Chapter 2

The /-Hypergeometric function

2.1 Introduction

In this chapter, a function representing a rapidly convergent power series is pro-

posed which extends the well-known confluent hypergeometric function | F[z] (1.5)

as well as the integral function f(z) = 3 Z- (1.8) considered by P. C. Sikkema

nln

[49]. With the aid of newly defined diffgr_elntial operators, an infinite order differ-
ential equations is obtained, for which these new special functions are the eigen
functions.

At first place, some properties are established, as the order zero of these entire (in-
tegral) functions, integral representations, differential equations involving a kind
of hyper-Bessel type operators of infinite order.

In the following a new class of special functions is defined which is suggested by

the power series representations (1.5) and (1.8).

Definition 2.1. For z € C, define the /-Hypergeometric function as

1| & < _ Lip. ) — N (@)n 2"
1Hl[b; (c:0); ] = () Z(b)n (c)ir !’ (2.1)

n=0

where (@), = %, a,l € C with R(¢) > 0, and b,c € C\ {0,—-1,-2,...}.
Here ‘a’ is the numerator parameter,'d’ is denominator parameter as usual and ‘¢’
is regarded as the “/-denominator” parameter.

The function defined here will be referred to as ¢-H function: ; H{ (¢ : z) throughout

the work.
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Remark 2.2. Tt is easy to see that
gl 2l p|® 2
b (e 0y e |
Throughout the chapter,
(@)n _
(b)n () nl 7
so that
a; z -
H| 7 = n 2" 2.2
L P S o 22

2.2 Main Results

2.2.1 Convergence

The series in (2.1) is convergent for all z € C which is proved in the following

theorem.

Theorem 2.3. If R(¢) >0 and R (¢l — £ +1) > 0, then the (-H function 1H{(( :

z) is an entire function of z.

Proof. Using the Cauchy-Hadamard formula:

1 ) .
7 = Jmsup Vel

one gets
1
1 , =  (a)n |"
— =1 —
R g
1 1
T n n
~ i sup ) |" |T(a+n) " ING) 1 .
n—o0 [(a)| |T(b+n) [(c+n) Cw(n+1)

Now applying the Stirling’s asymptotic formula [18] for large n , given by

T(a+n) ~ V2re @ (o 4 n)letn=1/2),

(2.3)
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with o = a, b, ¢, 1 in turn, one obtains

n

1
n

o 67(a+n) (a_f_n)aJrnfl/Z
o e—(b+n) (b_i_n)bJrnfl/Q

1

|~
9
)

X
le=(e4m) (¢ n)etn=1/2[M0 | \/o o=+ (n 4 1)n+1—1/2|%
F(C) %(Z) 1 1 <€>Zn
= im su —
\/ 21 n—00 P an*ngl n
= 0,
provided that R(¢) > 0 and R (c/ — £ +1) > 0. O
Remark 2.4. 1. The series > ¢, 2" thus converges uniformly, in any compact
subset of C.

2. Tt may be seen that the proposed new class of functions (2.1) preserves the

entire function property of the confluent hypergeometric function (1.5).

2.2.2 Order of ¢-H function 1H{((: 2)

Theorem 2.5. If the conditions stated in Theorem 2.3 hold, then the ¢-H function

VH1(0: 2) is an entire function of order zero.

Proof. Tt is known that [8, 40] if f(z) = > a,2" is an entire function then the
n=0

order p(f) of f is given by

p(f) = lim sup lnﬁzr I (2.4)
Now from (2.2),
ot = [(a)T(b+n) T (c+n) T(n+1)
T'(b) T(a +n) I (c)
Hence,
Inlg,|™t = |InC(a) — InT(b) + In(D(b + n)) + €n In(I(c + n))

+In(T'(n+1)) —In(l'(a +n)) — n In(I(c))|.
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Since
1 1
Inl(r) ~ <r — 5) Inr —r—+ §ln\/27r
for large r,

In|p,|™" < [InT(a)—InT(b)|
1 1
+ (b+n—§> ln(b+n)—(b+n)+§ln\/27r

+ |en [(c—l—n—%) ln(c—i-n)—(c—i-n)—l—%ln\/%]

1 1
+ (n+1—§) 1n(n+1)—(n+1)—l—§ln\/27r

+ [¢n(InT'(c))|

(2.5)

1 1
+ (a+n—§) ln(a+n)+(a+n)—§1n\/27r :

But since

. In ‘Son’_l
hm _—
n—oo minn

is unbounded as n increases without bound, it follows from (2.4) and (2.5) that
a; z nlnn
Hi| = lim ————— =0.
p<1 1 [ b’ (06)’ ]) n—oo ln|g0n‘_1

Remark 2.6. 1t is proved that [4, Theorem 1.1] “If f is entire and p(f) is finite

and is not equal to a positive integer, then f has infinitely many zeros or it is a

]

polynomial.” From this it follows that the ¢-H function ; H{ (¢ : z) has infinitely

many zeros.

2.2.3 Integral Representation

The integral representation occurs by routine calculations [46, Ch. 7, Eq. 9,

p.124]; which is as obtained below.

Theorem 2.7. With R(b) > R(a) > 0,¢,b#0,—1,..., and R (¢l — £ +1) >0,

1| & < _ I'(b) / a—1/1 _ p\b—a—1
1H1 [ b; (Clg); ] o F(a) F(b—a)o/t (1 t)



Chapter 2. The ¢-Hypergeometric function 22
x Hll_; Zt]dt (2.6)
UL (e | |
Proof. Consider
(a)n _ Ia+n) L) [(b-—a)
(O)n ['(a) T(b+n)T'(b—a)
B I'(b) I'(a4+n) I'(b—a)
~ T(b—a) I(a) I'(b+n)
_ I'(b)
= 0 a) F(OL)B(a—i—n,b—a)
M) [y gy
= 0 T@ /t (1—1) dt.
So that
il
by (c:0);
= (@) 2"
B nz:; (O ()t !
. I'(b) / at+n—1 ba1_ 2"
= [t e g
LS T [y e GO
" 2T ) / T
_ I'(b) / a—1 b—a—1 gyl | 2t
= Trp=a r a0 [ S ey ]d’f
O

Remark 2.8. When ¢ = 0, the theorem reduced to the integral representation of

the confluent hypergeometric function [46, Ch.4, p.47] as stated in Theorem 1.6.

2.2.4 Differential Equation

The differential equation of the ¢-H function | H; (¢ : z) is derived with the aid of

the following operator.
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Definition 2.9. Let f(z) = Y a,2",0# 2 € C, p e NU{0} and o € C. Define

M) = 4 e m U P ER o
f( ), if p=0

where 0 is the Euler differential operator zd% and

O+a) =0+a)0+a)...(0+ )

Vv
r times

is a special case of the hyper-Bessel differential operators B which has the following
form (see e.g. [33, 34, 36]).

B=z"Dz*D .-zt Dx m— (g + a1+ -+ ay) >0, (2.8)

where m € N, 0 < x < o0 and ag, aq,...,q,, € R.

In this notation, the following theorem proves the differential equation.

Theorem 2.10. For ¢ € NU {0},a,z € C, and b,c € C/{0,—1,-2,...}, the

function w = | H;} Z; 0 satisfies the differential equation
p (e 0);
{{eA2}{0+b—1}0—2(0+a)}w=0, (2.9)

where the operator (AY is as defined in (2.7).

Since the operator defined by (2.7) involves the infinite series, its applicability is
subject to the convergence of the series with the general term ¢,, f,,(a,b, ¢, (; z), n >

0. This is proved in the following lemma.

Lemma 2.11. If ¢ € NU{0} then w = (H; [ Z; = Z 02" and

> (e 0);
({AZ}{0+b—1}0)w = Z fala,b,c,l;2), then ({,A%} {0 +b—1}0) is appli-
cable to the (-H function 1H (6 z) provided that

> ¢n fala,b e b;2)
n=0

is convergent (cf. [49, Definition 11, p.20]).
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Proof. Let

wle}[Zf - ] > e T =St
’ ) nO

then

{aH{0+0-1}0tw = {eﬁi}{9+b—1}9<§: <) enn;>

n=0

o0

_ {mg}{e+b—1}<z iag an)!>

n

B i [~ (@), (m+b—1)z
= A (Z B @ (1) )

n=1

v (@a (@py Ote—1)2n
-2 (O)n— ()7 (n—1)! '

Now

@+c—-1)"z2 = O+c—1)(O+c—1)...(0+c—1)z

TV
{ times

= (I+ec—1)"z
O+c—1)* 22 = £9+c—1)(9—|—c—1)...(9—|—c—1)22

~~
20 times

= (O+c=1)0+c—-1)...(0+c—1)(0+c—1) 2

20—1 times
= 2+c—-1D@+c—1)O0+c—1)...(0+c—1)2"

~
20—1 times

= =24 c—1)* 22
In general,
@+c—1)"2"=n+c—1" 2" neN (2.10)

Hence

aprb-tobe = 2 5 Taw @y
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G (a)n <
— Z By (@ (= T) (2.11)

- et

To complete the proof of the lemma it suffices to show that

o0 n+1

- o CL n n+1 Z
g(pn fn<a7 b7 C7€ Z - b% 2@77, n|)

n=

is convergent.
Put

gn:

(a)y (a+n) 2" T*(b) T*(a+n) (a+n) T*(c) 2"
)i

B2 ()2 ()2~ T2(a) T2(b+n) T2(c+n) T2(n+ 1)

n

Now applying the Stirling’s asymptotic formula for large n given in (2.3), one gets

. F2(b) % ‘6 (a+n)(a+n)a+n—f /271'
) (0+n) (b 4 p)oHn—3 2| "
o+t |T2(0)] [
X
2R(L) ] 2
‘ —(c+n) (C + n)chn \/%‘ ’67(n+1)(n + 1)n+175\/%
Hence,
, 1 _ I'(c)|* 1 e |2nf
lim sup [§u[» ~ lim sup Nt || 2]
= 0,
when R (2¢f — £ +2) > 0. O
Proof. (of Theorem 2.10) From (2.12),
6 — (@ni 2
{{ZAC} {(0+0b— 1)}9} wo = Z ®)n (@O 7l
n=0 n n '
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which gives (2.9). O

Remark 2.12. It is noteworthy that when ¢ = 0, the differential equation (2.9)
reduces to the form
[(0+b—1)0—z2(0+a)]w=0

which is the differential equation satisfied by w = 1Fi[z], as stated in Theorem
1.4.

2.2.5 Eigen Function Property

To obtain the ¢(-H function ; H{ (¢ : z) as the eigen function, one more operator is
needed. This is defined below.
Definition 2.13. Let f(z) = i a2, |z| < R,z # 0,R > 0 and R(a) > 0 .
Define =

AP = [l (7 A+ 13 0] (F(2),  (213)
where the operator ,A? is as defined in (2.7) and

z

L(f(2)) = 2@ / 1= £(£)dt. (2.14)

0

Theorem 2.14. If ¢ € NU{0} and R(a) > 0, then the (-H function H{(( : z) is
the eigen function with respect to the operator aHl(chz) defined in (2.13). That is,

: ; A ;
aHl(yc.g) 1-[_-[11 a’ - - /\ 1]—111 a’ : I )‘ € (C (215)
b; (c:0); by (c:0);

Proof. The applicability of this operator to the ¢-H function ;H} (¢ : z) follows
from the Lemma 2.11.
It may be noted that for z # 0,

H(c:f) 1H1 a; Az
o FLb (e 0

— [[a{zl ({ZAg}{(Ger— 1)}0 Z%w) H :

n
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In view of (2.11),

= L {2_1 nzl (b):\nl (32”-3 <nz—nl>'] }
e
_ nf; o (Ac;lﬁff?"(n_ 1)!Z—a0/ta—1t”‘1dt
B i <b>n_1A <(>”<n 1)l L”‘ J

- ; (b)nxj Ez)fg‘_} ?:— 1)!

Remark 2.15. If 2z is zero then )\ must be zero.

2.3 The ¢-H function s H({ : 2)

By considering one more numerator parameter and one more ¢-denominator pa-

rameter, the function ; H{ (¢ : z) admits a mild extension in the form:

5 | a1, ag; 2 2. N - (a1)n (a2)n i
2H1[ b (e 6) ]_ﬁl““)‘ 2 B et (et 10

n=0
with R(¢) >0, z,a1,a9 € C and b,¢1,c0 € C\ {0,—1,-2,...}.

Its properties occur in a straight forward manner which are as listed below.

Theorem 2.16. If R({) > 0 and R(c; +co—1)¢ > 0, then the (-H function

(2.16) is an entire function of z.

Theorem 2.17. If the conditions stated in Theorem 2.16 hold, then the (-H func-

tion (2.16) is an entire function of order zero.
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Hence from Remark 2.6, the function , HZ(¢ : z) has infinitely many zeros.

Theorem 2.18. With R(b) > R(ay) > 0, b,c1,00 #0,—1,..., R >0 and
%((Cl + co — 1)4) > 0,

; I'(b) _ o
H2 ai, az; /tal 1 1—t¢ b—ai—1

z
c1,Co 0 0); ] ~ D(a) T(b—ay

: t
X 1H§ @ : dt.
- (01,02 : 5);

Theorem 2.19. For { € NU{0},a1,a2,z € C, and b,c1,co € C/{0,—1,-2,...},
ay, Az,

b; (01, (& f);

the function w = oH? satisfies the differential equation

(L0 AL} (045130~ 20+ )8+ an)}w =0,

where the operator (A is as defined in (2.7).

Theorem 2.20. If ¢ € NU{0} and R(ay,a2) > 0, then the function H(( : 2) is

the eigen function with respect to the operator (al,@)?—[l(fl’cg:e) where
@an ) = (L, Ly (271 A% A2} {0 +b—1} 6)]. (2.17)

That s, for A € C,

: , Q2; A , Q2]
(al,aQ)Hl()chcz.f) 2H12 ay, ag z _ )\ 2H12 ai, ag V4 ‘
b, (c1,¢0:0); by (c1,¢0:0);
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