Chapter 3

The ¢-(-V hypergeometric

functions

3.1 Introduction

This chapter deals with a rapidly convergent power series which generalizes the
basic hypergeometric functions ;¢;[z] and 9¢1[2] together with the g-analogue of
Sikkema’s function (1.15). For this generalized function, the difference equations,
eigen function properties and the contiguous functions relations are derived.

In the definition of the generalized basic hypergeometric series (1.11) if

r = s = 1 then the reduced function takes the form

a g 2| :
1¢1[b; ] - & ()

which is an entire function of z where b € C\ {0,—1,-2,...}.

NE

Now as defined in Chapter 1, the ¢g-form of the Sikkema’s function (1.15) suggest

an extension of (3.1) as follows.

Definition 3.1. For0 < ¢ < 1, ®(¢) >0, a,z € C,and b,c € C\{0,—1,-2,...},
define the function ¥ by

RRE G2 gl = 2 (a59), (~1)" q(3) 2m
M[b; 0 ]_ D= g e 2

= (b; (¢ @)n

This function will be referred to as ¢-¢-¥ hypergeometric function and in brief,

the ¢-(-¥ function ;Wi(¢ : 2). Also ‘@’ and ‘D’ as numerator and denominator
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parameters respectively while ‘¢’ is an /-denominator parameter.
As g — 1, this ¢g-¢-¥ function ;¥{(¢ : 2) approaches to ordinary analogue, namely
the ¢(-Hypergeometric function (2.1):

e 2] L & @
1Hl[b; (c:0); ] B Z(b)n (c)frnl”

n=0

3.2 Main Results

In this section, certain properties of ¢-(-¥ function ;¥{(¢ : z) (3.2) are obtained
namely, a difference equation of infinite order, an eigen function property and the
contiguous function relations. But first the convergence behavior of the series. For
the sake of brevity, throughout this chapter the coefficient of 2™ in (3.2) will be
abbreviated as &,, that is,

() (-1 ®)
;) (D) (G5 @)n "

3.2.1 Convergence

The absolute convergence of series in (3.2) is however evident due to the presence
of the factor q(g), yet it will be shown that the series indeed represents the entire

function.

Theorem 3.2. If 0 < g < 1, R(¢) > 0 then q-0-V function 1¥]({ : 2)is an entire

function of z.
Proof. In view of the formula
(1—q)" (3.3)

(a;q)n =

the n' root of the coefficient &, is given by

Ea|7 = ‘ (a;q)n " V/2 |7
" (b5 9)n (c; )2 (4:9)n
1 1
‘Fq(b) | Tyla+n) |7 |Tyle) (1 —q) M =072 (1 - 9"
Ly(a)| |Ty(b+n) Iy(c+n) Fq’%(n 4 1)’
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Here applying the Stirling’s formula of ¢-Gamma function [41, Eq.(2.25), p.482]:

1 -
Ly(=) ~ (1+4)3 T (5) (1) e, for large |2, 0<8<1, (3.4)
one finds
z 1 1 _6.¢%t" |m
1 T b)) |* |(1+¢)2 T2 (3) (1 —g)z~ @t eia—a®n
(D1 (1493 T (2) (1= g ere
Té(e) (1— )"
X

0 qc+n ER(Z)

(14} Ty (1) (1= 3o o755

g2 (1—¢)!

0 qn+1 n

(1+q)} Ty (1) (1 — q)3~(#D) eoaame

for large n. Finally, using the Cauchy-Hadamard formula, one arrives at

1 - i
7 = Jim sup Y/

¢
Do) (=) (n—1)/2
= lim | ¢
n—00 (]_ + q)2 qu (5)
= O,
provided R(¢) > 0 and 0 < ¢ < 1. O

Remark 3.3. If ¢ = 0 then the ¢-¢-¥ function ;¥{(¢ : z) reduces to the basic
hypergeometric function ;¢4 (a; b; q; z), z € C.

3.2.2 ¢-Difference Equation

The differential equation of the ¢-¢-¥ function ;W] (¢ : z) occurs for £ € N U {0},

which is obtained by using the following operator.
Definition 3.4. Let f(2) = Y an, 2", 0# 2 € C, p € NU{0} and a € C. Define
n=1

0 a a: ﬁ, a—1 6. — a—1 + 1)pm Zn’ ifpeN
pquf(Z) _ ngl q ( Q) 1 (q q q ) D ’ (35)

f(Z), if p=0
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where the difference operator ¢, is defined by

6,f(2) = £(2) = f(zq). (5.6)

Note 3.5. It may be noted that the operator (¢°' 6, — ¢*~* + 1)P" is a q-form of
hyper-Bessel differential operators given in (2.8).

The operator defined in (3.5) indeed helps in constructing an infinite order

difference operator as given below.

Definition 3.6. Let f(2) = > an, 2", 0# 2 € C, p e NU{0} and «, 5 € C.
n=1
Define the operator

oA () = [{ A {7710, — " + 110, (—q) f (g) (3.7)

where pAZq is as defined in (3.5).

Note 3.7. The operators pAgf‘ and 8, do not commute.

By means of this operator, the difference equation of the ¢-¢-¥ function

1W1(£: 2) is obtained as stated in the following theorem.

Theorem 3.8. For ¢ € NU {0},a,z € C, and b,c € C\ {0,—1,-2,...}, the
a; q; <

by (c:0);

function w = V1 satisfies the q-difference equation

[ b/\?ig) —2(q"8, — ¢" + 1)} w =0, (3.8)
where the operator bAi‘;’p) is as defined in (3.7).

Unlike the finite order operators that act on operand in straightforward
manner, here the operator (3.5) acts on w subject to a condition which is stated

and proved here as

Lemma 3.9. If{ e NU{0},a,2€ C, b,ce C\ {0,—-1,-2,...}, and

a; q; z >
w= 97| ’ =) & 2"
n=0

b; (c:0);
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then the operator bAfZ:Z) w =Y fogla,b, (c : 0);2) is applicable to the q-C-V
n=0

function 1Ui(¢ : 2) provided that the series
> & faglab,(c:0);2)
n=0

converges (cf. [49, Definition 11, p.20]).

Proof. Put

= An, (3.9)
then
A = [0} 10— s 1h) St o (2)
n=0

— [{Zqu} {qbfleq - qbfl

n

= LA e A
- A (- S A

= {,Al (2" = 2"¢") = 2"(¢" 1 = 1))
— qb—l—n—l) P
= > G @ (g (710 +1)" 2

Now observing that for n=1,

(qcfleq _qcfl + 1)5
= (@ -+ )T (e (L))
_ (qc—le - c—1+1)f 1 _qc+1—1) 5
= = (1- e 2,
<qc—10q ¢ 1+1) 52
_ (qc—19q_qc—1+1)2f—1 (qc—1(22 —z2q2) —1—22(1 _qc—l))
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= (qcflgq — ¢+ 1)25—1 (1 — g>+e ) 22
— = (1 ey,
and in general for n € N,
(qc—leq _qc—l + 1)@71 S — (1 qn+c 1)€ Zn, (310)
one further gets
— An (69)5-
A9q w = n \"4/n-1 1 _qb+n—1 1 _qn+c—1 In P
bt (e
(o0 ; @t | ) )
* . —1)nt1 (n—1)(n—2)/2
_ Z ((L Q) ( ) Zn e Z (311)
= (e (695 (6D
— Zgn (1—aq™) 2" (3.12)
n=0

= D fuglab (e 0:2) (say).

To complete the proof of lemma, it suffices to show that the series

anfnqab c:0);

n=0

is convergent. For that, take &, f,,(a,b,(c:{);z)

-yl

n=0

1 —aq ) ( 1)77, n(n—1)/2 ot

|Mn| = |£n fTL#J(avb’ (C : E)’ Z)|

(a;9)2 (1 -

Can) (_1)nqn(n—l)/2 ntl

(5:0)2 (c; )%™ (q;9)%

= W, then

Hence in view of (3.3),

(5;9)2 (c;0)% (q;9)2

bl = ‘(ri

qﬁff;)zch

y qn n—1) /2
qo(n + 1
~ FQ(b> ’1—\2571( ) n+1‘
['y(a) !

(b) (1 - q)”)2 (Fq(c) (1- q>_n>2en

Ly(b+n)

(1 -+ Q)% qu (

Q)_1>2 (1= ag") 21

I'y(c+n)

a+n

2

) (1 —g)2—o o

(1 + Q)% qu (

1
2
1
2

b+n

)(1—Q)Wb n
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qn(nfl) (1 _ q)72€n2

ctn 2nd
(14q)7 Tpe (3) (1 —g)ze o e
y (1 —ag")] (1—¢q)2
gnt1 2"
(1+q)7 T (3) (1 — gz s

Therefore,
1
o e e
Al i, 2 (1 ot
[+ )| T2 (5)| (1~ q)—2]
= 0
whenever £ € NU{0} as 0 < ¢ < 1. O

Proof. (of Theorem 3.8) From (3.12),
Aigw = D & (1-ag) ="
n=0
_ ZZ &n <qazn_qaznqn_qazn+zn>
n=0
- ZZ &n (@70, —q"+ 1) 2
= 2z (¢"6,—¢"+1) w

Thus the equation (3.8) follows. O

3.2.3 Eigen function property

In order to obtain the ¢-¢-¥ function ;Wi(¢ : z) as an eigen function, yet another

operator is required to be defined. This is given as

Definition 3.10. Let f(2) = > anq 2", |2| < R,z # 0,R > 0 and a € C with
n=1
R(«) > 0. Define

-«

I, (2*7'f(2)) (3.13)
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where the g-integral of the function is given by [23, Eq.(1.11.1), p.19]
= /f(t)dqt =z (1-q))_ f(zq") ¢" (3.14)
0 n=0
Definition 3.11. Let f(2) = > ang 2", |2| < R,z # 0, R > 0. Define
n=0
WESPL) = |17 27 A ] 12, (3.15)

where BA?;J?) and [ are as defined in (3.7) and (3.13) respectively.

The following theorem establishes the eigen function property with respect to the
operator (3.15).

Theorem 3.12. If ¢ € NU {0} then the q-(-V function 1W}({ : 2)is an eigen
function with respect to the operator aEb(C:Z) defined in (3.15). That is for A € C,

. : A
agéc.z) 1\1,% a; q, Az _ 1‘111
by (c:0);

Proof. The applicability of this operator to the ¢-¢-¥ function ;¥1(¢ : 2) follows

a; q; Az B = "
b (e 0); D B [ a (ZA " )]

/\n( . ) (_1)n+1 q(n—l)(n—2)/2
(0; On1 (& )" (¢ Qs

and using (3.11), one gets

. : DY
agb(c.() 1\1[% a; q; <
b; (c:0);

[ > A (a;q), (—1 n+l (n—1)(n—2)/2
— [5 51 Z (CL?q) ( ) 4q n

= e (G075 ()

b;

from Lemma 3.9.
Now for z # 0,

GEZSCZZ) (1@%

Putting

=B,

0o

a —1 n

= I; z E B, z
Ln=1




Chapter 3. The q-(-V hypergeometric functions 37

. iBn Za+n2]

o0

a+n2 k

n=1 k:O

Latn—2 Zq a+n—1)

- ZB _ a+n 1 _ qatn—1
)n qn(n—l)/Q

:)\Z/\n_. 2"

b; q)n (¢ Q)E” (¢ Dn

a; q; Az
b; (c:0); '

3.2.4 Contiguous function relations

The contiguous function relations for the basic hypergeometric series have been
derived by Swarttouw [52]. Here the attempt made in this direction led to the

following two identities:

(bg ' —a)¥ = bg ' (1—a)¥(at)—a(l —bg )¥(b-), (3.17)
(1-b0)¥ = (1—-a)¥(at,b+)— (b—a)¥(b+,2q) (3.18)
in which
- | G2
by (c:0);
and
i i -1
aqg; q; z 1129 q; =z
U(a+) = U] , U(ia—) = U ,
(@) := b (e (=)= b (c:0); ]
ag; q; 2 a; q; 24
U(a+,b+) = U] b+,2q) = V! .
( )= | bg; (e 0); | Yo+ 2a) =l bg; (c:0); ]
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The functions W(b+), ¥(b—), ¥(c+), ¥(c—) etc. are defined similarly.
Now with

(a;q)n (=1)" g"t" =D/
(05 @n (6 Q) (459)n

€n

as before, the function
o0
PRI
n=0

whence the following series representations follow.

o0

U(at) = 2 Wa—) =Y g, o
TLOZOO n 0
v+ =2 11_;;2 &n 2" W(b—) = ZO e ML (3.19)
Oo 1— C ) cq™™ 1\¢n
\IJ(C+) == z_:o f cq Zn n 7 \IJ(C_) — 2_30 ((11 qu—l in fn

If ©, = 2D,, where D, = % then,

O = ) i qqn)fn 2", (3.20)

and consequently,

l—a (1 —q") 1 —a
a®, + )\If = a — 2+ — 2"
( l1—gq 7; (I—q) 1—q,;
= Z n [a—aq"+1—a] 2"
l—q
n=0
l1—a
- %y
)
This implies that
abg'0, + b W = b T T (ay) (3.21)
” - - : :

Also,

— bg~! 0 _n —1 >
(bql@q i - _qq > Vo= b ') ((11 _qq))ﬁn Zﬁn
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n=01_q
1—bgt
= U(b—
()
Hence
be, + o g = oY g (3.22)
a a = —). .

Elimination of 6, from (3.21) and (3.22) yields
(bg™t —a)¥ =bg (1 —a)¥(at) —a(l —bg 1)U (b—)

which is (3.17).
Next, using (3.9),

8

{ AV}, (—q) U(z/q) = {eﬁgq}eq ( Ay - )

oo

- ) (S )

n=1

- LA (2 A e )

1

3

oo An ) 7 n
B Z (¢;q)n-1 (6 q)iﬂ (qc 19q — gty 1)z o

n=1

This in view of (3.10), simplifies to

o0 c: L
(A3, () Wef) = 30200y ey,

(a;q)n (—1)" g D(n=2)/2 on
< (i) (085 (4D
(a; QJni1 (—1)ngrnD/2 zntd

(0; Qi1 (T (450)n
1 —aqg"

_ L n 3.23
Y T (3.23)

3
Il

[
NE

n

I
NE

3
I
o

U(a+,b+). (3.24)
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Next in (3.23) putting

one finds that

(o, (o vy = = Y (108 e

- z[anz +Z T 6 )]
= z[\I/+b—b\I/(b Zq)] (3.25)

The identity (3.18) thus follows from (3.24) and (3.25), that is,

(1= b = (1 - a)¥(at,b+) — (b— a)(b+, 2q).

3.3 The ¢-(-¥ function yU3({ : 2)

In this section, the ¢-¢-¥ function ,¥%(¢ : z) is considered by adding one numerator
and one {-denominator parameter and dropping the factor (—1)" q(g) This pro-
posed function is an extension of the basic hypergeometric function ¢ [z] which
is valid for |z| < 1.

This extension is defined as follows.

Definition 3.13. For R(¢) > 0,b,¢1,c5 € C/{0,—1,-2,...} and ay,a9,2 € C,

define the function

n

. 00 .
\IJQ ay, as; CLl, n CLQ, Q)n z
2%

b; (01,02:8) I (e D) (00 (¢ q)n.(3.26)

n:O

This function will be abbreviated as the ¢-¢-¥ function.
The properties namely series convergence, a difference equation, eigen function
property and contiguous function relations will be derived in the subsequent sub-

sections.
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3.3.1 Convergence

Theorem 3.14. If 0 < g <1, R({) > 0 then the ¢-L-¥ function oV3({ : 2) is an

analytic function of z.

Proof. Put

(a1§Q)n (a2§Q)n —¢
(0;9)n (c1;0)% (250 (g:0)n "

then in view of the formula
(a;q)n =

one gets

3=

‘ (@1;Q)n (a2;Q)n
(03 @)n (cr;@)5* (c230)5 (45 @)n
I'y(b) I'y(a; +n) Ty(az +n)
Iy(a1) Ty(az) L,(b+n) Tyn+1)
Ty(c1) Tylca) o
Ly(er +n) Tylea +n) (1 —q)*"

1
|Gl =

Sl=

n

Here using Stirling’s formula of ¢-Gamma function [41, Eq.(2.25), p.482]:

1 qa*
Tg(2) ~ (1+¢)% Ty (5) (1-q)2 7 emi, (3.27)

for large |z| and 0 < @ < 1, this further gives

1 _0 g%t
Fq<b) ) (1 — q)a*(aﬂrn) elq-q"1t7
1
2

['y(ar) Ty(az)

Gl ~

9 qb+n

) (1 - g)s =+ P e

1
9 g*2tm n

(1+q)F Ty (3) (1 — g)3—(aztm) gigsymze
1

g ] qC1+n §R(€)
(1 + Q)% qu (%) (1 — q)%i(cl+n) el_q_q61+n

[T(ca) (1— )|

: + R(£)
9 gc2tm

(1+q) Ty (L) (1= g)ptetm) giggarm
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for large n. Now from the Cauchy-Hadamard formula:
= = lim s /1G]
7 = Jim s VG,

R(L
c2) (1 —g)*™

[y(er) Ty(
2, (3) 1—¢%

hence it follows that the radius of convergence

R
g a-¢ [

B= 5@ Tulen) 1 g

(3.28)

O

Remark 3.15. From (3.28), it is evident that if £ = 0 then the ¢-¢-¥ function
2U2(¢ : 2) reduces to the basic hypergeometric function »¢;(ay, as;b; q, 2) whose

series has radius of convergence unity.

3.3.2 ¢-Difference Equation

The difference equation of the ¢-¢-¥ function ,¥?|z] function occurs for ¢ € NU{0},

which is obtained by means of already defined operator (3.5). This is given as

Theorem 3.16. For { € NU{0},a1,a2,z € C, and b,c;,co € C/{0,—1,-2,...},
i, A2 q;

b; (c1,¢9 : 0);

the function w = W2 satisfies the difference equa-

tion
[ Al (Al L0, — "+ 110, — 2(¢™0, — ¢™ +1)(¢"*0, — ¢ + 1) w =0,

(3.29)
where the operator gAgf, i =1,2 is as defined in (3.5).

The proof needs the following lemma which actually permits to apply the
operator {gAﬁg [Agﬁ} {¢"'0, — ¢"=' + 1} 6, on the operand w.
For the sake of brevity, put

{oA% Al {¢" 70, — ¢ + 130, = WA (3.30)

(c1,c2:€)

and as mentioned earlier, a = ¢. In this notation, there holds the
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Lemma 3.17. If ¢ € NU{0},a1,a9,2 € C, b,c1,c5 € C/{0,—-1,-2,...},
w— 2\1’% ay, az; q; = :ZCnZ
-t n=0

and bA eyl = nZ::O frnglar,ag; b, (c1,co = £); 2) then the operator bAC oty 1S

applicable to the q-0-V function ;U3 (L : z) provided that the series

ZCn fnglar, az;b, (c1,c2 1 0);2)
n=0
converges (cf. [49, Definition 11, p.20]).

Proof. Indeed

n

= [{al AU} {70~ 1) 0] <Z b fl’clfqﬁ”ii?qm”<q;zq>n>

— A AG b— 19 b 1 1 al; n (a2;Q>n Zn_ann
[{Al AV} {q "‘}(Z:: 0:@)n (i) (c2;9)™ (g

n (CQaq>n (Qa Q)n—l

(e 9]

= { A% AV} (Z O (a159)n (a2;q€)n

o1 n (e 0)% (c2;0)% (¢ q)n

x ("1 ("= 2" = 2 - 1)))

= by (Z (03 4)n (ci?iz;)g’zn (61'2;%(@1; Q)n—lzn (1- qb+n_1)>

— ,q n (627(])77,
_ A qu (al;q)n (aQ;Q)” Pk
e oAl (; (0; )n1 (c150)7" (c230)7" (4 Qn1

S (15 @) (25 O
= A o i e @O
+1)

n=1

<(er @)y (6770, — ¢ +

Znn

Now from (3.10),

e . . .\l
bq = ZAgg Z (alaQ)n (CLQ,Q)n (ClaQ)n 1 (1

A w n+ci—1\¢n _n
b4 ey ot n
(e1,02:6) (0; On-1 (c1; Q)% (c250)% (43 @) )

z

—q

n=1
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[e.o]

— Aeq (al; Q)n (a2; q)n z"
7AM —
? ; (03 @)n—1 (c130)5 3" (c2:0)% (4 Q)nr

Further applying gAﬁg operator, one finds

Ao w — (a1;@)n (a2;q)n 2 (3.31)
b C1,C2: i
(e ezl ; (05 @)n1 (1505 (e23 9)3" 16 (4 @)

- (al; Q>n+1 (a2; Q)n-i-l 2"t
= 3.32
ZO (6; @)n (c150)7" (c2; )5 (45 @)n (3:32)

= ) faglar,az;b, (e, ¢z 0 0); 2).
n=0

To complete the proof of lemma, it remains to show that

- . (a1;q )2 (az;q ) (1 —a1g")(1 — axq")z nH
Cnfn, U,,Cl;b,C,C -
; oo, o b (e1, 2 nz (b:9)2 (c1; @2 (c2: )2 (4:9)2
is convergent. For that, take
ltn]l = o frglar, az;b, (c1, e €); 2)]
_ (a1:q)7 (a2;q)7 (1 —a1q") (1 —asq™) 2"
(0;q)7 (e 2™ (2 0)3™ (¢50)7
Ly(ar+n) Dy(az +n) Ty(b) |7
e e T Tyt 10 (=)
2nR (L
y Ly(cr) Tyle) O
Ly(er+n) Tylea +n) (1—q)*" '
Once again applying the Stirling’s formula of ¢-Gamma function:
1 1 1_0en g_a*t"
Lyla+n)~(14q)2 Tp 3 (1—q)2 e 1-a—ao Tt (0<6<1)

with a replaced by ay,as,b,c; and cs in turn, and proceeding as in Theorem 3.14,

one obtains

I2(c1) T2 (ea) (1 — g)2ete) ¢
(0= 1% ()

2.

. 1
lim sup 1|t =
n—oo

Hence the lemma follows under the condition
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O]
The theorem can now be proved.
Proof. (of Theorem 3.8) From (3.32),
eq
bA(cl,cgﬂ)w
_ f: (015 Q1 (@25 Qg1 2"
= (b q)n (c1;0)7" (c230)7 (€5 @)n
— i (a1; @n(q™ 2" — ¢"2"q" — q" 2" + 2") (a2; @)1
s (03 @)n (c159)7" (c2:0)7" (65 Q)n
- (al; Q)n (CLQ; q)n-‘rl z"
= z(¢"0,—q¢"™ +1
("6 )HZ:O (0: @ (c130)5? (c2:0)5" (4 D
 (0150)n (h9)n(q™2" — q*22"q" — ¢"22" + 2")
= 2 (q"0,—q¢" +1
("0 )RZ; (b50)n (c13 Q) (c230)8 (450
= 2 (¢"0,—q¢" +1) (¢"™0, — ¢+ 1) w.
Thus the equation (3.29) holds. O

3.3.3 Eigen function property

To derive the eigen function property of the ¢-¢-¥ function o W2(¢ : 2) , the following

operator needs to be constructed and defined.

Definition 3.18. Let f(z) = > an, 2™ 0# |2 < R,R >0, p € NU{0} and
n=0

a, B € C with R(«, 5) > 0. Define

yY2: o — Hq
PETER f2) = |IPI0 27V AL f(2), (3.33)
where 5A?§1’72:p) and [ are as defined in (3.30) and (3.13) respectively.

In these notations, there holds

Theorem 3.19. If¢ € NU{0} and R(ay,as) > 0 then the ¢-L-¥ function V3 (( : z)
is an eigen function with respect to the operator ZI&(L?’CQ:Z) defined in (5.33). That
is, for A € C,

ai, ag; q; Az

b e(c1,c2:0) 2
a g(l ‘Ij
b <z ! b; (c1,c2: f);

ai, as; q; Az P
b; (c1,cq:0); 201
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Proof. The applicability of this operator to the g-¢-¥ function W3 (¢ : 2) follows
from Lemma 3.17.
Now for z # 0,

ai a2

b 5 c1,c2:0) <2\IJ%

ai, as; g Az
b;  (c1,c0:0);

agar - = N (a1;q)n (a2;9)n 2"
= [Iq Iq ! Ac1 c2:0) (Z (b; \en 3 ; .

= (b; ) (c159)" (c2;0)5" (4 Dn

In view of (3.31),

Zlgagl ,c2:6) Q\II% ar, Az; q; Az
b;  (c1,e2:0);

A" (a1;q)n (a2 @n 2
; (03 @)n—1 (c1; Q)5 3" (c259)5 3" (€5 @)n ]
_ gaz z A" (Cle )n (a2§CI) Zortn—2
- {1—f1 Iq[ (0; @)1 (c13@)i 7" (c23 )03 (@5 @ ”

e N A" (a1;@)n (a2;q)n
L—q = (b (c:0)05" (005" (6 @

I a2 al
- Iq ]q

Mg

L—q = (biq)nr (cr;0)i5" (2 0)0 5 (4@

xz(1—q) 227" Z qk(a1+n_1)}
k=0

— g i A" (a1; @)n (a2;@)n Zr1
! (b; @)n-1 (c1; )En £ (a5 q )Zn ¢ (q Q)1 1 —qutnt

n=1

(
)N A" (a1; @)n—1 (a2;q)n 2
- b {Z(b,Q) @) f (23 9) 5" (4 @) }

- [@{ =" 3 A" (a159)n (a2;¢)n

o (e
™ > A" (a15@)n—1 (az;q)n Z%tm2
 1—g L [; (05 @)n1 (150)725" (e23.9)55 (6 D ]
e & A" (al'q)n 1 (a2;@)n
- 1-gq ;( b @)1 (c130) 3" (23 00"y (43 @)
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—as o0

_ z 3 A" (a1;@)n1 (a2;¢)n
1—q = (b;q)n-1 (c1; Q)07 (c2:0)0' 7" (@5 Dns
XZ(l _ q) Za2+n—2 qu(az—i—n—l)
k=0

— i A" (al;Q)nfl (a2;Q>n V4

n=1 (b’ Q)n—l (Cl; q)fln_—lﬁ (CQ; q)ﬁn_—lﬁ (q; Q)n—l 1— qa2+n71

n—1

1

= (b @)n (cr; )3 (3003 (45 Dna

o0

_ i A" (@15 q)n-1 (a2; @)n—1 2"~
b.

n

A" (a159)n (a2;q)n Z
— (b:q)n (c13 @) (c23 @)1 (45:9)n

|
>

n

3.3.4 Contiguous function relations

The contiguous function relations involving the ¢-¢-¥ function o ¥%(¢ : z) derived
here by proceeding in the manner exactly as in the case of the ¢-¢-¥ function ;¥ (¢ :
z) of Subsection 3.2.4. The following are the identities obtained as contiguous

function relations for the ¢-(-¥ function o W3(¢ : 2).

(bg™' —a)¥ = b7 (1 —a)¥(a+) —ar(1—bg™)¥(b-),  (3.34)
1=V = (1—a) Y(a+,b+) — (b—a1) V(b+, 2q), (3.35)
(bg ' —a)¥ = bg (1 — a2)V(ag+) — as(1 — bg~ )W (b—), (3.36)

and
(1-0) ¥ = (1—a2) Y(ag+,b+) — (b—az) V(b+, 2q). (3.37)

Here the notation used are:

C oz
U= U2 1 ,
b; (c1,c9 : 0);

V(o) = 02 aiq, a; q z 7
(c1,¢9 1 0);

q; =
b; (c1,¢9: 0); ’
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a14q, ag, q, z
U(a1+,b+) = 02 ,
( ' ) . bq; (01702 : 5); ]
and
ap, ag; q; =24
W (b4, 2 = L0 :
( q) . bq; (01702 : 4); ]

The functions ¥(as+), V(ag—), V(b+), U(b—) are defined similarly.
Now with

(Gl‘Q) (02;Q)n
(05 Q)n (c150)% (c250)% (45 q)n’

Cn

the function
[o@)
D Gz
n=0

whence the following series representations follow immediately.

U(ar+) =:0 UE G2t W(ag—) =: Lme ¢, 2, ‘
\P(a2+>::011“3‘; Gz Wla) = °_° Lagl o o
V) = 3l G W) = X R G
V(ci+) = Z (1(1 Clc; G 2" Y(e—) = ni_ojo ((11 Ccllq:—:ein Cn 2
(ert) = Z(F;;“Zn L2 o) = 3 G G
R )

From (3.20),

_ - (1_qn) n
0,¥ = Z 1= Cn 2"

n=0

Now following the procedure of obtaining (3.21) and (3.22), one finds

1—611 1-&1
(a@q—l— 1_q)\IJ - 1 U(ay+)

and

1— -1 1 — -1
(bq_l@q + 1—_bqq) U= & \I/(b—),

(3.38)

(3.39)

(3.40)

(3.41)
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respectively.

Eliminating ©, from (3.40) and (3.41), yields (3.34).

Next, for z # 0, using the technique adopted in the proof of Lemma 3.17 and
Theorem 3.19, one gets

{12 27" (Alr (A% (6,W)

_ 72 -1 A@q A (CL ((l ) o ann
s ! (; b q)n (c13q )” (c250)7" (4 )n
_ 792 51 Al Aéq (ala ((l ) Z"

Ui et (; (c1; )5 (e230)5" (€5 @In
— [ Z_l Aeq <a17Q)n (a27Q)n

! e ; (b7 q)n (Clvq)n (027 )nn ( q; 9 )nfl

c1— c1— n _pn
x(c1; @no1 (@7 0y — ¢+ 1)" 2"
Hence with the aid of (3.10),

{132 271 (Ale (A% (6,W)

> L
— J® Z—l Aeq (ala ) (aQ, ) (Claq)n 1 1 — gvta-1 ngzn
! e ;( N CHHECHE )n,l( ! )

= [;2 Z_IZAZS Z( o~ (( ’qe) (az; @)n 2

! e @) (e230) (q3q)n

Similarly applying gAﬁg operator, one finds

{12 27 Al (A} (6,7)

o0

. . n—1
—  Jo2 Z—l <a17Q>n (&27(]) z
! nz (b;@)n (c13 )" (c2:0)5 5 (43@)n
_ ="y i (013 @)n (a23q)n 272"
L—q " | (bq)n (1307 (c2:0)5 (430)n

o0

e (a1;@)n (a2;q)n
14 Lz; (b: @) (13 )5 (e300 (@5 @) ]

o

2 (1—q) > (2¢")=2 ¢

k=0

n—1

_ i (a15q)n (a2; @)n-1 2

= (b @)n (c130)05" (23 03 (@ QD

_ Z (a1; @Qnt1 (a2;q)n 2"
= (b @)1 (c1; Q)8 (230" (45 O)n
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o0

I —a1q"
=S g 42
1—

Here in (3.42), putting

1 —aq" _ bq" — a1q"
1 —bgn 1 — bg™

one obtains
{132 Z_l gAgg gAg‘ll} (9,1\1/)

= bq —Cllqn
= ]_ _—_— n
> (140 o,

b—a1
1-b

U(b+, zq). (3.44)

The relation (3.35) now follows from (3.43) and (3.44).
Since the ¢-¢-W¥ function o W?(¢ : z) given by (3.26) is symmetric in its numerator

parameters a; and as, the identities (3.36) and (3.37) follow immediately from
(3.34) and (3.35) respectively.
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