Chapter 7

Inequalities involving generalized

g-Konhauser polynomial

7.1 Introduction

In this chapter, two g-extensions of the GKP (6.1.3) are considered and their
properties corresponding to those obtained in Chapter-6, are derived. Having
suggested by the g-analogues (3.1.1) and (3.1.2) of the function (2.1.5), the two
¢-GKP are defined as follows.

Definition 7.1.1. For o, 3, A > 0, m, 6, i, k,s € N, r € NU {0}, m* = [§], the
integral part of =, define
B(O‘ B) m* skén(m-i—(énk—l)/?) q5"(a(5+1)+w/\)

m* (-77 S T‘Q) = Z (qﬁ+1 q>om [(q)‘;q)#n]r

n=

) [( s e
oo (7.1.1)

Definition 7.1.2. For o, 3,A > 0, m,é,pu, k, s € N, r € NU {0}, m* = [%}], the
integral part of 5, define

*

@B (k. o _ (@" @)am ~ (g™ ¢F)5,]° ™
b i) [(q"; ¢%)m]® 2 (@Y Qan (5 Dpnl”™ (@555 (712)

The polynomials in (7.1.2) and (7.1.1) will be referred to as ¢-GKP.
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7.2 Generalized ¢-Konhauser polynomial

If s =1,7 =0 then (7.1.1) reduces to g-analogue of another generalization of the

Konhauser polynomial (6.2.2) in the form considered by [58]:

*

B+1. m kén(kdn—1)/2+énm ono(B+1)
B (24:1,0]q) @ - ’Z)O‘m d e d
(¢ 4" )m = (@ Q) an
y (q—mk’ qk)én Ikn
(4"; " )n
= 720 .(x:k|q). (7.2.1)

A g-analogue of the classical Konhauser polynomial (6.1.1) is obtained from (7.2.1)
by taking = 1 and a = k, that is
ﬂ+
BAM(ak:1,00) = q
( 2 ZO (@ Qi (6% ¢)n

= Zﬁ(z; k|q) (7.2.2)

n(kn— 1)/2+kn(m+ﬂ+1)(q mk;qk)n kn

Further, with £ =1,

("5 @QJm = @R (g7 ), 2
(@ Dm = (@ @)n (@3 On
= LP(z|q) (7.2.3)

m

BP9 :1,000) =

is a g-analogue of the generalized Laguerre polynomial. If k& = 1 then (7.1.2)
reduces to the special case of the function (3.1.1) with z replaced by z,
q6+

b (a5, 7q)

7Q am Q)5n]
o $ o )

; (¢ O nl” (@O0
(qﬁJrl;Q)am —m,0

= W ea’5+17A7M(x;s,r|q). (724)

Theorem 7.2.1. Let

k.s T|q) _ (qﬁ-l—l;q)am m qs(kén(k5n—1)/2+k5nm) q5n(a(ﬂ+1)+ru/\)
o [(q%; ¢*)m)* = (@Y Qan (@5 @)yl

x [(qm((;kq; q),f;‘i o (7.2.5)

B(Oﬁﬁv)‘nu')

m*

(x
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Then as limit m — oo, B,Sf;’ﬁ’)“”) (x%;5,7|q) approaches to the entire function
B(aﬁ,)\,u) k. _ (q,3+l’q>oo OO (_1)5571, qs(kén(k&l—l)/2+k5n(6n—l)/2)
< Tl = [(¢*; 4%)oc]? 2 (@ Dan (0% Dun]”
) ST E— yd)an y 4 ) un
on(a(B+1)+ruX) .kn
q x
X TEron (7.2.6)

i any bounded domain.

Proof. 1t will be shown first that the series in (7.2.6) has an infinite radius of
convergence.

Taking

(_1)8571 qs(kdn(kén—l)/2+k6n(6n—1)/2) qén(a(,8+1)+mx)
"+ @)an [(€Y5 @)un]” (g5 ¢%)n
(_1)35n qs(kén(kénf1)/2+k6n(6n71)/2) qén(a(5+1)+r,u)\)
(@75 @)oo [(0%5 @)oo]”
I @)oo (@ 4)s]”
(¢*; ¢")n '

Then using D’Albert’s Ratio test, the radius of convergence R is given by

(q

X

R = lim |

n—0o0

Un—f—l
(_1)3671 qs(kén(kEn—1)/2+k5n(5n—1)/2) qén(a(6+1)+ry)\)

(" @)oo [(@ @)s0)” (6% @)

(@°™ @)oo (@5 D)oo]™ (@™ @)oo (™5 ) o0)”
(_1)56(71—}—1) qsk5(n+1)(5(n+1)—1)/2+(k6(n+1)—1)/2

= lim
n—oo

X

) (4" 4")nn1
@ HD@BEFD)FrA) (qondDFA+L q) o [(gh DT q) o]

qsk5—sk262 (1 _ q(n—l—l)k)

= lim qns62(k(k+1)) qé(a(ﬁ—i-l)-l-ru)\)

n—o0

(1 o qom-i—ﬁ-i-l) (1 o qan+6+2) o (1 - qan—l—,B—I—a)

[(1— gt Th) (L= grnt2) (1 — gretAtm)] =

= OQ.

Here it suffices to show that for m sufficiently large,

*

mz qs(kén(k6n71)/2+k6nm) q5n(a(5+1)+7‘uz\) [(quk’ qk)dn]s rhn
(@75 Dan (€ D] (4% ¢%)n

n=

(7.2.7)
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tends to
io: (_1)5671, qs(kén(k&n—l)/2+k5n(6n—1)/2) q6n(a(ﬂ+1)+7“u/\) rkn (7 ) 8)
o (@Y @)an [(4*5 @)pn]” U
In fact,
io: (_1)5671 qs(kén(kén—1)/2+k6n(6n—1)/2) q(Sn(cx(B—l—l)-i-r,u)\) :L.k:n
e (@Y @an (@5 @)pn]” (4% 6")n
m qs(k6n(k6n—l)/2+k5nm) qén(a(ﬁ+1)+ru)\) [(q—mk7qk>5n]s rkn

— (@ Qan [(6%; Q)pnl” (7% ¢")n
Z {qskdn(dn—l)/Q . [(q—mk’ qk)dn]s qskénm (_1)s§n}
n=0

skén(kén—1)/2 q6n(a(ﬁ+1)+r,u>\) (_1)3571 xkn

(@Y Qan (@5 Qun]” (055 6%)n

1

*

n=

X(l _ quk+(5n71)k):|5 qsk(Snm (_1)8571}
skon(kén—1)/2 q5n(a(,8+1)+ru)\) (_1)55n Tk

(@Y @an (@5 O unl™ (6% 6%)n

q

X

X(q—mk+(5n—1)k . 1>:| q8k5nm}
skén(kdn—1)/2 qdn(a(ﬁ-‘rl)-l—ru)\) (_1)5(5n rkn
(@7 @an (6% @Dn]” (655 6%)n

><q

m*

n=0

X(]_ . qu—(6n—1)k)i|s qskénm qskén(én—l)/Z—skcinm}

skén(kén—1)/2 q§n(a(ﬁ+1)+r,u)\) (_1)35n :L.k:n
(@7 Dan (0% Dn]” (053 65)n

q

X

>

n—

IA

o en=1/2 _ [(1 — ™) (1= @Ry (1 — gy

X(l . quf(énfl)k):| s qskﬁn(énfl)/Q

Z {qskén(én—l)/Q _ |:(q—mk . 1) (q—mk-i—k . 1) <q—mk+2k . 1) o
n=0

Z {qskén(énl)/Z . |:(1 . qu) (1 _ qu:fk) (1 . qu:f2k> o

Z {qskén(énl)/Q - |:(1 o quk) (1 _ qukJrk) (1 _ quk+2k) o
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The absolute difference may be simplified with the aid of the inequality

to get

IN

IN

<

><q

skon(kdn—1)/2 q(Sn(a(ﬁ-‘rl)-H”u/\) |(L’ | kn

(@ Qan (@ Qun]” (@556

X(l . quf(énfl)k)] s qskJn((;nfl)/Q

qskén(z?n—l)/2

q

q

q

skén(dn—1)/2

skén(dn—1)/2

skén(dn—1)/2

=1

on
1 [H(l _ quijrk)]

J=1

on s
1— <1 . Z qu—jk-l-k)
j=1

on $
mk—jk+k
Zq :

qskén(én 1)/2 <Z qu jk+k

q

qskén(én 1)/24skm (

qskEn(§n—1)/2—sk6n+smk+sk (1 —q

q

skdn(én—1)/2+skm (Z q

)
=)

fJnk)s

(1—qg*)
6nk)s

(1—qk)s

skdn(dn—1)/2—skdn+smk-+sk

(1—¢*) ’

because dn < m. Therefore,

q

skon(on—1)/2 (1 . qu) (1 .

S

g™ ) (1 -

k
1= xj, 0<a;<1, j=12...,

q

k,

qskén(Jnfl)/Q . [(1 . qu> (1 . qufk) (1 . quka) o

x|l — [(1 - qu) (1 _ qu—k) (1 _ qu—2kz) . (1 _ qu;_((;n_l)k)}s

mk72k) o

(7.2.9)
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X(]_ _ qu—(én—l)k) s qskén(5n—1)/2

qskdn((m— 1)/2—sndk+smk+sk

= 1—q)

(7.2.10)

This last inequality is valid for all non negative values of dn. Substituting this

into (7.2.9), one gets

>

85n s(kdn(kén—1)/24+kén(on—1)/2) 6n(o¢(,3+1)+7’u)\) rhn

— qﬁ+ Dan (@75 0) )" (4% ¢%)n
B m* q s(kén(kén—1)/24+kdnm) qén(a(,8+1)+r,u)\) [(quk7q ) ] kn
s (@ @an (5 @)unl” (4% ¢")n
qsmk+sk > qskén(én—1)/2—sn6kqsk§n(k6n—l)/2 qdn(a(ﬁ-‘rl)—l-ru)\) ‘x|kn (7 )
< 211
(1—gh) = (@Y Qan (65 D unl” (675 ¢5)n

Thus the last series (7.2.11) has an infinite radius of convergence and is therefore
bounded in every bounded domain. It follows that the left hand side in (7.2.9) — 0
as n — oo uniformly in any bounded domain. Hence the series (7.2.7) converges

to (7.2.8) uniformly on any bounded domain. O

7.3 Difference equations

The operators considered in Chapter 3, subsection 3.2.3 are used once again in

this chapter. They are relisted below.

Aof (@) = f(x) = flzq™h), Of(x) = f(x) = f(zq),

D, f(x) = (1 - q) Dyf (@) o= (1 - g L1100 _ 1)~ Jlwa)

x — xq x

a—1a—1
{ H H [@ + C—u 1—(b+v)/a __ 1]m}
= CI)(a b,c;m)

a—1la—1
{ H H[C—uql—(b—i-v)/a]m}
u=0 v=0
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and

(T T+ eqrmre—yl

u=0 v=0 (abcm)
1 a—1 ToTuw
{HO H[ —ug —(b+wv) /a]m}

In the notations of these operators, the difference equation satisfied by the poly-

(a,8, ML)(

nomial B, z¥; s,7|q) is derived in the following theorem.

Theorem 7.3.1. Let o, 5, A\, m, 8,11, k,s € N, r € NU{0}, m* = [§] then
B(Oév/87>\7u)

s (2%;s,7|q) satisfies the equation

(I)gi:%ﬂ%r) CI)ELO,;B—H’UJ) /&) B,(,?;ﬁ’k’“)(xk; S,'f’|q)

ok qs(ka(ka_l)/2)+sk5m ‘Ilﬁk’_mk’x;s) Bfgc;m,u)( kqs(k§ 15,7|g) =0, (7.3.1)

th

where x is (0k)™ root of unity, n is u'™ root of unity, o is o' root of unity.

Proof. The coefficient of 2™ in (7.1.1) will be first expressed in g-factorial notation
with the aid of the formulas [18, Appendix IJ:

(a;Q)kn = (a,aq, . ..,aq" " ¢"),,

(ak;qk)n = (a, awy, . . . aw’,j lvqk)n oy, = 2Tk

(A; ¢ = (AY™ Q) (A0 Q) - (A" ), W™ =1,

and
5—1
(@) = (@O0 (@ Q- (@5 )0 = [ [ @)y &° = 1.
i=0
Now if
[n/8] (6k—1 Sk—1 p—1p—1 -1
Z{H H X q —mk-i)/(6k) }{HH n q(/\-i-ﬁ)/u )]r}
1= (=0 k=0
s(kdn(kén— 1)/2+k6nm) n(a(B+1)+ruX)  pnk
Xq a—la—1 q ( k. k) = y; (732)
(e g} G0
h=0 g=0
6k—1 0k—1 p—1p—1

TT TTI0¢ =+ g1 = #, TLTLIOF 975 @l = B,

j=0 =0 £=0 k=0
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a—1la—1

H H(O,h q(,8+g)/a; q)n _ Cn; qs(kén(kénfl)/2+k5nm) qén(a(BJrl)Jrr,u)\) _ gn7

h=0 g=0

then (7.3.2) will assume the elegant form:

[n/9] 1. G, )
7= HZ:O B, Cp (4% 4%)n k
Now
0y — [n/9] " G, g [n/9] H G, vk
< B, C. (¢4 B, Cu (455 0)
Next operating by <I> “ B oil) , one gets

a—1a—1
{ ITII1(©®+ o hgt=(B+9)/e _ 1)}

(a,B8,031) o Hn Qn h=0 g=0

(I)hﬂ 63} a Z B’n (qk7qk)n—1 a—1a—1

i IT IT (o=hgt=—(B+a)/a)
h=0 g=0
a—1a—1 -1
{ H H O' q (B+9)/ } xnk

h=0 g=0

a—1a—1
n [T I1(1—ohgntrrale)
[n/d] . G, { o

N Bn k, k n— a—1la-1
n=1 (q q ) 1 { H H (O'hq(6+g)/a;q>n}
h=0 g=0

_ [f . gn o
Bo Cor (530t

Finally,

—1p—1

1 TLI(® +n-tqt=Oim — 1))
(e, Aym57) (aﬂol) in/4} Hn Qn /=0 k=0
(I)K/i (I) ®y = ZC

1p—1

7 {H I 04 w/u)]}

X{ H H )\+n /,u )n]r} Ink

/=0 k=0
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-1 1
W g g { [T TIl(—a" +neq1(”“)/“)]r}

=0 k=0

- ZC k- gk 1pu—1
= G e {H I (- M/u)]}

pn—1p—1 -1
X{ LTI g7 q)n]’"} "™
£=0 k=0
n/d
_ [2/:] HoGn
n=1 Bn—l Cn—l (quqk)n—l .

Thus,

[n/6]
(D(p)\nr (I)(a,b’a'l)@ . %n—o—l gn—i—l nk-+k 733
br Yy = BC(qk.qk>x : (7.3.3)
—o Pn bn ) n

Further,

{“ﬁl MﬁlK /00 >J}
@_Fxquf —mk+i — 1

[n/é]

H gn s(k8)*n nk

j=0 i=0
= T

B, C, (¢%;q*), Sk—1 Sk—
—0 (4% ¢") { 1—[01 n)l[(x—jq—(—mk-i-i)/(ék))]s}
j=0 =

[n/9] g q s(ko)? Sk—1 Sk—1

_ B {H H X q —mk+i)/(8k). q) ]s}
ok—1 6k—1

X{ H [(1 . qun+(mk+i)/(5k))]s}xnk7

and hence

s(k6(k6—1)/2)+skdm \p; (0K, —mk,x;s) B(a,ﬁ,A,u)( k_s(ké)2.
I m*

2" q T q ;s,7]q)

[n/6]
_ Hnt1 Gnt Lktk (7.3.4)

= By Co (¢":4")n

The equation (7.3.1) now follows by comparing (7.3.3) and (7.3.4). O

s(kon(kén—1)/24+kénm) on(a(B+1)+rul)

In this proof, if the factor G,, = ¢ is dropped

q
then the resultant equation is satisfied by the function W =

This is stated as

— b(aﬂku)(x s,7)q).
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Theorem 7.3.2. Let o, B, \,m, 0, u,k,s € N, r € NU{0}, m* =[] then W =
b(aiﬁvAv/i)

N (x%:s,7|q) satisfies the equation

(@A @) g gk gk [y o, (7.3.5)

h

where x is (0k)™ root of unity, n is ut™ root of unity, o is '™ root of unity.

7.4 Inverse series and inequality relations

In parallel to the inverse series inequality relations of section 6.4 and the results
obtained in subsequent sections, the parameter s’ is again exploited here to ob-
tain analogues results. As mentioned in section 6.4, here also for s = 1 the usual
inverse series relations occurs and for other values of s the inverse series inequality
relations occur.

If the real valued functions F'(x, n; s|q), G(x,n;s|q), f(x,n;s|q), g(x,n;s|q), where
s € N\ {1} are such that F(z,n;s|q) < B2 (2% s, rlq), G(z,n;s|q) >

By (aks s vlg), £z, slg) < b ™M (@b s, vlg) and g(x,m; s|g)

n
B,

> b,ﬁ* )({Ek; s,7|q) then there hold the following inequality relations.

Theorem 7.4.1. Let F'(x,n; s|q) and G(x,n; s|q) be real valued functions, o, 5, \ >
0, and p, k € N, r € NU{0}. If s is odd positive integer and m, (n—a non negative

integer) are even positive integers, then

F(z,n;s|q) < Bfffﬁ’/\’“)(xk; s,7|q) (7.4.1)
implies
xkn N q—mn(a(ﬁ+1)+7’u)\) q—sk‘mn(kmn—l)/Q (q,@—i-l;q)cm [(qA7Q);m,]T (qk7qk>n
[(¢*; @*)mn®
mn._skj —kmn. kY s
¢ [(g"™; 4")4] .
X F(z, j; slq); (7.4.2)
§=0 (q'8+1; q)aj
and
xkn _ q—mn(a(ﬁ+1)+7”u)\) q—sk‘mn(kmn—l)/Q (qﬁ—i-l;q)cm [(qA;Q)yn]r (qkqu>n
[(¢*; @*)mn]®
mn.skj —kmn. kY s
T G sl (743)

=0 (q'B+1; q)aj
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implies
G(z,n;s|lq) > B(aﬂ)‘”)(m 5,7|q). (7.4.4)

Proof. Here the inequality (7.4.1) holds. Putting

q—mn(a(ﬁ+1)+ru)\) q—skmn(kmn—l)/Q <q6+1;q)om [(q)\;q)lm]r <qkz;qk)n
[(q"; @*)mn]”
skj —kmn. ,k\ 1s
q [(g+1 )il
(" q)ay

Wy =

mn
X
J=0

(z,7; slq)

and substituting the series inequality (7.4.1) for F(x, j; s|q), one gets

q—mn(a(ﬂ-‘rl)-l—ru)\) q—skmn (kmn—1)/2 (qﬁ-l-l ) on [(q)\’q)'un]r (qkqu>n
(4" ¢ )mn]®

— ¢ [(qFm ")) (qﬂ“,Q)ag
— (" e [(¢Fdh)s)

J
[#] ‘ ey ~
s(kmi(kmi—1)/2+kmij) qmz(a(,é’—i—l)—i-ru/\)[(q k?j; qk)mz]s I.kl

Wy, <

X

X
— (" @ai (@7 @)™ (d%5 ¢F)s
_ q—mn(a(ﬁ-‘rl)—i—ru)\) q—skmn(mn—l)/Z (q,B—i-l;q)an [(qqu)“n]r (qk’qk)n
[(*; @) mn]”
y mn skj ( 1)qu8k_](j 1)/2—skmnj [(qk;qk)mn}s
N (P W R P
[#] smz mi(kmi— ms mi(o T
qﬁ-i-l’q Z g kmilkmi—1)/2+kmij) gmie(f+1)+rpA)
— )j—mi]” (@%T @)ai (0% @)wil”
y qsk:mz(k:mz 1)/2 skjmi ((q g )j)s ki
(% %)
_ mn [%] sg—l—smi qs(kmi(kmi—l)/2+kmij) qmi(a(ﬁ—l—l)—l-r,u)\) qskmi(mi—l)/2—skjmi
== [(¢*: @%)j—ma]” [(@%; 4% )mn—i]”

q—mn(a(ﬁ—l—l)—i—ru)\) q—skmn(kmn—l)/Q qskj qskj(j—l)/Z—skmnj <q,3+1’q>
(@ @ai (@5 @)l (0% 6%
<[ @)un]” (4" ¢")n 2.

an

X

Now in view of the double series relation (1.2.21)

n mn—mj

ij (6,5)=>_ > fli+mj.j),

j=0 =0

gMS
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one gets
imnzmz SJ skmi(kmifl)/2 qmi(a(6+1)+Tﬂ)\) qskj(mifanrl)Jrskmi(mifmn)
wy, < S S
i=0 j=0 ((qk’qk)]) [(qkaqk)mn—mz—j]

qskj(j—l)/Q q—mn(a(ﬁ—‘rl)-l—ru)\) q—skmn(kmn—l)/Q (qﬁ—H;Q)an [(qA;Q)pn]r

X
(@5 @)ai [(0*5@)pu]”
NI I
(q"; ¢*)
_ xkn . n—1 qs(kmi(kmifl)/QJrskmi(mifmn) q(mi*mn)(a(ﬁJrl)Jrru/\)

— (@50 ) mn—mil” (@75 @)ai (0% @)uil”
(@ QDan (@5 @) un]" (@5 @) 2*
(q*; q*)i

% Z (_1)sj qskj(j—l)/z qskj(mi—mn-i-l) {mn;mz}
qk

J=0

X

n—1l skmi(kmi—1)/2+skmi(mi—mn)

Ly (mi—mn)(a(B+1)+ruN)

q
i—0 [(qk7 qk)mn mz]s (qﬁ—H; Q)ai [(qA; Q)#i]r

T Dan (6% @)un]" (056" 2
(¢*: ¢%);

T j i(j— skj(mi—mn mn —mi s
% ( Z (—1) gFIu=D/2 sk +1){ ; ] k)
q

j—O

xkn +

IN

s(kmi(kmi—1)/24skmi(mi—mn) (q,B-l—l.

- ' * Z )mn—mi]s (q6+ ;q>ai [(qA7 Q>}Li]r
« (q ;Z. )7; ZL‘ i {mhml(l - qk(mi—mn+j))} )

(q*; M) =

Here the product on the right hand side vanishes, hence w, < x*".
Next, the proof of another inequality relations stated above runs as follows.
Here (7.4.3) holds true. Now if

qﬂ“, q

Vy = Z (@75 oy [0 @) gl

s(kmj(kmj—1)/2+skmjn) qm]( a(B+1)+ruX)




Chapter 7. Inequalities involving generalized q-Konhauser polynomial

190

then substituting the series inequality (7.4.3) for " | one gets

(qﬁ+1;q>an [%] qs(kmj(kmj_l)/2+kmjn) qmj(a(ﬁ+l)+r#)\) [(q—nk;qk)mj]s

[(a% ¢")n)” = (@Y @ay (@ @) ]" (¢*;qM);
Xq—m](a(ﬁ—i-l)-i-?”u)\) q—skmj(km] 1)/2 (qﬂ—H Q)aj qu\]#j]r (qk’qk)j
[(q 4 )m]]

™y ski —kmyj. ,k\ s

¢ ("™ ¢")i] :

X G(,i;slq)

—~ (" Q)i

[2 . : e

(qﬁ—l—l;q)an (_1)smj qskm]n qskmj(mj 1)/2—snmj ((qk7qk)n)s
(g% 4")n)* = (0" @) nmp)] ™ [(6%5 6 )ms]®
y i (_1)zs qski qski(i—l)/Z—skimj [(qk;qk)m]}sG($ Zs|q)

i=0 [(qu qk)(nfmj)] (qBJrl; Q>ai
i Z 1 smj+is skz(1+1)/2 qskmj(m] 1)/2—skimyj (q,8+1 q)om
m3=0 i=0 P)n-mp]” (@5 0F)mi-n]" (€77 Qa

xG(x,z,s|q).

In view of double series relation (1.2.22), this takes the form:

v, <

IN

1 smj+is sk1(1+1)/2 qskmj(mj 1)/2—skimyj (q’B+1,Q)

;n;z )(n m])} [(q y q )(mj—i)] (qﬁ+ 7Q)ai
><G(I,LSIQ)
is Skl(1+1)/2 (q,B—i-l q>cm '
G(x,n; s|q) +Z = G(x,1; s|q)

S’an qskm](mj 1)/2—skimj

XZ

mj=1 ’

G(z,n; s|q) +

XZ

nfmjﬂ (" 4%) mj—i]

aQan .
Z P g Gl sla)

=0
smj qskmj(m]—l)/Q

m]O

G(x,n; slq) +

)(n i— m])} [(qk§qk)mj]s

n-l ski(i+1)/2 (B+1.
— (% Q)ai [(0%; 6% ni) ]

% sm] skmj(mj—l)/Q n—1
S i |,

mj=0

Gl sha) + 3 7w
— ("™ 9)a

n—1
qskz (i+1)/2 (qﬁf—l-l7 q) B(aﬁ)\u)(

q 4 )(nfz)}

x%;s,7|q)
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% (nzf(_l)mj gFmitmi=)/2 [“ﬂ;z} k)s (7.4.5)

mj=0
Sk‘l i+1)/2 (q,b’—i-l7 q)

= G(z,n:s|q) + sG (2,1 s]q)
Z (@°Y @)ai [(@545) ]
x { 11 (1—qkmj"“)} -
mj=1
This gives v, < G(z,n; s|q). O

Towards the converse of these inequality relations, one can obtain the fol-

lowing theorem.

Theorem 7.4.2. Let F(x,n;s|q) and G(z,n; s|q) be real valued functions, o, 5, \ >
0, and p, k € N, r € NU{0}. If either s is an even positive integer or s,m, (n—a

non negative integer) are all odd positive integers, then

o q—mn(a(6+1)+7’u)\) q—skmn(kmn—l)/2 (q,B—i-l;q)an [(q)\’q)#n]r (qkqu)n

x >
[(%; ¢*)imn]®
< (P q) F(:U,J;SIQ) (7.4.6)
j=0 aj
implies
F(xz,n;slq) < BEPM) (ks rlq):; (7.4.7)
and
Gla,nsslg) > BEPM (b s rlg)m (7.45)
implies
:L,kn - q—mn(a(ﬁ+l)+ru)\) q—skmn(kmn—l)/Q (qﬂ—l-l;q)an [(q)\;q)“n]r (qkqu)n

[(qk§qk)mn]s
S (I

k s
1 q"); .
Xy (P D)o )i G(z, j; s|lg)m. (7.4.9)
=0 )4/ ag

The proof runs parallel to that of Theorem 7.4.1, hence is omitted.

For s = 1, the polynomial (7.1.1) yields the following inverse series relation.
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Theorem 7.4.3. For o, 3, A >0, m,u, k € N, r € NU{0},

ﬁ-l—l % k(mj(mj—1)/24+mjn) ,mj(a(B+1)+ru)
BP0 (ki 1, rlg) = q ’q Z PO T
q ;Q)aj [(q aq)ﬂj]
—nk kg
x (q 4 )”” s (7.4.10)
(4% ¢");
if and only if
xkn _ q—mn(a(,@—i-l)-i-ru)\) q—kmn(k’mn—l)/2 (q,é’—i-l;q)an [(q)\;q)/,m]r
(4% ¢*)n (0% ¢ )mn
mn. g kmn
7 ("™ 0%)5 pasamw i
X B (21, r|g), (7.4.11)
= (7T
and forn #ml, | € N,
n q _ 7 7)\
> qﬁ+l , Bg( SEM (2851, 7)), = (7.4.12)

7=0

Proof. The proof of (7.4.10) implies (7.4.11) runs as follows.
Here the equality (7.4.10) holds. Putting

qun(a(BJrl)Jrr,u/\) qfkmn(kmnfl)/Z (qﬁJrl;q)om [(q/\7q>un]r (qk’qk)n

J, =
(4% %) mn

mn
X
=0

—kmn. k

¢ (""" 0"); pesam (2"
(qﬂ—H; Q)aj I

L,7|q)

:ﬁ )‘nu’) ( k

and substituting the series equality (7.4.10) for B 1,7|q), one gets

qun(a(BJrl)Jrr,u/\) qfkmn(kmnfl)/Z (qﬁJrl;q)om [(q/\vq>un]T (qk’qk)n

J, =
(4% %) mn
ng —kmne gk (67 @) oy
= (@9 (¢4

[i] mi(kmi— mej mi(a T i
qk (kmi—1)/2+kmij q (a(B+1)+ ux)( k

¢ ) mi @
P (@7 @ai (@5 Dl (07565
—mn(a(B+1)+rur) qfkmn(mnfl)/Q (qﬂ+1;q)om [(q)\,q)un]r (qk’qk)n

(@"; @) mn
mn. g (—1)jqkj(j_1)/2_km"j(qk;qk)mn

xy 1

=0 (qku qk>mnfj (Q'B—H; Q)aj

X

q
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[#] 1 mi kmz(kmz 1)/2+kmij qmz(a(ﬁ+1)+wk)

1’ q o
Z i(qg+17Q)ai [(q*; @)l

=

B+

qkmz(kmz 1)/2 ]mz(q q )j

X
(qkS qk)i

1)j+mi qkmi(kmi—1)/2+kmiqui(a(,6’+1)+ru)\)qkmi(mi—l)/Q—kjmi

_ Z_;Z(

i=0 (qka qk)mez(qk? qk>mnfj

Xq—mn(a(ﬁ—i-l)-i-r,u)\) q—kmn(kmn—l)/Q qkj qkj(j—l)/2—kmnj (qﬁ—H;Q)an [(q)\’qhm]r

(@Y Qai (@5 0) w) (g5 4%
x(q"; ¢")n ™.

Now in view of the double series relation (1.2.21)
n mn—mj

Emj i,0) =Y > [fli+mjj),

j=0 =0

gMS

one gets

n_mn—mi (_1)] qkmi(k:mifl)/Q qmi(a(ﬁ+1)+r,u)\) kj(mi—mn+1)+kmi(mi—mn)

q
i=0 j=0 (@*;d%); (0% @*)mn—mi;
qkj(j—l)/Qq—mn(a(B-l-l)—i-r,u)\)q—kmn(kmn—l)/2(q,B-i,-l;q)an [(q)\;q)/m]r (qk,qk)n

Ip =

X
(@75 @)ai (@5 @)l
xki
X
(qk;q’“)z
n-1 qkmz (kmi—1)/2+kmi(mi—mn) q(mi—mn)(a(ﬁ+1)+ru)\)
= —+
pa Jmn—mi (@775 @)ai [(0%; @)uil”
y (qﬁ+1 Do | q/\QQ);m] (q 1q°)n
(a%; %)
% Z k] j—1)/2 qkj(mi—mn+1) |:mn _ mZ:|
J P
kn N1 kmi(kmi—1)/2+kmi(mi—mn) (mi—mn)(a(84+1)+rp))
- q g
pa Jmn—mi (@1 Qai (€% @) ]
X(qﬁ+1 Qon | qA;Q);m] (q ¢ )
(4" ¢%):
X Z FIG=D/2 i (mizmnt1) {m” - mi]
J ¢
_ xkn N n— qkmz(kzmi—l)/2+kmi(mi—mn) (qB—H; Q)om [<q)\’ q),un]T
(@5 d")n = (@) mn—mi (@ Qi [(@0)u]" (d%:¢F)s

1=
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X(qk;qk)n :L‘ki H (1 o qk(mi—mn—l—j))
j=1
B xkn
(q"; ¢*)n

as the product on the right hand side vanishes. To show further that (7.4.10) also
implies (7.4.12), one may substitute for Bj(.f"’B’A’“)(xk; 1,7|q) from (7.4.10) to the
left hand side of (7.4.12), to get

7 (") s, &
—B o (ZE ,1,7’|q>
= (@5 q)a

_ qu] (_1) qk](] 1)/2— kng<qk’qk)n
(4% 4")n—i(@°F1; @)ay

( ) kmz(kmz 1)/2+k7m]qmz(a(ﬁ—l—l)—‘r?‘u}\)qk‘mz(kmz 1)/2— kjmz<qk;qk:)j Iki

i—0 (q6+ 7Q)ai [(q 7Q),ui] (q 1 q )j*mi (q 1 q )2

q ¢~ q*

(q5+1SQ)o¢i [(qASQ)m‘] ( ) mi qu k)

[% 3kmi(kmi—1)/2+kmi—knmi (
(
x §7(=1)F gRIGD/2 gRilmizna) {” ]

mi(a(B+1)+ruX)

()

Ji
o

_ Zm: q3kmi(kmi—1)/2+kmi—knmi qmz’(a(ﬂ—l—l)—l-'ru)\) (qk’qk " xki nﬁ“ (1 B qk(mz‘—n+j))
—~ (" Qe (@ @)l (6756 )n—mi (¢F;56%)i

J=1

if n # ml, | € N. Thus completing the first part. The proof of converse part runs
as follows [13]. In order to show that both the series (7.4.11) and the condition
(7.4.12) together imply the series (7.4.10), the following simplest inverse series
relations [64, Eq.(1), p.43] will be used.

nokng (,— n -
A=Y (¢* ,Q)qu - Zq ATV

= (@5 (), T

Here putting

q" (q Q)J B K k
\Il-——B”’ x";1,7rlq),
! (qﬁ+7Q)a] ( |)
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and considering one sided relation that is, the series on the left hand side implies

the series on the right side, one gets

"o kj —kn. kY.
_ ¢ (a7™0%); plasrm k.
Ay = Z (¢P+1; q) ; Bj* (" 1,7]q) (7.4.13)
=0 yY4)o
=
B+1. . n —kn. kY
(B Ap) (k. (@75 9y (7" q%);
) n j:0 b

Since the condition (7.4.12) holds, w,, = 0 for n # ml, [ € N, whereas

— q B 7 ) a, B\,
mn Z Q’8+1 j ’ B](*B M)(xka1>T|Q)
7=0

But since the series (7.4.11) holds true.

mn(a(B+1)+rul) qkmn(kmn—l)/Z ( k kn

4" ") n T
(@ @) n (@Y @)an (@75 9)un)"

q

Amn =
Consequently, the inverse pair (7.4.13) and (7.4.14) assume the form:

[ﬁ] k(mj(mj—1)/2+mgjn)

(0% ¢")n = (@75 @)aj (2% @)l
y (q—nk; qk)m] xkj
(q*; %)
=
xkzn _ q—mn(a(,3+1)+7“u)\) q—kmn(kmn—l)/Q (qﬁ+1;q)an [(qA;Q)un]r

(¢*; 4" )n (@"; ¢*)mn

mn —kmn

q ?q B,
ST )i plesn (g1 rlg)
=0 q a]

subject to the condition (7.4.12).

O

The following theorems are in parallel to the Theorem 7.4.1, Theorem 7.4.2

and Theorem 7.4.3.

Theorem 7.4.4. Let f(z,n; s|q) and g(z,n; s|q) be real valued functions, a, B, X >

0, and p, k € N, r € NU{0}. If s is odd positive integer and m, (n—a non negative
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integer) are even positive integers, then

flz,n;s|q) < baﬁ’\”)(:pk;s,ﬂq) (7.4.15)
implies
B+1. A r k. .k mn._skj —kmn. kY s
kn (@"" Dan [0 @)pnl” (¢3¢0 x> ¢ [(™5 7)) .
x> - f(x,7:slq); (7.4.16
[(q"; @%)mn] = (") ( l9); ¢ )
and
B+1. A r k. k mn.skj —kmn. kY s
kn (¢""5 @an (€% Qunl” (@7507)n x> ™ [ 07),] :
T < 5 g(x, 7;s|q) (7.4.17
[(¢*; ¢*)imn] P LR 02 (.33 sla)( )
implies
g(xz,n;slq) > b(a/”“)(x s,7]q). (7.4.18)

Theorem 7.4.5. Let f(z,n; s|q) and g(z,n; s|q) be real valued functions, a, B, X >
0, and p, k € N, r € NU{0}. If either s is an even positive integer or s,m, (n—a

non negative integer) are all odd positive integers, then

akn > (qml;Q)a&q{gg:‘j; (a5, : e ([égjjn;;j)j]sf(x,j;s\Q) (7.4.19)
implies

f(z,m;slq) < b(aﬁ’\“)(m $,7|q); (7.4.20)
and

g(x,n;slq) > b(aﬁ/\“)(x ;s r|lg)m (7.4.21)
implies
@ Dan [((E(qq fi);m qu’” ﬁj’””),q Wl e sla). (7.4.22)

; aj

For s = 1, the polynomial (7.1.2) yields the following inverse series relation.
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Theorem 7.4.6. For o, B, A >0, m,u, k € N, r € NU{0}, the polynomial

(5]

[z

B (41 ) = q e g (7.4.23)
; (@75 q [(q Dps]" (6% %),
if and only if
B+1. A r (k. k M kmn(j+1) —mnk. kY

ZEkn _ (q aQ)an [(’:] 7]:])un] (C] yq )n q ﬂ+(1q 1 q )] bgff’ﬁ’k’“)(xk; 1,r|q),

(¢*; 4% )mn = @+ @)a;

(7.4.24)
and forn #ml, | € N,
. q B 7q a,B,A,
o= q/m ' B§ B (k1 r|q), = (7.4.25)

7=0

7.5 Some inequalities

In this section certain inequalities containing ¢-GKP are obtained.

Theorem 7.5.1. If a, B, A >0, m,d, u, k,s € N, r € NU{0}, 0 < st < 1 then the

following series inequality holds.

S AT o (a5 )l
B+1 " < (e (1) (B )
—~ (" Dam (¢"*" @)oo
x BOAAW (k 459. 5 r|q). (7.5.1)
Proof. From left hand side of (7.5.1),
3 Bk 5.110) s
— (" Qam
R 1 (QBH,CI)
= (@ Qam (6% 6%)m]?
m* skén(m+(6nk—1)/2) Sn(a(B+1)+rud) [(,,—mk. Lkn

(qﬁ—H )om [(qA§Q)un]T (qk§q )n

skén(m+(dnk—1)/2) q5n(o¢(ﬁ+1)+ru>\) rkn

L e ¢
a ZZ[(Q 3 ") ml® (7T Dan (6% Qpnl™ (675650

_1)35n qsk5n(5n 1)/2—skmdn [(C]k’qk)m]s o

(4% %) (m—om)]*
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oo m” san qskdn(k(sn—1)/2+sk5n(5n—1)/2 qan(a(ﬁ+1)+m>\) ok gms
- ,;02 (@ Dan (0% O pn)” (%3 6%)n [(¢%; ¢*) m—sm)]®
o gms 20, (1) gskon(kbn—1)/2+skdn(Bn—1)/2 gon(a(F+1)+rad) gson phn
- mzzo Js & (@Y Qan (65 QDunl” (675 ¢5)n

Here the inner sum is obtained by making limit m — oo in

Bﬁ;ﬁ”\’”)( ts‘S s,7|q)
( B+ ) tsén qsk5n(m+(5nk—1)/2) qén(a(ﬂ+l)+rp)\) [(q—mquk)[sn]s rkn
[

(¢ @*)ml]® = (@ Dan (65 Dunl” (655 ¢5)n ’

and since 0 <t < 1,

B, .
i Bﬁ:ﬁ ”)(xk,s,ﬂq) sms
= (" q)am

tms

[(qk§qk)oo]s (0,8, 0,) (k435
@ @, o> @ el

m k. k S
[((Jﬁ;‘ll' Jool” pasiran (459, 5 i)
(g% ¢") (" @)oo

I
iM8

IN
/\
OM8

s [(q ;) e s
- (eqk (t>) (¢°+1; q) oo B (25 190 5,7 ).

]

Theorem 7.5.2. If o, 5,A > 0,m, 0, pu, k,s € N, r e NU{0},0 <t <1,0< st <1

then
> skm(m— a,B,A,
Z q m( b/2 b'ﬁn*ﬁ H)(xk;sﬂn‘Q) Fms
— (@Y @) am
oo
s (_tqfk)sén xkn
< (Egx(t) . (7.5.2)
(B (1) = (" @)an (05 @) un]” (€507
Proof. From left hand side of (7.5.2),
e SKm{(m— a, 7A7
g Hm 2 G a5, 71)
=0 (@ @) am
B 2 gkm(m=1)/2 (q,B-H amz —mk’q) WJ° ahn .
= (¢ @)am [(¢*; 47) (@°*Y @)an [(6%5 @)un]” (@75 ¢%)n

0 m” (_1)55n qsk5n(5n 1)/2—skmdn rkn yms

_ skm(m—1)/2
= > q >
(¢ 4") m-sm* ("7 Dan [(0% Q)™ (6% 6)n

m=0
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_1)55n qskm(m—l)/Q—sk(Sn xkn ts(m—i—&n)

v (
= 22 [(@%; @) m)® (P @an (@ Dpnl” (@55 ¢ )n

m=0 n=0
_ i i <qkm(m—1)/2 tm>5 (_1)56n (tq—k>56n xlm
—\=\ (" d)m (@ @an (@5 D pnl” (0% 6%)n
- i i qkm(m—l)/2 m (_tq—k>55n rkn
T o=\ (@ )n (@ Dan [(@% D nl™ (dF5 6%
(B (1) 3 (—tg~")*" o
— k
! = (P @)an (05 Dn]” (@%56%)n
= r.h.s,
when 0 < t < 1. O

7.5.1 Special cases - Generating function relations

For s = 1, the series inequality relations in Theorem 7.5.1 will yield the generating
function relation. Their various specializations are deduced here.
(i) Taking a =k € N, r =01in (7.5.1) leads to

00 L(k;ﬁ) k kegh) o
m (fE |Q) Mmoo et (t) (q aQ) L(k’ﬁ)(:ckt6|q).

= (0P @)km (@ Qe
Further the case § = 1, gives
o)
Zp (@3 klq) (4";¢") :
me " o= e (t) L2 78 (wtRklg).
mX::O(qB—H;(J)km (1) (@ @)oo ( @

Finally, for k = 1 this reduces to (cf. [63, Eq. (1), p. 201])

= Ly (zlg) (4;9)
E Zm AT gme o () e L(Og) ztlq).
= (" Om o (1) (@ q)o (wtla)

7.5.2 Special cases-Inequalities

If « =k €Nin (7.5.1) then

k,B,A,
N GO I

k. k s
0 ) s < (eqk (t))s M BkBA) (xk tsci; s,rlq). (7.5.3)
y 4 )km

(7).

m=0



Chapter 7. Inequalities involving generalized q-Konhauser polynomial

200

This will be used in the next section.
Further for 6 = 1,7 = 0, this reduces to

=\ Z5 (2Fq)

= (¢ @)im ¢+ @)oo

Consequently, the generalized Laguerre polynomial case k = 1, is

- L%}s(ﬂ@ ms s @Dl F15) (s
n;)mt < (e (1)) mLm,s(xth).

Here
B+ m kn(kn 1)/2+knm) n(k(8+1))
q 7q q
Zﬁbs " q) =

) [( e >n] .

is g-analogue of Konhauser polynomial (6.5.5). And

Ly (ala) = Zp, (xla).

is g-extended Laguerre polynomial.
If we take a = k, k € N then (7.5.2) gives

x _skm(m— k,B,A,
Z q km(m—1)/2 b( B, M)(x s,7|q) o
(@"5 @) km

m=0

[e.e]

tq—k)s&n kn

«(t Z (P Ok (5 0)m)" (@55 6% )n

n=

< (

&

This will be used in the next section.

7.6 Finite ¢-series inequalities

< (ep ) WC g g

(7.5.4)

(7.5.5)

In this section, certain iequalities involving finite g-series are derived. The first

inequality below involves finite ¢-series and ¢-GKP.

Theorem 7.6.1. If 5,\ € Ry, m, 0, u, k,s € N, r € NU{0}, then

km

N (—1)F gRiG-D/2
k- kY.
(¢4,

BEFM Gk s rla) < (¢ @)m (f)
)
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(k757A7M)

k.
(@)1 o) B,
T .
J

(%5 Q)i(m—y)

POSA) (b ¢ i) < (E)‘si(—l)jQSkj(j+1)/2‘5kmj (" Qi (g)'?

(@Y Qrim—y) (4% ¢%); k

k
YNG  h(1—s N
% (<§>5qk(1 Wk) bﬁmﬂﬁf)(y’“;s,r!q). (7.6.2)
J

Proof. From the inequality (7.5.3), one gets

m 0 55714) s o lla gl :

Z (P Q) e < (e (1)) WB&@&#)( £ 5, 7lq).
Y\ o

With ¢ = <E) w, it gives

km

2% s,7]q) <y>T s
— w

(% @ km k

& s k. kY 1s
Y\ (4" ¢") o] s [ (TYUNF e
< — =~ - 77 s < S0, .
< eg ((k) w)) () B <k> w*; s, r|q

Hence,
< BESM (g g rlg) (y)’“?‘ o (e <g>s’gw —s
= @ VK “\\k
k. k
[((qﬁ ))] ng’ﬁ’k’“)<(x—]3> w55;s,r|q). (7.6.3)
Now interchanging the role of z and y in (7.6.3), it yields
C>oBk’w”)y sr]q) o\ T\ 35 -
D P () v (e ()7
k
< [((;IB ))] ng’ﬁ”\’“)(<%> w85;s,r|q>. (7.6.4)

Here from (7.6.3) and (7.6.4), either

& B(k:aﬁ7>\7u)(

e () e (e (1))

m=0
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o B s rla) o\ SEA
= mzzo (@7 Qkom (E) v (eqk <(E) w))
(7.6.5)
or
f:B,i’ff’A’“)(y’“;s,r\q) (g)é”wm . (f)éw -
— (P k “\\k
3 | BESMI (g s rlg) (g)’“;” o (o (g)s’gw —s
T2 (@O, k T\ \k
(7.6.6)
Now rewriting the inequality (7.6.5) in the form
3 By (aks 5, 1lq) (g)ké" e
— (@ Qkm k
g 0o Bﬁf;ﬂ,/\vu)(yk;s,ﬂq) <£>k§” s (e <Q)Sk5w s . <£>$w —s
T = (T Dk, k * \\k “\\k

and using the easily verifiable identities and inequalities (sz, sy € (0,1), s € N),

([11], [18]):

eg(x)Ey(—z) = 1,
(Eq(=2))" < Ey(-2%),
(1+2) By(qr) = Eq(),
eg1(r) = By(=wq),
(1 —z)eq(x) = eqlqa),

—
Q)
Q\
—~
|
8
(S
i
S~—
~—
|
IN
Q)
Q
8
»
L
4
~—

—~
Q)
<
—~
&
S~—
S~—
»
IA |
Q)
<
— —~ —~ —
|
8
»

—
@
LS}

L
—~
|
8
Q\

—
~—
~—

»
IN
@
LS

the above inequality can easily be written as

3 B,S’sf’*“)uk;sm!q) ONS

S ) e (i ()]

-0 km
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IN

IN

(e ("))

i = fq;i(yg;rm (&) w e (- (3)w)
(e (-()"))

£ () v (')
(@) (e (D7)
;Bgiq;;(y@”m (:Iz)gﬂ B ( (%)gws)
(o) (- ()
5t ()7 e (- () )
(o [ (7))

mf: Bﬁ’;f;fq;*i(yq); rlq) (@’“ ey <_ (z)’;ws)

> B(k*ﬁ’\“)(y s,7|q) ( )kmwmsi (—1) ghil=D/2 s <§>’jg
— (" Qim k = (¢*:¢"); k

. ki
i ki(i— J Y\ (1—j—s)ki
x 3 (=1)° ¢" 1)/2M <_)5q<1 j=s)k
- k
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B i B(kﬂw)(y s,7lq) (f)kgnwmsi (—1)7 gFiU=1/2 i <£>kg
— (" Qrm k (¢*:q"); k

J=0

© m BMM)@ s,7]q) km =) R/ st g B
o s, ()

- ZZ ("t ) " (%%, \k

] k
_(Y)? kD)
xH(l <x) q ]>
=1
iiBMM)(Q 38, 7lq) gU-1/2 <x>'“§"(<y>§ k(—j—s+1) k) ms
("5 q)s (q*;9%); \k d j

k(m—j)

(m—J)

Now comparing the coefficients of w™* both the sides, one arrives at (7.6.1).
Next, the inequality (7.6.2) may be proved by using the particular case (7.5.5) of
Theorem 7.5.2, that is

X _skm(m—1)/2
q (k,B, A1) ms
E —— b, (z%:s,7|q) t
B+1. m
m=0 (q uQ)km
s 0 (_tq—k)sdn xkn
< (Egx(t) .
(£ (1) (P rn (05 Dpnl” (67565
Y\ %5
Taking t = (E) “ w, this gives

> skm(m—1)/2 b(kﬂ:)\vﬂ)( k. kTm

q - x";8,7|q) (Y
Z ("5 Q)km <E>

(E’“ () 0" >) i (zﬁé)kn v [<<;§f)qs>5:nr @, 80

and interchanging the role of x and vy, it becomes

ms

 _skm(m—1)/2 b(kﬁ)\ﬂ)( k

2 ("1 Q) km <E> v

m=0

(E’“ ( ) )) i (quy) @ D [(@w)q;] @, 7O

From (7.6.7) and (7.6.8), it follows that either

skm(m—1)/2 b(a 6)\#)(

S ()7 5 (1))

m=0
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©  skm(m—1)/2 b(oc;ﬁ,%u) k. km £ —s
<y q me (Y 8,7(q) (g) S (B, (g) .
(@ @Qkem k k

- (7.6.9)

or

o skm(m—1)/2 bg:;ﬁ,)\:ﬂ)(

ST ) () i (5 (7))

m=0
X _skm(m—1)/2 b(@;/j,/\:#)(

k. km
: (qﬁ“;q)kmx — (%> S <Eqk <(

IN

m=0

Here considering (7.6.9), and rewriting it as

o0 SKMm{m-— a, 7>\7 km
Z q km(m—1)/2 b,(n*ﬁ ”)(Ik;s,ﬂq) <Q> : s
(@Y Qiom k

m=0
- i R O T ) (%) s
— (qB—H; Q)km k

0

(2 (7)) ((()7))

and using the above listed g-exponential functions’ identities, it take the form

= qskm(mfl)/2 biﬁ:’lﬁ’)\ﬂ) ('xkv S, r’q) (y> kTm w™s
B+1.
X skm(m— a,B,A, . km
q km(m—1)/2 bgn*ﬁ M)(yk737r|q) kr

IN

a’:) ms
w
—~ (@ @rm

(
(o () ()
(

skm(m—1)/2 bg:;/jy)vlﬁ) (yk7 s, 7“|q)

IA
WE
W

(" Qrm

(o (08 (00

skm(m—1)/2 bg:;ﬁy)wﬂ) (yk’ s, 7"|q) (l’) e
- w
(@5 @rom k

(e (@) (o)) (- () )

skm(m—1)/2 bgﬁﬁy)\:/ﬁ) (yk’ s, 7"|q) (l’)
it w™
(@5 @rom k

IA
hE
K

IA
NE
K
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skm(m—1)/2 653;’8’)"“) (yk; s,7|q)

‘ (@5 @)km (
(= CO™) (e (07 e))
skm(m—1)/2 bi:iB’A’“)(

(" Qkm

oo (=) 0) (s (- () o)

X skm(m— a,B,, km
Z q km(m—1)/2 bin*ﬁ “)(yk;s,rlq) ($>k5 s

IA
NE
W

(o (08 (o (0 520))

IA
WE
K

X

k
y¥;s,7]q) iB)T ms

— w

k

IN

— @+ @) om k
T\ 5 Y\ 5
X gk (— (E) ws> €yt <— (E> g ** ws>
X skm(m— k,B,A, km
B pp el Ut IT) (2) %
T = @+ @) m k

o (—1)) (f)k“] w o (—1) <Q>Ifs gk s
Z (qk;kq’“)j (qk’“; q"); '

j=0

X

1=0

From the definition of g-exponential function and with the help of the formula:

<q—k;q—k)n _ <qk;qk)n (_q—k)n q—lm(n—l)/27

one finds

(4% 9)om k
- w
0

- (@Y Qkm k
> (—1)] kj - 0 ki—skitki(i—1)/2
XZ& (5)F w3 (%)
= (d54%); \k —~  (¢"d"); k

X skm(m— k,B,A, km
Z q km(m—1)/2 bgn*ﬁ ”)(yk;s,rlq) (z) b s
m=0

> _skm(m— k,B,A, . km

2 : q hm( /2 ba(n*ﬁ M)(xkasar|Q) <y> k5 ms
w

m=0

IN

ki
¢ st

(" Qkm k

Xizj: (=1) (-1 i sRiRIG=1)/2 g0 <£>k§] <E>T i
(q%;q%)j—i (q*; ¢*); k x

=0 i=0
o0 Skm(m— k7 7>‘7 Em
_ Z q km(m—1)/2 bfn*ﬁ “)(yk;S,rlq) (f) b .
(@Y @k k

m=0
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ki

- LI - gRili= | kitki 5
Sy O wrgr e [ o )

X skm(m— a,B,A, . km
_ Z q km(m—1)/2 bgn*ﬁ “)(yk,s,r|q) (E) b s
(@ @) am k

i () (-6

m=0

X

S e W
= (@ Damey) (dF56%); " Y8 riq

km

y §> P s ((g)ﬁq_sk+k;qk)
k T .

J

km ™M ( 1)]qskj(j+1)/2 skmj (l')ksj

= Y gtmine (%) 6 Z (@°*Y @)amm—j) (@7 6%);

Thus,

i g#Fmm=0/2 plef A (ks rg) (g )'“3” s
(@ @)am k

' (4 —skmg xr
= i( 1)sm gskm(m=1)/2 <$>Ti(—1)ﬂqskﬂ<ﬂ+l>/z kmg <E>
S — q z

= =

% ( 7sk+k’q ) b(a,/a’,/\ u)<y s r|q)

Comparing the coefficients of w™* in above inequality, one arrives at (7.6.2). [J

7.6.1 Special cases

(i) From (7.6.1) and (7.6.2) , one gets finite summation formulas for s = 1:

km

B (1) MGV (g
BEPM (%1, 71g) = (5 @i (£> ( <_) ¢
( 9) = ) y 2 (q*;4%); x i

j=0

k,B,A,
B2 4k 1, 7q)

7.6.11
(%5 @)i(m—yj) ( )
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and

kmo o, o ki y
b(a*,ﬁ,x,u)@k_l rlg) = (f) s Z (—1)qu3(3+1)/2 kmyj (QBH;C])km (f)k“
" v) = @Dk (@544 k

k
Y\ @
X ((5)6 ;q'“) b (5 1) (7.6.12)
J

From (7.6.11), with r = 0, the following summation formula involving the gener-

alized Laguerre polynomial (6.2.2) occurs.

km
5 kJJ 1)/2 k ‘
W) = @ (5) 25 (%) asat)
J

j=0 J

k
Ly (v*10)

(m—j)*
(qﬁ—'—l ’ Q)k(mfj)

Further, 6 = 1 in (7.6.13) provides
fem. _m gHitu-D/2 k
T y\E
Zp(ikla) = (@ @m (5) Z ((;) q ’”;q’“)
j=0 )i

(@Y @) km—j)

The Laguerre polynomial case follows immediately with &£ = 1 in the form:

L (zlg) = (") (E>m2m: SO kil ((g) qj%q)j

v) ‘= (@4 z

B8
Ly (yla)
X B‘i’l—
(@Y @) (m—y)

7.7 Mixed relations

Theorem 7.7.1. For 5, >0, m,d,u, k,s € N, r € NU{0} there hold the mized

relations:

(1—¢%) BEPM) (2% 5 rlq) + (1 = ) ¢° & DyBEPM) (25, 7] q)
m k? - 7A7
= (1 — ¢ BEPTA (2g®)r; 5, 7)), (7.7.1)

(1-— ) b(kﬁku)(x s,rlq) + (1 —q) ¢ x qugiﬁ’)"“)(xk;s,dq)
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= (1= PHEm)pEA= A (ke g plg), (7.7.2)
where Dy f(x) = M
xr —xq

Proof.

Here
l.h.s. =

(1= ¢%) BEPM (2% s, 7]q) + (1 — q) ¢° & D,BYPM 2k, 5,r|q)

m*

*

(qﬁ+17q>km m qs(kdn(kén—l)/Q—i—kénm) qén(k(ﬁ—l—l)—f—ru/\)

8
(- )[(q’“'qk) ]* = (@5 Qrn (65 @) n]
><[(ff”“‘%q )on]® x*" (- xD ("™ @)am

(q*; ¢*)n (4% ¢%)ml?
. m* qs(kan(kanq)/%kénm) qén(a(6+1)+wx) [(quk; qk)an]s e

— (@Y Drn (@5 0)un)” (4% ¢")n

5 (q5+1; Dim m* P on(kdn—1)/2+konm) odn(k(B+1)+7u)
(- )[(q’“'qk) ]* = (@Y Dk (0% @ pnl”
><[(q*m"%qr )on]® " -9 qﬁx(qﬂ“;q)am

(4"; 4" )n [(q%; ¢*)m)®

®

y i: qs(kén(kénfl)/2+k5nm) q(;n(a(BJrl)JrT,u)\) [( 7mka q ) ] D (Z]an)
(@5 Ok (@5 9) m) (a% ¢%)n !

s(kén(kén—1)/2+kdnm)

n=0

(1o q/”,q Zq

qﬁn(k(ﬂ—l-l)—l-ru)\)

(@ Ok (0 @) )"

[(q*m’“,Q) ] fv’“" oy o Dam
. (4"%; ¢*)n T (4% ¢*)m)®

m qs(kﬁn(kén—l)/2+k5nm) q5n(oz(,3+l)+ru)\) [( —mk’q ) ] (1 _ qkn)
(@ @i (45 Q)" (@%:q")n  2(1—q)

(qﬂ—l—l;q)km m qs(k§n(k6n—1)/2+k5nm) q

_Jf
(1-q )[(q’“'qk) ] & (@ Drn (00 n]”

(@™ q")sn)® 2™ 5 i (@7 Dam
- (4"%; ¢*)n T )[(qk;qk) I

qs(kén(kén—l)/2+k5nm) q5n(a(,3+1)+1"u)\) [( —mk’q ) ]

o (@ Ok [(€5 Q) pun]” (4% ¢")n

*

(1 _ q5+km)<q67q)km m qs(k5n(k5nfl)/2+k6nm) qén(k(5+1)+7",u)\)

D

A P [° ]k [(05 @) un]”

X

n=0

on(k(B+1)+ruX)

m*

X




Chapter 7. Inequalities involving generalized q-Konhauser polynomial 210

m k,B—1,\,
= (1= ™™ B (2g’); s,7]q)

= r.h.s.

In similar manner, one can obtain the other relation (7.7.2). Hence proof is omit-
ted. ]

7.8 Integral representations

Theorem 7.8.1. If o, 5, > 0, m,0,u,k,s € N, r € NU{0}, and o0 € C with
R(o) > —1 then

BB (1 po(o—). (@ 0)x (@ D (67T Dam
m* ( q a3,7“|(I) - R BJrl_ ot1.
(1-9) (¢ (@10 (€ Q) am

T

X /(a: —uq) g1 u” BT (4 s r|q) dgu,(7.8.1)
0

DB (s plg) = (@™ D)o (@775 @)oo (@5 Dam

" o (1=4) (¢ Doo (@*5 D)oo (€7 @)am

X /(m —Uq) g1 U’ By 5 rlq) dgu. (7.8.2)
0

Proof. Consider

xT

[ @ = s B s, 0lg) dy

0

r m* s(kon(kén—1)/24+kdnm) qdn(a(a-‘rl)—l—ru)\)

_ T —u u’ (@ G)am 1
R 0/ oo [(q*; ¢ )m)* 7; ("5 Qan (@ Qun]”

y [(q—mk7 qk>5n]s uem d

(¢*; q%)n 7
(7Y @ am ~= ¢ q
[(¢"; ¢¥)m])* = (@ Qan (@7 @) ]

—mk. k s A
% [(q 4 )571] /(ZL‘ o UQ)ﬁ—o—l uom-i—a dqu.
0

s(kon(kdn—1)/2+kdnm) ,on(a(oc+1)+rpr)

(4*; ¢%)n
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By taking u = xt, this gives

x

/<x—uq>g o1 0" BT (40 s, rlg) dgu

s(kén(kén—1)/24+kénm) on(a(c+1)+rud)

q
(@Y @an (5 @) un)"

x ' / (1= tq)p o1 "7 dt

s(kén(kén—1)/24+kénm) on(a(c+1)+rur)

q

7Q)am o q (
[(q%; % )m]® 2 (@7 @) an (€5 @) un]”

1

—mk. k s .an+pf ta:

x [(q s qk )5:] T /tchro ( q; Q)oo dqt
(q*;¢*)n (tg’=7;q)

0'+1 s(kén(kén—1)/24+kdnm)

N Z . ("5 q)a

qu(an+a+1,ﬁ—0)

q6n(a(a+1)+ru)\) [(q—mk7 qk>5n]s m

n (@) um]" (q";:¢%)n

o+1 kén(kédn—1)/2+kénm)

(q ;Q)am m qs( qén(a(a+1)+r,u)\) [(quk, qk)én]s mn

[(¢*; 4")m]® = (@ Dan (0% ODun]” (¢*; ")
(1—q) (¢;0) (™ ¢) s

( an+4o+1. q) (qﬂ—a; Q)oo
mz qs(kﬁn(ktsn 1)/2+kénm) qtsn(a(a—i-l)—l—ru/\) [(q—mk’ qk’>6n]s tn
- & (@ @an [(0*5 @) un]" (4% ¢%)n

1—q) (¢;9) (@ @)oo (q"“;CJ)an
(@75 Qan(™ Do (€777 @)oo
(1-9) (69w (qﬁ“,Q) (q "“ Dam (@5 @)am
("™ Do (67775 0) 0 (qBH,Q)am [(q%; ¢%)m)?®
m” g (kon(kon=1)/2+kdnm) gon(alo+1)+rad) [(g=mk. gk 15 ¢n

—~ (" Qan [(45 @) " (¢*;6")n

(1-9) (0 (@000 (5 Qam BB A
(P Do (€% 0) 00 (€711 @) am m

X

(tg"* P s, 7]q).

One can easily prove the remaining integral form (7.8.2). Hence proof is omitted.

]
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7.8.1 Special cases

Here putting 6 = s =1,7=0,a =k € N in (7.8.1), one gets

(" Do (@P7750) 00 (@@ Qim
(1—9) (@)oo (®T50) 0 (€T @ iem

xT

X /(:U —uq)g_o_1 u” Z8 (u; klq) dyu.
0

Z8 (t1%¢°=7 k|q)

Further, taking k& = 1, this reduces to

(@™ @) (@77 )0 (@75 @)m
(1-9) (¢ 9D (" Qe () m

T

X /(x —uq)p_o_1 u’ L (u; k|q) dyu.
0

LY (tg"lg) =

7.9 Fractional ¢g-operators

The fractional operators are applied on ¢-GKP here and the following results are

obtained.

7.9.1 Fractional ¢g-integral operator

First the fractional ¢g-integral operator is used.

Theorem 7.9.1. If a, 5, A >0, m,0,u, k,s € N, r € NU{0}, v € C, then

(1—9)" (@™ @) (T @am 27T
("5 @)oo (P75 Q) am

Y. [tﬂBf;i’ﬂ’A’“) (t% s, 7’|Q)] =

XBS;'BW”\’“)(q’M”xa; s,7|q). (7.9.1)
o 1—q) (P ) (AP Q) 2P
oI [P0 s i) = Em M) (0 Do 7
(@ @)oo (P @)am

xbfﬁ;ﬁw’)"“) (% s,7]q). (7.9.2)

Proof. Beginning with left hand side of (7.9.2),

17 a,B,A, «a
olos tBB,(n*'B “)(t ;5,7’|q)]
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(qﬂ+1;q)am m* qs(kén(kén—l)/2+k5nm) q6n(oc(ﬁ+1)+7"u/\)
[(¢"; ¢¥)m])* = (@Y @an [(¢*5 @)pn]”

n

Lot (tan+ﬁ)

( B+ aQ)am m qs(kén(k5n71)/2+k6nm) q5n(a(5+1)+r,u)\) [(quk
[

(4% @")ml* = (@Y Qan (6% Qunl" (@%; 6%

:q")on)®

1 T
—tq),_t*"Bq,t.
qu(’/) 0/<$ q> ' K

Now taking ¢ = zu, this gives

v a,B,A, «
5. [P i)
& go(kon(kén—1)/2+ksnm) gon(a(B+1)+ruN) [(q—mk

(@ @)am x~ ¢ 14" )5nl*
- (d5¢5)m ]S; (@Y Qan (6% Q) pnl" (@%; 6%

om,—i—ﬁ—i—l/ !
/ o1 u™ P du
0
_ (qﬁ-l-l am mz 7 s(kén(kén—1)/2+kénm) q5n(a(,3+1)+ru)\) [(q—mk,q ) ]
Jml]® £ (@ Dan [(5 Q) pnl” (" ¢%)n
1
pon+B+v /uoerBJrl 1 (ug; @)oo ACUTIE.
/ (ug”; @)oo
_ (q ,Q) q° s(kon(kén—1)/2+kénm) qén(a(ﬁ—i-l)—l—ru)\)
[(¢"; ¢*)m]* == @+ Qon (@5 @)pn]”
[( —mk ) ] an—i—ﬁ—i—u% ( 6 )
X an+ 08+ 1,v
(@5 %) Tyv)
_ (qﬂ-l-l;q)am m qs(kén(kén—l)/2+k6nm) qén(a(ﬁ—i-l)—l—ru)\) [(q_mk;qk>6n]s ey
[(¢"; ¢¥)m])* = (@Y @)an [(¢*5 @)un]” (4" ¢")n

y (1 o q)” (qom—i-ﬂ—l-l/—l-l; q>oo x,@-{—y
(q°" P @)oo

_ mz qs(k6n(k5n71)/2+kénm) qén(a(ﬂ+1)+r,u)\) [(quk7q ) ] an
—~ (@Y Dan (6% Q)" (¢*:9")n

(1— )" ("™ @)oo (@5 @)an 27T
[P an(@PHY @)oo
(1—q)" ("™ @)oo (Y Qam (@ Qam 27T
(qBJrl?q)oo [qﬁ—w“]am [(qk3qk>m]s
qs(kén(kén—l)/Q-i-k(Snm) qén(a(,@+1)+7“u)\) [<q—mk’7 qk)

m*

X

én]s xom

— (@ @an (@5 @) un]” (7" ¢")n
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1—qg) B4+v+1. ~ B+1. am B+v N ,
(1—-q) (ﬁq+ : 1q) ﬁ+(q+ : ' @am T BT (—bow g 1y
("5 @)oo (@75 @)am
The second expression (7.9.2), proceeding similarly. Hence proof is omitted.
oI5 [tﬂb(a;ﬁ”\’“)(to‘; s7r|q)}
qﬁ+ q i: 1 0")onl? (tom+7)
— 9 am 7 ]V tOé’I’L
Jml* £z (075 q (q Qunl” (4% ¢ ©0F
(¢P+ m i
q 761 am 7q ) ] 1 / +8
= (x —tq),—1 t9"77 dgt.
[(¢%; ¢*)m]® = Z (@ @an (0% Dun] (%1 ¢%)n Ty(v) !

0

The substitution ¢ = xu simplifies this as follows.

[tﬁb(oﬁﬁ’/\’“) (t%; s, r|q)}

qﬁ+1

_ ,q om mz *m’“,q )on] gon ity
(@Y @)an (@5 @) )" (@F5¢%)n Tq(v)

1

X /(1 — uq),_ u"tP dqu
0
_ (qﬁ“;q)ammz* (g™ ¢")sn)® gy
[(¢%; " )ml® = (@75 Dan (€3 Dn]” (@%56%)n To(v)

¢ @)m)” (@%;0%)n

1

X/uan—l-ﬁ—l—l—l((UQ;Q)oo dqu

uq”; q)

— qﬂ+ )q am Z :q ) ] xoerﬁJrV
qﬁ“,q [q ) un)” (6%0%)n Ty(v)

B

_ >QOsz —mk7q) ] T

(@Y Qan (@5 0)un]” (655 ¢%)n
(1—Cl) (qa"W*”“,q) a?

an

By(an+ 5+ 1,v)

. (qa’”ﬁ“; 7)o
_ i %5 q")sal* 2" (1= )" (@ @)oo (@71 @)an 27
qﬂ“,q an [(@ @) unl” (@%; d%)n [P0 (P @) o

n=0

(1—=9)" ("™ @)oo (5 Qam (@5 Qam 27T
(@°+Y @)oo (P @)am [(6%; ¢F)m)?

ng )l (@ 0)m] T

Q’BJFVJA Q)an (qkSQk)n

1 — B+v+1. B+1. o B+v ,
(1-9)" ((sﬂﬂ q)’Q)[qﬁ(fm]m T et o oy
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m
7.9.1.1 Special cases
Taking r =0,s = 1 and 0 € N in (7.9.1), it gives
_ v B+v+1. B+1. B+v
v [87@8 o] - L= 0" (@5 0o (6775 @)am @ (0,+v) [ —bow
ooy [t L, (t ’C.I)} = (P Qoo (P Qam Loy, (q z%|q).

For a = k € N, andé = 1, this reduces to

(1 =) ("™ @)oo (@75 @Qpm 21

1Y [P Z8 (t: k
o5y (17201 Hla)] (@ Qoo (P Qi

Z8 (q " x; klq).

The case k =1 is

(1—9)" ("™ @) (7T @)m 2P
(@ @)oo (P @) m

0 [PLO(tg)] = LY (q " zlg).

7.9.2 Fractional g-differential operators

Next the fractional ¢-differential operator is applied on ¢-GKP.

Theorem 7.9.2. If a, B,A >0, m,6,u,l,s € N, r e NU{0}, v € C and § € N,
then

(1—a)" (""" @) (7T @)am zm P
(0% Qoo (P Qam (%775 @) am
xBﬁ;’BfV”\’“)(q‘sa”xa; s,7|q). (7.9.3)

v a,B,A, a
Do [tﬁBﬁn*ﬁ “)(t ;s,r|q)}

(1—¢)" (""" @)oo (@75 @)am TP
(0% Qoo (@ Qam (P75 @) am
Xbﬁgiﬁ_y’/\’“)(xa; 5,7|q). (7.9.4)

v a,B,, a
Do [tﬁb,(ﬂ*ﬁ “)(t ;s,r|q)}

Proof. Use of (1.6.4) and Theorem 7.9.1 on the left hand side of (7.9.3) gives
Db [P B 15, 1]g)|

d : —v o,B,A «
- (&) (e el
q

l —V —V —V
_ (ﬁ) (1-9)"" (™" @)oo (¢ @)am 27
dyx (0% @)oo (T @) am
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X B(O‘*?B'f'l_’/v)‘ﬂ"/) ( —606(l—1/)

q z;s,7(q)
(1=9)"" (""" oo (75 Dam (@77 Qam

(0% @)oo (P Q) am [(q%;q%)m]?
m* Sslaon{aon— oaonm nlo '8 —mao. o S l

g (@dn(adn=1)/24asnm) n(a(B+1-+rd) [(g=mea, go) | ( dy ) (g
= (T )an (€ Q)] (g% q*)n  \dg
(1= )" (@ Qoo (T Qam (P @ am

(0% @)oo (P @ am (g% q®)m]*

m* qs(aén(aén—l)/2+o¢5nm) q(sn(a(ﬁ-‘rl)—i-ru/\) [(q—ma;qa)én]s
= (P g)an (0% @l (¢*:¢*)n

l
1 P i l _ian+p+l—v
% —1) fU-1/2 l=j
2l (g — 1) gU-D/2 ;( ) q il, (z¢'~7)
(1= (""" Do (@5 Dam (777 Dam
(@7 @)oo (@4 @) am [(q*; q%)m]*
m qs(a5n(a6n71)/2+a5nm) q5n(a(5+1)+r,u/\) [(qua;qa)én]s
— (P @an (0% Opnl” (4% ¢%)n
!
X(—]_)l (1 . q)—l :L,om—kﬁ—uql(an+ﬁ+l—u—l/2+1/2) H(]- i q—(an+ﬁ—|—l—y)qj—1)
j=1

X

X

X

(=)' A =a)™" (""" @)oo (@ Qam
(4% @)oo (@7 @)am
[qﬁ+l—u+1]am m” qs(aén(a5n—1)/2+a6nm) qén(a(6+1)+7“u)\)

[(¢*:q™)m]* = (@ @)an (@Y 0)m]"

(U L
(4% q%)n

(D' (1= )™ (""" Q) (° Qam

(@7 @)oo (@71 @) am

[q5+l7y+1]am m qs(aén(a6n71)/2+a5nm) qén(a(,8+1)+r,u)\) [(qua;qa)(sn]s

(g™ q*)m) = (@ Qan (€5 0) ] (g5 4*)n
Xxan+6—yql(an+,8+l—u—l/2+1/2) ((L '(])Ocn-l-ﬁ-i-l—l/ _1>lql(l—1)/2—(an+ﬁ+l—y)l
(q7 Q)an+ﬂ—y
(=)™ (@ @)oo (675 Dam (4775 @ am
(@°; Do (@77 @)am (g% q*)m]*
m* qs(a5n(a5n—1)/2+a5nm) q6n(a(5+1)+ru>\) [<q—ma.qa)6n]s

?

— (P g)an (0% @l (¢*:¢*)n
(1 — gt gontay LT 0)o
(qom =l g) o

(1—9)" (®"" ) oo (P @) am
(0% Qoo (T @) am

X

l(an+B+l—v—1/2+1/2) (q—(an—l—ﬂ—l—l—y)

q ol

X
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7‘1 am Z goledn(adn—1)/2+adnm) dn(a(f+1)+rud)
[(q (@ @)an (@ @) "

(g™ q )6n]s s (@ Pan (@ Do
(@5 ¢ )n (@ ) oo (P75 @an
(1= (""" Qoo (@ Qam (@75 Dam
(@7 D)oo (T Qam (@ Qam (656 ml*
m* qs(a(sn(aanq)/zménm) q6n(a(5+1)+mx) (g™

X

a)én]s l.cm%»ﬂfz/

1q
~ (" Qan (€Y @) ] (¢':4")n

1 — B+l—v+1 B+1. an+B—v B
( Q> (q — 1,7?) ((] 7QZa7{z x B(a*’ﬂ l/,)\uu)(qéauxa s r|q)
(@7 D)oo (@ Qam (@75 Qam

X

The proof of (7.9.4) runs similar, hence omitted. O

7.9.2.1 Special cases

Taking r =0,s =1 and § € N in (7.9.3), gives

DY [tﬁL(aﬁ)(ta’q> _ (1= )™ (P q)e (6P q)am 2O+
a0+ m (0% Qoo (P "L QD am (P75 Q)am
X Lgsiﬁiy) (qéallxa ’q) ]

If we put a = k € N,§ = 1, then reduces to

y 1— @) (P @) (P @) pmatm P
Dby [t 20 (1 klg)] _ o Joo ( )

Z87v (¢" a5 K| q).
(0% @)oo (T @i (@27 Q) e

Putting £ = 1, it further gives

Dy, [PPLE (tg)] = (L= a)" (¢""% @) (@ O xkn+ﬁ_VL('B* g z|q).
o (0% @)oo (P Qo (P Qe

7.10 g-Integral transforms

7.10.1 Euler(Beta) transform:

Theorem 7.10.1. If a, 5, A >, m, 0, u, k,s € N, r € NU{0}, a,b € C, then

B, {Bﬁi"f’k’“)( ta®q’*% s, rlg) : B+ 1,a}
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(1—-9) (¢; D) (T Do (P @)am Blesrarm
(" @)oo (0% D)oo (P Q) am "

B, {bgﬁﬁ’k’“)(txo‘; s,rlq) : B+ 1, a}

(1—-9) (¢:9)0 (" @) (¢°T5q)
(@ @)oo (0% @)oo (P @) am

Proof. The left hand expression

B, {Bf,?;ﬁ’/\’“)(tm“q‘so‘“; s,rlq): B+1, a}
1

_ /33,3-&-1—1 (xq;q>oo Br(r(j;@)\vﬂ)(txaqdaa;&ﬂq) dq.iE
(2% @)oo

(t;s,7]q).(7.10.1)

am peBradm) g g rlg). (7.10.2)

1 ®
= / A1 (7¢; Q)00 (@® Q) am B (kon=1)/2+konm) gon(a(B+a+1)+ri)

(2q% @)oo (475 ¢%)m]* = (@Y @)an (€5 @) un]”

[(q—mk’ qk)én]s " pon

X d,x
(¢*:¢")n !
_ (qBJrl; Q)am m qs(kén(kénfl)/2+k5nm) qén(a(ﬁ+a+1)+r/,¢)\) [(quk’ qk)én]s tn
[(¢%; ¢*)m)* = (P @an (€5 Q) un]” (¢*; ¢ )n
1
y / gontarit TG
/ (9% ¢) s

(q5+1; Q)am m qs(kén(kénfl)/2+k6nm) qén(a(ﬁ+a+1)+ru)\) [(quk’ qk)én]s n

[(¢*; 4")m]® = (@5 @an (0% @un]” (¢*;")n
xB,(an+ [+ 1,a)

(qﬂ—l—l; q>am m qs(kén(k§n—1)/2+k5nm) q§n(a(ﬁ+a+1)+ru)\) [(q—mk, qk)én]s n

[(¢"; ¢*)m]* == (@ @an (0% Qun]” (¢*; ¢")n
(1—q) (¢ @)oo (q*"PHT )
(*" P @)oo (4% @)oo
(1= 4) (D)0 ("™ Qoo ("5 Dam (@ D am

(@7 @)oo (4% @)oo [P am (0% ¢F)m]®
m s(kén(kén—1)/24+kdnm) qén(a(ﬁ+a+l)+ru)\) [(quk7 qk)én]s "

q
— (@PT* Y @ an [(@75 @) pn]” (4% ¢")n

(1= ) (@D (@ Do (@ Pam BOSHOAD (1. o 1oy
(QBH;Q)OO (qa;q)oo (q5+a+1;q)am m* 79 T1q).

X

Similarly, one can obtain (7.10.2), hence proof is omitted.
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7.10.1.1 Special cases

(i) Taking r =0,s = 1 and 0 € N in (7.10.1), it gives

(1—=9) (Do (@ Qoo (@5 D am
(" @)oo (4% Qoo (@PHH @) am
XLSLMG) (t]q).

B, {L(a’ﬁ)(txo‘q‘s"‘ﬂq) B+ 1, a}

m*

For a« = k € N, and 6 = 1, this reduces to
(1-4) (69 (@ D)oo (@5 @)im

(@ @)oo (€% @)oo (€T Q)im
X Z3 O (% klg).

B, {ZEA (1 *2q klg) : B+ 1,a} =

The case kK =1 is
1—q) (¢;9)s (@™ @)oo (@ @)m
B Lgnﬁ)txqaq:ﬂ—i-l,a = ( ’ ’ :
o Lo (t2gl0) J (" @)oo (4% @)oo (@7F4; @)

X ZW PO (L klg).

7.10.2 Laplace transform:

Theorem 7.10.2. If a, \,0,8,v > 0, then

(q,8+1; q)am m* qs(kén(kén—l)/2+k5nm)
(1= q) [(¢" @")m]* = (@ @an (@ Q)]

qén(a(,8+a+1)+ru)\) q—(an+u+l)(an+u)/2

£, {t”BS,jﬁ”\’”)(wt”; 3,7“|q)} =

X
S v (q v 5 Q)co

(1-9) (4D (™ 0" )sn)® ="

X . 7.10.3
(4*; q%)n ( )
B+1. ) m* [(q—mk.qk)5 ]5 "
2 tybgsiﬁ’)\#) .Z'ta; 8, r — (q y 4 )am 3 n
3 @500} = T T T 2 T e (o O]

(1 - q) (q7 Q)oo q—(an+y+1)(an+z/)/2

. 7.10.4
Sgn+1/+l (qan+u+1; Q)oo (qlc7 qk)n ( )

Proof.

£, {t”Bﬁle’)““) (xt%; s, r|q)}
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— / —St tVB(a BiA 7”)(xt0' s T|q> t

0
_ 1 / g w (q,B—i—l;q)am m qs(kén(kén—l)/Q-l—k(Snm) qén(a(ﬁ+a+1)+7‘u)\)
l—q ) % [
0

g mlt = (@®5 Qan (@5 @) unl”
[(q—mk’ qk)Sn]S " ton
X — dgt
(4% ¢*)n
_ <q,3+1’ q mz q° k&n(kdn—1)/2+k6nm)q5n(a(ﬁ+a+1)+ru>\)[(q—mk; qk>6n]s "
(1—q) J* & (@ Dan (0% Qun]” (€556")n
—St yontv
X / e 7MY dgt
0
_ <qﬁ+1; Q)am m qs(k6n(k6n—1)/2+k6nm)q6n(a(ﬂ+a+1)+'r,u>\)[(q—mk; qk>6n]s "
(1—q) (% ¢")m]* = (@Y @)an (65 @)pn]” (675 6%)n
1 =9 (49w g~ lontvHlontr)/2
San+u+1 (qan—i-u—i—l; Q)oo :
Similarly, one can obtain (7.10.4), hence proof is omitted. O

7.10.2.1 Special cases

(i) Taking r =0,s = 1 and 0 € N in (7.10.3), it gives

(kdn(kén—1)/24kdénm)

B41. m”
v 1 (@B) (1p (@ @am q
. {t L™t ,1,0|q)} (=) (@5 ¢)m nz% (@*5 @)an
y qén(a(ﬁ+a+1)+7“u)\) qf(an+u+1)(0'n+u)/2

[e.e]

San—i-zz-‘,-l (qan+u+1 . q)

(1= a) (69) (™5 ¢")on
(¢*; g% )n

For a« = k € N, and 6 = 1, this reduces to

1— A caxan® B+ Ve
Sq {Zgj,ﬁ)(tl/kxqa’kM) . B_i_ 170} _ ( Q) EQa Q) (q aQ) ((f aQ)k
(@ @)oo (0% @)oo (@7 Q)im
X Z3 T (55 klg).

The case k =1 is

(1-9) (0 (@ @) (@5 Qm
(@ @)oo (4% @)oo (@PTHq)
x ZFPH) (8 k|q).

L ALY (txq"(q) : B+1,a}
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