
Chapter 7

Inequalities involving generalized

q-Konhauser polynomial

7.1 Introduction

In this chapter, two q-extensions of the GKP (6.1.3) are considered and their

properties corresponding to those obtained in Chapter-6, are derived. Having

suggested by the q-analogues (3.1.1) and (3.1.2) of the function (2.1.5), the two

q-GKP are defined as follows.

Definition 7.1.1. For α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, m∗ = [m
δ
], the

integral part of m
δ
, define

B
(α,β,λ,µ)
m∗ (xk; s, r|q) =

(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qskδn(m+(δnk−1)/2) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s xkn

(qk; qk)n
. (7.1.1)

Definition 7.1.2. For α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, m∗ = [m
δ
], the

integral part of m
δ
, define

b
(α,β,λ,µ)
m∗ (xk; s, r|q) =

(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

[(q−mk; qk)δn]
s xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n
. (7.1.2)

The polynomials in (7.1.2) and (7.1.1) will be referred to as q-GKP.
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7.2 Generalized q-Konhauser polynomial

If s = 1, r = 0 then (7.1.1) reduces to q-analogue of another generalization of the

Konhauser polynomial (6.2.2) in the form considered by [58]:

B
(k,β,λ,µ)
m∗ (xk; 1, 0|q) =

(qβ+1; q)αm
(qk; qk)m

m∗

∑

n=0

qkδn(kδn−1)/2+δnm qδnα(β+1)

(qβ+1; q)αn

×(q−mk; qk)δn x
kn

(qk; qk)n

= Zβ
m∗(x; k|q). (7.2.1)

A q-analogue of the classical Konhauser polynomial (6.1.1) is obtained from (7.2.1)

by taking δ = 1 and α = k, that is

B(k,β,λ,µ)
m (xk; 1, 0|q) =

(qβ+1; q)km
(qk; qk)m

m
∑

n=0

qkn(kn−1)/2+kn(m+β+1)(q−mk; qk)n x
kn

(qβ+1; q)kn (qk; qk)n

= Zβ
m(x; k|q). (7.2.2)

Further, with k = 1,

B(1,β,λ,µ)
m (x; 1, 0|q) =

(qβ+1; q)m
(q; q)m

m
∑

n=0

qn(n+1)/2+n(m+β)(q−m; q)n x
n

(qβ+1; q)n (q; q)n

= L(β)
m (x|q) (7.2.3)

is a q-analogue of the generalized Laguerre polynomial. If k = 1 then (7.1.2)

reduces to the special case of the function (3.1.1) with z replaced by x,

b
(α,β,λ,µ)
m∗ (x; s, r|q) =

(qβ+1; q)αm
[(q; q)m]s

m∗

∑

n=0

[(q−m; q)δn]
s xn

(qβ+1; q)αn [(qλ; q)µn]r (q; q)n

=
(qβ+1; q)αm
[(q; q)m]s

e−m,δα,β+1,λ,µ(x; s, r|q). (7.2.4)

Theorem 7.2.1. Let

B
(α,β,λ,µ)
m∗ (xk; s, r|q) =

(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s xkn

(qk; qk)n
. (7.2.5)
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Then as limit m→ ∞, B
(α,β,λ,µ)
m∗ (xk; s, r|q) approaches to the entire function

B(α,β,λ,µ)
∞ (xk; s, r|q) =

(qβ+1; q)∞
[(qk; qk)∞]s

∞
∑

n=0

(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

(qβ+1; q)αn [(qλ; q)µn]r

×q
δn(α(β+1)+rµλ) xkn

(qk; qk)n
(7.2.6)

in any bounded domain.

Proof. It will be shown first that the series in (7.2.6) has an infinite radius of

convergence.

Taking

υn =
(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

(qβ+1; q)αn [(qλ; q)µn]r
qδn(α(β+1)+rµλ)

(qk; qk)n

=
(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2) qδn(α(β+1)+rµλ)

(qβ+1; q)∞ [(qλ; q)∞]r

×(qαn+β+1; q)∞ [(qµn+λ; q)∞]r

(qk; qk)n
.

Then using D’Albert’s Ratio test, the radius of convergence R is given by

R = lim
n→∞

∣

∣

∣

∣

υn
υn+1

∣

∣

∣

∣

= lim
n→∞

∣

∣

∣

∣

∣

(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2) qδn(α(β+1)+rµλ)

(qβ+1; q)∞ [(qλ; q)∞]r (qk; qk)n

×(qβ+1; q)∞ [(qλ; q)∞]r (qαn+β+1; q)∞ [(qµn+λ; q)∞]r

(−1)sδ(n+1) qskδ(n+1)(δ(n+1)−1)/2+(kδ(n+1)−1)/2

× (qk; qk)n+1

qδ(n+1)(α(β+1)+rµλ) (qα(n+1)+β+1; q)∞ [(qµ(n+1)+λ; q)∞]r

∣

∣

∣

∣

∣

= lim
n→∞

∣

∣

∣

∣

∣

qskδ−sk
2δ2 (1− q(n+1)k)

qnsδ2(k(k+1)) qδ(α(β+1)+rµλ)

× (1− qαn+β+1) (1− qαn+β+2) . . . (1− qαn+β+α)

[(1− qµn+λ+1) (1− qµn+λ+2) . . . (1− qµn+λ+µ)]−r

∣

∣

∣

∣

∣

= ∞.

Here it suffices to show that for m sufficiently large,

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s xkn

(qk; qk)n
(7.2.7)
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tends to

∞
∑

n=0

(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

(qβ+1; q)αn [(qλ; q)µn]r
qδn(α(β+1)+rµλ) xkn

(qk; qk)n
. (7.2.8)

In fact,

∣

∣

∣

∣

∣

∞
∑

n=0

(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

(qβ+1; q)αn [(qλ; q)µn]r
qδn(α(β+1)+rµλ) xkn

(qk; qk)n

−
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s xkn

(qk; qk)n

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

m∗

∑

n=0

{

qskδn(δn−1)/2 − [(q−mk; qk)δn]
s qskδnm (−1)sδn

}

×q
skδn(kδn−1)/2 qδn(α(β+1)+rµλ) (−1)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

m∗

∑

n=0

{

qskδn(δn−1)/2 −
[

(1− q−mk) (1− q−mk+k) (1− q−mk+2k) . . .

×(1− q−mk+(δn−1)k)
]s

qskδnm (−1)sδn
}

×q
skδn(kδn−1)/2 qδn(α(β+1)+rµλ) (−1)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

m∗

∑

n=0

{

qskδn(δn−1)/2 −
[

(q−mk − 1) (q−mk+k − 1) (q−mk+2k − 1) . . .

×(q−mk+(δn−1)k − 1)
]s

qskδnm
}

×q
skδn(kδn−1)/2 qδn(α(β+1)+rµλ) (−1)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

m∗

∑

n=0

{

qskδn(δn−1)/2 −
[

(1− qmk) (1− qmk−k) (1− qmk−2k) . . .

×(1− qmk−(δn−1)k)
]s

qskδnm qskδn(δn−1)/2−skδnm

}

×q
skδn(kδn−1)/2 qδn(α(β+1)+rµλ) (−1)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

∣

∣

∣

∣

∣

≤
m∗

∑

n=0

∣

∣

∣

∣

∣

qskδn(δn−1)/2 −
[

(1− qmk) (1− qmk−k) (1− qmk−2k) . . .

×(1− qmk−(δn−1)k)
]s

qskδn(δn−1)/2

∣

∣

∣

∣

∣
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×q
skδn(kδn−1)/2 qδn(α(β+1)+rµλ) |x|kn
(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

. (7.2.9)

The absolute difference may be simplified with the aid of the inequality

k
∏

j=1

(1− xj) ≥ 1−
k
∑

j=1

xj, 0 ≤ xj ≤ 1, j = 1, 2, . . . , k,

to get

∣

∣

∣

∣

∣

qskδn(δn−1)/2 −
[

(1− qmk) (1− qmk−k) (1− qmk−2k) . . .

×(1− qmk−(δn−1)k)
]s

qskδn(δn−1)/2

∣

∣

∣

∣

∣

= qskδn(δn−1)/2

×
∣

∣

∣

∣

∣

1−
[

(1− qmk) (1− qmk−k) (1− qmk−2k) . . . (1− qmk−(δn−1)k)
]s

∣

∣

∣

∣

∣

= qskδn(δn−1)/2

∣

∣

∣

∣

∣

1−
[

δn
∏

j=1

(1− qmk−jk+k)

]s∣
∣

∣

∣

∣

≤ qskδn(δn−1)/2

∣

∣

∣

∣

∣

1−
(

1−
δn
∑

j=1

qmk−jk+k

)s∣
∣

∣

∣

∣

≤ qskδn(δn−1)/2

∣

∣

∣

∣

∣

δn
∑

j=1

qmk−jk+k

∣

∣

∣

∣

∣

s

= qskδn(δn−1)/2

(

δn
∑

j=1

qmk−jk+k

)s

= qskδn(δn−1)/2+skm

(

δn−1
∑

j=0

q−jk

)s

= qskδn(δn−1)/2+skm (1− q−δnk)s

(1− q−k)s

= qskδn(δn−1)/2−skδn+smk+sk (1− qδnk)s

(1− qk)s

≤ qskδn(δn−1)/2−skδn+smk+sk

(1− qk)s
,

because δn ≤ m. Therefore,

∣

∣

∣

∣

∣

qskδn(δn−1)/2 −
[

(1− qmk) (1− qmk−k) (1− qmk−2k) . . .
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×(1− qmk−(δn−1)k)
]s

qskδn(δn−1)/2

∣

∣

∣

∣

∣

≤ qskδn(δn−1)/2−snδk+smk+sk

(1− qk)s
. (7.2.10)

This last inequality is valid for all non negative values of δn. Substituting this

into (7.2.9), one gets

∣

∣

∣

∣

∣

∞
∑

n=0

(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

(qβ+1; q)αn [(qλ; q)µn]r
qδn(α(β+1)+rµλ) xkn

(qk; qk)n

−
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s xkn

(qk; qk)n

∣

∣

∣

∣

∣

≤ qsmk+sk

(1− qk)s

∞
∑

n=0

qskδn(δn−1)/2−snδkqskδn(kδn−1)/2 qδn(α(β+1)+rµλ) |x|kn
(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

. (7.2.11)

Thus the last series (7.2.11) has an infinite radius of convergence and is therefore

bounded in every bounded domain. It follows that the left hand side in (7.2.9) → 0

as n → ∞ uniformly in any bounded domain. Hence the series (7.2.7) converges

to (7.2.8) uniformly on any bounded domain.

7.3 Difference equations

The operators considered in Chapter 3, subsection 3.2.3 are used once again in

this chapter. They are relisted below.

Λqf(x) = f(x)− f(xq−1), Θf(x) = f(x)− f(xq),

Dq f(x) = (1− q) Dqf(x) := (1− q)
f(x)− f(xq)

x− xq
=
f(x)− f(xq)

x
,

{

a−1
∏

u=0

a−1
∏

v=0

[Θ + c−uq1−(b+v)/a − 1]m
}

{

a−1
∏

u=0

a−1
∏

v=0

[c−uq1−(b+v)/a]m

} = Φ(a,b,c;m)
u,v
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and

{

a−1
∏

u=0

a−1
∏

v=0

[Θ + c−uq(b+v)/a − 1]m
}

{

a−1
∏

u=0

a−1
∏

v=0

[c−uq−(b+v)/a]m
} = Ψ(a,b,c;m)

u,v .

In the notations of these operators, the difference equation satisfied by the poly-

nomial B
(α,β,λ,µ)
m∗ (xk; s, r|q) is derived in the following theorem.

Theorem 7.3.1. Let α, β, λ,m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, m∗ = [m
δ
] then

B
(α,β,λ,µ)
m∗ (xk; s, r|q) satisfies the equation

[

Φ
(µ,λ,η;r)
ℓ,κ Φ

(α,β+1,σ;1)
h,g Θ

]

B
(α,β,λ,µ)
m∗ (xk; s, r|q)

−xk qs(kδ(kδ−1)/2)+skδm Ψ
(δk,−mk,χ;s)
j,i B

(α,β,λ,µ)
m∗ (xkqs(kδ)

2

; s, r|q) = 0, (7.3.1)

where χ is (δk)th root of unity, η is µth root of unity, σ is αth root of unity.

Proof. The coefficient of xnk in (7.1.1) will be first expressed in q-factorial notation

with the aid of the formulas [18, Appendix I]:

(a; q)kn = (a, aq, . . . , aqk−1; qk)n,

(ak; qk)n = (a, aωk, . . . , aω
k−1
k ; qk)n ;ωk = e(2πi)/k,

(A; qn)νk = (A1/n; q)νk(A
1/nω; q)νk . . . (A

1/nωn−1; q)νk, ω
n = 1,

and

(qγ; qδ)n = (qγ/δ; q)n (̟qγ/δ; q)n . . . (̟
δ−1qγ/δ; q)n =

δ−1
∏

i=0

(̟iqγ/δ; q)n, ̟
δ = 1.

Now if

[n/δ]
∑

n=0

{

δk−1
∏

j=0

δk−1
∏

i=0

[(χj q(−mk+i)/(δk); q)n]
s

}{

µ−1
∏

ℓ=0

µ−1
∏

κ=0

[(ηℓ q(λ+κ)/µ; q)n]
r

}−1

×q
s(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

{

α−1
∏

h=0

α−1
∏

g=0

(σh q(β+g)/α; q)n

}

xnk

(qk; qk)n
= Y , (7.3.2)

δk−1
∏

j=0

δk−1
∏

i=0

[(χj q(−mk+i)/(δk); q)n]
s = Hn,

µ−1
∏

ℓ=0

µ−1
∏

k=0

[(ηℓ q(λ+k)/µ; q)n]
r = Bn,
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α−1
∏

h=0

α−1
∏

g=0

(σh q(β+g)/α; q)n = Cn, qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ) = Gn,

then (7.3.2) will assume the elegant form:

Y =

[n/δ]
∑

n=0

Hn Gn
Bn Cn (qk; qk)n

xnk.

Now

ΘY =

[n/δ]
∑

n=0

Hn Gn
Bn Cn (qk; qk)n

Θxnk =

[n/δ]
∑

n=1

Hn Gn
Bn Cn

xnk

(qk; qk)n−1

.

Next operating by Φ
(α,β,σ;1)
h,g , one gets

Φ
(α,β,σ;1)
h,g ΘY =

[n/δ]
∑

n=1

Hn Gn
Bn (qk; qk)n−1

{

α−1
∏

h=0

α−1
∏

g=0

(Θ + σ−hq1−(β+g)/α − 1)

}

{

α−1
∏

h=0

α−1
∏

g=0

(σ−hq1−(β+g)/α)

}

×
{

α−1
∏

h=0

α−1
∏

g=0

(σhq(β+g)/α; q)n

}−1

xnk

=

[n/δ]
∑

n=1

Hn Gn
Bn (qk; qk)n−1

{

α−1
∏

h=0

α−1
∏

g=0

(1− σhqn−1+(β+g)/α)

}

{

α−1
∏

h=0

α−1
∏

g=0

(σhq(β+g)/α; q)n

} xnk

=

[n/δ]
∑

n=1

Hn Gn
Bn Cn−1 (qk; qk)n−1

xnk.

Finally,

Φ
(µ,λ,η;r)
ℓ,κ Φ

(α,β,σ;1)
h,g ΘY =

[n/δ]
∑

n=1

Hn Gn
Cn−1 (qk; qk)n−1

{

µ−1
∏

ℓ=0

µ−1
∏

κ=0

[(Θ + η−ℓq1−(λ+κ)/µ − 1)]r

}

{

µ−1
∏

ℓ=0

µ−1
∏

κ=0

[(η−ℓq1−(λ+κ)/µ)]r

}

×
{

µ−1
∏

ℓ=0

µ−1
∏

κ=0

[(ηℓ q(λ+κ)/µ; q)n]
r

}−1

xnk
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=

[n/δ]
∑

n=1

Hn Gn
Cn−1 (qk; qk)n−1

{

µ−1
∏

ℓ=0

µ−1
∏

κ=0

[(−qn + η−ℓq1−(λ+κ)/µ)]r

}

{

µ−1
∏

ℓ=0

µ−1
∏

κ=0

[(η−ℓq1−(λ+κ)/µ)]r

}

×
{

µ−1
∏

ℓ=0

µ−1
∏

κ=0

[(ηℓ q(λ+κ)/µ; q)n]
r

}−1

xnk

=

[n/δ]
∑

n=1

Hn Gn
Bn−1 Cn−1 (qk; qk)n−1

xnk.

Thus,

Φ
(µ,λ,η;r)
ℓ,κ Φ

(α,β,σ;1)
h,g ΘY =

[n/δ]
∑

n=0

Hn+1 Gn+1

Bn Cn (qk; qk)n
xnk+k. (7.3.3)

Further,

Ψ
(δk,−mk,χ;s)
j,i B

(α,β,λ,µ)
m∗ (xkqs(kδ)

2

; s, r|q)

=

[n/δ]
∑

n=0

Hn Gn qs(kδ)2n
Bn Cn (qk; qk)n

{

δk−1
∏

j=0

δk−1
∏

i=0

[(Θ + χ−jq−(−mk+i)/(δk) − 1)]s

}

{

δk−1
∏

j=0

δk−1
∏

i=0

[(χ−jq−(−mk+i)/(δk))]s

} xnk

=

[n/δ]
∑

n=0

Gn qs(kδ)2

Bn Cn (qk; qk)n

{

δk−1
∏

j=0

δk−1
∏

i=0

[(χj q(−mk+i)/(δk); q)n]
s

}

×
{

δk−1
∏

j=0

δk−1
∏

i=0

[(1− χjqn+(−mk+i)/(δk))]s

}

xnk,

and hence

xk qs(kδ(kδ−1)/2)+skδm Ψ
(δk,−mk,χ;s)
j,i B

(α,β,λ,µ)
m∗ (xkqs(kδ)

2

; s, r|q)

=

[n/δ]
∑

n=0

Hn+1 Gn+1

Bn Cn (qk; qk)n
xnk+k. (7.3.4)

The equation (7.3.1) now follows by comparing (7.3.3) and (7.3.4).

In this proof, if the factor Gn = qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ) is dropped

then the resultant equation is satisfied by the function W = b
(α,β,λ,µ)
m∗ (xk; s, r|q).

This is stated as
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Theorem 7.3.2. Let α, β, λ,m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, m∗ = [m
δ
] then W =

b
(α,β,λ,µ)
m∗ (xk; s, r|q) satisfies the equation

[

Φ
(µ,λ,η;r)
ℓ,κ Φ

(α,β+1,σ;1)
h,g Θ− xk Ψ

(δk,−mk,χ;s)
j,i

]

W = 0, (7.3.5)

where χ is (δk)th root of unity, η is µth root of unity, σ is αth root of unity.

7.4 Inverse series and inequality relations

In parallel to the inverse series inequality relations of section 6.4 and the results

obtained in subsequent sections, the parameter ′s′ is again exploited here to ob-

tain analogues results. As mentioned in section 6.4, here also for s = 1 the usual

inverse series relations occurs and for other values of s the inverse series inequality

relations occur.

If the real valued functions F (x, n; s|q), G(x, n; s|q), f(x, n; s|q), g(x, n; s|q), where
s ∈ N \ {1} are such that F (x, n; s|q) < B

(α,β,λ,µ)
n∗ (xk; s, r|q), G(x, n; s|q) >

B
(α,β,λ,µ)
n∗ (xk; s, r|q), f(x, n; s|q) < b

(α,β,λ,µ)
n∗ (xk; s, r|q) and g(x, n; s|q)

> b
(α,β,λ,µ)
n∗ (xk; s, r|q) then there hold the following inequality relations.

Theorem 7.4.1. Let F (x, n; s|q) and G(x, n; s|q) be real valued functions, α, β, λ >
0, and µ, k ∈ N, r ∈ N∪{0}. If s is odd positive integer and m, (n−a non negative

integer) are even positive integers, then

F (x, n; s|q) < B
(α,β,λ,µ)
n∗ (xk; s, r|q) (7.4.1)

implies

xkn >
q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

×
mn
∑

j=0

qskj [(q−kmn; qk)j]
s

(qβ+1; q)αj
F (x, j; s|q); (7.4.2)

and

xkn <
q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

×
mn
∑

j=0

qskj [(q−kmn; qk)j]
s

(qβ+1; q)αj
G(x, j; s|q) (7.4.3)
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implies

G(x, n; s|q) > B
(α,β,λ,µ)
n∗ (xk; s, r|q). (7.4.4)

Proof. Here the inequality (7.4.1) holds. Putting

ωn =
q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

×
mn
∑

j=0

qskj [(q−kmn; qk)j]
s

(qβ+1; q)αj
F (x, j; s|q)

and substituting the series inequality (7.4.1) for F (x, j; s|q), one gets

ωn <
q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

×
mn
∑

j=0

qskj [(q−kmn; qk)j]
s

(qβ+1; q)αj

(qβ+1; q)αj
[(qk; qk)j]s

×
[ j
m ]
∑

i=0

qs(kmi(kmi−1)/2+kmij) qmi(α(β+1)+rµλ)[(q−kj; qk)mi]
s xki

(qβ+1; q)αi [(qλ; q)µi]r (qk; qk)i

=
q−mn(α(β+1)+rµλ) q−skmn(mn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

×
mn
∑

j=0

qskj (−1)sjqskj(j−1)/2−skmnj
[

(qk; qk)mn
]s

[(qk; qk)mn−j]
s (qβ+1; q)αj

× (qβ+1; q)αj
((qk; qk)j)s

[ j
m ]
∑

i=0

(−1)smi qs(kmi(kmi−1)/2+kmij) qmi(α(β+1)+rµλ)

[(qk; qk)j−mi]
s (qβ+1; q)αi [(qλ; q)µi]r

× qskmi(kmi−1)/2−skjmi
(

(qk; qk)j
)s

xki

(qk; qk)i

=
mn
∑

j=0

[ j
m ]
∑

i=0

(−1)sj+smi qs(kmi(kmi−1)/2+kmij) qmi(α(β+1)+rµλ) qskmi(mi−1)/2−skjmi

[(qk; qk)j−mi]
s [(qk; qk)mn−j]

s

×q
−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 qskj qskj(j−1)/2−skmnj (qβ+1; q)αn

(qβ+1; q)αi [(qλ; q)µi]r (qk; qk)i

×[(qλ; q)µn]
r (qk; qk)n x

ki.

Now in view of the double series relation (1.2.21)

mn
∑

i=0

[ i
m
]

∑

j=0

f(i, j) =
n
∑

j=0

mn−mj
∑

i=0

f(i+mj, j),
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one gets

ωn <
n
∑

i=0

mn−mi
∑

j=0

(−1)sj qskmi(kmi−1)/2 qmi(α(β+1)+rµλ) qskj(mi−mn+1)+skmi(mi−mn)

((qk; qk)j)
s [(qk; qk)mn−mi−j]

s

×q
skj(j−1)/2 q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r

(qβ+1; q)αi [(qλ; q)µi]r

×(qk; qk)n x
ki

(qk; qk)i

= xkn +
n−1
∑

i=0

qs(kmi(kmi−1)/2+skmi(mi−mn) q(mi−mn)(α(β+1)+rµλ)

[(qk; qk)mn−mi]
s (qβ+1; q)αi [(qλ; q)µi]r

×(qβ+1; q)αn [(qλ; q)µn]
r(qk; qk)n x

ki

(qk; qk)i

×
mn−mi
∑

j=0

(−1)sj qskj(j−1)/2 qskj(mi−mn+1)

[

mn−mi

j

]s

qk

≤ xkn +
n−1
∑

i=0

qskmi(kmi−1)/2+skmi(mi−mn) q(mi−mn)(α(β+1)+rµλ)

[(qk; qk)mn−mi]
s (qβ+1; q)αi [(qλ; q)µi]r

×(qβ+1; q)αn [(qλ; q)µn]
r(qk; qk)n x

ki

(qk; qk)i

×
(

mn−mi
∑

j=0

(−1)j qkj(j−1)/2 qskj(mi−mn+1)

[

mn−mi

j

]

qk

)s

= xkn +
n−1
∑

i=0

qs(kmi(kmi−1)/2+skmi(mi−mn) (qβ+1; q)αn [(qλ; q)µn]
r

[(qk; qk)mn−mi]
s (qβ+1; q)αi [(qλ; q)µi]r

×(qk; qk)n x
ki

(qk; qk)i

{

mn−mi
∏

j=1

(1− qk(mi−mn+j))

}s

.

Here the product on the right hand side vanishes, hence ωn < xkn.

Next, the proof of another inequality relations stated above runs as follows.

Here (7.4.3) holds true. Now if

νn =
(qβ+1; q)αn
[(qk; qk)n]s

[ n
m ]
∑

j=0

qs(kmj(kmj−1)/2+skmjn) qmj(α(β+1)+rµλ)

(qβ+1; q)αj [(qλ; q)µj]r

× [(q−nk; qk)mj]
s xkj

(qk; qk)j
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then substituting the series inequality (7.4.3) for xkn , one gets

νn <
(qβ+1; q)αn
[(qk; qk)n]s

[ n
m ]
∑

j=0

qs(kmj(kmj−1)/2+kmjn) qmj(α(β+1)+rµλ)

(qβ+1; q)αj [(qλ; q)µj]r
[(q−nk; qk)mj]

s

(qk; qk)j

×q
−mj(α(β+1)+rµλ) q−skmj(kmj−1)/2 (qβ+1; q)αj [[q

λ]µj]
r (qk; qk)j

[(qk; qk)mj]
s

×
mj
∑

i=0

qski [(q−kmj; qk)i]
s

(qβ+1; q)αi
G(x, i; s|q)

=
(qβ+1; q)αn
((qk; qk)n)s

[ n
m ]
∑

j=0

(−1)smj qskmjn qskmj(mj−1)/2−snmj ((qk; qk)n)
s

[

(qk; qk)(n−mj)
]s

[(qk; qk)mj]
s

×
mj
∑

i=0

(−1)is qski qski(i−1)/2−skimj
[

(qk; qk)mj
]s

[

(qk; qk)(n−mj)
]s

(qβ+1; q)αi
G(x, i; s|q)

=
n
∑

mj=0

mj
∑

i=0

(−1)smj+is qski(i+1)/2 qskmj(mj−1)/2−skimj (qβ+1; q)αn
[

(qk; qk)(n−mj)
]s [

(qk; qk)(mj−i)
]s

(qβ+1; q)αi

×G(x, i; s|q).

In view of double series relation (1.2.22), this takes the form:

νn <

n
∑

i=0

n
∑

mj=i

(−1)smj+is qski(i+1)/2 qskmj(mj−1)/2−skimj (qβ+1; q)αn
[

(qk; qk)(n−mj)
]s [

(qk; qk)(mj−i)
]s

(qβ+1; q)αi

×G(x, i; s|q)

= G(x, n; s|q) +
n−1
∑

i=0

(−1)is qski(i+1)/2 (qβ+1; q)αn
(qβ+1; q)αi

G(x, i; s|q)

×
n
∑

mj=i

(−1)smj qskmj(mj−1)/2−skimj

[

(qk; qk)(n−mj)
]s [

(qk; qk)(mj−i)
]s

= G(x, n; s|q) +
n−1
∑

i=0

(qβ+1; q)αn
(qβ+1; q)αi

G(x, i; s|q)

×
n−i
∑

mj=0

(−1)smj qskmj(mj−1)/2

[

(qk; qk)(n−i−mj)
]s

[(qk; qk)mj]
s

= G(x, n; s|q) +
n−1
∑

i=0

qski(i+1)/2 (qβ+1; q)αn

(qβ+1; q)αi
[

(qk; qk)(n−i)
]sG(x, i; s|q)

×
n−i
∑

mj=0

(−1)smj qskmj(mj−1)/2

[

n− i

mj

]s

k

≤ G(x, n; s|q) +
n−1
∑

i=0

qski(i+1)/2 (qβ+1; q)αn

(qβ+1; q)αi
[

(qk; qk)(n−i)
]sB

(α,β,λ,µ)
i∗ (xk; s, r|q)
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×
(

n−i
∑

mj=0

(−1)mj qkmj(mj−1)/2

[

n− i

mj

]

k

)s

(7.4.5)

= G(x, n; s|q) +
n−1
∑

i=0

qski(i+1)/2 (qβ+1; q)αn

(qβ+1; q)αi
[

(qk; qk)(n−i)
]sG(x, i; s|q)

×
{

n−i
∏

mj=1

(

1− qkmj−k
)

}s

.

This gives νn < G(x, n; s|q).

Towards the converse of these inequality relations, one can obtain the fol-

lowing theorem.

Theorem 7.4.2. Let F (x, n; s|q) and G(x, n; s|q) be real valued functions, α, β, λ >
0, and µ, k ∈ N, r ∈ N∪ {0}. If either s is an even positive integer or s,m, (n−a

non negative integer) are all odd positive integers, then

xkn >
q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

×
mn
∑

j=0

qskj [(q−kmn; qk)j]
s

(qβ+1; q)αj
F (x, j; s|q) (7.4.6)

implies

F (x, n; s|q) < B
(α,β,λ,µ)
n∗ (xk; s, r|q); (7.4.7)

and

G(x, n; s|q) > B
(α,β,λ,µ)
n∗ (xk; s, r|q)m (7.4.8)

implies

xkn <
q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

×
mn
∑

j=0

qskj [(q−kmn; qk)j]
s

(qβ+1; q)αj
G(x, j; s|q)m. (7.4.9)

The proof runs parallel to that of Theorem 7.4.1, hence is omitted.

For s = 1, the polynomial (7.1.1) yields the following inverse series relation.
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Theorem 7.4.3. For α, β, λ > 0, m, µ, k ∈ N, r ∈ N ∪ {0},

B
(α,β,λ,µ)
n∗ (xk; 1, r|q) =

(qβ+1; q)αn
(qk; qk)n

[ n
m ]
∑

j=0

qk(mj(mj−1)/2+mjn) qmj(α(β+1)+rµλ)

(qβ+1; q)αj [(qλ; q)µj]r

×(q−nk; qk)mj x
kj

(qk; qk)j
(7.4.10)

if and only if

xkn

(qk; qk)n
=

q−mn(α(β+1)+rµλ) q−kmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]
r

(qk; qk)mn

×
mn
∑

j=0

qkj (q−kmn; qk)j
(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q), (7.4.11)

and for n 6= ml, l ∈ N,

n
∑

j=0

qkj (q−kn; qk)j
(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q),= 0. (7.4.12)

Proof. The proof of (7.4.10) implies (7.4.11) runs as follows.

Here the equality (7.4.10) holds. Putting

Jn =
q−mn(α(β+1)+rµλ) q−kmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
(qk; qk)mn

×
mn
∑

j=0

qkj (q−kmn; qk)j
(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q)

and substituting the series equality (7.4.10) for B
(α,β,λ,µ)
j∗ (xk; 1, r|q), one gets

Jn =
q−mn(α(β+1)+rµλ) q−kmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
(qk; qk)mn

×
mn
∑

j=0

qkj (q−kmn; qk)j
(qβ+1; q)αj

(qβ+1; q)αj
(qk; qk)j

×
[ j
m ]
∑

i=0

qkmi(kmi−1)/2+kmij qmi(α(β+1)+rµλ) (q−kj; qk)mi x
ki

(qβ+1; q)αi [(qλ; q)µi]r (qk; qk)i

=
q−mn(α(β+1)+rµλ) q−kmn(mn−1)/2 (qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
(qk; qk)mn

×
mn
∑

j=0

qkj (−1)jqkj(j−1)/2−kmnj(qk; qk)mn
(qk; qk)mn−j(qβ+1; q)αj
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×(qβ+1; q)αj
(qk; qk)j

[ j
m ]
∑

i=0

(−1)mi qkmi(kmi−1)/2+kmij qmi(α(β+1)+rµλ)

(qk; qk)j−mi(qβ+1; q)αi [(qλ; q)µi]r

×q
kmi(kmi−1)/2−kjmi(qk; qk)j x

ki

(qk; qk)i

=
mn
∑

j=0

[ j
m ]
∑

i=0

(−1)j+mi qkmi(kmi−1)/2+kmijqmi(α(β+1)+rµλ)qkmi(mi−1)/2−kjmi

(qk; qk)j−mi(qk; qk)mn−j

×q
−mn(α(β+1)+rµλ) q−kmn(kmn−1)/2 qkj qkj(j−1)/2−kmnj (qβ+1; q)αn [(qλ; q)µn]

r

(qβ+1; q)αi [(qλ; q)µi]r (qk; qk)i

×(qk; qk)n x
ki.

Now in view of the double series relation (1.2.21)

mn
∑

i=0

[ i
m
]

∑

j=0

f(i, j) =
n
∑

j=0

mn−mj
∑

i=0

f(i+mj, j),

one gets

Jn =
n
∑

i=0

mn−mi
∑

j=0

(−1)j qkmi(kmi−1)/2 qmi(α(β+1)+rµλ) qkj(mi−mn+1)+kmi(mi−mn)

(qk; qk)j (qk; qk)mn−mi−j

×q
kj(j−1)/2q−mn(α(β+1)+rµλ)q−kmn(kmn−1)/2(qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
(qβ+1; q)αi [(qλ; q)µi]r

× xki

(qk; qk)i

=
xkn

(qk; qk)n
+

n−1
∑

i=0

qkmi(kmi−1)/2+kmi(mi−mn) q(mi−mn)(α(β+1)+rµλ)

(qk; qk)mn−mi (qβ+1; q)αi [(qλ; q)µi]r

×(qβ+1; q)αn [(qλ; q)µn]
r(qk; qk)n x

ki

(qk; qk)i

×
mn−mi
∑

j=0

(−1)j qkj(j−1)/2 qkj(mi−mn+1)

[

mn−mi

j

]

qk

=
xkn

(qk; qk)n
+

n−1
∑

i=0

qkmi(kmi−1)/2+kmi(mi−mn) q(mi−mn)(α(β+1)+rµλ)

(qk; qk)mn−mi (qβ+1; q)αi [(qλ; q)µi]r

×(qβ+1; q)αn [(qλ; q)µn]
r(qk; qk)n x

ki

(qk; qk)i

×
mn−mi
∑

j=0

(−1)j qkj(j−1)/2 qkj(mi−mn+1)

[

mn−mi

j

]

qk

=
xkn

(qk; qk)n
+

n−1
∑

i=0

qkmi(kmi−1)/2+kmi(mi−mn) (qβ+1; q)αn [(qλ; q)µn]
r

(qk; qk)mn−mi (qβ+1; q)αi [(qλ; q)µi]r (qk; qk)i
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×(qk; qk)n x
ki

mn−mi
∏

j=1

(1− qk(mi−mn+j))

=
xkn

(qk; qk)n

as the product on the right hand side vanishes. To show further that (7.4.10) also

implies (7.4.12), one may substitute for B
(α,β,λ,µ)
j∗ (xk; 1, r|q) from (7.4.10) to the

left hand side of (7.4.12), to get

n
∑

j=0

qkj (q−kn; qk)j
(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q)

=
n
∑

j=0

qkj (−1)j qkj(j−1)/2−knj(qk; qk)n
(qk; qk)n−j(qβ+1; q)αj

×
[ j
m ]
∑

i=0

(−1)mi qkmi(kmi−1)/2+kmijqmi(α(β+1)+rµλ)qkmi(kmi−1)/2−kjmi(qk; qk)j x
ki

(qβ+1; q)αi [(qλ; q)µi]r (qk; qk)j−mi (qk; qk)i

=

[ n
m ]
∑

i=0

q3kmi(kmi−1)/2+kmi−knmi qmi(α(β+1)+rµλ) (qk; qk)n x
ki

(qβ+1; q)αi [(qλ; q)µi]r (qk; qk)n−mi (qk; qk)i

×
n−mi
∑

j=0

(−1)j qkj(j−1)/2 qkj(mi−n+1)

[

n−mi

j

]

qk

=

[ n
m ]
∑

i=0

q3kmi(kmi−1)/2+kmi−knmi qmi(α(β+1)+rµλ) (qk; qk)n x
ki

(qβ+1; q)αi [(qλ; q)µi]r (qk; qk)n−mi (qk; qk)i

n−mi
∏

j=1

(

1− qk(mi−n+j)
)

= 0

if n 6= ml, l ∈ N. Thus completing the first part. The proof of converse part runs

as follows [13]. In order to show that both the series (7.4.11) and the condition

(7.4.12) together imply the series (7.4.10), the following simplest inverse series

relations [64, Eq.(1), p.43] will be used.

∆n =
n
∑

j=0

qknj (q−kn; qk)j
(qk; qk)j

Ψj ⇔ Ψn =
n
∑

j=0

qkj (q−kn; qk)j
(qk; qk)j

∆j.

Here putting

Ψj =
qkj (qk; qk)j
(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q),
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and considering one sided relation that is, the series on the left hand side implies

the series on the right side, one gets

∆n =
n
∑

j=0

qkj (q−kn; qk)j
(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q) (7.4.13)

⇒

B
(α,β,λ,µ)
n∗ (xk; 1, r|q) = (qβ+1; q)αj

(qk; qk)n

n
∑

j=0

(q−kn; qk)j
(qk; qk)j

∆j. (7.4.14)

Since the condition (7.4.12) holds, ωn = 0 for n 6= ml, l ∈ N, whereas

∆mn =
mn
∑

j=0

qkj (q−kmn; qk)j
(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q).

But since the series (7.4.11) holds true.

∆mn =
qmn(α(β+1)+rµλ) qkmn(kmn−1)/2 (qk; qk)mn x

kn

(qk; qk)n (qβ+1; q)αn [(qλ; q)µn]r
.

Consequently, the inverse pair (7.4.13) and (7.4.14) assume the form:

B
(α,β,λ,µ)
n∗ (xk; 1, r|q) =

(qβ+1; q)αn
(qk; qk)n

[ n
m ]
∑

j=0

qk(mj(mj−1)/2+mjn) qmj(α(β+1)+rµλ)

(qβ+1; q)αj [(qλ; q)µj]r

×(q−nk; qk)mj x
kj

(qk; qk)j
⇒

xkn

(qk; qk)n
=

q−mn(α(β+1)+rµλ) q−kmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]
r

(qk; qk)mn

×
mn
∑

j=0

qkj (q−kmn; qk)j
(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q),

subject to the condition (7.4.12).

The following theorems are in parallel to the Theorem 7.4.1, Theorem 7.4.2

and Theorem 7.4.3.

Theorem 7.4.4. Let f(x, n; s|q) and g(x, n; s|q) be real valued functions, α, β, λ >

0, and µ, k ∈ N, r ∈ N∪{0}. If s is odd positive integer and m, (n−a non negative
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integer) are even positive integers, then

f(x, n; s|q) < b
(α,β,λ,µ)
n∗ (xk; s, r|q) (7.4.15)

implies

xkn >
(qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

mn
∑

j=0

qskj [(q−kmn; qk)j]
s

(qβ+1; q)αj
f(x, j; s|q); (7.4.16)

and

xkn <
(qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

mn
∑

j=0

qskj [(q−kmn; qk)j]
s

(qβ+1; q)αj
g(x, j; s|q)(7.4.17)

implies

g(x, n; s|q) > b
(α,β,λ,µ)
n∗ (xk; s, r|q). (7.4.18)

Theorem 7.4.5. Let f(x, n; s|q) and g(x, n; s|q) be real valued functions, α, β, λ >

0, and µ, k ∈ N, r ∈ N∪ {0}. If either s is an even positive integer or s,m, (n−a

non negative integer) are all odd positive integers, then

xkn >
(qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

mn
∑

j=0

qskj [(q−kmn; qk)j]
s

(qβ+1; q)αj
f(x, j; s|q) (7.4.19)

implies

f(x, n; s|q) < b
(α,β,λ,µ)
n∗ (xk; s, r|q); (7.4.20)

and

g(x, n; s|q) > b
(α,β,λ,µ)
n∗ (xk; s, r|q)m (7.4.21)

implies

xkn <
(qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
[(qk; qk)mn]

s

mn
∑

j=0

qskj [(q−kmn; qk)j]
s

(qβ+1; q)αj
g(x, j; s|q). (7.4.22)

For s = 1, the polynomial (7.1.2) yields the following inverse series relation.
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Theorem 7.4.6. For α, β, λ > 0, m, µ, k ∈ N, r ∈ N ∪ {0}, the polynomial

b
(α,β,λ,µ)
n∗ (xk; 1, r|q) =

(qβ+1; q)αn
(qk; qk)n

[ n
m ]
∑

j=0

(q−nk; qk)mj x
kj

(qβ+1; q)αj [(qλ; q)µj]r (qk; qk)j
(7.4.23)

if and only if

xkn =
(qβ+1; q)αn [(qλ; q)µn]

r (qk; qk)n
(qk; qk)mn

mn
∑

j=0

qkmn(j+1) (q−mnk; qk)j
(qβ+1; q)αj

b
(α,β,λ,µ)
j∗ (xk; 1, r|q),

(7.4.24)

and for n 6= ml, l ∈ N,

n
∑

j=0

qkj (q−kn; qk)j
(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q),= 0. (7.4.25)

7.5 Some inequalities

In this section certain inequalities containing q-GKP are obtained.

Theorem 7.5.1. If α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N∪{0}, 0 < st < 1 then the

following series inequality holds.

∞
∑

m=0

B
(α,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)αm

tms ≤
(

eqk (t)
)s [(qk; qk)∞]s

(qβ+1; q)∞

×B(α,β,λ,µ)
∞ (xk tsδ; s, r|q). (7.5.1)

Proof. From left hand side of (7.5.1),

∞
∑

m=0

B
(α,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)αm

tms

=
∞
∑

m=0

1

(qβ+1; q)αm

(qβ+1; q)αm
[(qk; qk)m]s

×
m∗

∑

n=0

qskδn(m+(δnk−1)/2) qδn(α(β+1)+rµλ) [(q−mk; qk)δn]
s xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n
tms

=
∞
∑

m=0

m∗

∑

n=0

qskδn(m+(δnk−1)/2) qδn(α(β+1)+rµλ) xkn

[(qk; qk)m]s (qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

×(−1)sδn qskδn(δn−1)/2−skmδn [(qk; qk)m]
s

[(qk; qk)(m−δn)]s
tms
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=
∞
∑

m=0

m∗

∑

n=0

(−1)sδn qskδn(kδn−1)/2+skδn(δn−1)/2 qδn(α(β+1)+rµλ) xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

tms

[(qk; qk)(m−δn)]s

=
∞
∑

m=0

tms

[(qk; qk)m]s

∞
∑

n=0

(−1)sδn qskδn(kδn−1)/2+skδn(δn−1)/2 qδn(α(β+1)+rµλ) tsδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n
.

Here the inner sum is obtained by making limit m→ ∞ in

B
(α,β,λ,µ)
m∗ (xk tsδ; s, r|q)

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

tsδn qskδn(m+(δnk−1)/2) qδn(α(β+1)+rµλ) [(q−mk; qk)δn]
s xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n
,

and since 0 < t < 1,

∞
∑

m=0

B
(α,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)αm

tms

=
∞
∑

m=0

tms

[(qk; qk)m]s
[(qk; qk)∞]s

(qβ+1; q)∞
B(α,β,λ,µ)

∞ (xk tsδ; s, r|q)

≤
(

∞
∑

m=0

tm

(qk; qk)m

)s
[(qk; qk)∞]s

(qβ+1; q)∞
B(α,β,λ,µ)

∞ (xk tsδ; s, r|q)

=
(

eqk (t)
)s [(qk; qk)∞]s

(qβ+1; q)∞
B(α,β,λ,µ)

∞ (xk tsδ; s, r|q).

Theorem 7.5.2. If α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N∪{0}, 0 < t < 1, 0 < st < 1

then

∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)αm
tms

≤
(

Eqk(t)
)s

∞
∑

n=0

(−tq−k)sδn xkn
(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

. (7.5.2)

Proof. From left hand side of (7.5.2),

∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)αm
tms

=
∞
∑

m=0

qskm(m−1)/2

(qβ+1; q)αm

(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

[(q−mk; qk)δn]
s xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n
tms

=
∞
∑

m=0

qskm(m−1)/2

m∗

∑

n=0

(−1)sδn qskδn(δn−1)/2−skmδn

[(qk; qk)(m−δn)]s (qβ+1; q)αn [(qλ; q)µn]r
xkn tms

(qk; qk)n
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=
∞
∑

m=0

∞
∑

n=0

(−1)sδn qskm(m−1)/2−skδn xkn ts(m+δn)

[(qk; qk)m]s (qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

=
∞
∑

n=0

(

∞
∑

m=0

(

qkm(m−1)/2 tm

(qk; qk)m

)s
)

(−1)sδn (tq−k)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

≤
∞
∑

n=0

(

∞
∑

m=0

qkm(m−1)/2 tm

(qk; qk)m

)s
(−tq−k)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

=
(

Eqk(t)
)s

∞
∑

n=0

(−tq−k)sδn xkn
(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

= r.h.s,

when 0 < t < 1.

7.5.1 Special cases - Generating function relations

For s = 1, the series inequality relations in Theorem 7.5.1 will yield the generating

function relation. Their various specializations are deduced here.

(i) Taking α = k ∈ N, r = 0 in (7.5.1) leads to

∞
∑

m=0

L
(k,β)
m∗ (xk|q)

(qβ+1; q)km
tm = eqk (t)

(qk; qk)∞
(qβ+1; q)∞

L(k,β)
∞ (xk tδ|q).

Further the case δ = 1, gives

∞
∑

m=0

Zβ
m(x; k|q)

(qβ+1; q)km
tm = eqk (t)

(qk; qk)∞
(qβ+1; q)∞

Zβ
∞(x t

1
k ; k|q).

Finally, for k = 1 this reduces to (cf. [63, Eq. (1), p. 201])

∞
∑

m=0

L
(β)
m (x|q)

(qβ+1; q)m
tm = eq (t)

(q; q)∞
(qβ+1; q)∞

L(β)
∞ (xt|q).

7.5.2 Special cases-Inequalities

If α = k ∈ N in (7.5.1) then

∞
∑

m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)km

tms ≤
(

eqk (t)
)s [(qk; qk)∞]s

(qβ+1; q)∞
B(k,β,λ,µ)

∞ (xk tsδ; s, r|q). (7.5.3)
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This will be used in the next section.

Further for δ = 1, r = 0, this reduces to

∞
∑

m=0

Zβ
m,s(x

k|q)
(qβ+1; q)km

tms ≤
(

eqk (t)
)s [(qk; qk)∞]s

(qβ+1; q)∞
Zβ

∞(xk ts; |q).

Consequently, the generalized Laguerre polynomial case k = 1, is

∞
∑

m=0

L
(β)
m,s(x|q)

(qβ+1; q)m
tms ≤ (eq (t))

s [(q; q)∞]s

(qβ+1; q)∞
L(β)
∞,s(x t

s|q).

Here

Zβ
m,s(x

k|q) =
(qβ+1; q)km
[(qk; qk)m]s

m
∑

n=0

qs(kn(kn−1)/2+knm) qn(k(β+1))

(qβ+1; q)kn

× [(q−mk; qk)n]
s xkn

(qk; qk)n
, ℜ(β) > −1, (7.5.4)

is q-analogue of Konhauser polynomial (6.5.5). And

L(β)
m,s(x|q) = Zβ

m,s(x|q).

is q-extended Laguerre polynomial.

If we take α = k, k ∈ N then (7.5.2) gives

∞
∑

m=0

qskm(m−1)/2 b
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km
tms

≤
(

Eqk(t)
)s

∞
∑

n=0

(−tq−k)sδn xkn
(qβ+1; q)kn [(qλ; q)µn]r (qk; qk)n

. (7.5.5)

This will be used in the next section.

7.6 Finite q-series inequalities

In this section, certain iequalities involving finite q-series are derived. The first

inequality below involves finite q-series and q-GKP.

Theorem 7.6.1. If β, λ ∈ R>0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, then

B
(k,β,λ,µ)
m∗ (xk; s, r|q) ≤ (qβ+1; q)km

(

x

y

) km
δ

m
∑

j=0

(−1)j qkj(j−1)/2

(qk; qk)j
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×
(

(y

x

) k
δ

qk(−j−s+1); qk
)

j

B
(k,β,λ,µ)
(m−j)∗ (yk; s, r|q)
(qβ+1; q)k(m−j)

. (7.6.1)

b
(α,β,λ,µ)
m∗ (xk; s, r|q) ≤

(

x

y

) km
δ

m
∑

j=0

(−1)jqskj(j+1)/2−skmj (qβ+1; q)km
(qβ+1; q)k(m−j) (qk; qk)j

(x

k

)
kj
δ

×
(

(y

x

) k
δ

qk(1−s); qk
)

j

b
(α,β,λ,µ)
(m−j)∗ (yk; s, r|q). (7.6.2)

Proof. From the inequality (7.5.3), one gets

∞
∑

m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)km

tms ≤
(

eqk (t)
)s [(qk; qk)∞]s

(qβ+1; q)∞
B(k,β,λ,µ)

∞ (xk tsδ; s, r|q).

With t =
(y

k

) k
sδ

w, it gives

∞
∑

m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)km

(y

k

) km
δ

wms

≤
(

eqk

(

(y

k

) k
sδ

w

))s
[(qk; qk)∞]s

(qβ+1; q)∞
B(k,β,λ,µ)

∞

(

(xy

k

)k

wsδ; s, r|q
)

.

Hence,

∞
∑

m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)km

(y

k

) km
δ

wms
(

eqk

(

(y

k

) k
sδ

w

))−s

≤ [(qk; qk)∞]s

(qβ+1; q)∞
B(k,β,λ,µ)

∞

(

(xy

k

)k

wsδ; s, r|q
)

. (7.6.3)

Now interchanging the role of x and y in (7.6.3), it yields

∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms
(

eqk

(

(x

k

) k
sδ

w

))−s

≤ [(qk; qk)∞]s

(qβ+1; q)∞
B(k,β,λ,µ)

∞

(

(xy

k

)k

wsδ; s, r|q
)

. (7.6.4)

Here from (7.6.3) and (7.6.4), either

∞
∑

m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)km

(y

k

) km
δ

wms
(

eqk

(

(y

k

) k
sδ

w

))−s
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≤
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms
(

eqk

(

(x

k

) k
sδ

w

))−s

(7.6.5)

or

∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms
(

eqk

(

(x

k

) k
sδ

w

))−s

≤
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)km

(y

k

) km
δ

wms
(

eqk

(

(y

k

) k
sδ

w

))−s

(7.6.6)

Now rewriting the inequality (7.6.5) in the form

∞
∑

m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)km

(y

k

) km
δ

wms

≤
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms
(

eqk

(

(y

k

) k
sδ

w

))s (

eqk

(

(x

k

) k
sδ

w

))−s

and using the easily verifiable identities and inequalities (sx, sy ∈ (0, 1), s ∈ N),

([11], [18]):

eq(x)Eq(−x) = 1,

(Eq(−x))s ≤ Eq(−xs),
(1 + x) Eq(qx) = Eq(x),

eq−1(x) = Eq(−xq),
(1− x) eq(x) = eq(qx),

(

eq−1(−xq−1)
)−s ≤ eq(x

sq−s),

(eq(−x))s ≤ eq(−xs),
(

eq−1(−xq−1)
)s ≤ eq(−xsq−s),

the above inequality can easily be written as

∞
∑

m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)
(qβ+1; q)km

(y

k

) km
δ

wms

≤
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms
(

Eqk

(

−
(x

k

) k
sδ

w

))s
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×
(

Eqk

(

−
(y

k

) k
sδ

w

))−s

≤
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms Eqk

(

−
(x

k

) k
δ

ws
)

×
(

Eqk

(

−
(y

k

) k
sδ

w

))−s

=
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms Eqk

(

−
(x

k

) k
δ

ws
)

×
(

1−
(y

k

) k
sδ

w

)−s (

Eqk

(

−qk
(y

k

) k
sδ

w

))−s

=
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms Eqk

(

−
(x

k

) k
δ

ws
)

×
(

1−
(y

k

) k
sδ

w

)−s (

eq−k

(

(y

k

) k
sδ

w

))−s

=
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms Eqk

(

−
(x

k

) k
δ

ws
)

×
(

eq−k

(

q−k
(y

k

) k
sδ

w

))−s

≤
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms Eqk

(

−
(x

k

) k
δ

ws
)

×eqk
(

q−sk
(y

k

) k
δ

ws
)

=
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms
∞
∑

j=0

(−1)j qkj(j−1)/2

(qk; qk)j

(x

k

)
kj
δ

wsj

×
∞
∑

i=0

(y

k

) ki
δ

q−ski wsi

(qk; qk)i

=
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms
∞
∑

j=0

j
∑

i=0

(−1)j−i qk(j−i)(j−i−1)/2

(qk; qk)j−i

×
(x

k

)
k(j−i)

δ
ws(j−i)

(y

k

) ki
δ

q−ski wsi

(qk; qk)i

=
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms
∞
∑

j=0

(−1)j qkj(j−1)/2 wsj

(qk; qk)j

(x

k

)
kj
δ

×
j
∑

i=0

(−1)i qki(i−1)/2

[

j

i

]

k

(y

x

) ki
δ

q(1−j−s)ki
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=
∞
∑

m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)
(qβ+1; q)km

(x

k

) km
δ

wms
∞
∑

j=0

(−1)j qkj(j−1)/2 wsj

(qk; qk)j

(x

k

)
kj
δ

×
j
∏

i=1

(

1−
(y

x

) k
δ

qk(i−j−s)
)

=
∞
∑

m=0

m
∑

j=0

B
(k,β,λ,µ)
(m−j)∗ (yk; s, r|q)
(qβ+1; q)k(m−j)

(x

k

)
k(m−j)

δ

w(m−j)s q
kj(j−1)/2 wsj

(qk; qk)j

(x

k

)
kj
δ

×
j
∏

i=1

(

1−
(y

x

) k
δ

qk(i−j)
)

=
∞
∑

m=0

m
∑

j=0

B
(k,β,λ,µ)
(m−j)∗ (yk; s, r|q)
(qβ+1; q)k(m−j)

qkj(j−1)/2

(qk; qk)j

(x

k

) km
δ

(

(y

x

) k
δ

qk(−j−s+1); qk
)

j

wms.

Now comparing the coefficients of wms both the sides, one arrives at (7.6.1).

Next, the inequality (7.6.2) may be proved by using the particular case (7.5.5) of

Theorem 7.5.2, that is

∞
∑

m=0

qskm(m−1)/2

(qβ+1; q)km
b
(k,β,λ,µ)
m∗ (xk; s, r|q) tms

≤
(

Eqk(t)
)s

∞
∑

n=0

(−tq−k)sδn xkn
(qβ+1; q)kn [(qλ; q)µn]r (qk; qk)n

.

Taking t =
(y

k

) k
sδ

w, this gives

∞
∑

m=0

qskm(m−1)/2 b
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y

k

) km
δ

wms

≤
(

Eqk

(

(y

k

) k
sδ

w

))s ∞
∑

n=0

(

xy

kqsδ

)kn
(−w)sδn

(qβ+1; q)kn [(qλ; q)µn]r (qk; qk)n
. (7.6.7)

and interchanging the role of x and y, it becomes

∞
∑

m=0

qskm(m−1)/2 b
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

≤
(

Eqk

(

(x

k

) k
sδ

w

))s ∞
∑

n=0

(

xy

kqsδ

)kn
(−w)sδn

(qβ+1; q)kn [(qλ; q)µn]r (qk; qk)n
. (7.6.8)

From (7.6.7) and (7.6.8), it follows that either

∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y

k

) km
δ

wms
(

Eqk

(

(y

k

) k
sδ

w

))−s
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≤
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms
(

Eqk

(

(x

k

) k
sδ

w

))−s

(7.6.9)

or

∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms
(

Eqk

(

(x

k

) k
sδ

w

))−s

≤
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y

k

) km
δ

wms
(

Eqk

(

(y

k

) k
sδ

w

))−s

.

(7.6.10)

Here considering (7.6.9), and rewriting it as

∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y

k

) km
δ

wms

≤
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

×
(

Eqk

(

(x

k

) k
sδ

w

))−s(

Eqk

(

(y

k

) k
sδ

w

))s

and using the above listed q-exponential functions’ identities, it take the form

∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y

k

) km
δ

wms

≤
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

×
(

eqk

(

−
(x

k

) k
sδ

w

))s(

Eqk

(

(y

k

) k
sδ

w

))s

≤
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

×
(

eqk

(

−
(x

k

) k
sδ

w

))s(

1 +
(y

k

) k
sδ

w

)s(

Eqk

(

(y

k

) k
sδ

qk w

))s

≤
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

×
(

eqk

(

−
(x

k

) k
sδ

w

))s(

1 +
(y

k

) k
sδ

w

)s(

eq−k

(

−
(y

k

) k
sδ

w

))s

≤
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms
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×
(

eqk

(

−
(x

k

) k
sδ

w

))s(

eq−k

(

−
(y

k

) k
sδ

q−k w

))s

≤
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

×
(

eqk

(

−
(x

k

) k
sδ

w

))s(

eq−k

(

−
(y

k

) k
sδ

q−k w

))s

≤
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

×eqk
(

−
(x

k

) k
δ

ws
)(

eq−k

(

−
(y

k

) k
sδ

q−k w

))s

≤
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

×eqk
(

−
(x

k

) k
δ

ws
)

eq−k

(

−
(y

k

) k
δ

q−sk ws
)

≤
∞
∑

m=0

qskm(m−1)/2 b
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

×
∞
∑

j=0

(−1)j
(x

k

)
kj
δ

wsj

(qk; qk)j

∞
∑

i=0

(−1)i
(y

k

) ki
δ

q−ski wsi

(q−k; q−k)i
.

From the definition of q-exponential function and with the help of the formula:

(q−k; q−k)n = (qk; qk)n (−q−k)n q−kn(n−1)/2,

one finds

∞
∑

m=0

qskm(m−1)/2 b
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y

k

) km
δ

wms

≤
∞
∑

m=0

qskm(m−1)/2 b
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

×
∞
∑

j=0

(−1)j

(qk; qk)j

(x

k

)
kj
δ

wsj
∞
∑

i=0

qki−ski+ki(i−1)/2

(qk; qk)i

(y

k

) ki
δ

wsi

=
∞
∑

m=0

qskm(m−1)/2 b
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms

×
∞
∑

j=0

j
∑

i=0

(−1)j

(qk; qk)j−i

(−1)i qki−ski+ki(i−1)/2 wsi

(qk; qk)i

(x

k

)
kj
δ
(y

x

) ki
δ

wsj

=
∞
∑

m=0

qskm(m−1)/2 b
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x

k

) km
δ

wms
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×
∞
∑

j=0

(−1)j

(qk; qk)j

(x

k

)
kj
δ

wsj
j
∑

i=0

(−1)i qki(i−1)/2

[

j

i

]

k

q−ski+ki
(y

x

) ki
δ

=
∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)αm

(x

k

) km
δ

wms

×
∞
∑

j=0

(−1)j

(qk; qk)j

(x

k

)
kj
δ

wsj
j
∏

i=1

(

1−
(y

x

) k
δ

qk(i−s)
)

=
∞
∑

m=0

m
∑

j=0

(−1)j qsk(m−j)(m−j−1)/2

(qβ+1; q)α(m−j) (qk; qk)j
b
(α,β,λ,µ)
(m−j)∗ (yk; s, r|q)

×
(x

k

) km
δ

wms
(

(y

x

) k
δ

q−sk+k; qk
)

j

=
∞
∑

m=0

qskm(m−1)/2
(x

k

) km
δ

m
∑

j=0

(−1)jqskj(j+1)/2−skmj

(qβ+1; q)α(m−j) (qk; qk)j

(x

k

)
kj
δ

×
(

(y

x

) k
δ

q−sk+k; qk
)

j

wms.

Thus,

∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)αm

(y

k

) km
δ

wms

≤
∞
∑

m=0

(−1)sm qskm(m−1)/2
(x

k

) km
δ

m
∑

j=0

(−1)jqskj(j+1)/2−skmj
(x

k

)
kj
δ

(qβ+1; q)α(m−j) (qk; qk)j

×
(

(y

x

) k
δ

q−sk+k; qk
)

j

b
(α,β,λ,µ)
(m−j)∗ (yk; s, r|q) wms.

Comparing the coefficients of wms in above inequality, one arrives at (7.6.2).

7.6.1 Special cases

(i) From (7.6.1) and (7.6.2) , one gets finite summation formulas for s = 1:

B
(k,β,λ,µ)
m∗ (xk; 1, r|q) = (qβ+1; q)km

(

x

y

) km
δ

m
∑

j=0

(−1)j qkj(j−1)/2

(qk; qk)j

(

(y

x

) k
δ

q−kj; qk
)

j

×
B

(k,β,λ,µ)
(m−j)∗ (yk; 1, r|q)
(qβ+1; q)k(m−j)

(7.6.11)
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and

b
(α,β,λ,µ)
m∗ (xk; 1, r|q) =

(

x

y

) km
δ

m
∑

j=0

(−1)jqkj(j+1)/2−kmj (qβ+1; q)km
(qβ+1; q)k(m−j) (qk; qk)j

(x

k

)
kj
δ

×
(

(y

x

) k
δ

; qk
)

j

b
(α,β,λ,µ)
(m−j)∗ (yk; 1, r|q). (7.6.12)

From (7.6.11), with r = 0, the following summation formula involving the gener-

alized Laguerre polynomial (6.2.2) occurs.

L
(k,β)
m∗ (xk|q) = (qβ+1; q)km

(

x

y

) km
δ

m
∑

j=0

(−1)j qkj(j−1)/2

(qk; qk)j

(

(y

x

) k
δ

q−kj; qk
)

j

×
L
(k,β)
(m−j)∗(y

k|q)
(qβ+1; q)k(m−j)

.

Further, δ = 1 in (7.6.13) provides

Zβ
m(x; k|q) = (qβ+1; q)km

(

x

y

)km m
∑

j=0

(−1)j qkj(j−1)/2

(qk; qk)j

(

(y

x

)k

q−kj; qk
)

j

×
Zβ

(m−j)(y; k|q)
(qβ+1; q)k(m−j)

.

The Laguerre polynomial case follows immediately with k = 1 in the form:

L(β)
m (x|q) = (qβ+1; q)m

(

x

y

)m m
∑

j=0

(−1)j qj(j−1)/2

(q; q)j

((y

x

)

q−j; q
)

j

×
L
(β)
(m−j)(y|q)

(qβ+1; q)(m−j)

.

7.7 Mixed relations

Theorem 7.7.1. For β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N∪ {0} there hold the mixed

relations:

(1− qβ) B
(k,β,λ,µ)
m∗ (xk; s, r|q) + (1− q) qβ x DqB

(k,β,λ,µ)
m∗ (xk; s, r|q)

= (1− qβ+km)B
(k,β−1,λ,µ)
m∗ ((xqδ)k; s, r|q), (7.7.1)

(1− qβ) b
(k,β,λ,µ)
m∗ (xk; s, r|q) + (1− q) qβ x Dqb

(k,β,λ,µ)
m∗ (xk; s, r|q)
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= (1− qβ+km)b
(k,β−1,λ,µ)
m∗ (xk; s, r|q), (7.7.2)

where Dqf(x) =
f(x)− f(xq)

x− xq
.

Proof.

Here

l.h.s. = (1− qβ) B
(k,β,λ,µ)
m∗ (xk; s, r|q) + (1− q) qβ x DqB

(k,β,λ,µ)
m∗ (xk; s, r|q)

= (1− qβ)
(qβ+1; q)km
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(k(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s xkn

(qk; qk)n
+ (1− q) qβ x Dq

(qβ+1; q)αm
[(qk; qk)m]s

×
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r
[(q−mk; qk)δn]

s xkn

(qk; qk)n

= (1− qβ)
(qβ+1; q)km
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(k(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s xkn

(qk; qk)n
+ (1− q) qβx

(qβ+1; q)αm
[(qk; qk)m]s

×
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r
[(q−mk; qk)δn]

s

(qk; qk)n
Dq(x

kn)

= (1− qβ)
(qβ+1; q)km
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(k(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s xkn

(qk; qk)n
+ (1− q) qβx

(qβ+1; q)αm
[(qk; qk)m]s

×
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r
[(q−mk; qk)δn]

s

(qk; qk)n

(1− qkn)

x(1− q)

= (1− qβ)
(qβ+1; q)km
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(k(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s xkn

(qk; qk)n
+ (qβ − qkn+β)

(qβ+1; q)αm
[(qk; qk)m]s

×
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r
[(q−mk; qk)δn]

s

(qk; qk)n

(1− qβ+km)(qβ; q)km
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(k(β+1)+rµλ)

[qβ]kn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s xkn

(qk; qk)n
.
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= (1− qβ+km)B
(k,β−1,λ,µ)
m∗ ((xqδ)k; s, r|q)

= r.h.s.

In similar manner, one can obtain the other relation (7.7.2). Hence proof is omit-

ted.

7.8 Integral representations

Theorem 7.8.1. If α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, and σ ∈ C with

ℜ(σ) > −1 then

B
(α,β,λ,µ)
m∗ (tqδα(σ−β); s, r|q) =

(qβ+1; q)∞ (qβ−σ; q)∞ (qβ+1; q)αm
(1− q) (q; q)∞ (qβ+1; q)∞ (qσ+1; q)αm

×
x
∫

0

(x− uq)β−σ−1 u
σ B

(α,σ,λ,µ)
m∗ (uα; s, r|q) dqu,(7.8.1)

b
(α,β,λ,µ)
m∗ (t; s, r|q) =

(qβ+1; q)∞ (qβ−σ; q)∞ (qβ+1; q)αm
(1− q) (q; q)∞ (qβ+1; q)∞ (qσ+1; q)αm

×
x
∫

0

(x− uq)β−σ−1 u
σ B

(α,σ,λ,µ)
m∗ (uα; s, r|q) dqu. (7.8.2)

Proof. Consider

x
∫

0

(x− uq)β−σ−1 u
σ B

(α,σ,λ,µ)
m∗ (uα; s, r|q) dqu

=

x
∫

0

(x− uq)β−σ−1 u
σ (q

σ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(σ+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s uαn

(qk; qk)n
dqu

=
(qσ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(σ+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s

(qk; qk)n

x
∫

0

(x− uq)β−σ−1 u
αn+σ dqu.
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By taking u = xt, this gives

x
∫

0

(x− uq)β−σ−1 u
σ B

(α,σ,λ,µ)
m∗ (uα; s, r|q) dqu

=
(qσ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(σ+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s xαn+β

(qk; qk)n

1
∫

0

(1− tq)β−σ−1 t
αn+σ dqt

=
(qσ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(σ+1)+rµλ)

(qσ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s xαn+β

(qk; qk)n

1
∫

0

tαn+σ
(tq; q)∞

(tqβ−σ; q)∞
dqt

=
(qσ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(σ+1)+rµλ)

(qσ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s tn

(qk; qk)n

×Bq(αn+ σ + 1, β − σ)

=
(qσ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(σ+1)+rµλ)

(qσ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s tn

(qk; qk)n

×(1− q) (q; q)∞ (qαn+β+1; q)∞
(qαn+σ+1; q)∞ (qβ−σ; q)∞

=
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(σ+1)+rµλ)

(qσ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s tn

(qk; qk)n

×(1− q) (q; q)∞ (qβ+1; q)∞ (qσ+1; q)αn
(qβ+1; q)αn(qσ+1; q)∞ (qβ−σ; q)∞

=
(1− q) (q; q)∞ (qβ+1; q)∞
(qσ+1; q)∞ (qβ−σ; q)∞

(qσ+1; q)αm (qβ+1; q)αm
(qβ+1; q)αm [(qk; qk)m]s

×
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(σ+1)+rµλ)

(qβ+a+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s tn

(qk; qk)n

=
(1− q) (q; q)∞ (qβ+1; q)∞ (qσ+1; q)αm
(qβ+1; q)∞ (qβ−σ; q)∞ (qβ+1; q)αm

B
(α,β,λ,µ)
m∗ (tqδα(σ−β); s, r|q).

One can easily prove the remaining integral form (7.8.2). Hence proof is omitted.
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7.8.1 Special cases

Here putting δ = s = 1, r = 0, α = k ∈ N in (7.8.1), one gets

Zβ
m(t

1/kqβ−σ; k|q) =
(qβ+1; q)∞ (qβ−σ; q)∞ (qβ+1; q)km

(1− q) (q; q)∞ (qβ+1; q)∞ (qσ+1; q)km

×
x
∫

0

(x− uq)β−σ−1 u
σ Zβ

m(u; k|q) dqu.

Further, taking k = 1, this reduces to

L(β)
m (tqβ−σ|q) =

(qβ+1; q)∞ (qβ−σ; q)∞ (qβ+1; q)m
(1− q) (q; q)∞ (qβ+1; q)∞ (qσ+1; q)m

×
x
∫

0

(x− uq)β−σ−1 u
σ L(β)

m (u; k|q) dqu.

7.9 Fractional q-operators

The fractional operators are applied on q-GKP here and the following results are

obtained.

7.9.1 Fractional q-integral operator

First the fractional q-integral operator is used.

Theorem 7.9.1. If α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, ν ∈ C, then

qI
ν
0+

[

tβB
(α,β,λ,µ)
m∗ (tα; s, r|q)

]

=
(1− q)ν (qβ+ν+1; q)∞ (qβ+1; q)αm xβ+ν

(qβ+1; q)∞ (qβ+ν+1; q)αm

×B(α,β+ν,λ,µ)
m∗ (q−δανxα; s, r|q). (7.9.1)

qI
ν
0+

[

tβb
(α,β,λ,µ)
m∗ (tα; s, r|q)

]

=
(1− q)ν (qβ+ν+1; q)∞ (qβ+1; q)αm xβ+ν

(qβ+1; q)∞ (qβ+ν+1; q)αm

×b(α,β+ν,λ,µ)m∗ (xα; s, r|q). (7.9.2)

Proof. Beginning with left hand side of (7.9.2),

qI
ν
0+

[

tβB
(α,β,λ,µ)
m∗ (tα; s, r|q)

]
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=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
qI
ν
0+

(

tαn+β
)

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ) [(q−mk; qk)δn]
s

(qβ+1; q)αn [(qλ; q)µn]r(qk; qk)n

× 1

Γq(ν)

x
∫

0

(x− tq)ν−1t
αn+βdqt.

Now taking t = xu, this gives

qI
ν
0+

[

tβB
(α,β,λ,µ)
m∗ (tα; s, r|q)

]

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ) [(q−mk; qk)δn]
s

(qβ+1; q)αn [(qλ; q)µn]r(qk; qk)n

×x
αn+β+ν

Γq(ν)

1
∫

0

(1− uq)ν−1 u
αn+βdqu

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s

(qk; qk)n

×x
αn+β+ν

Γq(ν)

1
∫

0

uαn+β+1−1 (uq; q)∞
(uqν ; q)∞

dqu

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s

(qk; qk)n

xαn+β+ν

Γq(ν)
Bq(αn+ β + 1, ν)

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s xαn

(qk; qk)n

×(1− q)ν (qαn+β+ν+1; q)∞ xβ+ν

(qαn+β+1; q)∞

=
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s xαn

(qk; qk)n

×(1− q)ν (qβ+ν+1; q)∞ (qβ+1; q)αn x
β+ν

[qβ+ν+1]αn(qβ+1; q)∞

=
(1− q)ν (qβ+ν+1; q)∞

(qβ+1; q)∞

(qβ+1; q)αm (qβ+ν+1; q)αm xβ+ν

[qβ+ν+1]αm [(qk; qk)m]s

×
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+ν+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s xαn

(qk; qk)n



Chapter 7. Inequalities involving generalized q-Konhauser polynomial 214

=
(1− q)ν (qβ+ν+1; q)∞ (qβ+1; q)αm xβ+ν

(qβ+1; q)∞ (qβ+ν+1; q)αm
B

(α,β+ν,λ,µ)
m∗ (q−δανxα; s, r|q).

The second expression (7.9.2), proceeding similarly. Hence proof is omitted.

qI
ν
0+

[

tβb
(α,β,λ,µ)
m∗ (tα; s, r|q)

]

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

[(q−mk; qk)δn]
s

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n
qI
ν
0+

(

tαn+β
)

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

[(q−mk; qk)δn]
s

(qβ+1; q)αn [(qλ; q)µn]r(qk; qk)n

1

Γq(ν)

x
∫

0

(x− tq)ν−1 t
αn+β dqt.

The substitution t = xu simplifies this as follows.

qI
ν
0+

[

tβb
(α,β,λ,µ)
m∗ (tα; s, r|q)

]

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

[(q−mk; qk)δn]
s

(qβ+1; q)αn [(qλ; q)µn]r(qk; qk)n

xαn+β+ν

Γq(ν)

×
1
∫

0

(1− uq)ν−1 u
αn+β dqu

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

[(q−mk; qk)δn]
s

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

xαn+β+ν

Γq(ν)

×
1
∫

0

uαn+β+1−1 (uq; q)∞
(uqν ; q)∞

dqu

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

[(q−mk; qk)δn]
s

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

xαn+β+ν

Γq(ν)
Bq(αn+ β + 1, ν)

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

[(q−mk; qk)δn]
s xαn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

×(1− q)ν (qαn+β+ν+1; q)∞ xβ+ν

(qαn+β+1; q)∞

=
m∗

∑

n=0

[(q−mk; qk)δn]
s xαn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

(1− q)ν (qβ+ν+1; q)∞ (qβ+1; q)αn x
β+ν

[qβ+ν+1]αn(qβ+1; q)∞

=
(1− q)ν (qβ+ν+1; q)∞ (qβ+1; q)αm (qβ+ν+1; q)αm xβ+ν

(qβ+1; q)∞ (qβ+ν+1; q)αm [(qk; qk)m]s

×
m∗

∑

n=0

[(q−mk; qk)δn]
s [(qλ; q)µn]

−r xαn

(qβ+ν+1; q)αn (qk; qk)n

=
(1− q)ν (qβ+ν+1; q)∞ (qβ+1; q)αm xβ+ν

(qβ+1; q)∞ [qβ+ν+1]αm
b
(α,β+ν,λ,µ)
m∗ (xα; s, r|q).
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7.9.1.1 Special cases

Taking r = 0, s = 1 and δ ∈ N in (7.9.1), it gives

qI
ν
0+

[

tβL
(α,β)
m∗ (tα|q)

]

=
(1− q)ν (qβ+ν+1; q)∞ (qβ+1; q)αm xβ+ν

(qβ+1; q)∞ (qβ+ν+1; q)αm
L
(α,β+ν)
m∗ (q−δανxα|q).

For α = k ∈ N, andδ = 1, this reduces to

qI
ν
0+

[

tβZβ
m(t; k|q)

]

=
(1− q)ν (qβ+ν+1; q)∞ (qβ+1; q)km xβ+ν

(qβ+1; q)∞ (qβ+ν+1; q)km
Zβ+ν
m (q−νx; k|q).

The case k = 1 is

qI
ν
0+

[

tβL(β)
m (t|q)

]

=
(1− q)ν (qβ+ν+1; q)∞ (qβ+1; q)m xβ+ν

(qβ+1; q)∞ (qβ+ν+1; q)m
L(β+ν)
m (q−νx|q).

7.9.2 Fractional q-differential operators

Next the fractional q-differential operator is applied on q-GKP.

Theorem 7.9.2. If α, β, λ > 0, m, δ, µ, l, s ∈ N, r ∈ N ∪ {0}, ν ∈ C and δ ∈ N,

then

qD
ν
0+

[

tβB
(α,β,λ,µ)
m∗ (tα; s, r|q)

]

=
(1− q)−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm xαn+β−ν

(qβ; q)∞ (qβ+l−ν+1; q)αm (qβ−ν+1; q)αm

×B(α,β−ν,λ,µ)
m∗ (qδανxα; s, r|q). (7.9.3)

qD
ν
0+

[

tβb
(α,β,λ,µ)
m∗ (tα; s, r|q)

]

=
(1− q)−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm xαn+β−ν

(qβ; q)∞ (qβ+l−ν+1; q)αm (qβ−ν+1; q)αm

×b(α,β−ν,λ,µ)m∗ (xα; s, r|q). (7.9.4)

Proof. Use of (1.6.4) and Theorem 7.9.1 on the left hand side of (7.9.3) gives

qD
ν
0+

[

tβB
(α,β,λ,µ)
m∗ (tα; s, r|q)

]

=

(

dq
dqx

)l
(

qI
l−ν
0+

[

tβB
(α,β,λ,µ)
m∗ (tα; s, r|q)

])

=

(

dq
dqx

)l
(1− q)l−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm xβ+l−ν

(qβ; q)∞ (qβ+l−ν+1; q)αm
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×B(α,β+l−ν,λ,µ)
m∗ (q−δα(l−ν)xα; s, r|q)

=
(1− q)l−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm

(qβ; q)∞ (qβ+l−ν+1; q)αm

(qβ+l−ν+1; q)αm
[(qα; qα)m]s

×
m∗

∑

n=0

qs(αδn(αδn−1)/2+αδnm) qδn(α(β+1)+rµλ)

(qβ+l−ν+1; q)αn [(qλ; q)µn]r
[(q−mα; qα)δn]

s

(qα; qα)n

(

dq
dqx

)l

(xαn+β+l−ν)

=
(1− q)l−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm

(qβ; q)∞ (qβ+l−ν+1; q)αm

(qβ+l−ν+1; q)αm
[(qα; qα)m]s

×
m∗

∑

n=0

qs(αδn(αδn−1)/2+αδnm) qδn(α(β+1)+rµλ)

(qβ+l−ν+1; q)αn [(qλ; q)µn]r
[(q−mα; qα)δn]

s

(qα; qα)n

× 1

xl (q − 1)l ql(l−1)/2

l
∑

j=0

(−1)j qj(j−1)/2

[

l

j

]

q

(

xql−j
)αn+β+l−ν

=
(1− q)l−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm

(qβ; q)∞ (qβ+l−ν+1; q)αm

(qβ+l−ν+1; q)αm
[(qα; qα)m]s

×
m∗

∑

n=0

qs(αδn(αδn−1)/2+αδnm) qδn(α(β+1)+rµλ)

(qβ+l−ν+1; q)αn [(qλ; q)µn]r
[(q−mα; qα)δn]

s

(qα; qα)n

×(−1)l (1− q)−l xαn+β−νql(αn+β+l−ν−l/2+1/2)

l
∏

j=1

(1− q−(αn+β+l−ν)qj−1)

=
(−1)l (1− q)−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm

(qβ; q)∞ (qβ+l−ν+1; q)αm

× [qβ+l−ν+1]αm
[(qα; qα)m]s

m∗

∑

n=0

qs(αδn(αδn−1)/2+αδnm) qδn(α(β+1)+rµλ)

(qβ+l−ν+1; q)αn [(qλ; q)µn]r

× [(q−mα; qα)δn]
s

(qα; qα)n
xαn+β−νql(αn+β+l−ν−l/2+1/2) (q−(αn+β+l−ν); q)l

=
(−1)l (1− q)−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm

(qβ; q)∞ (qβ+l−ν+1; q)αm

× [qβ+l−ν+1]αm
[(qα; qα)m]s

m∗

∑

n=0

qs(αδn(αδn−1)/2+αδnm) qδn(α(β+1)+rµλ)

(qβ+l−ν+1; q)αn [(qλ; q)µn]r
[(q−mα; qα)δn]

s

(qα; qα)n

×xαn+β−νql(αn+β+l−ν−l/2+1/2) (q; q)αn+β+l−ν
(q; q)αn+β−ν

(−1)lql(l−1)/2−(αn+β+l−ν)l

=
(1− q)l−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm

(qβ; q)∞ (qβ+l−ν+1; q)αm

(qβ+l−ν+1; q)αm
[(qα; qα)m]s

×
m∗

∑

n=0

qs(αδn(αδn−1)/2+αδnm) qδn(α(β+1)+rµλ)

(qβ+l−ν+1; q)αn [(qλ; q)µn]r
[(q−mα; qα)δn]

s

(qα; qα)n

×(1− q)−l xαn+β−ν
(qαn+β−ν+1; q)∞
(qαn+β+l−ν+1; q)∞

=
(1− q)−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm

(qβ; q)∞ (qβ+l−ν+1; q)αm
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×(qβ+l−ν+1; q)αm
[(qα; qα)m]s

m∗

∑

n=0

qs(αδn(αδn−1)/2+αδnm) qδn(α(β+1)+rµλ)

(qβ+l−ν+1; q)αn [(qλ; q)µn]r

× [(q−mα; qα)δn]
s xαn+β−ν

(ql; ql)n

(qβ+l−ν+1; q)αn (qβ−ν+1; q)∞
(qβ+l−ν+1; q)∞ (qβ−ν+1; q)αn

=
(1− q)−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm
(qβ; q)∞ (qβ+l−ν+1; q)αm (qβ−ν+1; q)αm

(qβ−ν+1; q)αm
[(ql; ql)m]s

×
m∗

∑

n=0

qs(αδn(αδn−1)/2+αδnm) qδn(α(β+1)+rµλ)

(qβ+l−ν+1; q)αn [(qλ; q)µn]r
[(q−mα; qα)δn]

s xαn+β−ν

(ql; ql)n

=
(1− q)−ν (qβ+l−ν+1; q)∞ (qβ+1; q)αm xαn+β−ν

(qβ; q)∞ (qβ+l−ν+1; q)αm (qβ−ν+1; q)αm
B

(α,β−ν,λ,µ)
m∗ (qδανxα; s, r|q).

The proof of (7.9.4) runs similar, hence omitted.

7.9.2.1 Special cases

Taking r = 0, s = 1 and δ ∈ N in (7.9.3), gives

qD
ν
0+

[

tβL
(α,β)
m∗ (tα|q)

]

=
(1− q)−ν (qβ+k−ν+1; q)∞ (qβ+1; q)αm xαn+β−ν

(qβ; q)∞ (qβ+k−ν+1; q)αm (qβ−ν+1; q)αm

×L(α,β−ν)
m∗ (qδανxα|q).

If we put α = k ∈ N, δ = 1, then reduces to

qD
ν
0+

[

tβZβ
m(t; k|q)

]

=
(1− q)−ν(qβ+k−ν+1; q)∞ (qβ+1; q)kmx

kn+β−ν

(qβ; q)∞(qβ+k−ν+1; q)km (qβ−ν+1; q)km
Zβ−ν
m (qkνx; k|q).

Putting k = 1, it further gives

qD
ν
0+

[

tβLβm(t|q)
]

=
(1− q)−ν (qβ−ν+2; q)∞ (qβ+1; q)m xkn+β−ν

(qβ; q)∞ (qβ+k−ν+1; q)km (qβ−ν+1; q)km
L
(β−ν)
m∗ (qνx|q).

7.10 q-Integral transforms

7.10.1 Euler(Beta) transform:

Theorem 7.10.1. If α, β, λ >, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, a, b ∈ C, then

Bq

{

B
(α,β,λ,µ)
m∗ (txαqδαa; s, r|q) : β + 1, a

}
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=
(1− q) (q; q)∞ (qβ+a+1; q)∞ (qβ+1; q)αm

(qβ+1; q)∞ (qa; q)∞ (qβ+a+1; q)αm
B

(α,β+a,λ,µ)
m∗ (t; s, r|q).(7.10.1)

Bq

{

b
(α,β,λ,µ)
m∗ (txα; s, r|q) : β + 1, a

}

=
(1− q) (q; q)∞ (qβ+a+1; q)∞ (qβ+1; q)αm

(qβ+1; q)∞ (qa; q)∞ (qβ+a+1; q)αm
b
(α,β+a,λ,µ)
m∗ (t; s, r|q). (7.10.2)

Proof. The left hand expression

Bq

{

B
(α,β,λ,µ)
m∗ (txαqδαa; s, r|q) : β + 1, a

}

=

1
∫

0

xβ+1−1 (xq; q)∞
(xqa; q)∞

B
(α,β,λ,µ)
m∗ (txαqδαa; s, r|q) dqx

=

1
∫

0

xβ+1−1 (xq; q)∞
(xqa; q)∞

(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+a+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s tn xαn

(qk; qk)n
dqx

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+a+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s tn

(qk; qk)n

×
1
∫

0

xαn+β+1−1 (xq; q)∞
(xqa; q)∞

dqx

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+a+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s tn

(qk; qk)n

×Bq(αn+ β + 1, a)

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+a+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s tn

(qk; qk)n

×(1− q) (q; q)∞ (qαn+β+1+a; q)∞
(qαn+β+1; q)∞ (qa; q)∞

=
(1− q) (q; q)∞ (qβ+a+1; q)∞

(qβ+1; q)∞ (qa; q)∞

(qβ+1; q)αm (qβ+a+1; q)αm
[qβ+a+1]αm [(qk; qk)m]s

×
m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+a+1)+rµλ)

(qβ+a+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]

s tn

(qk; qk)n

=
(1− q) (q; q)∞ (qβ+a+1; q)∞ (qβ+1; q)αm

(qβ+1; q)∞ (qa; q)∞ (qβ+a+1; q)αm
B

(α,β+a,λ,µ)
m∗ (t; s, r|q).

Similarly, one can obtain (7.10.2), hence proof is omitted.
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7.10.1.1 Special cases

(i) Taking r = 0, s = 1 and δ ∈ N in (7.10.1), it gives

Bq

{

L
(α,β)
m∗ (txαqδαa|q) : β + 1, a

}

=
(1− q) (q; q)∞ (qβ+a+1; q)∞ (qβ+1; q)αm

(qβ+1; q)∞ (qa; q)∞ (qβ+a+1; q)αm

×L(α,β+a)
m∗ (t|q).

For α = k ∈ N, and δ = 1, this reduces to

Bq

{

Z(k,β)
m (t1/kxqa; k|q) : β + 1, a

}

=
(1− q) (q; q)∞ (qβ+a+1; q)∞ (qβ+1; q)km

(qβ+1; q)∞ (qa; q)∞ (qβ+a+1; q)km

×Z(k,β+a)
m (t1/k; k|q).

The case k = 1 is

Bq

{

L(β)
m (txqa|q) : β + 1, a

}

=
(1− q) (q; q)∞ (qβ+a+1; q)∞ (qβ+1; q)m

(qβ+1; q)∞ (qa; q)∞ (qβ+a+1; q)m

×Z(k,β+a)
m (t; k|q).

7.10.2 Laplace transform:

Theorem 7.10.2. If α, λ, σ, β, ν > 0, then

Lq

{

tνB
(α,β,λ,µ)
m∗ (xtσ; s, r|q)

}

=
(qβ+1; q)αm

(1− q) [(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm)

(qβ+1; q)αn [(qλ; q)µn]r

×q
δn(α(β+a+1)+rµλ) q−(σn+ν+1)(σn+ν)/2

Sσn+ν+1 (qσn+ν+1; q)∞

×(1− q) (q; q)∞ [(q−mk; qk)δn]
s xn

(qk; qk)n
. (7.10.3)

Lq

{

tνb
(α,β,λ,µ)
m∗ (xtσ; s, r|q)

}

=
(qβ+1; q)αm

(1− q) [(qk; qk)m]s

m∗

∑

n=0

[(q−mk; qk)δn]
s xn

(qβ+1; q)αn [(qλ; q)µn]r

×(1− q) (q; q)∞ q−(σn+ν+1)(σn+ν)/2

Sσn+ν+1 (qσn+ν+1; q)∞ (qk; qk)n
. (7.10.4)

Proof.

Lq

{

tνB
(α,β,λ,µ)
m∗ (xtσ; s, r|q)

}
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=
1

1− q

∞
∫

0

e−Stq tνB
(α,β,λ,µ)
m∗ (xtσ; s, r|q) dqt

=
1

1− q

∞
∫

0

e−Stq tν
(qβ+1; q)αm
[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+a+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]
s xn tσn

(qk; qk)n
dqt

=
(qβ+1; q)αm

(1− q) [(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm)qδn(α(β+a+1)+rµλ)[(q−mk; qk)δn]
s xn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

×
∞
∫

0

e−Stq tσn+ν dqt

=
(qβ+1; q)αm

(1− q) [(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm)qδn(α(β+a+1)+rµλ)[(q−mk; qk)δn]
s xn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

×(1− q) (q; q)∞ q−(σn+ν+1)(σn+ν)/2

Sσn+ν+1 (qσn+ν+1; q)∞
.

Similarly, one can obtain (7.10.4), hence proof is omitted.

7.10.2.1 Special cases

(i) Taking r = 0, s = 1 and δ ∈ N in (7.10.3), it gives

Lq

{

tνL
(α,β)
m∗ (xtσ; 1, 0|q)

}

=
(qβ+1; q)αm

(1− q) (qk; qk)m

m∗

∑

n=0

q(kδn(kδn−1)/2+kδnm)

(qβ+1; q)αn

×q
δn(α(β+a+1)+rµλ) q−(σn+ν+1)(σn+ν)/2

Sσn+ν+1 (qσn+ν+1; q)∞

×(1− q) (q; q)∞ (q−mk; qk)δn x
n

(qk; qk)n
.

For α = k ∈ N, and δ = 1, this reduces to

Lq

{

Z(k,β)
m (t1/kxqa; k|q) : β + 1, a

}

=
(1− q) (q; q)∞ (qβ+a+1; q)∞ (qβ+1; q)km

(qβ+1; q)∞ (qa; q)∞ (qβ+a+1; q)km

×Z(k,β+a)
m (t1/k; k|q).

The case k = 1 is

Lq

{

L(β)
m (txqa|q) : β + 1, a

}

=
(1− q) (q; q)∞ (qβ+a+1; q)∞ (qβ+1; q)m

(qβ+1; q)∞ (qa; q)∞ (qβ+a+1; q)m

×Z(k,β+a)
m (t; k|q).
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