ(αj + β + 1)

(j!)s

×
[ j
m ]
∑

i=0

[(−j)mi]s xki
Γ(αi+ β + 1) [(λ)µi]r i!

=
Γ(αn+ β + 1) [(λ)µn]

r n!

[(mn)!]s

mn
∑

j=0

(−1)sj [(mn)!]s

[(mn− j)!]s

×
[ j
m ]
∑

i=0

(−1)smi xki

[(j −mi)!]s Γ(αi+ β + 1) [(λ)µi]r i!



Chapter 6. Inequalities involving generalized Konhauser polynomial 157

=
mn
∑

j=0

[ j
m ]
∑

i=0

(−1)sj+smi Γ(αn+ β + 1) [(λ)µn]
r n! xki

[(j −mi)!]s [(mn− j)!]s Γ(αi+ β + 1) [(λ)µi]r i!
.

Here the double series relation (1.2.21),

mn
∑

i=0

[ i
m
]

∑

j=0

f(i, j) =
n
∑

j=0

mn−mj
∑

i=0

f(i+mj, j)

further simplifies this to

ξn <

n
∑

i=0

mn−mi
∑

j=0

(−1)sj Γ(αn+ β + 1) [(λ)µn]
r n! xki

(j!)s [(mn−mi− j)!]s Γ(αi+ β + 1) [(λ)µi]r i!

= xkn +
n−1
∑

i=0

Γ(αn+ β + 1) [(λ)µn]
rn! xki

[(mn−mi)!]s Γ(αi+ β + 1) [(λ)µi]r i!

×
mn−mi
∑

j=0

(−1)sj

(

mn−mi

j

)s

≤ xkn +
n−1
∑

i=0

Γ(αn+ β + 1) [(λ)µn]
r n! xki

[(mn−mi)!]s Γ(αi+ β + 1) [(λ)µi]r i!

×
(

mn−mi
∑

j=0

(−1)j

(

mn−mi

j

))s

.

Since the inner most series on the right hand side vanishes, the inequality (6.4.2)

follows.

The other series inequality relation occurs as follows.

Here (6.4.3) holds true. Taking

Γ(αn+ β + 1)

(n!)s

[ n
m ]
∑

j=0

[(−n)mj]s xkj
Γ(αj + β + 1) [(λ)µj]r j!

= ψn

and then substituting the series inequality (6.4.3) for xkj , one gets

ψn <
Γ(αn+ β + 1)

(n!)s

[ n
m ]
∑

j=0

[(−n)mj]s
Γ(αj + β + 1) [(λ)µj]r j!

×Γ(αj + β + 1) [(λ)µj]
r j!

[(mj)!]s

mj
∑

i=0

[(−mj)i]s
Γ(αi+ β + 1)

g(x, i; s)
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=
Γ(αn+ β + 1)

(n!)s

[ n
m ]
∑

j=0

(−1)smj (n!)s

[(n−mj)!]s [(mj)!]s

×
mj
∑

i=0

(−1)is [(mj)!]s

[(mj − i)!]s Γ(αi+ β + 1)
g(x, i; s)

=
n
∑

mj=0

mj
∑

i=0

(−1)smj+is Γ(αn+ β + 1)

[(n−mj)!]s [(mj − i)!]s Γ(αi+ β + 1)
g(x, i; s).

In view of double series relation (1.2.22):

n
∑

k=0

k
∑

j=0

f(k, j) =
n
∑

j=0

n
∑

k=j

f(k, j),

this takes the form:

ψn <
n
∑

i=0

n
∑

mj=i

(−1)smj+is Γ(αn+ β + 1)

[(n−mj)!]s [(mj − i)!]s Γ(αi+ β + 1)
g(x, i; s)

= g(x, n; s) +
n−1
∑

i=0

(−1)is Γ(αn+ β + 1)

Γ(αi+ β + 1)
g(x, i; s)

×
n
∑

mj=i

(−1)smj

[(n−mj)!]s [(mj − i)!]s

= g(x, n; s) +
n−1
∑

i=0

Γ(αn+ β + 1)

Γ(αi+ β + 1)
g(x, i; s)

×
n−i
∑

mj=0

(−1)smj

[(n− i−mj)!]s [(mj)!]s

= g(x, n; s) +
n−1
∑

i=0

Γ(αn+ β + 1)

Γ(αi+ β + 1) [(n− i)!]s
g(x, i; s)

×
n−i
∑

mj=0

(−1)smj

(

n− i

mj

)s

≤ g(x, n; s) +
n−1
∑

i=0

Γ(αn+ β + 1)

Γ(αi+ β + 1) [(n− i)!]s
g(x, i; s)

×
(

n−i
∑

mj=0

(−1)mj

(

n− i

mj

))s

.

Once again the inner most series on the right hand side vanishes, hence

ψn < g(x, n; s).
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Towards the converse of these inequality relations, one can obtain the fol-

lowing theorem.

Theorem 6.4.2. Let f(x, n; s) and g(x, n; s) be real valued functions, α, β, λ > 0,

and µ, k ∈ N, r ∈ N ∪ {0}. If either s is an even positive integer or s,m, (n−a

non negative integer) are all odd positive integers, then

xkn >
Γ(αn+ β + 1) [(λ)µn]

r n!

(mn!)s

mn
∑

j=0

[(−mn)j]s
Γ(αj + β + 1) j!

f(x, j; s) (6.4.5)

implies

f(x, n; s) < B
(α,β,λ,µ)
n∗ (xk; s, r); (6.4.6)

and

g(x, n; s) > B
(α,β,λ,µ)
n∗ (xk; s, r) (6.4.7)

implies

xkn <
Γ(αn+ β + 1) [(λ)µn]

r n!

(mn!)s

mn
∑

j=0

[(−mn)j]s
Γ(αj + β + 1) j!

g(x, j; s). (6.4.8)

The proof runs parallel to that of Theorem 6.4.1, hence is omitted.

Now, for s = 1, one obtains the inverse series relations for the polynomial (6.1.3)

which is stated as

Theorem 6.4.3. For α, β, λ > 0,m, µ, k ∈ N, r ∈ N ∪ {0},

B
(α,β,λ,µ)
n∗ (xk; 1, r) =

Γ(αn+ β + 1)

n!

[n/m]
∑

j=0

(−n)mj xkj
Γ(αj + β + 1) [(λ)µj]

r j!
(6.4.9)

if and only if

xkn

n!
=

Γ(αn+ β + 1) [(λ)µn]
r

(mn)!

mn
∑

j=0

(−mn)j
Γ(αj + β + 1)

B
(α,β,λ,µ)
j∗ (xk; 1, r), (6.4.10)
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and for n 6= ml, l ∈ N,

n
∑

j=0

(−n)j
Γ(αj + β + 1)

B
(α,β,λ,µ)
j∗ (xk; 1, r) = 0. (6.4.11)

Proof. The proof of (6.4.9) implies (6.4.10) runs as follows.

Denoting the right hand side of (6.4.10) by Ωn, and then substituting for

B
(α,β,λ,µ)
j∗ (xk; 1, r) from (6.4.9), one gets

Ωn =
Γ(αn+ β + 1) [(λ)µn]

r

(mn)!

mn
∑

j=0

(−mn)j
Γ(αj + β + 1)

B
(α,β,λ,µ)
j∗ (xk; 1, r)

=
Γ(αn+ β + 1) [(λ)µn]

r

(mn)!

mn
∑

j=0

(−mn)j
[j/m]
∑

i=0

(−j)mi xki
Γ(αi+ β + 1) [(λ)µi]

r i!
.

This in view of the double series relation (1.2.21), further takes the form

Ωn =
mn
∑

j=0

[j/m]
∑

i=0

(−1)j+mi Γ(αn+ β + 1) [(λ)µn]
r xki

(mn− j)! (j −mi)! Γ(αi+ β + 1) [(λ)µi]
r i!

=
n
∑

i=0

mn−mi
∑

j=0

(−1)j Γ(αn+ β + 1) [(λ)µn]
r

(mn−mi− j)! j! Γ(αi+ β + 1) [(λ)µi]
r i!

xki

=
xkn

n!
+

n−1
∑

i=0

Γ(αn+ β + 1) [(λ)µn]
r xki

Γ(αi+ β + 1) [(λ)µi]
r (mn−mi)! i!

mn−mi
∑

j=0

(−1)j
(

mn−mi

j

)

.

Here the inner sum in the second term on the right hand side vanishes, conse-

quently, one may arrive at Ωn = xkn

n!
.

To show further that (6.4.9) also implies (6.4.11), one may substitute for

B
(α,β,λ,µ)
j∗ (xk; 1, r) from (6.4.9) to the left hand of (6.4.11), to get

n
∑

j=0

(−n)j
Γ(αj + β + 1)

B
(α,β,λ,µ)
j∗ (xk; 1, r)

=
n
∑

j=0

(−1)j n!

(n− j)!

[j/m]
∑

i=0

(−1)mi xki

Γ(αi+ β + 1) ((λ)µi)r (j −mi)! i!

=

[n/m]
∑

i=0

n! xki

Γ(αi+ β + 1) ((λ)µi)r (n−mi)! i!

n−mi
∑

j=0

(−1)j
(

n−mi

j

)

= 0
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if n 6= ml, l ∈ N. Thus completing the first part. The proof of converse part

runs as follows [13]. In order to show that both the series (6.4.10) and the condi-

tion (6.4.11) together imply the series (6.4.9), the following simplest inverse series

relations [64, Eq.(1), p.43] will be used.

ωn =
n
∑

j=0

(−n)j
j!

ρj ⇔ ρn =
n
∑

j=0

(−n)j
j!

ωj.

Here putting

ρj =
j!

Γ(αj + β + 1)
B

(α,β,λ,µ)
j∗ (xk; 1, r),

and considering one sided relation that is, the series on the left hand side implies

the series on the right side, one gets

ωn =
n
∑

j=0

(−n)j
Γ(αj + β + 1)

B
(α,β,λ,µ)
j∗ (xk; 1, r) (6.4.12)

⇒

B
(α,β,λ,µ)
n∗ (xk; 1, r) =

Γ(αn+ β + 1)

n!

n
∑

j=0

(−n)j
j!

ωj. (6.4.13)

Since the condition (6.4.11) holds, ωn = 0 for n 6= ml, l ∈ N, whereas

ωmn =
mn
∑

j=0

(−mn)j
Γ(αj + β + 1)

B
(α,β,λ,µ)
j∗ (xk; 1, r).

But since the series (6.4.10) holds true,

ωmn =
(mn)! xkn

n! Γ(αn+ β + 1) ((λ)µn)r
.

Consequently, the inverse pair (6.4.12) and (6.4.13) assume the form:

xkn

n!
=

Γ(αn+ β + 1)((λ)µn)
r

(mn)!

mn
∑

j=0

(−mn)j
Γ(αj + β + 1)

×B(α,β,λ,µ)
j∗ (xk; 1, r)

⇒

B
(α,β,λ,µ)
n∗ (xk; 1, r) =

Γ(αn+ β + 1)

n!

[n/m]
∑

j=0

(−n)mj
(mj)!

ωmj
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=
Γ(αn+ β + 1)

n!

[n/m]
∑

j=0

(−n)mj xkj
Γ(αj + β + 1) ((λ)µj)r j!

,

subject to the condition (6.4.11).

6.5 Some inequalities

In this section certain inequalities connecting GKP and GHF are deduced.

Theorem 6.5.1. If α, β, λ, σ, x > 0, δ, µ,m, k, s ∈ N, r ∈ N ∪ {0}, 0 < t < 1,

and p = δsδ

αα µrµ
as before, then the following series inequalities hold.

∞
∑

m=0

B
(α,β,λ,m)
m∗ (xk; s, r)

(β + 1)αm
tms

≤ ets 0Fα+rµ

[

−; xk

αα µµ
(−t)sδ

∆(α; β + 1), ∆(µ;λ)r,

]

, (6.5.1)

∞
∑

m=0

((σ)m)
s

(β + 1)αm
B

(α,β,λ,µ)
m∗ (xk; s, r) tms

≤ (1− t)−sσ sδFα+rµ

[

∆(δ; σ)s; pxk
(

−t
1−t

)sδ

∆(α; β + 1), ∆(µ;λ)r;

]

, (6.5.2)

and

∞
∑

m=0

((σ)m)
s

Γ(αm+ β + 1)
B

(α,β,λ,µ)
m∗ (xk; s, r) tms

≤ (1− t)−sσEσ,δ
α, β+1, λ, µ

(

xk
( −t
1− t

)sδ

; s, r

)

. (6.5.3)

Proof. (of (6.5.1))

Here,

l.h.s. =
∞
∑

m=0

B
(α,β,λ,µ)
m∗ (xk; s, r)

(β + 1)αm
tms

=
∞
∑

m=0

1

Γ(αm+ β + 1)

(β + 1)αm
(m!)s

m∗

∑

n=0

[(−m)δn]
s xkn

Γ(αn+ β + 1) [(λ)µn]r n!
tms
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=
∞
∑

m=0

(β + 1)αm
(β + 1)αm (m!)s

m∗

∑

n=0

(−1)sδn (m!)s xkn tms

((m− δn)!)s (β + 1)αn [(λ)µn]r n!

=
∞
∑

m=0

∞
∑

n=0

(−1)sδn xkn t(m+δn)s

(m!)s (β + 1)αn [(λ)µn]r n!

=
∞
∑

n=0

{

∞
∑

m=0

(

tm

m!

)s
}

(−1)sδn tsδn xkn

(β + 1)αn [(λ)µn]r n!

≤
∞
∑

n=0

(

∞
∑

m=0

tm

m!

)s
(−1)sδn tsδn xkn

(β + 1)αn [(λ)µn]r n!

=
∞
∑

n=0

(−1)sδn tsδn xkn

(β + 1)αn [(λ)µn]r n!
ets

= ets
∞
∑

n=0

[

µ
∏

u=1

(λ+ u− 1

µ

)

n

]−r [ α
∏

j=1

(β + j − 1

α

)

n

]−1
(−t)δsn xkn
µµrn ααn n!

= ets 0Fα+rµ

[

−; xk

αα µrµ
(−t)sδ

∆(α; β + 1), ∆(µ;λ)r,

]

= r.h.s.

Proof. (of (6.5.2))

The left hand side

∞
∑

m=0

((σ)m)
s

(β + 1)αm
B

(α,β,λ,µ)
m∗ (xk; s, r) tms

=
∞
∑

m=0

((σ)m)
s

(β + 1)αm

Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s xkn tms

Γ(αn+ β + 1)[(λ)µn]r n!

=
∞
∑

m=0

((σ)m)
s

(β + 1)αm

(β + 1)αm
(m!)s

m∗

∑

n=0

(−1)sδn (m!)s xkn tms

((m− δn)!)s (β + 1)αn [(λ)µn]r n!

=
∞
∑

m=0

∞
∑

n=0

(−1)sδn ((σ)m+δn)
s xkn t(m+δn)s

(m!)s (β + 1)αn [(λ)µn]r n!

=
∞
∑

n=0

{

∞
∑

m=0

(

(σ + δn)m tm

m!

)s
}

(−1)sδn ((σ)δn)
s tsδn xkn

(β + 1)αn [(λ)µn]r n!

≤
∞
∑

n=0

(

∞
∑

m=0

(σ + δn)m tm

m!

)s
(−1)sδn ((σ)δn)

s tsδn xkn

(β + 1)αn [(λ)µn]r n!

=
∞
∑

n=0

(1− t)−sσ−sδn
(−1)sδn ((σ)δn)

s tsδn xkn

(β + 1)αn [(λ)µn]r n!
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=
∞
∑

n=0

(1− t)−sσ−δsn
∞
∑

n=0

{

δ
∏

i=1

(

σ+i−1
δ

)

n

}s

{

µ
∏

u=1

(

λ+u−1
µ

)

n

}r
{

α
∏

j=1

(

β+j−1
α

)

n

}

n!

(−δ t)δsn xkn
µµrn ααn

= (1− t)−sσ sδFα+rµ

[

∆(δ; σ)s; pxk
(

−t
1−t

)sδ

∆(α; β + 1), ∆(µ;λ)r;

]

.

Proof. (of (6.5.3)) Here

∞
∑

m=0

((σ)m)
s

(β + 1)αm
B

(α,β,λ,µ)
m∗ (xk; s, r) tms

=
∞
∑

m=0

((σ)m)
s

Γ(αm+ β + 1)

Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s xkn tms

Γ(αn+ β + 1) [(λ)mn]r n!

=
∞
∑

m=0

((σ)m)
s

Γ(αm+ β + 1)

Γ(αm+ β + 1)

(m!)s

×
m∗

∑

n=0

(−1)sδn(m!)s ((m− δn)!)−s xkn tms

Γ(αn+ β + 1) [(λ)mn]r n!

=
∞
∑

m=0

∞
∑

n=0

(−1)sδn ((σ)m+δn)
s xkn tms+sδn

(m!)s Γ(αn+ β + 1) [(λ)mn]r n!

=
∞
∑

n=0

∞
∑

m=0

(

(σ + δn)m tm+δn

m!

)s
(−1)sδn ((σ)δn)

s xkn

Γ(αn+ β + 1) [(λ)mn]r n!

≤
∞
∑

n=0

(

∞
∑

m=0

(σ + δn)m tm

m!

)s
(−1)sδn ((σ)δn)

s xkn

Γ(αn+ β + 1) [(λ)mn]r n!

=
∞
∑

n=0

(1− t)−sσ−sδn
(−1)sδn((σ)δn)

s xkn tsδn

Γ(αn+ β + 1) [(λ)mn]r n!

= (1− t)−sσEσ,δ
α, β+1, λ, µ

(

xk
( −t
1− t

)sδ

; s, r

)

.

Hence (6.5.3) holds.

Note 6.5.1. Equality occurs in the theorem when s = 1.
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6.5.1 Special cases-inequalities

(i) If α = k ∈ N then (6.5.1) becomes

∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,m)
m∗ (xk; s, r) tms

≤ ets 0Fk+rµ

[

−; xk

kk µrµ
(−t)sδ

∆(k; β + 1), ∆(µ;λ)r,

]

. (6.5.4)

The special case δ = 1, r = 0 of GKPB
(α,σ,λ,µ)
n∗ (x; s, r) will be denoted by Zβ

m,s(x; k).

Thus

Zβ
m,s(x; k) =

Γ(km+ β + 1)

Γ(m+ 1)

m
∑

n=0

[(−m)n]
s xkn

Γ(kn+ β + 1) n!
, ℜ(β) > −1 (6.5.5)

is another extended form of the Konhauser polynomial (6.1.1).

With these substitutions and notation (6.5.4) gets reduces to

∞
∑

m=0

Zβ
m,s(x; k)

(β + 1)km
tm ≤ est 0Fk

[

−; xk

kk
(−t)s

∆(k; β + 1);

]

.

Finally, k = 1 yields

∞
∑

m=0

L
(β)
m,s(x)

(β + 1)m
tm ≤ est 0F1

[

−; x(−t)s
β + 1;

]

involving “extended” generalized Laguerre polynomial L
(β)
m,s(x).

(ii) If δ = 1, r = 0, α = k ∈ N then (6.5.2) reduces to

∞
∑

m=0

((σ)m)
s

(β + 1)km
Zβ
m,s(x; k) t

ms

≤ (1− t)−sσ sFk

[

σs; xk

kk

(

−t
1−t

)s

∆(k; β + 1);

]

, (k ≥ s). (6.5.6)

The associated series inequality occurs for k = 1, in the form:

∞
∑

m=0

((σ)m)
s

(β + 1)m
L(β)
m,s(x)t

ms ≤ (1− t)−sσ sF1

[

σs; x
(

−t
1−t

)s

β + 1;

]

.

The function sF1[∗] exists only for s = 1, 2.
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6.5.2 Special cases - Generating function relations

For s = 1, the series inequality relations in Theorem 6.5.1 provide the generating

function relations.

(i) Taking as before α = k ∈ N, r = 0 in (6.5.1), one gets

∞
∑

m=0

L
(k,β)
m∗ (xk)

(β + 1)km
tm = et 0Fk

[

−; xk

kk
(−t)δ

∆(k; β + 1);

]

,

involving the polynomial (6.2.2).

Further for δ = 1, it yields the generating function relation:

∞
∑

m=0

Zβ
m(x; k)

(β + 1)km
tm = et 0Fk

[

−; −x
k t

kk

∆(k; β + 1);

]

.

Finally, if k = 1 then it gives the known generating function relation [63, Eq. (1),

p. 201] for Laguerre polynomial:

∞
∑

m=0

L
(β)
m (x)

(β + 1)m
tm = et 0F1

[

−; −xt
β + 1;

]

.

(ii) If δ = 1, r = 0, α = k ∈ N then (6.5.2) provides the generating function

relation:

∞
∑

m=0

(σ)m
(β + 1)km

Zβ
m(x; k) t

m = (1− t)−σ 1Fk

[

σ; xk

kk

(

−t
1−t

)

∆(k; β + 1);

]

. (6.5.7)

And with k = 1, it yields the known relation [63, Eq.(3), p.202]

∞
∑

m=0

(σ)m
(β + 1)m

L(β)
m (x)tm = (1− t)−σ 1F1

[

σ; −xt
1−t

β + 1;

]

.

(iii) From (6.5.3), one immediately gets

∞
∑

m=0

(σ)m tm

(β + 1)αm
B

(α,β,λ,µ)
m∗ (x; 1, r) = (1− t)−σEσ,δ

α, β+1, λ, µ

(

x

( −t
1− t

)δ

; 1, r

)

. (6.5.8)

With r = 0, α = k ∈ N, this would reduce to

∞
∑

m=0

(σ)m
(β + 1)km

L
(k,σ)
m∗ (xk) tm = (1− t)−σ Eσ,δ

k, β+1

(

xk
( −t
1− t

)δ
)

.
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Further putting δ = 1, it gives

∞
∑

m=0

(σ)m
(β + 1)km

Zσ
m(x; k) t

m = (1− t)−σEσ
k, β+1

(−xk t
1− t

)

.

The case k = 1 is the relation:

∞
∑

m=0

(σ)m
(β + 1)m

L(σ)
m (x) tm = (1− t)−σEσ

1, β+1

(−x t
1− t

)

.

6.6 Finite series inequalities

In this section, the following inequalities involving finite series and GKP are es-

tablished.

Theorem 6.6.1. If β, λ > 0, δ, µ, k,m, s, w ∈ N, r ∈ N ∪ {0},
−1 < w

(

(

y
k

) k
sδ −

(

x
k

) k
sδ

)

< 0 then

B
(k,β,λ,µ)
m∗ (xk; s, r) ≤

(

x

y

) km
δ

m
∑

j=0

(

β + km

kj

)

(kj)!

j!

(

(y

x

) k
δ − 1

)j

×B(k,β,λ,µ)
(m−j)∗ (yk; s, r). (6.6.1)

Proof. The inequality (6.5.1):

∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (xk; s, r) tms

≤ ets 0Fk+rµ

[

−; xk

kkµrµ
(−tδ)sδ

∆(k; β + 1), ∆(µ;λ)r;

]

with t =
(

y
k

) k
sδ w, takes the form

∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (xk; s, r)

(

(y

k

) k
sδ

w

)ms

≤ exp

(

sw
(y

k

) k
sδ

)

×0Fk+rµ

[

−; xk

kkµrµ

(

(

y
k

) k
sδ (−w)

)sδ

∆(k; β + 1), ∆(µ;λ)r,

]

.
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That is,

exp

(

−sw
(y

k

) k
sδ

) ∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (xk; s, r)

(

(y

k

) k
sδ

w

)ms

≤ 0Fk+rµ

[

−; xk yk

k2kµrµ
(−w)sδ

∆(k; β + 1), ∆(µ;λ)r;

]

. (6.6.2)

In this, interchanging x and y, gives

exp

(

−sw
(x

k

) k
sδ

) ∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (yk; s, r)

(

(x

k

) k
sδ

w

)ms

≤ 0Fk+rµ

[

−; xk yk

k2kµrµ
(−w)sδ

∆(k; β + 1), ∆(µ;λ)r;

]

. (6.6.3)

From (6.6.2) and (6.6.3), it follows that either

∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (xk; s, r)

(

(y

k

) k
sδ

w

)ms

exp

(

−sw
(y

k

) k
sδ

)

≤
∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (yk; s, r)

(

(x

k

) k
sδ

w

)ms

exp

(

−sw
(x

k

) k
sδ

)

(6.6.4)

or

∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (yk; s, r)

(

(x

k

) k
sδ

w

)ms

exp

(

−sw
(x

k

) k
sδ

)

≤
∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (xk; s, r)

(

(y

k

) k
sδ

w

)ms

exp

(

−sw
(y

k

) k
sδ

)

. (6.6.5)

Rewritting the inequality (6.6.4) by transfering the exponential function from left

side and proceeding further, one obtains

∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (xk; s, r)

(

(y

k

) k
sδ

w

)ms

≤
∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (yk; s, r)

(x

k

)mk
δ

wms

× exp

(

sw

(

(y

k

) k
sδ −

(x

k

) k
sδ

))

≤
∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (yk; s, r)

(x

k

)mk
δ

wms



Chapter 6. Inequalities involving generalized Konhauser polynomial 169

× exp

(

ws
(

(y

k

) k
δ −

(x

k

) k
δ

))

=
∞
∑

m=0

1

(β + 1)km
B

(k,β,λ,µ)
m∗ (yk; s, r)

(x

k

)mk
δ

wms

×
∞
∑

j=0

1

j!

(

ws
(

(y

k

) k
δ −

(x

k

) k
δ

))j

=
∞
∑

m=0

m
∑

j=0

1

(β + 1)k(m−j) j!
B

(k,β,λ,µ)
(m−j)∗ (yk; s, r)

(x

k

)
(m−j)k

δ

w(m−j)s

×
(

ws
(

(y

k

) k
δ −

(x

k

) k
δ

))j

=
∞
∑

m=0

m
∑

j=0

1

(β + 1)k(m−j) j!
B

(k,β,λ,µ)
(m−j)∗ (yk; s, r)

×
(x

k

)mk
δ

(

(y

x

) k
δ − 1

)j

wms.

Now comparing the coefficients of wms, one arrives at (6.6.1). The inequality in

(6.6.1) with y and x interchanged, may be proved by using (6.6.5).

The equality occurs in the theorem when s = 1. This is recorded in the

following.

6.6.1 Special cases

(i) From (6.6.1) , the finite summation formula occurs for s = 1:

B
(k,β,λ,µ)
m∗ (xk; 1, r) =

(

x

y

) km
δ

m
∑

j=0

(

β + km

kj

)

(kj)!

j!

×
(

(y

x

) k
δ − 1

)j

B
(k,β,λ,µ)
(m−j)∗ (yk; 1, r). (6.6.6)

If r = 0 then this provides the following summation formula involving the gener-

alized Laguerre polynomial (6.2.2).

L
(k,β)
m∗ (xk) =

(

x

y

) km
δ

m
∑

j=0

(

β + km

kj

)

(kj)!

j!

(

(y

x

) k
δ − 1

)j

L
(k,β)
(m−j)∗(y

k). (6.6.7)
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Further, δ = 1 yields the summation formula:

Zβ
m(x; k) =

(

x

y

)km m
∑

j=0

(

β + km

kj

)

(kj)!

j!

(

(y

x

)k

− 1

)j

Zβ
m−j(y; k). (6.6.8)

The Laguerre polynomial case follows immediately with k = 1 as given below.

L(β)
m (x) =

(

x

y

)m m
∑

j=0

(

β +m

j

)

(y

x
− 1
)j

L
(β)
m−j(y). (6.6.9)

6.7 Mixed relation

In the following, the relation involving the derivative of GKP is obtained.

Theorem 6.7.1. If α, β, λ > 0, δ, µ, k,m, s ∈ N, r ∈ N ∪ {0} then

α

k
x DB

(α,β,λ,µ)
m∗ (xk; s, r) = (αm+ β)B

(α,β−1,λ,µ)
m∗ (xk; s, r)− βB

(α,β,λ,µ)
m∗ (xk; s, r),

(6.7.1)

where D = d
dx
.

Proof. Consider

(α

k
x D + β

)

B
(α,β,λ,µ)
m∗ (xk; s, r) =

Γ(αm+ β + 1)

(m!)s

×
m∗

∑

n=0

(αn+ β) [(−m)δn]
s xkn

Γ(αn+ β + 1) [(λ)µn]r n!

=
Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s xkn

Γ(αn+ β) [(λ)µn]r n!

= (αm+ β)B
(α,β−1,λ,µ)
m∗ (xk; s, r).

The relation (7.9.5) now follows.

6.8 Integral representations

Theorem 6.8.1. If α, β, σ, λ > 0, δ, µ, k,m, s ∈ N, r ∈ N ∪ {0} then

B
(α,β,λ,µ)
m∗ (xα; s, r) =

Γ(αm+ β + 1)

Γ(αm+ σ + 1) Γ(β − σ)xβ
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×
x
∫

0

(x− u)β−σ−1uσB
(α,σ,λ,µ)
m∗ (uα; s, r)du. (6.8.1)

Proof. It is straight forward to see that

x
∫

0

(x− u)β−σ−1uσB
(α,σ,λ,µ)
m∗ (uα; s, r) du

=

x
∫

0

(x− u)β−σ−1uσ
Γ(αm+ σ + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
suαn

Γ(αn+ σ + 1)[(λ)µn]r n!
du

=
Γ(αm+ σ + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s

Γ(αn+ σ + 1)[(λ)µn]r n!

x
∫

0

(x− u)β−σ−1uαn+σdu

=
Γ(αm+ σ + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
sxαn+σ+β−σ−1+1

Γ(αn+ σ + 1)[(λ)µn]r n!
B(αn+ σ + 1, β − σ)

=
Γ(αm+ σ + 1)Γ(β − σ)xβ

(m!)s

m∗

∑

n=0

[(−m)δn]
s

Γ(αn+ β + 1)[(λ)µn]rn!
xαn

=
Γ(αm+ σ + 1)Γ(β − σ)xβ

Γ(αm+ β + 1)
B

(α,β,λ,µ)
m∗ (x; s, r).

Another integral representation is derived in the following theorem.

Theorem 6.8.2. If α, β, σ, λ > 0, δ, µ, k,m, s ∈ N, r ∈ N ∪ {0} then

(x− t)βB
(α,β,λ,µ)
m∗ ((x− t)α; s, r) =

Γ(αm+ β + 1)

Γ(αm+ β − σ + 1)Γ(σ)

×
x
∫

t

(x− u)σ−1(u− t)β−σB
(α,β−σ,λ,µ)
m∗ ((u− t)α; s, r) du. (6.8.2)

Proof. Consider

I =

x
∫

t

(x− u)σ−1(u− t)β−σB
(α,β−σ,λ,µ)
m∗ ((u− t)α; s, r) du.

By changing the variable u to s = u−t
x−t

, then

I =
Γ(αm+ β − σ + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s(x− t)αn+β

Γ(αn+ β − σ + 1)[(λ)µn]rn!

1
∫

0

sαn+β−σ(1− s)σ−1ds
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=
Γ(αm+ β − σ + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s(x− t)αn+β

Γ(αn+ β − σ + 1)[(λ)µn]rn!
B(αn+ β − σ + 1, σ).

This after some simplification, leads to

I =
Γ(αm+ β − σ + 1)Γ(σ)(x− t)β

Γ(αm+ β + 1)
B

(α,β,λ,µ)
m∗ ((x− t)α; s, r).

6.8.1 Special cases

Here, putting δ = s = 1, r = 0, α = k ∈ N in (6.8.1), gives (Ajudia, Prajapati,

Agarwal [58])

Zβ
m(x; k) =

Γ(km+ β + 1)

Γ(km+ σ + 1) Γ(β − σ)xβ

x
∫

0

(x− u)β−σ−1uσZσ
m(u; k) du.

The special case k = 1, further gives

L(β)
m (x) =

Γ(m+ β + 1)

Γ(m+ σ + 1) Γ(β − σ)xβ

x
∫

0

(x− u)β−σ−1uσLσm(u) du.

By substituting t = 0 in (6.8.2), one obtains

xβB
(α,β,λ,µ)
m∗ (xα; s, r) =

Γ(αm+ β + 1)

Γ(αm+ β − σ + 1)Γ(σ)

×
x
∫

0

(x− u)σ−1uβ−σB
(α,β−σ,λ,µ)
m∗ (uα; s, r) du.

Taking σ = 1, this reduces to

xβB
(α,β,λ,µ)
m∗ (xα; s, r) = (αm+ β)

x
∫

0

uβ−1B
(α,β−1,λ,µ)
m∗ (uα; s, r) du.

Further, for x = 1, it gives

1

(αm+ β)
B

(α,β,λ,µ)
m∗ (1; s, r) =

1
∫

0

uβ−1B
(α,β−1,λ,µ)
m∗ (uα; s, r) du.
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6.9 Fractional operators

In this section, the fractional operators are applied on GKP and the following

results are obtained.

6.9.1 Fractional integral operator

In the first place consider the fractional integral operator (1.6.1)

Iν0+f(x) =
1

Γ(ν)

x
∫

0

f(t)

(x− t)1−ν
du, x > 0,

Theorem 6.9.1. If α, β, λ, ν > 0, δ, µ, k,m, s ∈ N, r ∈ N ∪ {0}, then

Iν0+

[

xβB
(α,β,λ,µ)
m∗ (xα; s, r)

]

=
Γ(αm+ β + 1)

Γ(αm+ β + ν + 1)
xβ+νB

(α,β+ν,λ,µ)
m∗ (xα; s, r). (6.9.1)

Proof. Here beginning with

Iν0+

[

xβB
(α,β,λ,µ)
m∗ (xα; s, r)

]

=

x
∫

0

(x− t)ν−1

Γ(ν)
tβB

(α,β,λ,µ)
m∗ (tα; s, r)

=

x
∫

0

(x− t)ν−1 tβ

Γ(ν)

Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s tαn

Γ(αn+ β + 1)[(λ)µn]rn!

=
Γ(αm+ β + 1)

(m!)s Γ(ν)

m∗

∑

n=0

[(−m)δn]
s

Γ(αn+ β + 1)[(λ)µn]rn!

x
∫

0

(x− t)ν−1 tαn+β.

And replacing t by xu, one gets

Iν0+

[

xβB
(α,β,λ,µ)
m∗ (xα; s, r)

]

=
Γ(αm+ β + 1)

(m!)s Γ(ν)

m∗

∑

n=0

[(−m)δn]
sxαn+β+ν

Γ(αn+ β + 1)[(λ)µn]rn!

1
∫

0

(1− u)ν−1 uαn+βdu

=
Γ(αm+ β + 1)

(m!)s Γ(ν)

m∗

∑

n=0

[(−m)δn]
sxαn+β+ν

Γ(αn+ β + 1)[(λ)µn]rn!

Γ(αn+ β + 1)Γ(ν)

Γ(αn+ β + ν + 1)

=
Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
sxαn+β+ν

Γ(αn+ β + ν + 1)[(λ)µn]r n!
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=
Γ(αm+ β + 1) xβ+ν

Γ(αm+ β + ν + 1)
B

(α,β+ν,λ,µ)
m∗ (xα; s, r).

6.9.1.1 Special cases

Taking r = 0, s = 1 in (6.9.1), gives

Iν0+

[

xβL
(α,β)
m∗ (xα)

]

=
Γ(αm+ β + 1) xβ+ν

Γ(αm+ β + ν + 1)
L
(α,β+ν)
m∗ (xα).

For α = k ∈ N, δ = 1, this reduces to

Iν0+
[

xβZβ
m(x; k)

]

=
Γ(km+ β + 1) xβ+ν

Γ(km+ β + ν + 1)
Zβ+ν
m (x; k).

Putting k = 1, one obtains

Iν0+
[

xβLβm(x)
]

=
Γ(m+ β + 1) xβ+ν

Γ(m+ β + ν + 1)
Lβ+νm (x).

6.9.2 Fractional differential operator

Now the fractional differential operator Dν
0+ (1.6.4) will be considered. This is

given by

(Dν
0+ f)(x) =

(

d

dx

)n

(In−ν0+ f)(x).

Theorem 6.9.2. If α, β, λ, ν > 0, δ, µ, k,m, s ∈ N, r ∈ N ∪ {0}, then

Dν
0+

[

xβB
(α,β,λ,µ)
m∗ (xα; s, r)

]

=
Γ(αm+ β + 1) xβ−ν

Γ(αm+ β +m− ν + 1) Γ(αm+ β − ν)

×B(α,β−ν−1,λ,µ)
m∗ (xα; s, r). (6.9.2)

Proof. With the use of (1.6.4) and Theorem 6.9.1,

l.h.s = Dν
0+

[

xβB
(α,β,λ,µ)
m∗ (xα; s, r)

]

=

(

d

dx

)n
(

In−ν
[

xβB
(α,β,λ,µ)
m∗ (xα; s, r)

])
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=

(

d

dx

)n (
Γ(αm+ β + 1)

Γ(αm+ β +m− ν + 1)
xβ+n−νB

(α,β+n−ν,λ,µ)
m∗ (xα; s, r)

)

=

(

d

dx

)n
(

Γ(αm+ β + 1)

Γ(αm+ β +m− ν + 1)

m∗

∑

n=0

[(−m)δn]
s xαn+β+n−ν

Γ(αn+ β + n− ν + 1) [(λ)µn]r n!

)

=
Γ(αm+ β + 1) xβ−ν

Γ(αm+ β + n− ν + 1)

m∗

∑

n=0

[(−m)δn]
s xαn

Γ(αn+ β − ν) [(λ)µn]r n!

=
Γ(αm+ β + 1) xβ−ν

Γ(αm+ β +m− ν + 1) Γ(αm+ β − ν)
B

(α,β−ν−1,λ,µ)
m∗ (xα; s, r).

6.9.2.1 Special cases

Taking β, ν ∈ C with ℜ(β) > −1, r = 0, s = 1, α = k ∈ N and δ = 1 in (6.9.2),

gives

Dν
0+

[

xβ Zβ
m(x; k)

]

=
Γ(αm+ β + 1) xβ−ν−1

Γ(αm+ β +m− ν + 1) Γ(αm+ β − ν)
Zβ+ν
m (x; k).

And for the generalized Laguerre polynomial, it gives

Dν
0+

[

xβL(β)
m (x)

]

=
Γ(αm+ β + 1) xβ−ν−1

Γ(αm+ β +m− ν + 1) Γ(αm+ β − ν)
L(β−ν−1)
m (x),

when k = 1.

6.10 Integral transforms

6.10.1 Laplace transform:

Theorem 6.10.1. If α, β, λ > 0, δ, µ, k,m, s ∈ N, r, σ ∈ N ∪ {0}, ν ∈ C then

L

{

tνB
(α,β,λ,µ)
m∗ ((xtσ); s, r)

}

=
(β + 1)αmΓ(ν + 1)

sν+1(m!)s

×sδFk+rµ

[

∆(δ;−m)s, ∆(σ; ν + 1);
δsδσσx

ααµrµsσ

∆(α; β + 1), ∆(µ;λ)r;

]

. (6.10.1)
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Proof. The left hand member

L

{

tνB
(α,β,λ,µ)
m∗ ((xtσ); s, r)

}

=

∞
∫

0

e−sttνB
(α,β,λ,µ)
m∗ ((xtσ); s, r) dt

=

∞
∫

0

e−sttν
Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s (xtσ)n

Γ(αn+ β + 1)[(λ)µn]rn!
dt

=
Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s xn

Γ(αn+ β + 1)[(λ)µn]rn!

∞
∫

0

e−sttσn+ν dt

=
Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s xn

Γ(αn+ β + 1)[(λ)µn]rn!

Γ(σn+ ν + 1)

sσn+ν+1

=
Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s xn

Γ(αn+ β + 1)[(λ)µn]rn!

×Γ(σn+ ν + 1)

sσn+ν+1

Γ(ν + 1)

Γ(ν + 1)

Γ(β + 1)

Γ(σ − α + β + 1)

=
(β + 1)αm Γ(ν + 1)

sν+1 (m!)s

m∗

∑

n=0

[(−m)δn]
s xn

(β + 1)αn [(λ)µn]r n!

(ν + 1)σn (1)n
sσn n!

=
(β + 1)αm Γ(ν + 1)

sν+1 (m!)s

×sδFk+rµ

[

∆(δ;−m)s, ∆(σ; ν + 1);
δsδσσx

ααµrµsσ

∆(α; β + 1), ∆(µ;λ)r;

]

.

(6.10.2)

6.10.2 Euler(Beta) transform:

Theorem 6.10.2. If α, β, λ > 0, δ, µ, k,m, s, a, b ∈ N, r ∈ N ∪ {0}, then

B

{

B
(α,β,λ,m)
m∗ ((txα); s, r) : a, b

}

=
(β + 1)αmΓ(b)

(m!)s Γ(a)

× sδFα+rµ

[

∆(δ;−m)s, ∆(α; a);
δsδ t

ααµrµ

∆(α; β + 1), ∆(µ;λ)r, ∆(α; a+ b);

]

. (6.10.3)
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Proof. Here

B

{

B
(α,β,λ,µ)
m∗ ((txα); s, r) : a, b

}

(6.10.4)

=

1
∫

0

xa−1(1− x)b−1B
(α,β,λ,µ)
m∗ ((txα); s, r) dx

=

1
∫

0

xa−1(1− x)b−1Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s (txα)n

Γ(αn+ β + 1)[(λ)µn]rn!
dx

=
Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s tn

Γ(αn+ β + 1)[(λ)µn]rn!

1
∫

0

xαn+a−1(1− x)b−1 dx

=
Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s tn

Γ(αn+ β + 1)[(λ)µn]rn!
B(αn+ a, b)

=
Γ(αm+ β + 1)

(m!)s

m∗

∑

n=0

[(−m)δn]
s tn

Γ(αn+ β + 1)[(λ)µn]rn!

Γ(αn+ a) Γ(b)

Γ(αn+ a+ b)

=
(β + 1)αm Γ(b)

(m!)s Γ(a)

m∗

∑

n=0

[(−m)δn]
s (a)αnt

n

(β + 1)αn[(λ)µn]r (a+ b)αn n!

=
(β + 1)αm Γ(b)

(m!)s Γ(a)

× sδFα+rµ

[

∆(δ;−m)s, ∆(α; a);
δsδ t

ααµrµ

∆(α; β + 1), ∆(µ;λ)r, ∆(α; a+ b);

]

. (6.10.5)

(A piece of the content of this work is accepted in “The Mathematics Stu-

dent” for publication)
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