
Chapter 2

Generalized Mittag-Leffler

function

2.1 Introduction

The well known Mittag-Leffler function [47]

Eα(z) =
∞
∑

n=0

zn

Γ(αn+ 1)
, (2.1.1)

where z is a complex variable and α ∈ C, ℜ(α) > 0 was generalized by Wiman

[94] in 1905 in the form:

Eα,β(z) =
∞
∑

n=0

zn

Γ(αn+ β)
, ℜ(α, β) > 0, (2.1.2)

which is known as Wiman’s function or generalized Mittag-Leffler function.

Note 2.1.1. Eα,1(z) = Eα(z).

In 1971, Prabhakar [56] introduced its extension:

Eγ
α,β(z) =

∞
∑

n=0

(γ)n
Γ(αn+ β)

zn

n!
, (2.1.3)

wherein ℜ(α, β, γ) > 0.

Note 2.1.2. E1
α,β(z) = Eα,β(z).

18
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In 2007, Shukla and Prajapati [73] introduced the function:

Eγ,q
α,β(z) =

∞
∑

n=0

(γ)qn
Γ(αn+ β)

zn

n!
, (2.1.4)

in which α, β, γ ∈ C; ℜ(α, β, γ) > 0 and q ∈ (0, 1) ∪ N.

Note 2.1.3. Eγ,1
α,β(z) = Eγ

α,β(z).

In the present work, the following function is defined and studied [59]:

Definition 2.1.1. For α, β, γ, λ ∈ C, ℜ(α, β, γ, λ) > 0, δ, µ > 0, r ∈ {−1, 0} ∪
N, s ∈ N ∪ {0}

Eγ,δ
α,β,λ,µ(z; s, r) =

∞
∑

n=0

[(γ)δn]
s

Γ(αn+ β) [(λ)µn]r n!
zn. (2.1.5)

Note 2.1.4. Eγ,q
α,β,λ,µ(z; 1, 0) = Eγ,q

α,β(z).

The objective of constructing this function is to

(i) include certain existing generalizations of Mittag-Leffler function,

(ii) also include the functions such as Bessel Maitland function, Dotsenko func-

tion, Bessel function, generalized Bessel Maitland function, Lommel function etc.

especially by means of parameters r, γ, λ (Table-1 below)

(iii) obtain inverse inequality relations and some other inequalities by means of

the integer ′s′.

Definition 2.1.2. Bessel-Maitland function [24, Eq.(1.7.8), p.19] :

Jµν (z) =
∞
∑

n=0

(−1)n

Γ(ν + nµ+ 1)

zn

n!
,

Definition 2.1.3. Dotsenko function [24, Eq.(1.8.9), p.24] :

2R1(a, b; c, ω; ν; z) =
Γ(c)

Γ(a) Γ(b)

∞
∑

n=0

Γ(a+ n) Γ(b+ nω
ν
)

Γ(c+ nω
ν
)

zn

n!
,

A particular form (m = 2) of extension of Mittag-Leffler function due to

Saxena and Nishimoto [69] given by

Definition 2.1.4.

Eγ,K [(αj, βj)1,2; z] =
∞
∑

n=0

(γ)Kn
Γ(α1n+ β1) Γ(α2n+ β2)

zn

n!
,
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where z, γ, αj, βj ∈ C,ℜ(α1 + α2) > ℜ(K)− 1,ℜ(K) > 0.

Definition 2.1.5. The Elliptic function [41, Eq.(1), p.211] :

K(k) =
π

2
2F1

(

1
2
, 1

2
; k2

1;

)

.

All these functions are tabulated below as particular cases of (2.1.5).

Table-1

Function r s α β γ δ λ µ

Mittag-Leffler 0 1 α 1 1 1 - -

Wiman 0 1 α β 1 1 - -

Prabhakar 0 1 α β γ 1 - -

Shukla and 0 1 α β γ q - -
Prajapati

Bessel-Maitland 0 0 µ ν + 1 - - - -

Dotsenko -1 1 ω/ν c a 1 b ω/ν

Saxena- 1 1 α1 β1 γ K β2 α2
Nishimoto

Elliptic -1 1 1 1 1
2

1 1
2

1

The purpose of consideration of the parameters ′r′ and ′s′ is now clear from the

above table (Table-1). Also, the parameter ′s′ plays a vital roll in deriving certain

inequalities (Chapter-6 and Chapter-7).

2.2 Main results

For the function (2.1.5), the absolute convergence test is first taken up. The

subsequent properties include order of the function (2.1.5) and its type, asymp-

totic estimate, differential equation, Eigen function property and Mellin-Barnes

contour integral representation. Certain mixed recurrence type relations are also

derived; and the results involving integral transforms namely, Euler-Beta trans-

form, Mellin-Barnes transform, Laplace transform and Whittaker transform are

recorded. Alternative representation of (2.1.5) as generalized hypergeometric func-

tion, Fox H-function, Wright function are also illustrated.
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2.2.1 Convergence

Theorem 2.2.1. The series represented by the function Eγ,δ
α,β,λ,µ(z; s, r) is conver-

gent for ℜ(α) + rµ− sδ + 1 > 0.

Proof. Take

un =
[(γ)δn]

s

Γ(αn+ β) [(λ)µn]r n!

=
[Γ(γ + δn)]s [Γ(λ)]r

[Γ(γ)]s Γ(αn+ β) [Γ(λ+ µn)]r Γ(n+ 1)
. (2.2.1)

Now by using the Stirling’s asymptotic formula (1.2.7) of the Gamma-function for

large |z|, one gets

un ∼
(√

2π e−(γ+δn)(γ + δn)γ+δn−1/2
)s

(√
2πe−γγγ−1/2

)s (√
2πe−(αn+β)(αn+ β)αn+β−1/2

)

×
(√

2π e−λλλ−1/2
)r

(√
2π e−(λ+µn)(λ+ µn)λ+µn−1/2

)r (√
2πe−(n+1)(n+ 1)n+1/2

)

=
e−δns (δn)s(γ+δn−1/2)

(

1 + γ
δn

)s(γ+δn−1/2)

2π γs(γ−1/2) e−(αn+β) (αn)αn+β−1/2
(

1 + β
αn

)αn+β−1/2

× λr(λ−1/2)
(

1 + 1
n

)−(n+1/2)

e−µnr (µn)r(λ+µn−1/2)
(

1 + λ
µn

)r(λ+µn−1/2)

e−n nn+1/2

.

Hence

|un|
1
n =

∣

∣

∣

∣

∣

e−δns (δn)s(γ+δn−1/2)
(

1 + γ
δn

)s(γ+δn−1/2)

2π γs(γ−1/2) e−(αn+β)(αn)αn+β−1/2
(

1 + β
αn

)αn+β−1/2

× λr(λ−1/2)
(

1 + 1
n

)−(n+1/2)

e−µnr (µn)r(λ+µn−1/2)
(

1 + λ
µn

)r(λ+µn−1/2)

e−n nn+1/2

∣

∣

∣

∣

∣

1
n

.

=

∣

∣

∣

∣

∣

e−sδ (δn)
s
n
(γ+δn−1/2)

(

1 + γ
δn

) s
n
(γ+δn−1/2)

(2π)
1
n γ

s
n
(γ−1/2) e−

1
n
(αn+β) (αn)

1
n
(αn+β−1/2)

(

1 + β
αn

)
1
n
(αn+β−1/2)

× λ
r
n
(λ−1/2)

(

1 + 1
n

)− 1
n
(n+1/2)

e−rµ (µn)
r
n
(λ+µn−1/2)

(

1 + λ
µn

) r
n
(λ+µn−1/2)

e−1 n
1
n
(n+1/2)

∣

∣

∣

∣

∣

.
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Now making limit as n→ ∞, this gives

lim
n→∞

|un|
1
n =

∣

∣

∣

∣

eα+rµ−sδ+1δsδ

ααµrµ

∣

∣

∣

∣

lim
n→∞

∣

∣nsδ−α−rµ−1
∣

∣

=
eℜ(α)+rµ−sδ+1δsδ

{ℜ(α)}ℜ(α) µrµ
lim
n→∞

nsδ−ℜ(α)−rµ−1.

Hence the series of (2.1.5) converges absolutely when ℜ(α) + rµ+ 1 > sδ.

Theorem 2.2.2. Let ℜ(α, β, γ, λ) > 0,ℜ(α) + rµ − sδ + 1 > 0, δ, µ > 0, r ∈
{−1, 0} ∪ N, s ∈ N ∪ {0}. Then Eγ,δ

α,β,λ,µ(z; s, r) is an entire function of order

̺ = 1
ℜ(α)+rµ−sδ+1

and type σ = 1
̺

(

δsδ

{ℜ(α)}ℜ(α)µrµ

)̺

.

Proof. The Stirling’s asymptotic formula (1.2.7) of the Gamma-function for large

|z| when applied to the general term

un =
[(γ)δn]

s

Γ(αn+ β) [(λ)µn]r n!
.

=
[Γ(γ + δn)]s [Γ(λ)]r

[Γ(γ)]s Γ(αn+ β) [Γ(λ+ µn)]r Γ(n+ 1)
,

gives

un ∼
(√

2π e−(γ+δn) (γ + δn)γ+δn−1/2
)s

(√
2π e−γ γγ−1/2

)s (√
2π e−(αn+β) (αn+ β)αn+β−1/2

)

×
(√

2π e−λ λλ−1/2
)r

(√
2π e−(λ+µn) (λ+ µn)λ+µn−1/2

)r (√
2π e−(n+1) (n+ 1)n+1/2

)

=
e−δns (δn)s(γ+δn−1/2)

(

1 + γ
δn

)s(γ+δn−1/2)

γs(γ−1/2)
√
2π e−(αn+β) (αn)αn+β−1/2

(

1 + β
αn

)αn+β−1/2

×
λr(λ−1/2)

(

1 + λ
µn

)−r(λ+µn−1/2)

e−µnr (µn)r(λ+µn−1/2)
√
2πe−n nn+1/2

(

1 + 1
n

)n+1/2
.

If R is the radius of convergence of the series of Eγ,δ
α,β,λ,µ(z; s, r), then with the use

of Cauchy-Hadamard formula:

1

R
= lim

n→∞
sup n

√

|un|.
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one obtains

1

R
= lim

n→∞
sup

∣

∣

∣

∣

eα+rµ−sδ+1δsδ

ααµrµ

∣

∣

∣

∣

∣

∣nsδ−α−rµ−1
∣

∣

=
eℜ(α)+rµ−sδ+1 δsδ

{ℜ(α)}ℜ(α) µrµ
lim
n→∞

nsδ−ℜ(α)−rµ−1

= 0

when ℜ(α) + rµ − sδ + 1 > 0. Therefore, the above function (2.1.5) turns out to

be an entire function.

In order to determine its order, one may use the result [7, Eq.(1.1)] which states

that if f(z) =
∞
∑

n=0

unz
n is an entire function then the order ̺(f) of f is given by

[7, Eq.(1.2)]

̺(f) = lim
n→∞

sup
n log n

log(1/|un|)
.

By choosing f(z) = Eγ,δ
α,β,λ,µ(z; s, r), this particularizes to

̺(Eγ,δ
α,β,λ,µ(z; s, r)) = lim

n→∞
sup

n log n

log(1/|un|)
,

Here,

log

(

1

|un|

)

= log

∣

∣

∣

∣

[Γ(γ)]s Γ(αn+ β) [Γ(λ+ µn)]r Γ(n+ 1)

[Γ(γ + δn)]s [Γ(λ)]r

∣

∣

∣

∣

∼ log

∣

∣

∣

∣

∣

(√
2π e−(αn+β) (αn+ β)αn+β−1/2

) (√
2π e−γγγ−1/2

)s

(√
2π e−(γ+δn)(γ + δn)γ+δn−1/2

)s

×
(√

2π e−(λ+µn) (λ+ µn)λ+µn−1/2
)r (√

2π e−(n+1) (n+ 1)n+1/2
)

(√
2π e−λ λλ−1/2

)r

∣

∣

∣

∣

∣

= log

∣

∣

∣

∣

∣

2π γs(γ−1/2) esδn−αn−β−rµn−n (αn+ β)(αn+β−1/2)

×(λ+ µn)r(λ+µn−1/2) (n+ 1)n+1/2

∣

∣

∣

∣

∣

− log
∣

∣(γ + δn)s(γ+δn−1/2)λr(λ−1/2)
∣

∣

= log

(

2π |γ|sℜ(γ−1/2) eℜ(sδn−αn−β−rµn−n) |αn+ β|ℜ(αn+β−1/2)

×|λ+ µn|rℜ(λ+µn−1/2) (n+ 1)n+1/2

)

− log
(

|γ + δn|sℜ(γ+δn−1/2)|λ|rℜ(λ−1/2)
)

= log(2π) + sℜ(γ − 1/2) log |γ|+ ℜ(sδn− αn− β − rµn− n)
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+ℜ(αn+ β − 1/2) log |αn+ β|+ rℜ(λ+ µn− 1/2) log |λ+ µn|
+(n+ 1/2) log(n+ 1)− sℜ(γ + δn− 1/2) log |γ + δn|
−rℜ(λ− 1/2) log |λ|. (2.2.2)

Hence,

1

̺
= lim

n→∞
sup

(

log (1/|un|)
n log n

)

= ℜ(α) + rµ− sδ + 1.

Thus the order of the function (2.1.5) is

̺ =
1

ℜ(α) + rµ− sδ + 1
. (2.2.3)

The type σ of the function (2.1.5) is given by

σ(Eγ,δ
α,β,λ,µ(z; s, r)) =

1

e ̺
lim
n→∞

sup
(

n |un|̺/n
)

. (2.2.4)

The limit on the right hand side may be computed as follows.

Consider

|un| =

∣

∣

∣

∣

[Γ(γ + δn)]s [Γ(λ)]r

[Γ(γ)]s Γ(αn+ β) [Γ(λ+ µn)]r Γ(n+ 1)

∣

∣

∣

∣

∼
∣

∣

∣

∣

∣

(√
2πe−(γ+δn)(γ + δn)γ+δn−1/2

)s (√
2πe−γγγ−1/2

)−s

(√
2πe−(αn+β)(αn+ β)αn+β−1/2

)

×
(√

2πe−λλλ−1/2
)r

(√
2πe−(λ+µn)(λ+ µn)λ+µn−1/2

)r (√
2πe−(n+1)(n+ 1)n+1−1/2

)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

1

2π

eαn+β+rµn−sδn+n−1 (δn)s(γ+δn−1/2)

(αn)αn+β−1/2
(

1 + β
αn

)αn+β−1/2
γs(γ−1/2)

× λr(λ−1/2)
(

1 + γ
δn

)s(γ+δn−1/2)

(µn)r(λ+µn−1/2)
(

1 + λ
µn

)r(λ+µn−1/2)

(n+ 1)n+1/2

∣

∣

∣

∣

∣

.

On substituting this on the right hand side of (2.2.4) and using (2.2.3), one gets

lim
n→∞

sup
(

n |un|̺/n
)

=

(

δsδ

{ℜ(α)}ℜ(α) µrµ

)̺

e̺(ℜ(α)+rµ−sδ+1)

× lim
n→∞

n̺(sδ−ℜ(α)−rµ−1)+1.
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This gives

σ(Eγ,δ
α,β,λ,µ(z; s, r)) =

1

̺

(

δsδ

{ℜ(α)}ℜ(α) µrµ

)̺

. (2.2.5)

For every positive ǫ, from the equation (1.2.15) the asymptotic estimate is given

by

∣

∣

∣
Eγ,δ
α,β,λ,µ(z; s, r)

∣

∣

∣
< exp ((σ + ǫ) |z|̺) , |z| ≥ r0 > 0 (2.2.6)

with ̺, σ as in (2.2.3), (2.2.5) and for |z| ≥ r0(ǫ), where r0(ǫ) is sufficiently large.

2.2.2 Differential equation

By assuming the following notations for the indicated operator expressions:

θ = zD, D =
d

dz
,

δsδ

αα µrµ
= P, ∆

(a,b;m)
j =

a−1
∏

j=0

[(

θ +
b+ j

a

)]m

,

Υ
(a,b;m)
j =

a−1
∏

j=0

[(

θ +
b+ j

a
− 1

)]m

, (2.2.7)

the differential equation satisfied by the function (2.1.5) is derived below.

Theorem 2.2.3. Let α, µ, δ ∈ N then y = Eγ,δ
α,β,λ,µ(z; s, r) satisfies the equation

[

Υ
(µ,λ;r)
k Υ

(α,β;1)
j θ − z

δsδ

αα µrµ
∆(δ,γ;s)
m

]

y = 0. (2.2.8)

Proof. The function

y =
∞
∑

n=0

[(γ)δn]
s

Γ(αn+ β) [(λ)µn]r
zn

n!

=
1

Γ(β)

∞
∑

n=0

[(γ)δn]
s

(β)αn [(λ)µn]r
zn

n!

=
1

Γ(β)

∞
∑

n=0

δsδn[(γ
δ
)n]

s [(γ+1
δ
)n]

s...[(γ+δ−1
δ

)n]
s

ααn(β
α
)n (β+1

α
)n...(

β+α−1
α

)n
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× 1

µrµn[(λ
µ
)n]r [(

λ+1
µ
)n]r...[(

λ+µ−1
µ

)n]r
zn

n!

=
1

Γ(β)

∞
∑

n=0

δsδn

ααn µrµn

{

δ−1
∏

m=0

[(γ+m
δ

)n]
s

}

{

α−1
∏

j=0

(β+j
α
)n

}

{

µ−1
∏

k=0

[(λ+k
µ
)n]r
}

zn

n!
. (2.2.9)

is put in the form

y =
∞
∑

n=0

An P
n

Bn Cn

zn

n!

by taking

1

Γ(β)

δ−1
∏

m=0

[(

γ +m

δ

)

n

]s

= An,

α−1
∏

j=0

(

β + j

α

)

n

= Bn,

µ−1
∏

k=0

[(

λ+ k

µ

)

n

]r

= Cn.

(2.2.10)

Now,

θy =
∞
∑

n=0

An P
n

Bn Cn n!
θ zn

=
∞
∑

n=1

An P
n

Bn Cn

zn

(n− 1)!
.

Further,

Υ
(α,β;1)
j θy =

∞
∑

n=1

An P
n

Bn Cn (n− 1)!

α−1
∏

j=0

(

θ +
β + j

α
− 1

)

zn

=
∞
∑

n=1

An P
n

Bn Cn (n− 1)!

α−1
∏

j=0

(

n+
β + j

α
− 1

)

zn

=
∞
∑

n=1

An P
n

Bn−1 Cn

zn

(n− 1)!
.

Finally,

Υ
(µ,λ;r)
k Υ

(α,β;1)
j θy

=
∞
∑

n=1

An P
n

Bn−1 Cn (n− 1)!

µ−1
∏

k=0

[(

θ +
λ+ k

µ
− 1

)]r

zn
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=
∞
∑

n=1

An P
n

Bn−1 Cn (n− 1)!

µ−1
∏

k=0

[(

n+
λ+ k

µ
− 1

)]r

zn

=
∞
∑

n=1

An P
n

Bn−1 Cn−1

zn

(n− 1)!
. (2.2.11)

On the other hand,

∆(δ,γ;s)
m y =

∞
∑

n=0

An P
n

Bn Cn n!

δ−1
∏

m=0

[(

θ +
γ +m

δ

)]s

zn

=
∞
∑

n=0

An P
n

Bn Cn n!

δ−1
∏

m=0

[(

n+
γ +m

δ

)]s ]

zn

=
∞
∑

n=0

An+1 P
n

Bn Cn

zn

n!
,

whence

P z ∆(δ,γ;s)
m y =

∞
∑

n=0

An+1 P
n+1

Bn Cn

zn+1

n!
. (2.2.12)

Now (3.2.17) follows on comparing (2.2.11) and (2.2.12).

2.2.3 Eigen function property

In deriving the eigen function property for the function (2.1.5), the following op-

erators are required.

Θ
(a,b;m)
j =

a−1
∏

j=0

[(

−θ + b+ j

a
− 1

)]m

, (2.2.13)

and

ΩΘ;Υ = P−1 D Θ(δ,γ;−s)
m Υ

(µ,λ;r)
k Υ

(α,β;1)
j . (2.2.14)

Here the operators Θ
(δ,γ;−s)
m , Υ

(µ,λ;r)
k , Υ

(α,β;1)
j in (2.2.14) are not commutative with

the operator D.

Theorem 2.2.4. Let α, µ, δ ∈ N then Eγ,δ
α,β,λ,µ(z; s, r) is an eigen function with

respect to the operator ΩΘ;Υ as defined by (2.2.14).
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That is,

ΩΘ;Υ

(

Eγ,δ
α,β,λ,µ(ζz; s, r)

)

= ζ Eγ,δ
α,β,λ,µ(ζz; s, r). (2.2.15)

Proof. In view of (2.2.7), (2.2.13) and (2.2.14),

w = Eγ,δ
α,β,λ,µ(ζz; s, r)

=
∞
∑

n=0

An (ζP )n

Bn Cn

zn

n!
.

Now

Υ
(α,β;1)
j w =

∞
∑

n=0

An (ζP )n

Bn Cn n!

α−1
∏

j=0

(

θ +
β + j

α
− 1

)

zn

=
∞
∑

n=0

An (ζP )n

Bn Cn n!

α−1
∏

j=0

(

n+
β + j

α
− 1

)

zn

=
∞
∑

n=0

An (ζP )n

Bn−1 Cn

zn

n!
.

Next

Υ
(µ,λ;r)
k Υ

(α,β;1)
j w =

∞
∑

n=0

An (ζP )n

Bn−1 Cn n!

µ−1
∏

k=0

[(

θ +
λ+ k

µ
− 1

)]r

zn

=
∞
∑

n=0

An (ζP )n

Bn−1 Cn n!

µ−1
∏

k=0

[(

n+
λ+ k

µ
− 1

)]r

zn

=
∞
∑

n=0

An (ζP )n

Bn−1 Cn−1

zn

n!
.

Further using (2.2.13),

Θ(δ,γ;−s)
m Υ

(µ,λ;r)
k Υ

(α,β;1)
j w =

∞
∑

n=0

An (ζP )n

Bn−1 Cn−1 n!
Θ(δ,γ;−s)
m zn

=
∞
∑

n=0

An (ζP )n

Bn−1 Cn−1 n!

δ−1
∏

j=0

[(

−θ + γ + j

δ
− 1

)]−s

zn

=
∞
∑

n=0

An (ζP )n

Bn−1 Cn−1 n!

δ−1
∏

j=0

[(

n+
γ + j

δ
− 1

)]−s

zn

=
∞
∑

n=0

An−1 (ζP )n

Bn−1 Cn−1

zn

n!
.
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Finally,

Ω
(δ,γ,s;α,β,µ,λ,r)
Θ;Υ w = P−1 D Θ(δ,γ;−s)

m Υ
(µ,λ;r)
k Υ

(α,β;1)
j w

=
∞
∑

n=0

An−1 ζ
n P n−1

Bn−1 Cn−1 n!
D zn

=
∞
∑

n=1

An−1 ζ
n P n−1

Bn−1 Cn−1

zn−1

(n− 1)!

=
∞
∑

n=0

An ζ
n+1 P n

Bn Cn

zn

n!

= ζ

∞
∑

n=0

An ζ
n P n

Bn Cn

zn

n!

= ζ Eγ,δ
α,β,λ,µ(ζz; s, r).

2.2.4 Mellin-Barnes integral representation

It is known that ([63, p.94], [78, p.109]) the integration of a group of Gamma

functions of the form:

Γ(a+ s) Γ(−s)
Γ(b+ s)

= g(s), say,

can be evaluated along Barnes path in s-plane which comes from−i∞ and proceeds

towards +i∞, keeping the poles of Γ(a+ s) to its left side and the poles of Γ(−s)
to its right side. In the following theorem, the function (2.1.5) is expressed as

integral over such path.

Theorem 2.2.5. Let α, δ, µ > 0; β, γ, λ ∈ C, with ℜ(β, γ, λ) > 0. Then the

function Eγ,δ
α,β,λ,µ(z; s, r) is expressible as the Mellin - Barnes integral given by

Eγ,δ
α,β,λ,µ(z; s, r) =

[Γ(λ)]r

2πi [Γ(γ)]s

∫

L

Γ(S) Γ(1− S)

Γ(β − αS) [Γ(λ− µS)]r

× [Γ(γ − δS)]s (−z)−S
Γ(1− S)

dS, (2.2.16)

where |argz| < π; the contour L of integration begins from −i∞ and proceeds

towards +i∞, and is indented to keep the poles at S = −n of integrand to the left;

and the poles at S = (γ + n)/δ to the right of the path, for all n ∈ N0.
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Proof. The integral on the right hand side of (2.2.16) may be evaluated as the sum

of the residues at the poles S = 0,−1,−2, . . . .

In fact, in view of the definition of residue,

I =
1

2πi

∫

L

Γ(S) Γ(1− S) [Γ(γ − δS)]s (−z)−S
Γ(β − αS) [Γ(λ− µS)]r Γ(1− S)

dS

=
∞
∑

n=0

Res
S = −n

[

Γ(S) Γ(1− S) (−z)−S
Γ(β − αS) [Γ(λ− µS)]r [Γ(γ − δS)]−s Γ(1− S)

]

=
∞
∑

n=0

lim
S→−n

π(S + n)

sinπS

[Γ(γ − δS)]s (−z)−S
Γ(β − αS) [Γ(λ− µS)]r Γ(1− S)

=
∞
∑

n=0

[Γ(γ + δn)]s

Γ(β + αn) [Γ(λ+ µn)]r Γ(n+ 1)
zn

=
[Γ(γ)]s

[Γ(λ)]r
Eγ,δ
α,β,λ,µ(z; s, r).

2.2.5 Mixed relations

In the notations

.
Eγ,δ
α,β,λ,µ(z; s, r) =

d

dz
Eγ,δ
α,β,λ,µ(z; s, r),

..
Eγ,δ
α,β,λ,µ(z; s, r) =

d2

dz2
Eγ,δ
α,β,λ,µ(z; s, r),

there holds the following mixed relation.

Theorem 2.2.6. For α, β, γ, λ ∈ C, k ∈ N, ℜ(α, β, γ, λ) > 0, δ, µ > 0,

Eγ,δ
α,β+k,λ,µ(z; s, r)− Eγ,δ

α,β+k+1,λ,µ(z; s, r)

= α2z2
..
Eγ,δ
α,β+k+2,λ,µ(z; s, r) + αz [α + 2(β + k)]

.
Eγ,δ
α,β+k+2,λ,µ(z; s, r)

+(β2 + 2βk + k2 − 1)Eγ,δ
α,β+k+2,λ,µ(z; s, r). (2.2.17)

Proof. Here the change is taking place only in the parameter β, hence the relation

will be obtained in the abbreviated notation:

Eγ,δ
α, β+k, λ, µ(z; s, r) ≡ Eβ+k.
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Now putting

[(γ)δn]
s zn

[(λ)µn]r n!
= dn, αn+ β = σ(n)

and applying the functional equation: Γ(z + 1) = z Γ(z), the function Eβ+k is

expressible as

Eβ+k =
∞
∑

n=0

1

Γ(σ(n) + k)
dn

=
∞
∑

n=0

dn
Γ(σ(n))

{

k−1
∏

i=0

(σ(n) + i)

}−1

.

With σ(n) + i = bi, this takes the form

Eβ+k =
∞
∑

n=0

dn
Γ(σ(n))

{

k−1
∏

i=0

bi

}−1

. (2.2.18)

Similarly,

Eβ+k+1 =
∞
∑

n=0

1

Γ(σ(n) + k + 1)
dn

=
∞
∑

n=0

dn
Γ(σ(n))

{

k
∏

i=0

bi

}−1

=
∞
∑

n=0

dn
Γ(σ(n))

[

1

bk−1

− 1

bk

]

{

k−2
∏

i=0

bi

}−1

=
∞
∑

n=0

dn
Γ(σ(n))

1

bk−1

{

k−2
∏

i=0

bi

}−1

−
∞
∑

n=0

dn
Γ(σ(n))

1

bk

{

k−2
∏

i=0

bi

}−1

=
∞
∑

n=0

dn
Γ(σ(n))

{

k−1
∏

i=0

bi

}−1

−
∞
∑

n=0

dn
bk Γ(σ(n))

{

k−2
∏

i=0

bi

}−1

.

This in view of (2.2.18), gives

Eβ+k+1 = Eβ+k −
∞
∑

n=0

dn
bk Γ(σ(n))

{

k−2
∏

i=0

bi

}−1

. (2.2.19)
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This may be considered as

∞
∑

n=0

dn
bk Γ(σ(n))

{

k−2
∏

i=0

bi

}−1

= Eβ+k − Eβ+k+1 (2.2.20)

=
∞
∑

n=0

dn
Γ(σ(n))

{

k−1
∏

i=0

bi

}−1

−
∞
∑

n=0

dn
Γ(σ(n))

{

k
∏

i=0

bi

}−1

=
∞
∑

n=0

dn
Γ(σ(n))

(

1− 1

bk

)

{

k−1
∏

i=0

bi

}−1

=
∞
∑

n=0

dn
Γ(σ(n))

bk−1

bk

{

k−1
∏

i=0

bi

}−1

=
∞
∑

n=0

dn
bk Γ(σ(n))

{

k−2
∏

i=0

bi

}−1

. (2.2.21)

But since

1

bk Γ(σ(n))
=

1

bk+1 bk Γ(σ(n))
+

1

bk+1 Γ(σ(n))
,

hence

∞
∑

n=0

dn
bk Γ(σ(n))

{

k−2
∏

i=0

bi

}−1

=
∞
∑

n=0

[

1

bk+1 bk Γ(σ(n))
+

1

bk+1 Γ(σ(n))

]

dn

{

k−2
∏

i=0

bi

}−1

=
∞
∑

n=0

dn
bk+1 bk Γ(σ(n))

{

k−2
∏

i=0

bi

}−1

+
∞
∑

n=0

dn
bk+1 Γ(σ(n))

{

k−2
∏

i=0

bi

}−1

=
∞
∑

n=0

bk−1
{

k+1
∏

i=0

bi

}

Γ(σ(n))

dn +
∞
∑

n=0

bk−1 bk
{

k+1
∏

i=0

bi

}

Γ(σ(n))

dn

=
∞
∑

n=0

bk−1

Γ(bk+2)
dn +

∞
∑

n=0

bk−1 bk
Γ(bk+2)

dn

=
∞
∑

n=0

(αn+ β + k − 1)

Γ(αn+ β + k + 2)

[(γ)δn]
s zn

[(λ)µn]r n!

+
∞
∑

n=0

(αn+ β + k − 1) (αn+ β + k)

Γ(αn+ β + k + 2)

[(γ)δn]
s zn

[(λ)µn]r n!
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= α2

∞
∑

n=1

n [(γ)δn]
s

Γ(αn+ β + k + 2)

zn

[(λ)µn]r (n− 1)!

+2α(β + k)
∞
∑

n=1

[(γ)δn]
s

Γ(αn+ β + k + 2)

zn

[(λ)µn]r (n− 1)!

+(β2 + 2βk + k2 − 1)
∞
∑

n=0

[(γ)δn]
s

Γ(αn+ β + k + 2)

zn

[(λ)µn]r n!
. (2.2.22)

The right hand side of (2.2.22) will now be expressed as the derivatives of Eβ+k+2.

In fact,

z2
..
Eβ+k+2 + 4z

.
Eβ+k+2 + 2Eβ+k+2

= z2
d2

dz2
Eβ+k+2 + 4z

d

dz
Eβ+k+2 + 2 Eβ+k+2

= z2
∞
∑

n=0

[(γ)δn]
s

Γ(αn+ β + k + 2) [(λ)µn]r n!

d2

dz2
zn

+4z
∞
∑

n=0

[(γ)δn]
s

Γ(αn+ β + k + 2) [(λ)µn]r n!

d

dz
zn + 2 Eβ+k+2

= z2
∞
∑

n=0

[(γ)δn]
s n (n− 1) zn−2

Γ(αn+ β + k + 2) [(λ)µn]r n!

+4z
∞
∑

n=0

[(γ)δn]
s n zn−1

Γ(αn+ β + k + 2) [(λ)µn]r n!
+ 2 Eβ+k+2

=
∞
∑

n=0

[(γ)δn]
s n (n− 1) zn

Γ(αn+ β + k + 2) [(λ)µn]r n!

+4
∞
∑

n=0

[(γ)δn]
s n zn

Γ(αn+ β + k + 2) [(λ)µn]r n!
+ 2 Eβ+k+2

=
∞
∑

n=1

[(γ)δn]
s n zn

Γ(αn+ β + k + 2) [(λ)µn]r (n− 1)!

+3
∞
∑

n=1

[(γ)δn]
s zn

Γ(αn+ β + k + 2) [(λ)µn]r (n− 1)!
+ 2 Eβ+k+2. (2.2.23)

This may be written as

∞
∑

n=1

n [(γ)δn]
s

Γ(αn+ β + k + 2) [(λ)µn]r
zn

(n− 1)!

= z2
..
Eβ+k+2 + 4z

.
Eβ+k+2 − 3

∞
∑

n=1

[(γ)δn]
s zn

Γ(αn+ β + k + 2) [(λ)µn]r (n− 1)!
.

(2.2.24)
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Also,

z
.
Eβ+k+2 + Eβ+k+2

= z
d

dz
Eβ+k+2 + Eβ+k+2

= z

∞
∑

n=0

[(γ)δn]
s

Γ(αn+ β + k + 2) [(λ)µn]r n!

d

dz
zn + Eβ+k+2

=
∞
∑

n=0

[(γ)δn]
s n zn

Γ(αn+ β + k + 2) [(λ)µn]r n!
+ Eβ+k+2

=
∞
∑

n=1

[(γ)δn]
s zn

Γ(αn+ β + k + 2) [(λ)µn]r (n− 1)!
+ Eβ+k+2. (2.2.25)

That is,

∞
∑

n=1

[(γ)δn]
s zn

Γ(αn+ β + k + 2) [(λ)µn]r (n− 1)!
= z

.
Eβ+k+2. (2.2.26)

Here using this in (2.2.24), one gets

∞
∑

n=1

[(γ)δn]
s n zn

Γ(αn+ β + k + 2) [(λ)µn]r (n− 1)!

= z2
..
Eβ+k+2 + 4z

.
Eβ+k+2 − 3z

.
Eβ+k+2

= z2
..
Eβ+k+2 + z

.
Eβ+k+2. (2.2.27)

Finally from (2.2.22), (2.2.26) and (2.2.27), it follows that

Eβ+k − Eβ+k+1

= α2z2
..
Eβ+k+2 + α2z

.
Eβ+k+2 + 2α(β + k)z

.
Eβ+k+2

+(β2 + 2βk + k2 − 1)Eβ+k+2

= α2z2
..
Eβ+k+2 + αz [α + 2(β + k)]

.
Eβ+k+2

+(β2 + 2βk + k2 − 1)Eβ+k+2. (2.2.28)

Theorem 2.2.7. For α, β, γ, λ ∈ C;ℜ(α, β, γ, λ) > 0 and δ, µ > 0, the differential

recurrence relation

β Eγ,δ
α,β+1,λ,µ(z; s, r) + αz

d

dz
Eγ,δ
α,β+1,λ,µ(z; s, r) = Eγ,δ

α,β,λ,µ(z; s, r)

holds.
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Proof. Here

l.h.s. = β Eγ,δ
α,β+1,λ,µ(z; s, r) + αz

d

dz
Eγ,δ
α,β+1,λ,µ(z; s, r)

= β
∞
∑

n=0

[(γ)δn]
s zn

Γ(αn+ β + 1) [(λ)µn]r n!
+ αz

d

dz

∞
∑

n=0

[(γ)δn]
s(z)n

Γ(αn+ β + 1) [(λ)µn]r n!

= β

∞
∑

n=0

[(γ)δn]
s zn

Γ(αn+ β + 1) [(λ)µn]r n!
+ αz

∞
∑

n=0

[(γ)δn]
s n zn−1

Γ(αn+ β + 1) [(λ)µn]r n!

=
∞
∑

n=0

[(γ)δn]
s(αn+ β)zn

Γ(αn+ β + 1) [(λ)µn]r n!

=
∞
∑

n=0

[(γ)δn]
szn

Γ(αn+ β) [(λ)µn]r n!

= Eγ,δ
α,β,λ,µ(z; s, r)

= r.h.s.

2.2.5.1 Particular cases

1. Setting r = 0, s = 1, δ = q, k = 1, (2.2.17), one gets mixed relation for Eγ,q
α,β(z)

due to Shukla and Prajapati [76] in the form:

Eγ,q
α,β+1(z)− Eγ,q

α,β+2(z) = α2 z2
..
Eγ,q
α,β+3(z) + αz

[

α + 2(β + 1)
] .
Eγ,q
α,β+3(z)

+β (β + 2) Eγ,q
α,β+3(z). (2.2.29)

2. With the substitutions r = 0, γ = δ = s = k = 1, β = m ∈ N, (2.2.17) reduces

to a known recurrence relation of Eα,β(z) due to Gupta and Debnath[20]:

Eα,m+1(z) = α2z2
..
Eα,m+3(z) + α(α + 2m+ 2) z

.
Eα,m+3(z)

+m(m+ 2) Eα,m+3(z) + Eα,m+2(z). (2.2.30)

2.2.6 Integral formula

Theorem 2.2.8. For α, β, γ, λ ∈ C,ℜ(α, β, γ, λ) > 0, δ, µ > 0, r ∈ N∪{−1, 0}, s ∈
N ∪ {0},

1
∫

0

uβ+k−1 Eγ,δ
α,β,λ,µ(u

α; s, r) du = Eγ,δ
α,β+k,λ,µ(1; s, r) − Eγ,δ

α,β+k+1,λ,µ(1; s, r).(2.2.31)
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Proof. Putting z = 1 in (2.2.20), one gets

∞
∑

n=0

[(γ)δn]
s

(αn+ β + k)

{

k−2
∏

i=0

(αn+ β + i)

}

Γ(αn+ β) [(λ)µn]r n!

= Eγ,δ
α,β+k,λ,µ(1; s, r)− Eγ,δ

α,β+k+1,λ,µ(1; s, r). (2.2.32)

Now

z
∫

0

uβ+k−1 Eγ,δ
α,β+k−1,λ,µ(u

α; s, r) du

=
∞
∑

n=0

[(γ)δn]
s

Γ(αn+ β + k − 1) [(λ)µn]r n!

z
∫

0

uαn+β+k−1 du

=
∞
∑

n=0

[(γ)δn]
s

{

k−2
∏

i=0

(αn+ β + i)

}

Γ(αn+ β) [(λ)µn]r n!

z
∫

0

uαn+β+k−1 du

=
∞
∑

n=0

[(γ)δn]
s zαn+β+1

(αn+ β + k)

{

k−2
∏

i=0

(αn+ β + i)

}

Γ(αn+ β) [(λ)µn]r n!

. (2.2.33)

Taking z = 1 in (2.2.33), one gets

1
∫

0

uβ+k−1 Eγ,δ
α,β,λ,µ(u

α; s, r) du

=
∞
∑

n=0

[(γ)δn]
s

(αn+ β + k)

{

k−2
∏

i=0

(αn+ β + i)

}

Γ(αn+ β) [(λ)µn]r n!

.(2.2.34)

On comparing (2.2.32) and (2.2.34), the result follows.

2.2.6.1 Particular cases

1. Taking r = 0, s = 1, δ = q in (2.2.31), one gets (Shukla and Prajapati [76]):

1
∫

0

uβ Eγ,q
α,β(u

α) du = Eγ,q
α,β+1(1) − Eγ, q

α,β+2(1). (2.2.35)
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2. The substitutions r = 0 and α = β = δ = s = 1 in (2.2.35), yields the formula

1
∫

0

u eu du = E1,2(1) − E1,3(1)

for γ = 1, whereas for γ = 2 it furnishes

1
∫

0

u E2,1
1,1(1) du = E2,1

1,2(1) − E2,1
1,3(1).

2.2.7 Double series representation

As in Theorem 2.2.2, take

un =
[(γ)δn]

s

Γ(αn+ β) [(λ)µn]r n!
.

and put

∗Eγ,δ,ρ
α,β,λ,µ(z; s, r) =

∞
∑

n=0

un (ρ)n z
n

which is valid under the condition ℜ(α) + rµ− sδ > 0.

Theorem 2.2.9. The function

∗Eγ,δ,ρ
α,β,λ,µ(z; s, r) =

∞
∑

i,j=0

1

(ρ)i+j

(−1)i

i! j!
∗Eγ,δ,ρ+i+j

α,β,λ,µ (z; s, r). (2.2.36)

Proof. Here introducing the function (2.1.5) in the integrand of the integral (1.2.6)

and applying this integral to the identity e−yey = 1, one gets the integral

∞
∫

0

e−t tρ−1e−xt extEγ,δ
α,β,λ,µ(zt; s, r) dt =

∞
∫

0

e−t tρ−1Eγ,δ
α,β,λ,µ(zt; s, r) dt. (2.2.37)

Here substituting the corresponding series representations for e−t and et on the

left hand side, one gets

l.h.s. =

∞
∫

0

e−t tρ−1 e−xt ext Eγ,δ
α,β,λ,µ(zt; s, r) dt
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=

∞
∫

0

e−t tρ−1

{

∞
∑

i=0

(−1)ixiti

i!

}{

∞
∑

j=0

xjtj

j!

}

Eγ,δ
α,β,λ,µ(zt; s, r) dt

=
∞
∑

i=0

∞
∑

j=0

(−1)i

i! j!
xi+j

∞
∫

0

e−t tρ+i+j−1Eγ,δ
α,β,λ,µ(zt; s, r) dt

=
∞
∑

i=0

∞
∑

j=0

(−1)i

i! j!
xi+j

∫ ∞

0

e−t tρ+i+j−1

{

∞
∑

n=0

[(γ)δn]
s

Γ(αn+ β) [(λ)µn]r
(zt)n

n!

}

dt

=
∞
∑

i=0

∞
∑

j=0

(−1)i

i! j!
xi+j

∞
∑

n=0

un z
n

∫ ∞

0

e−t tρ+i+j+n−1 dt

=
∞
∑

i=0

∞
∑

j=0

(−1)i

i! j!
xi+j

∞
∑

n=0

un z
n Γ(ρ+ i+ j + n)

=
∞
∑

i=0

∞
∑

j=0

(−1)i

i! j!
xi+j

∞
∑

n=0

un z
n (ρ+ i+ j)n
Γ(ρ+ i+ j)

=
∞
∑

i=0

∞
∑

j=0

1

Γ(ρ+ i+ j)

(−1)i

i! j!
xi+j ∗Eγ,δ,ρ+i+j

α,β,λ,µ (z; s, r). (2.2.38)

Likewise,

r.h.s. =

∞
∫

0

e−t tρ−1
{

Eγ,δ
α,β,λ,µ(zt; s, r)

}

dt

=
∞
∑

n=0

un z
n

∞
∫

0

e−t tρ+n−1 dt

=
∞
∑

n=0

un Γ(ρ+ n) zn

=
∞
∑

n=0

un
(ρ)n
Γ(ρ)

zn

=
1

Γ(ρ)
∗Eγ,δ,ρ

α,β,λ,µ(z; s, r). (2.2.39)

Consequently, from (2.2.38) and (2.2.39), (2.2.37) yields

∗Eγ,δ,ρ
α,β,λ,µ(z; s, r) =

∞
∑

i,j=0

Γ(ρ)

Γ(ρ+ i+ j)

(−1)i

i! j!
∗Eγ,δ,ρ+i+j

α,β,λ,µ (z; s, r)

=
∞
∑

i,j=0

1

(ρ)i+j

(−1)i

i! j!
∗Eγ,δ,ρ+i+j

α,β,λ,µ (z; s, r). (2.2.40)
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2.3 Other results

2.3.1 Differentiation

As the series given in (2.1.5) converges absolutely in any compact subset of C, the

term by term differentiation is permitted and it leads to the following theorem.

Theorem 2.3.1. If m ∈ N, α, β, γ, λ, ∈ C, ℜ(α, β, γ, λ) > 0 and δ, µ > 0 then

(

d

dz

)m

Eγ,δ
α,β,λ,µ

(

z; s, r
)

=
[(γ)δm]

s

[(λ)µm]r
Eγ+δm,δ
α,β+αm,λ+µm,µ

(

z; s, r
)

, (2.3.1)

(

d

dz

)m[

zβ−1 Eγ,δ
α,β,λ,µ

(

ωzα; s, r
)

]

= zβ−m−1 Eγ,δ
α,β−m,λ,µ

(

ω zα; s, r
)

, (2.3.2)

for ℜ(β −m) > 0.

Proof. Consider the left hand side of (2.3.1), that is,

(

d

dz

)m

Eγ,δ
α,β,λ,µ(z; s, r)

=

(

d

dz

)m ∞
∑

n=0

[(γ)δn]
szn

[Γ(αn+ β)][(λ)µn]r n!

=
∞
∑

n=0

[(γ)δn]
s

[Γ(αn+ β)][(λ)µn]rn!

(

d

dz

)m

(zn)

=
∞
∑

n=m

[(γ)δn]
s zn−m

[Γ(α n+ β)][(λ)µn]r(n−m)!

=
∞
∑

n=0

[(γ)δ(n+m)]
s zn

[Γ(α(n+m) + β)][(λ)µ(n+m)]rn!

=
∞
∑

n=0

[(γ)δm]
s [(γ + δm)δn]

szn

[Γ(α n+ β + α m)] [(λ)µm]r [(λ+ µm)µn]rn!

=
[(γ)δm]

s

[(λ)µm]r

∞
∑

n=0

[(γ + δm)δn]
s zn

[(λ+ µm)µn]r [Γ(αn+ β + αm)] n!

=
[(γ)δm]

s

[(λ)µm]r
Eγ+δm,δ
α,β+αm,λ+µm,µ

(

z; s, r
)

.
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Likewise

(

d

dz

)m [

zβ−1 Eγ,δ
α,β,λ,µ

(

ω zα; s, r
)

]

=

(

d

dz

)m ∞
∑

n=0

[(γ)δn]
s zαn zβ−1 ωn

[Γ(α n+ β)] [(λ)µn]r n!

=
∞
∑

n=0

[(γ)δn]
s ωn

[Γ(α n+ β)] [(λ)µn]r n!

(

d

dz

)m(

zαn+β−1

)

=
∞
∑

n=0

[(γ)δn]
s (ω zα)n zβ−m−1

[Γ(α n+ β −m)] [(λ)µn]r n!

= zβ−m−1 Eγ,δ
α,β−m,λ,µ

(

ωzα; s, r
)

.

2.3.2 Integral representations

Taking f(z) = Eγ,δ
α,β,λ,µ

(

zuα; s, r
)

, in the Euler (Beta) transform (1.3), one finds

the following.

Theorem 2.3.2. If α, β, γ, λ, σ, η, ν ∈ C, ℜ(α, β, γ, λ, σ, η, ν) > 0 and δ, µ > 0

then

1

Γ(η)

1
∫

0

uβ−1 (1− u)η−1 Eγ,δ
α,β,λ,µ

(

zuα;s, r
)

du = Eγ,δ
α,β+η,λ,µ(z; s, r), (2.3.3)

1

Γ(η)

x
∫

t

(x− t)η−1 (s− t)β−1Eγ,δ
α,β,λ,µ (ν(s− t)α;s, r) ds

= (x− t)η+β−1 Eγ,δ
α,β,λ,µ(ν(x− t)α;s, r), (2.3.4)

z
∫

0

tβ−1 Eγ,δ
α,β,λ,µ (ωtα; s, r) dt = zb Eγ,δ

α,β+1,λ,µ (ωtα;s, r) , (2.3.5)

1

Γ(σ)

1
∫

0

zσ−1(1− z)β−1Eγ,δ
α, β,λ,µ(x(1− z)α; s, r) dz = Eγ,δ

α,β+σ,λ,µ(x; s, r). (2.3.6)



Chapter 2. Generalized Mittag-Leffler Function 41

Proof. For proving (2.3.3), one may begin as follows.

L.H.S. =
1

Γ(η)

1
∫

0

uβ−1 (1− u)η−1 Eγ, δ
α, β, λ, µ

(

zuα s, r
)

du

=
1

Γ(η)

1
∫

0

uβ−1 (1− u)η−1

∞
∑

n=0

[(γ)δn]
s uαnzn

Γ(αn+ β) [(λ)µn]r n!
du

=
∞
∑

n=0

[(γ)δn]
s zn

[Γ(αn+ β)] [(λ)µn]r n!Γ(η)

1
∫

0

uαn+β−1(1− u)η−1 du

=
∞
∑

n=0

[(γ)δn]
s zn

[Γ(αn+ β)] [(λ)µn]r n! Γ(η)

Γ(η) [Γ(αn+ β)]

[Γ(αn+ β) + η]

=
∞
∑

n=0

[(γ)δn]
s zn

Γ(αn+ β + η) [(λ)µn]r n!

= Eγ,δ
α,β+η,λ,µ(z; s, r)

= R.H.S.

Now, denoting the L. H. S. of (2.3.4) by I, one gets

I =
1

Γ(η)

x
∫

t

(x− t)η−1(s− t)β−1Eγ,δ
α,β,λ,µ (ν (s− t)α;s, r) ds

=
1

Γ(η)

x
∫

t

(x− t)η−1(s− t)β−1

{

∞
∑

n=0

[(γ)δn]
s(s− t)αnνn

Γ(αn+ β)[(λ)µn]r n!

}

ds

=
∞
∑

n=0

[(γ)δn]
sνn

Γ(αn+ β)[(λ)µn]rn!Γ(η)

x
∫

t

(x− t)η−1(s− t)αn+β−1ds.

In this, introducing u as a new variable of integration by means of the substitution

u =
s− t

x− t
,

one gets,

I =
∞
∑

n=0

[(γ)δn]
s νn(x− t)αn+β+η−1

Γ(αn+ β)[(λ)µn]rn!Γ(η)

1
∫

0

(1− u)η−1 uαn+β−1du

=
∞
∑

n=0

[(γ)δn]
sνn(x− t)αn+β+η−1

[Γ(αn+ β)][(λ)µn]rn!Γ(η)

Γ(η) [Γ(αn+ β)]

[Γ(αn+ β + η)]
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=
∞
∑

n=0

[(γ)δn]
s νn(x− t)αn+β+η−1

[Γ(αn+ β + η)] [(λ)µn]rn!

= (x− t)η+β−1 Eγ,δ
α,β+η,λ,µ(ν(x− t)α; s, r)

as desired.

In order to prove (2.3.5), beginning with the integral on the left hand side, one

gets

z
∫

0

tβ−1Eγ,δ
α,β,λ,µ(ωt

α; s, r)dt

=

z
∫

0

tβ−1

∞
∑

n=0

[(γ)δn]
s tαnωn

[Γ(αn+ β)] [(λ)µn]rn!
dt

=
∞
∑

n=0

[(γ)δn]
s ωn

[Γ(αn+ β)] [(λ)µn]r n!

z
∫

0

tαn+β−1 dt

=
∞
∑

n=0

[(γ)δn]
s zαn+β(ω)n

[Γ(αn+ β)] [(λ)µn]r n!(αn+ β)

=
∞
∑

n=0

[(γ)δn]
s zαn+βωn

[Γ(αn+ β + 1)] [(λ)µn]r n!

= zβ Eγ,δ
α,β+1,λ,µ(ωz

α; s, r).

Hence the result.

Next, consider

1

Γ(σ)

1
∫

0

zσ−1(1− z)β−1Eγ,δ
α,β,λ,µ(x (1− z)α; s, r) dz

=
1

Γ(σ)

1
∫

0

zσ−1 (1− z)β−1

∞
∑

n=0

[(γ)δn]
s(1− z)αnxn

[Γ(αn+ β)][(λ)µn]rn!
dz

=
∞
∑

n=0

[(γ)δn]
sxn

[Γ(αn+ β)][(λ)µn]rn!Γ(σ)

1
∫

0

(1− z)αn+β−1zσ−1 dz

=
∞
∑

n=0

[(γ)δn]
sxn

[Γ(αn+ β)][(λ)µn]rn!Γ(σ)

Γ(σ)[Γ(αn+ β)]

[Γ(αn+ β) + σ]
,

simplification of above series yields (2.3.6).
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2.4 Integral transforms

In this section, Euler transform, Laplace transform, Whittaker transform and

Mellin transform are applied on the function (2.1.5).

For convenience, the notation [Γ(β+αn)]r

[Γ(β)]r
will be used for (β, α)r.

The evaluation will be expressed as the Wright generalized hypergeometric func-

tion [44]:

pψq

[

(a1, A1), . . . , (ap, Ap); z

(b1, B1), . . . , (bq, Bq);

]

=
∞
∑

r=0

∏p
j=1 Γ(aj + rAj)

∏q
j=1 Γ(bj + rBj)

zr

r!
.

2.4.1 The Euler (Beta) transform

Theorem 2.4.1. The Euler (Beta) transform of the function Eγ,δ
α,β,λ,µ(xz

σ; s, r) is

given by

1
∫

0

za−1(1− z)b−1Eγ,δ
α,β,λ,µ(xz

σ; s, r) dz

=
[Γ(λ)]r Γ(b)

[Γ(γ)]s
s+1Ψr+2

[

(γ, δ)s, (a, σ); x

(β, α), (λ, µ)r, (a+ b, σ);

]

.

where α, β, γ, λ, σ, a, b ∈ C, ℜ(α, β, γ, λ, σ, a, b) > 0 and δ, µ > 0.

Proof. Here

1
∫

0

za−1(1− z)b−1Eγ,δ
α, β, λ, µ(xz

σ; s, r) dz

=

1
∫

0

za−1 (1− z)b−1

{

∞
∑

n=0

[(γ)δn]
s xnzσn

Γ(αn+ β) [(λ)µ n]r n!

}

dz

=
∞
∑

n=0

[(γ)δn]
s xn

Γ(αn+ β) [(λ)µn]r n!

1
∫

0

zσn+a−1(1− z)b−1 dz

=
∞
∑

n=0

[(γ)δn]
s xn

Γ(αn+ β) [(λ)µn]r n!
B(σn+ a, b)

=
∞
∑

n=0

[(γ)δn]
s xn

Γ(αn+ β) [(λ)µn]r n!

Γ(σn+ a)Γ(b)

Γ(σn+ a+ b)
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=
∞
∑

n=0

Γ[(γ + δn)]s [Γ(λ)]r Γ(b) Γ(σn+ a) xn

[Γ(γ)]s Γ(αn+ β) [Γ(λ+ µn)]rΓ(σn+ a+ b)n!

=
[Γ(λ)]r Γ(b)

[Γ(γ)]s
s+1Ψr+2

[

(γ, δ)s, (a, σ); x

(β, α), (λ, µ)r, (a+ b, σ);

]

.

2.4.2 The Laplace tansform

Theorem 2.4.2. The Laplace transform of the function (2.1.5) is:

∞
∫

0

za−1 e−SzEγ,δ
α,β,λ,µ(xz

σ; s, r) dz =
[Γ(λ)]r

[Γ(γ)]s Sa
s+1Ψr+1

[

(γ, δ)s, (a, σ); x
Sσ

(β, α), (λ, µ)r;

]

,

where α, β, γ, λ, σ, a, b ∈ C, ℜ(α, β, γ, λ, σ, a, b) > 0 and δ, µ > 0.

Proof. Beginning with

I =

∞
∫

0

za−1 e−Sz Eγ,δ
α,β,λ,µ(xz

σ; s, r) dz

=

∞
∫

0

za−1e−Sz

{

∞
∑

n=0

[(γ)δn]
sxnzσn

Γ(αn+ β)[(λ)µn]r n!

}

dz

=
∞
∑

n=0

[(γ)δn]
sxn

Γ(αn+ β)[(λ)µn]rn!

∞
∫

0

e−Sz zσn+a−1 dz,

and using the substitution t = Sz, one finds

I =
∞
∑

n=0

[(γ)δn]
s xn

Γ(αn+ β)[(λ)µn]rn!

∞
∫

0

e−t (t/S)σn+a−1 (1/S) dt

=
∞
∑

n=0

[(γ)δn]
s xn

Γ(αn+ β)[(λ)µn]r n!

Γ(σn+ a)

Sσn+a

=
∞
∑

n=0

Γ[(γ + δn)]s [Γ(λ)]r xn S−σn−a Γ(σn+ a)

[Γ(γ)]s Γ(αn+ β) [Γ(λ+ µn)]r n!

=
[Γ(λ)]r

[Γ(γ)]s Sa
s+1Ψr+1

[

(γ, δ)s, (a, σ); x
Sσ

(β, α), (λ, µ)r;

]

.
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2.4.3 The Whittaker transform

In proving the following theorem, the integral formula involving the Whittaker

function:

∞
∫

0

tν−1 e−t/2 Wλ,µ(t) dt =
Γ(1/2 + µ+ ν)Γ(1/2− µ+ ν)

Γ(1− λ+ ν)
, ℜ(ν ± µ) > −1/2

will be used.

Theorem 2.4.3. In the above notation, the Whittaker transform of the function

is:

∞
∫

0

e−qt/2tψ−1 Wη,ν(qt) E
γ,δ
α, β, λ, µ(ωt

σ; s, r) dt

=
[Γ(λ)]r

[Γ(γ)]s qψ
s+2Ψr+2

[

(γ, δ)s, (ψ + ν + 1/2, σ), (ψ − ν + 1/2, σ); ω
qσ

(β, α), (λ, µ)r, (ψ − η + 1, σ);

]

,

where α, β, γ, λ, σ, a, b ∈ C, ℜ(α, β, γ, λ, σ, a, b) > 0 and δ, µ > 0.

Proof. Let

I =

∞
∫

0

e−qt/2 tψ−1 Wη,ν(qt) E
γ,δ
α, β, λ, µ(ωt

σ; s, r) dt

=

∞
∫

0

e−qt/2 tψ−1 Wη,ν(qt)

{

∞
∑

n=0

[(γ)δn]
s ωpn+ρ−1 tσn

Γ(αn+ β) [(λ)µn]r n!

}

dt

=
∞
∑

n=0

[(γ)δn]
s ωpn+ρ−1

Γ(αn+ β) [(λ)µn]r n!

∞
∫

0

e−qt/2 tσn+ψ−1 Wη,ν(qt) dt,

then using the substitution ξ = qt, this gives

I =
∞
∑

n=0

[(γ)δn]
s ωn q−σn−ψ

Γ(αn+ β) [(λ)µn]r n!

∞
∫

0

e−ξ/2 ξσn+ψ−1 Wη,ν(ξ) dξ

=
∞
∑

n=0

Γ[(γ + δn)]s [Γ(λ)]r ωnq−σn−ψ

[Γ(γ)]s Γ(αn+ β) [Γ(λ+ µn)]r n!

×Γ(σn+ ψ + ν + 1/2) Γ(σn+ ψ − ν + 1/2)

Γ(σn+ ψ − η + 1)
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=
[Γ(λ)]r

[Γ(γ)]s qψ
s+2Ψr+2

[

(γ, δ)s, (ψ + ν + 1/2, σ), (ψ − ν + 1/2, σ); ω
qσ

(β, α), (λ, µ)r, (ψ − η + 1, σ);

]

.

2.4.4 The Mellin transform

Theorem 2.4.4. The Mellin transform of the function is:

∞
∫

0

tS−1 Eγ,δ
α,β,λ,µ(−ωt; s, r) dt =

Γ(S) [Γ(γ − δS)]s

ωS Γ(β + α− α− αS) [Γ(λ− µS)]r
, (2.4.1)

where α, β, γ, λ, S ∈ C, ℜ(α, β, γ, λ, S) > 0, δ, µ > 0.

Proof. Putting z = −ωt in (2.2.16) gives

Eγ,δ
α,β,λ,µ (−ωt; s, r) =

[Γ(λ)]r

2πi [Γ(γ)]s

∫

L

Γ(S) [Γ(γ − δS)]s (ωt)−S

Γ(β − αS) [Γ(λ− µS)]r
dS

=
[Γ(λ)]r

2πi [Γ(γ)]s

∫

L

f ∗(S) t−S dS, (2.4.2)

in which

f ∗(S) =
Γ(S) [Γ(γ − δS)]s (ω)−S

Γ(β − αS) [Γ(λ− µS)]r

using (1.4.8) and (1.4.9) in (2.4.2), one arrives at (2.4.1).

2.5 Relationship with certain known special func-

tions

In the following it is shown that the proposed unified function may be reduced

appropriately to get some special functions such as generalized Konhauser poly-

nomial, Fox H- function, Wright hypergeometric function etc.
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2.5.1 Generalized hypergeometric function

If α, δ, µ ∈ N, then (2.1.5) gives

Eγ,δ
α,β,λ,µ(z; s, r)

=
∞
∑

n=0

[(γ)δn]
s zn

Γ(αn+ β) [(λ)µn]r n!

=
1

Γ(β)

∞
∑

n=0

[(γ)δn]
s zn

(β)αn [(λ)µn]r n!

=
1

Γ(β)

∞
∑

n=0

[

δ
∏

i=1

(

γ+i−1
δ

)

n

]s [ µ
∏

k=1

(

λ+k−1
µ

)

n

]−r

α
∏

j=1

(

β+j−1
α

)

n

δsδn zn

µrµn (α)αn

n!

=
1

Γ(β)
sδFα+rµ

[

∆(δ, γ)s; δsδ z
µrµ αα

∆(α, β), ∆(µ, λ)r;

]

,

where ∆(n;α) stands for the set of n parameters α
n
, α+1

n
, ..., α+n−1

n
.

And ∆(n;α)s represents n parameters
(

α
n

)s
,
(

α+1
n

)s
, ...,

(

α+n−1
n

)s
.

2.5.2 Generalized Konhauser polynomial

Putting α = k, β = ν + 1, γ = −m, r = 0, s = 1, δ = j, where j, k,m ∈ N, and

replacing z by zk in (2.1.5), one gets

E−m,j
k,ν+1,λ,µ,1,1(z

k; 1, 0) =

[m
j
]

∑

n=0

(−m)jn
Γ(kn+ ν + 1)

zkn

n!

=

[m
j
]

∑

n=0

(−1)jn m!

(m− jn)!

1

Γ(kn+ ν + 1)

zkn

n!

=
Γ(m+ 1)

Γ(km+ ν + 1)

[m
j
]

∑

n=0

(−1)jn

(m− jn)!

Γ(km+ ν + 1)

Γ(kn+ ν + 1)

zkn

n!

=
Γ(m+ 1)

Γ(km+ ν + 1)
Z

(ν)

[mj ]
(z, k), (2.5.1)

where Z
(ν)

[mj ]
(z, k) is a generalized Konhauser polynomial of degree [m

j
] in zk.
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In particular, Z
(ν)
m (z, 1) = L

(ν)
m (z) the Laguerre polynomial, that is,

E−m,1
k,ν+1,λ,µ,1,1(z; 1, 0) =

Γ(m+ 1)

Γ(km+ ν + 1)
L(ν)
m (z). (2.5.2)

2.5.3 Fox H- function

In view of the contour integral representation (2.2.16),

Eγ,δ
α,β,λ,µ (z; s, r) =

[Γ (λ)]r

2πi [Γ (γ)]s

∫

L

Γ (S) [Γ (γ − δS)]s (−z)−S
Γ (β − αS) [Γ (λ− µS)]r

dS,

=
[Γ (λ)]r

[Γ (γ)]s
H1,s
s,r+3

[

−z [(1− γ, δ)]s

(0, 1), (1− β, α), [(1− λ, µ)]r

]

.

2.5.4 Wright function

In the notation of the Wright function, the function (2.1.5) assumes the represen-

tation as follows.

Eγ,δ
α,β,λ,µ(z; s, r) =

[Γ(λ)]r

[Γ(γ)]s
sΨr+1

[

[(γ, δ)]s; z

(β, α), [(λ, µ)]r;

]

.

2.6 Special cases

Each of the above obtained properties will be illustrated by taking one special case

from Table-1, Section 2.1.

• Contour integral - Elliptic function:

K(
√
z) =

1

4πi

∫

L

Γ(S)[Γ(1
2
− S)]2 (−z)−S

Γ(1− S)
dS.

• Differential equation - Shukla and Prajapati’s function:

[

Υ
(α,β;1)
j θ − z

qq

αα
∆(q,γ;1)
m

]

Eγ,q
α,β(z) = 0.
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• Eigen function property - Dotsenko function:

[

D Θ(1,a;−1)
m Υ

(ω
ν
,b;−1)

k Υ
(ω
ν
,c;1)

j

]

2R1(a, b; c, ω; ν; ζz) = ζ 2R1(a, b; c, ω; ν; ζz).

• Mixed relations - Bessel-Maitland function:

1. Jµν+k(z)− Jµν+k+1(z)

= µ2z2
..
Jµν+k+2(z) + µz [µ+ 2(ν + k + 1)]

.
Jµν+k+2(z)

+((ν + 1)2 + 2(ν + 1)k + k2 − 1)Jµν+k+2(z).

2. (ν + 1) Jµν+1(z) + µz d
dz
Jµν+1(z) = Jµν (z).

• Double series relation - Saxena and Nishimoto function:

∗Eγ,K,ρ,1[(αm, βm)1,2; z] =
∞
∑

i,j=0

1

(ρ)i+j

(−1)i

i! j!
∗Eγ,K,ρ+i+j,1[(αm, βm)1,2; z].

2.7 Bessel function family

In (2.1.5) replacing z by − z2

4
and multiplying the series by

(

z
2

)ξ
, one gets

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
; s, r

)

=
(z

2

)ξ
∞
∑

n=0

[(γ)δn]
s

Γ(αn+ β) [(λ)µn]r n!

(

−z
2

4

)

, (2.7.1)

in which α, β, γ, λ ∈ C, ℜ(α, β, γ, λ) > 0, ξ, δ, µ > 0, r, s ∈ N ∪ {0}.
For suitable choices of ξ, this gives Bessel function, generalized Bessel Maitland

function, Lommel function and Struve function.

(I) The Bessel function of first kind [24, Eq.(1.2.19), p.9]:

(r = 0, s = 0, α = 1, β = ν + 1 and ξ = ν)

Jν(z) =
∞
∑

n=0

(−1)n

n! Γ(1 + ν + n)

(z

2

)ν+2n

.

(II) The generalized Bessel-Maitland function [24, Eq.(1.7.9), p.19] :

(s = 0, r = 1, α = σ, β = ν + η + 1, µ = 1, λ = η + 1 and ξ = ν + 2η)

Jσν,η(z) =
∞
∑

n=0

(−1)n

Γ(ν + nσ + η + 1) Γ(n+ η + 1)

(z

2

)ν+2η+2n

.

(III) Lommel function [41, Eq.(1), p.217] :

(s = 1, r = 1, α = 1, β = 1
2
(η−ν+3), µ = 1, λ = 1

2
(η+ν+3), γ = 1, δ = 1
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and ξ = η + 1)

Sη,ν(z) =
zη+1

(η − ν + 1)(η + ν + 1)

×1F2

(

1; − z2

4
1
2
(η − ν + 3), 1

2
(η + ν + 3);

)

.

(IV) Struve function [41, Eq.(3), p.217] :

(s = 1, r = 1, α = 1, β = 3/2, µ = 1, λ = 3/2 + ν, γ = 1, δ = 1 and

ξ = ν + 1)

Hν(z) =
(z/2)ν+1

Γ(3/2)Γ(3/2 + ν)
1F2

(

1; − z2

4

3/2, 3/2 + ν;

)

.

All these functions are tabulated below as particular cases of (2.7.1).

Table-2

Function r s α β γ δ λ µ ξ

Bessel 0 0 1 ν + 1 - - - - ν

Generalized 1 0 σ ν + η + 1 - - η + 1 1 ν + 2η
Bessel-Maitland

Lommel 1 1 1 η−ν+3
2

1 1 η+ν+3
2

1 η + 1

Struve 1 1 1 3/2 1 1 3/2 + ν 1 ν + 1

2.7.1 Convergence

Theorem 2.7.1. The series represented by the function
(

z
2

)ξ
Eγ,δ
α,β,λ,µ

(

− z2

4
; s, r

)

converges for ℜ(α) + rµ− sδ + 1 > 0.

The proof of the above theorem is simillar to the proof of the Theorem 2.2.1

wherein one has to take

un,ξ =
(−1)n [(γ)δn]

s zξ

Γ(αn+ β) [(λ)µn]r 2ξ+2n n!
(2.7.2)

instead of un as given in (2.2.1). Hence the proof omitted.

Theorem 2.7.2. Let ℜ(α, β, γ, λ) > 0,ℜ(α)+rµ−sδ+1 > 0, δ, µ > 0, r, s ∈ N∪
{0}. Then

(

z
2

)ξ
Eγ,δ
α,β,λ,µ

(

− z2

4
; s, r

)

is an entire function of order ̺ = 1
ℜ(α)+rµ−sδ+1

and type σ = 1
̺

(

δsδ

4 {ℜ(α)}ℜ(α)µrµ

)̺

.



Chapter 2. Generalized Mittag-Leffler Function 51

Proof. It can be easily shown that the function given by (2.7.1) is an entire function

of order ̺ = 1
ℜ(α)+rµ−sδ+1

just as it is shown in Theorem 2.2.2 with the use of

(2.7.2).

The proof runs quite parallel hence not repeated.

Now, the type σ of the function (2.7.1) is given by

σ

(

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
; s, r

))

=
1

e ̺
lim
n→∞

sup
(

n |un,ξ|̺/n
)

. (2.7.3)

Here

|un,ξ| =

∣

∣

∣

∣

(−1)n [Γ(γ + δn)]s [Γ(λ)]r zξ

[Γ(γ)]s Γ(αn+ β) [Γ(λ+ µn)]r 2ξ+2n Γ(n+ 1)

∣

∣

∣

∣

∼
∣

∣

∣

∣

∣

(−1)n
(√

2πe−(γ+δn)(γ + δn)γ+δn−1/2
)s (√

2πe−γγγ−1/2
)−s

(√
2πe−(αn+β)(αn+ β)αn+β−1/2

)

×
(√

2πe−λλλ−1/2
)r

zξ
(√

2πe−(λ+µn)(λ+ µn)λ+µn−1/2
)r

2ξ+2n
(√

2πe−(n+1)(n+ 1)n+1−1/2
)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

1

2π

(−1)n eαn+β+rµn−sδn+n−1 (δn)s(γ+δn−1/2)

(αn)αn+β−1/2
(

1 + β
αn

)αn+β−1/2
γs(γ−1/2)

× λr(λ−1/2)
(

1 + γ
δn

)s(γ+δn−1/2)
zξ

(µn)r(λ+µn−1/2)
(

1 + λ
µn

)r(λ+µn−1/2)

2ξ+2n (n+ 1)n+1/2

∣

∣

∣

∣

∣

.

On substituting this on the right hand side of (2.2.4) and using (2.2.3), one gets

lim
n→∞

sup
(

n |un,ξ|̺/n
)

=

(

δsδ

4 {̺(ℜ(α)}ℜ(α) µrµ

)̺

eℜ(α)+rµ−sδ+1)

× lim
n→∞

n̺(sδ−ℜ(α)−rµ−1)+1.

This gives

σ

(

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
; s, r

))

=
1

̺

(

δsδ

4 {ℜ(α)}ℜ(α) µrµ

)̺

. (2.7.4)

For every positive ǫ, from the equation (1.2.15) the asymptotic estimate is given

by

∣

∣

∣

∣

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
; s, r

)∣

∣

∣

∣

< exp
(

(σ + ǫ) |z|2̺
)

, |z| ≥ r0 > 0. (2.7.5)
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2.7.2 Differential equation

The differential equation of (2.7.1) is derived with the help of the following oper-

ators.

θ = zD, Di =
di

dzi
,

δsδ

αα µrµ
= P,

θξf(z) = zξ/2f(z1/2) θ
(

z−ξ/2f(z1/2)
)

, D
i
ξf(z) = zξ/2−if(z1/2) Di

(

z−ξ/2f(z1/2)
)

,

Υ
(a,b;m)
ξ,j =

a−1
∏

j=0

[(

θξ +
b+ j

a
− 1

)]m

, ∆
(a,b;m)
ξ,j =

a−1
∏

j=0

[(

θξ +
b+ j

a

)]m

,

Θ
(a,b;m)
ξ,j =

a−1
∏

j=0

[(

−θ−ξ +
b+ j

a
− 1

)]m

(2.7.6)

and

ΩΥ
ξ,Θ = −4P−1

Dξ Θ
(δ,γ;−s)
ξ,m Υ

(µ,λ;r)
ξ,k Υ

(α,β;1)
ξ,j . (2.7.7)

It may be noted that the operators Θ
(δ,γ;−s)
ξ,m , Υ

(µ,λ;r)
ξ,k , Υ

(α,β;1)
ξ,j in (2.7.7) are not

commutative with the operator Dξ.

Theorem 2.7.3. Let α, µ, δ ∈ N then y
ξ
=
(

z
2

)ξ
Eγ,δ
α,β,λ,µ

(

− z2

4
; s, r

)

satisfies the

equation

[

Υ
(µ,λ;r)
ξ,k Υ

(α,β;1)
ξ,j θξ +

z2

4
P ∆

(δ,γ;s)
ξ,m

]

y
ξ
= 0. (2.7.8)

Proof. Here

y
ξ

=
∞
∑

n=0

(−1)n [(γ)δn]
s z2n+ξ

Γ(αn+ β) [(λ)µn]r 22n+ξ n!

=
1

Γ(β)

∞
∑

n=0

(−1)n [(γ)δn]
s z2n+ξ

(β)αn [(λ)µn]r 22n+ξ n!

=
1

Γ(β)

∞
∑

n=0

(−1)n δsδn[(γ
δ
)n]

s [(γ+1
δ
)n]

s...[(γ+δ−1
δ

)n]
s

ααn(β
α
)n (β+1

α
)n...(

β+α−1
α

)n



Chapter 2. Generalized Mittag-Leffler Function 53

× z2n+ξ

22n+ξ µrµn[(λ
µ
)n]r [(

λ+1
µ
)n]r...[(

λ+µ−1
µ

)n]r n!

=
1

Γ(β)

∞
∑

n=0

(−1)n P n

22n+ξ

δ−1
∏

m=0

[(γ+m
δ

)n]
s z2n+ξ

{

α−1
∏

j=0

(β+j
α
)n

}

{

µ−1
∏

k=0

[(λ+k
µ
)n]r
}

n!

. (2.7.9)

By using (2.2.10), the equation (2.7.1) takes the form

y
ξ
=

∞
∑

n=0

(−1)n An P
n z2n+ξ

22n+ξ Bn Cn n!
.

Now,

θξ yξ
=

∞
∑

n=0

(−1)n An P
n

22n+ξ Bn Cn n!
θξ z

2n+ξ

=
∞
∑

n=0

(−1)n An P
n

22n+ξ Bn Cn n!
zξ/2zn+ξ/2θ

(

z−ξ/2zn+ξ/2
)

=
∞
∑

n=0

(−1)n An P
n

22n+ξ Bn Cn n!
zξ/2zn+ξ/2θzn

=
∞
∑

n=1

(−1)n An P
n z2n+ξ

22n+ξ Bn Cn (n− 1)!
.

Further,

Υ
(α,β;1)
ξ,j θξ yξ

=
∞
∑

n=1

(−1)n An P
n

22n+ξ Bn Cn (n− 1)!

α−1
∏

j=0

(

θξ +
β + j

α
− 1

)

z2n+ξ

=
∞
∑

n=1

(−1)n An P
n

22n+ξ Bn Cn (n− 1)!

α−1
∏

j=0

(

n+
β + j

α
− 1

)

z2n+ξ

=
∞
∑

n=1

(−1)n An P
n

22n+ξ Bn−1 Cn

z2n+ξ

(n− 1)!
.

Finally,

Υ
(µ,λ;r)
ξ,k Υ

(α,β;1)
ξ,j θξ yξ

=
∞
∑

n=1

(−1)n An P
n

22n+ξ Bn−1 Cn (n− 1)!

µ−1
∏

k=0

[(

θξ +
λ+ k

µ
− 1

)]r

z2n+ξ

=
∞
∑

n=1

(−1)n An P
n

22n+ξ Bn−1 Cn (n− 1)!

µ−1
∏

k=0

[(

n+
λ+ k

µ
− 1

)]r

z2n+ξ
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=
∞
∑

n=1

(−1)n An P
n

22n+ξ Bn−1 Cn−1

z2n+ξ

(n− 1)!
.

Thus,

Υ
(µ,λ;r)
ξ,k Υ

(α,β;1)
ξ,j θξ yξ

=
∞
∑

n=0

(−1)n+1An+1 P
n+1 z2(n+1)+ξ

22(n+1)+ξ Bn Cn n!
. (2.7.10)

On the other hand,

∆
(δ,γ;s)
ξ,m y

ξ
=

∞
∑

n=0

(−1)n An P
n

22n+ξ Bn Cn n!

δ−1
∏

m=0

[(

θξ +
γ +m

δ

)]s

z2n+ξ

=
∞
∑

n=0

(−1)n An P
n

22n+ξ Bn Cn n!

δ−1
∏

m=0

[(

n+
γ +m

δ

)]s ]

z2n+ξ

=
∞
∑

n=0

(−1)n An+1 P
n z2n+ξ

22n+ξ Bn Cn n!
,

hence

−z2
4

P ∆
(δ,γ;s)
ξ,m y

ξ
=

∞
∑

n=0

(−1)n+1 An+1 P
n+1 z2(n+1)+ξ

22(n+1)+ξ Bn Cn n!
. (2.7.11)

On comparing (2.7.10) and (2.7.11), one finds (2.7.8).

Note 2.7.1. The equation (2.7.8) with ξ = ν, ν + 2η, η + 1, ν + 1 reduces to the

particular differential equation for the Bessel, Bessel Maitland, Lommel and Struve

functions, respectively.

2.7.3 Eigen function property

Theorem 2.7.4. For α, µ, δ ∈ N,
(

z
2

)ξ
Eγ,δ
α,β,λ,µ

(

− z2

4
; s, r

)

is an eigen function

with respect to the operator ΩΥ
ξ,Θ as defined in (2.7.7).

That is,

ΩΥ
ξ,Θ

(

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−ζ z
2

4
; s, r

))

= ζ
(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−ζ z
2

4
; s, r

)

. (2.7.12)

Proof. Take

w
ξ

=
(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−ζ z
2

4
; s, r

)
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=
∞
∑

n=0

(−1)n An (ζP )n z2n+ξ

22n+ξ Bn Cn n!
,

Now,

Υ
(α,β;1)
ξ,j w

ξ
=

∞
∑

n=0

(−1)n An (ζP )n

22n+ξ Bn Cn n!

α−1
∏

j=0

(

θξ +
β + j

α
− 1

)

z2n+ξ

=
∞
∑

n=0

(−1)n An (ζP )n

22n+ξ Bn Cn n!

α−1
∏

j=0

(

n+
β + j

α
− 1

)

z2n+ξ

=
∞
∑

n=0

(−1)n An (ζP )n z2n+ξ

22n+ξ Bn−1 Cn n!
,

and

Υ
(µ,λ;r)
ξ,k Υ

(α,β;1)
ξ,j w

ξ
=

∞
∑

n=0

(−1)n An (ζP )n

22n+ξ Bn−1 Cn n!

µ−1
∏

k=0

[(

θξ +
λ+ k

µ
− 1

)]r

z2n+ξ

=
∞
∑

n=0

(−1)n An (ζP )n

22n+ξ Bn−1 Cn n!

µ−1
∏

k=0

[(

n+
λ+ k

µ
− 1

)]r

z2n+ξ

=
∞
∑

n=0

(−1)n An (ζP )n z2n+ξ

22n+ξ Bn−1 Cn−1 n!
.

Now using (2.7.6),

Θ
(δ,γ;−s)
ξ,m Υ

(µ,λ;r)
ξ,k Υ

(α,β;1)
ξ,j w

ξ
=

∞
∑

n=0

(−1)n An (ζP )n

22n+ξ Bn−1 Cn−1 n!
Θ

(δ,γ;−s)
ξ,m z2n+ξ

=
∞
∑

n=0

(−1)n An (ζP )n

22n+ξ Bn−1 Cn−1 n!

×
δ−1
∏

m=0

[(

−θ−ξ +
γ +m

δ
− 1

)]−s

z2n+ξ

=
∞
∑

n=0

(−1)n An (ζP )n

22n+ξ Bn−1 Cn−1 n!

×
δ−1
∏

m=0

[(

n+
γ +m

δ
− 1

)]−s

z2n+ξ

=
∞
∑

n=0

(−1)n An−1 (ζP )n z2n+ξ

22n+ξ Bn−1 Cn−1 n!
.
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Finally,

ΩΥ
ξ,Θ w

ξ
= −4 P−1

Dξ Θ
(δ,γ;−s)
ξ,m Υ

(µ,λ;r)
ξ,k Υ

(α,β;1)
ξ,j w

ξ

=
∞
∑

n=0

(−1)n−1 An−1 ζ
n P n−1

22(n−1)+ξ Bn−1 Cn−1 n!
D

1
ξ z

2n+ξ

=
∞
∑

n=1

(−1)n−1 An−1 ζ
n P n−1 z2(n−1)+ξ

22(n−1)+ξ Bn−1 Cn−1 (n− 1)!

=
∞
∑

n=0

(−1)n An ζ
n+1 P n z2n+ξ

22n+ξ Bn Cn n!

= ζ

∞
∑

n=0

(−1)n An ζ
n P n z2n+ξ

22n+ξ Bn Cn n!

= ζ
(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−ζ z
2

4
; s, r

)

.

2.7.4 Mellin - Barnes integral representation

Theorem 2.7.5. Let α, δ, µ > 0; β, γ, λ ∈ C, with ℜ(β, γ, λ) > 0. Then the func-

tion
(

z
2

)ξ
Eγ,δ
α,β,λ,µ

(

− z2

4
; s, r

)

is expressible as the Mellin - Barnes integral given

by

(z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−z
2

4
; s, r

)

=
[Γ(λ)]r

(

z
2

)ξ

2πi [Γ(γ)]s

∫

L

Γ(S) Γ(1− S)

Γ(β − αS) [Γ(λ− µS)]r

× [Γ(γ − δS)]s z−2S

2−2S Γ(1− S)
dS, (2.7.13)

where |argz| < π; the contour L of integration begins from −i∞ and proceeds

towards +i∞, and is indented to keep the poles of integrand at S = −n to the left;

and the poles at S = (γ + n)/δ to the right of the path, for all n ∈ N0.

The proof of the Theorem 2.7.5 is similar to that of the Theorem 2.2.5, hence

it is omitted.
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2.7.5 Mixed relations

Theorem 2.7.6. For α, β, γ, λ ∈ C, k ∈ N, ℜ(α, β, γ, λ) > 0, δ, µ > 0, we

get

(z

2

)ξ
(

Eγ,δ
α,β+k,λ,µ

(

−z
2

4
; s, r

)

− Eγ,δ
α,β+k+1,λ,µ

(

−z
2

4
; s, r

))

= α2z4 D
2
ξ

(

(z

2

)ξ

Eγ,δ
α,β+k+2,λ,µ

(

−z
2

4
; s, r

))

+αz2 [α + 2(β + k)] Dξ

(

(z

2

)ξ

Eγ,δ
α,β+k+2,λ,µ

(

−z
2

4
; s, r

))

+ (β2 + 2βk + k2 − 1)
(z

2

)ξ

Eγ,δ
α,β+k+2,λ,µ

(

−z
2

4
; s, r

)

. (2.7.14)

The proof of the Theorem 2.7.6 just differing in operator, runs parallel to

that of Theorem 2.2.6, hence it is omitted.

Theorem 2.7.7. For α, β, γ, λ ∈ C;ℜ(α, β, γ, λ) > 0 and δ, µ > 0, the differential

recurrence relation

β
(z

2

)ξ

Eγ,δ
α, β+1, λ, µ

(

−z
2

4
; s, r

)

+ αz2 ξD
1
(z

2

)ξ

Eγ,δ
α, β+1, λ, µ

(

−z
2

4
; s, r

)

=
(z

2

)ξ

Eγ,δ
α, β, λ, µ

(

−z
2

4
; s, r

)

holds.

The proof of the Theorem 2.7.7 again differing just in operator, hence not

given.

2.7.6 Double series representation

The double series representation of (2.7.1) with

un,ξ =
(−1)n [(γ)δn]

s

22n+ξ Γ(αn+ β) [(λ)µn]r n!
.

and

(z

2

)ξ
∗Eγ,δ,ρ

α,β,λ,µ

(

−z
2

4
; s, r

)

=
∞
∑

n=0

un,ξ (ρ)n z
2n+ξ, ℜ(α) + rµ− sδ > 0
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is stated as

Theorem 2.7.8. The function

(z

2

)ξ
∗Eγ,δ,ρ

α,β,λ,µ

(

−z
2

4
; s, r

)

=
∞
∑

i,j=0

1

(i+ j)ρ

(−1)i

i! j!

(z

2

)ξ
∗Eγ,δ,ρ+i+j

α,β,λ,µ

(

−z
2

4
; s, r

)

.

The proof runs parallel to the proof of Theorem 2.2.9.

2.8 Special cases

The special cases of above obtained properties are illustrated by taking one special

case from Table-2, section 2.7 for each property.

• Contour integral - Generalized Bessel-Maitland function:

Jσν,η(z) =
Γ(η + 1)

(

z
2

)ν+2η

2πi

∫

L

Γ(S) Γ(1− S)

Γ(ν + η + 1− σS) Γ(η + 1− S)

× z−2S

2−2S Γ(1− S)
dS.

• Differential equation - Bessel function:

[

Υ
(1,ν+1;1)
ν,j θν +

z2

4

]

Jν(z) = 0.

• Eigen function Property - Bessel Function:

−4Dν Υ
(1,ν+1;1)
ν,j Jν(ζz) = ζ Jν(ζz).

• Mixed relations - Lommel function:

1.
(

z
2

)η+1
(

E1,1

1, η−ν+3
2

+k, η+ν+3
2

,1

(

− z2

4
; 1, 1

)

− E1,1

1, η−ν+3
2

+k+1, η+ν+3
2

,1

(

− z2

4
; 1, 1

))

= z4 D2
η+1

(

(

z
2

)η+1
E1,1

1, η−ν+3
2

+k+2, η+ν+3
2

,1

(

− z2

4
; 1, 1

))

+z2
[

1 + 2
(

η−ν+3
2

+ k
)]

×Dη+1

(

(

z
2

)η+1
E1,1

1, η−ν+3
2

+k+2, η+ν+3
2

,1

(

− z2

4
; 1, 1

))

+
(

(

η−ν+3
2

)2
+ 2η−ν+3

2
k + k2 − 1

)
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×
(

z
2

)η+1
E1,1

1, η−ν+3
2

+k+2, η+ν+3
2

,1

(

− z2

4
; 1, 1

)

.

2. η−ν+3
2

(

z
2

)η+1
E1,1

1, η−ν+3
2

+1, η+ν+3
2

,1

(

− z2

4
; 1, 1

)

+ αz2 Dν

(

z
2

)η+1
E1,1

1, η−ν+3
2

+1, η+ν+3
2

,1

(

− z2

4
; 1, 1

)

=
(

z
2

)η+1
E1,1

1, η−ν+3
2

, η+ν+3
2

,1

(

− z2

4
; 1, 1

)

.

• Double Series relation - Sturve function:

(z

2

)ν+1
∗E1,1,ρ

1,3/2,3/2+ν,1

(

−z
2

4
; 1, 1

)

=
∞
∑

i,j=0

1

(ρ)i+j

(−1)i

i! j!

(z

2

)ν+1
∗E1,1,ρ+i+j

1,3/2,3/2+ν,1

(

−z
2

4
; 1, 1

)

.

(A piece of the content of this work has been published in the journal-

“Advances in Pure Mathematics, 2013, 3, 127-137,” in“Palestine Journal of Math-

ematics, 2014, 3(1), 94-98 ” and is accepted in “The Mathematics Student” for

publication)
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