
Chapter 4

The generalized

`-Hypergeometric function

4.1 Introduction

By introducing a finite number of numerator, denominator and `-denominator

parameters, a generalization of the `-H functions

1H
1
1

[
a; z

b; (c : `);

]
=

∞∑
n=0

(a)n
(b)n (c)`nn

zn

n!
,

and

2H
2
1

[
a1, a2; z

b; (c1, c2 : `);

]
=

∞∑
n=0

(a1)n (a2)n
(b)n (c1)`nn (c2)`nn

zn

n!
,

of Chapter 2 is studied in this chapter. First the series convergence and the order

of convergence of the series of proposed function are taken up. This is followed

by the derivation of the differential equation with the help of the hyper-Bessel

type operators defined in Chapter 2. The eigen function property and certain

contiguous function relations are also obtained.

As the special cases, the `-extensions of exponential, trigonometric and hyperbolic

functions are illustrated together with their graphical representations by means of

the Maple software.

Finally, the Ramanujan’s theorem and Kummer’s first formula are extended by

means of this theory.

The proposed generalization is defined as follows:
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Definition 4.1. For p, r, s ∈ N ∪ {0}, ai, z ∈ C,∀i = 1, 2, . . . , r,and bj, ck ∈ C \
{0,−1,−2, . . . , } ∀j = 1, 2, . . . , s, ∀k = 1, 2, . . . , p, the generalized `-Hypergeometric

function is defined as

rH
p
s (`; z) = rH

p
s

[
a1, a2, . . . , ar; z

b1, b2, . . . , bs; (c1, c2, . . . , cp : `);

]

=
∞∑
n=0

(a1)n(a2)n · · · (ar)n
(b1)n(b2)n · · · (bs)n (c1)`nn (c2)`nn · · · (cp)`nn

zn

n!
, (4.1)

where ` ∈ C with <(`) ≥ 0 and <
(
(c1 + c2 + · · ·+ cp)`− `p

2
+ s− r + 1

)
> 0.

Now onward the function defined by (4.1) will be referred to as the generalized

`-H function. Also, throughout the work, the range of values of i, j, k to be i =

1, 2, . . . , r, j = 1, 2, . . . , s, and k = 1, 2, . . . , p will be kept fixed.

Remark 4.2. The numbers r, s, p can all be zero simultaneously. The absence of

parameters is emphasized by a dash. As an example,

0H
1
0

[
−; z

−; (c : `);

]
=
∞∑
n=0

zn

(c)`nn n!
. (4.2)

In Section 4.3 this function in (4.2) will be seen to be an `-H exponential function.

Remark 4.3. The function rH
p
s (`; z) reduces to the generalized hypergeometric

function rFs[z] when ` = 0.

4.2 Main Results

The coefficient of zn in the series (4.1) will be symbolized as ϕn, that is,

(a1)n(a2)n · · · (ar)n
(b1)n(b2)n · · · (bs)n (c1)`nn (c2)`nn · · · (cp)`nn n!

= ϕn.

4.2.1 Convergence

In the following theorem, it is shown that the function in (4.1) exists.

Theorem 4.4. If <(`) ≥ 0 and <
(
(c1 + c2 + · · ·+ cp)`− `p

2
+ s− r + 1

)
> 0 then

the generalized `-H function is an entire function of z.
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Proof. With ϕn as stated above and from the Cauchy-Hadamard formula,

1

R
= lim

n→∞
sup n

√
|ϕn|

= lim
n→∞

sup

∣∣∣∣ (a1)n(a2)n · · · (ar)n
(b1)n(b2)n · · · (bs)n (c1)`nn (c2)`nn · · · (cp)`nn

1

n!

∣∣∣∣ 1n
= lim

n→∞
sup

∣∣∣∣ Γ(b1)Γ(b2) · · ·Γ(bs)

Γ(a1)Γ(a2) · · ·Γ(ar)

∣∣∣∣ 1n ∣∣∣∣Γ(a1 + n)Γ(a2 + n) · · ·Γ(ar + n)

Γ(b1 + n)Γ(b2 + n) · · ·Γ(bs + n)

∣∣∣∣ 1n
×
∣∣∣∣ Γ(c1)Γ(c2) · · ·Γ(cp)

Γ(c1 + n)Γ(c2 + n) · · ·Γ(cp + n)

∣∣∣∣<(`)
1

Γ
1
n (n+ 1)

.

Now applying of the Stirling’s formula [18]:

Γ(α + n) ∼
√

2πe−(α+n) (α + n)(α+n−1/2) (4.3)

for large n and taking α = ai, bj, ck, in turn, one gets

1

R
∼

∣∣∣∣∣∣∣∣
p∏

k=1

Γ(ck)

(2π)
p
2

∣∣∣∣∣∣∣∣
<(`)

lim
n→∞

sup

∣∣∣∣ p∏
k=1

e−(ck+n) (ck + n)ck+n−1/2

∣∣∣∣−<(`)

∣∣∣(2π)
1
2 e−(n+1) (n+ 1)n+1−1/2

∣∣∣ 1n

×

∣∣∣∣∣∣∣∣
s∏
j=1

Γ(bj)

r∏
i=1

Γ(ai)

∣∣∣∣∣∣∣∣
1
n
∣∣∣∣∣∣∣∣
(2π)

r
2

r∏
i=1

e−(ai+n) (ai + n)ai+n−1/2

(2π)
s
2

s∏
j=1

e−(bj+n) (bj + n)bj+n−1/2

∣∣∣∣∣∣∣∣
1
n

=

∣∣∣∣∣∣∣∣
p∏

k=1

Γ`(ck)

(2π)
p`
2 er−s

∣∣∣∣∣∣∣∣ lim
n→∞

sup

∣∣∣∣ 1

ns−r+1n(c1+c2+···+cp)`− `p
2

( e
n

)pn<(`)
∣∣∣∣

= 0,

provided that <(`) ≥ 0 and <
(
(c1 + c2 + · · ·+ cp)`− `p

2
+ s− r + 1

)
> 0.

Remark 4.5. The series
∑
ϕn z

n thus converges uniformly in any compact subset

of C.

4.2.2 Order of rH
p
s (`; z) function

Theorem 4.6. If the conditions stated in Theorem 4.4 hold then the generalized

`-H function is an entire function of order zero.
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Proof. If the function f(z) =
∞∑
n=0

anz
n is an entire function then the order ρ(f) of

f is given by [8, 40]

ρ(f) = lim
n→∞

sup
n lnn

ln |an|−1
. (4.4)

For f(z) = rH
p
s (`; z) =

∑
ϕn z

n,

ρ( rH
p
s (`; z)) = lim

n→∞
sup

n lnn

ln |ϕn|−1
.

Here,

|ϕn|−1 =

∣∣∣∣∣∣∣∣∣∣

{
r∏
i=1

Γ(ai)

} {
s∏
j=1

Γ(bj + n)

}
{

s∏
j=1

Γ(bj)

} {
r∏
i=1

Γ(ai + n)

}
∣∣∣∣∣∣∣∣∣∣

×

∣∣∣∣∣∣∣∣
{

p∏
k=1

Γ`n(ck + n)

}
{

p∏
k=1

Γ`n(ck)

}
∣∣∣∣∣∣∣∣ Γ(n+ 1).

Using asymptotic expansion

ln Γ(r) ∼
(
r − 1

2

)
ln r − r +

1

2
ln
√

2π,

for large r, one further gets

ln |ϕn|−1 ∼

∣∣∣∣∣
r∑
i=1

ln Γ(ai)

∣∣∣∣∣−
∣∣∣∣∣
s∑
j=1

ln Γ(bj)

∣∣∣∣∣
+

s∑
j=1

∣∣∣∣(bj + n− 1

2

)
ln(bj + n)− (bj + n) +

1

2
ln
√

2π

∣∣∣∣
−

r∑
i=1

∣∣∣∣(ai + n− 1

2

)
ln(ai + n) + (ai + n)− 1

2
ln
√

2π

∣∣∣∣
+

∣∣∣∣∣`n
p∑

k=1

[(
ck + n− 1

2

)
ln(ck + n)− (ck + n) +

1

2
ln
√

2π

]∣∣∣∣∣
+

∣∣∣∣(n+ 1− 1

2

)
ln(n+ 1)− (n+ 1) +

1

2
ln
√

2π

∣∣∣∣
−

∣∣∣∣∣`n
p∑

k=1

ln Γ(ck)

∣∣∣∣∣ . (4.5)



Chapter 4. The generalized `-Hypergeometric function 55

From this, one finds that

lim
n→∞

ln |ϕn|−1

n lnn

is unbounded, consequently, from (4.4) and (4.5),

ρ (rH
p
s (`; z)) = lim

n→∞
sup

n lnn

ln |ϕn|−1
= 0.

Remark 4.7. It is known that [4, Theorem 1.1] “If f is entire and ρ(f) is finite

and is not equal to a positive integer, then f has infinitely many zeros or it is a

polynomial.” Thus, the generalized `-H function has infinitely many zeros.

4.2.3 Integral Representation

A generalized form of the integral representation of Theorem 2.7 is obtained in

Theorem 4.8. If ai, bj, ck ∈ C with <(b1) > <(a1) > 0, bj, ck 6= 0,−1,−2, . . . ,

and <
(

p∑
k=1

ck`− `p
2

+ s− r + 1

)
> 0 then

rH
p
s

[
a1, a2, . . . , ar; z

b1, b2, . . . , bs; (c1, c2, . . . , cp : `);

]

=
Γ(b1)

Γ(a1) Γ(b1 − a1)

1∫
0

ta1−1(1− t)b1−a1−1

× r−1H
p
s−1

[
a2, . . . , ar; zt

b2, . . . , bs; (c1, c2, . . . , cp : `)

]
dt.

Proof. Beginning with

(a1)n
(b1)n

=
Γ(a1 + n)

Γ(a1)

Γ(b1)

Γ(b1 + n)

Γ(b1 − a1)

Γ(b1 − a1)

=
Γ(b1)

Γ(b1 − a1) Γ(a1)

Γ(a1 + n) Γ(b1 − a1)

Γ(b1 + n)

=
Γ(b1)

Γ(b1 − a1) Γ(a1)
B(a1 + n, b1 − a1)

=
Γ(b1)

Γ(b1 − a1) Γ(a1)

1∫
0

ta1+n−1 (1− t)b1−a1−1 dt,
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Under the convergence conditions permitting to interchange the series and the

integral, one obtains

rH
p
s

[
a1, a2, . . . , ar; z

b1, b2, . . . , bs; (c1, c2, . . . , cp : `);

]

=
∞∑
n=0

(a1)n(a2)n . . . (ar)n
(b1)n(b2)n . . . (bs)n (c1)`nn (c2)`nn . . . (cp)`nn

zn

n!

=
∞∑
n=0

Γ(b1)

Γ(b1 − a1) Γ(a1)

1∫
0

ta1+n−1 (1− t)b1−a1−1

× (a2)n(a3)n . . . (ar)n
(b2)n(b3)n . . . (bs)n (c1)`nn (c2)`nn . . . (cp)`nn

zn

n!
dt

=
Γ(b1)

Γ(b1 − a1) Γ(a1)

∞∑
n=0

(a2)n(a3)n . . . (ar)n
(b2)n(b3)n . . . (bs)n (c1)`nn (c2)`nn . . . (cp)`nn

×
1∫

0

ta1−1 (1− t)b1−a1−1 (zt)n

n!
dt

=
Γ(b1)

Γ(a1) Γ(b1 − a1)

1∫
0

ta1−1(1− t)b1−a1−1

× r−1H
p
s−1

[
a2, . . . , ar; zt

b2, . . . , bs; (c1, c2, . . . , cp : `);

]
dt.

Remark 4.9. For ` = 0, the theorem reduced to the a simple integral form of pFq[z]

[46, Ch.5, p.85].

4.2.4 Differential Equation

While deriving the differential equation of the `-H function 1H
1
1 (` : z) (2.1) in

Chapter 2, the following differential operator was defined.

Let f(z) =
∞∑
n=1

anz
n, 0 6= z ∈ C, p ∈ N ∪ {0} and α ∈ C. Then

p∆
θ
α(f(z)) =


∞∑
n=1

an(α)pn−1(θ + α− 1)pnzn, if p ∈ N

f(z), if p = 0
, (4.6)
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where θ is the Euler differential operator z d
dz

and

(θ + α)r = (θ + α)(θ + α) . . . (θ + α)︸ ︷︷ ︸
r times

is a special case of the hyper-Bessel differential operators (2.8) defined in Chapter 2.

With the aid of this operator it was shown in Theorem 2.10 that the `-H function

1H
1
1 (` : z) (2.1) is a solution of the differential equation

{{
`∆

θ
c

}
{θ + b− 1} θ − z(θ + a)

}
w = 0.

Using the same operator (4.6), an infinite order differential equation for the gen-

eralized `-H function can be obtained as in the following theorem.

Theorem 4.10. For `, p, r, s ∈ N ∪ {0}, ai, bj, ck ∈ C with bj, ck 6= 0,−1,−2, . . .,

the function

w = rH
p
s

[
a1, a2, . . . , ar; z

b1, b2, . . . , bs; (c1, c2, . . . , cp : `);

]

satisfies the equation[{
p∏

k=1

`∆
θ
ck

}{
s∏
j=1

(θ + bj − 1)

}
θ − z

r∏
i=1

(θ + ai)

]
w = 0, (4.7)

where `∆
θ
ck

is as defined in (4.6).

In parallel to the Lemma 2.11 which was required to prove Theorem 2.10, here

also the following lemma is proved which enables one to apply the operator (4.6)

to the operand w. It uses the notation[{
p∏

k=1

`∆
θ
ck

}{
s∏
j=1

(θ + bj − 1)

}
θ

]
= (b)Λ

θ
(c:`).

Lemma 4.11. If ` ∈ N ∪ {0}, w =
∞∑
n=0

ϕnz
n and

(b)Λ
θ
(c:`)w =

∞∑
n=0

fn((a, r), (b, s), (c, p : `); z),
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then the operator (b)Λ
θ
(c:`) is applicable to the generalized `-H function provided that

the series
∞∑
n=0

ϕn fn((a, r), (b, s), (c, p : `); z)

converges (cf. [49, Definition 11, p.20]).

Proof. With w =
∞∑
n=0

ϕnz
n, and n! ϕn = An,

(b)Λ
θ
(c:`)w

=

{
p∏

k=1

`∆
θ
ck

}
{(θ + b1 − 1)(θ + b2 − 1) · · · (θ + bs − 1)}

∞∑
n=0

An
θzn

n!

=

{
p∏

k=1

`∆
θ
ck

}
(θ + b1 − 1)(θ + b2 − 1) · · · (θ + bs − 1)

∞∑
n=1

An
zn

(n− 1)!

=

{
p∏

k=1

`∆
θ
ck

}
{(θ + b1 − 1)(θ + b2 − 1) · · · (θ + bs−1 − 1)}

×
∞∑
n=1

An
(θ + bs − 1)zn

(n− 1)!

=

{
p∏

k=1

`∆
θ
ck

}
{(θ + b1 − 1)(θ + b2 − 1) · · · (θ + bs−1 − 1)}

×
∞∑
n=1

An
(n+ bs − 1)zn

(n− 1)!
.

By applying the operator (θ + bj − 1) for j = 1, 2, . . . , s − 1, and proceeding as

above, one obtains

(b)Λ
θ
(c:`)w

=

{
p∏

k=1

`∆
θ
ck

}
∞∑
n=1

{
s∏
j=1

(bj + n− 1)

}
An

zn

(n− 1)!

=

{
p−1∏
k=1

`∆
θ
ck

}
`∆

θ
cp

(
∞∑
n=1

{
s∏
j=1

(bj + n− 1)

}
An

zn

(n− 1)!

)

=

{
p−1∏
k=1

`∆
θ
ck

}
∞∑
n=1

{
s∏
j=1

(bj + n− 1)

}
An

(cp)
`
n−1

(n− 1)!

× (θ + cp − 1)`n zn. (4.8)
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Noticing from (2.10) that

(θ + ck − 1)` z = (1 + ck − 1)` z,

(θ + ck − 1)2` z2 = (2 + ck − 1)2` z2,

in general, for n ∈ N,

(θ + ck − 1)`n zn = (n+ ck − 1)`n zn, (4.9)

one obtains from (4.8),

(b)Λ
θ
(c:`)w

=

{
p−1∏
k=1

`∆
θ
ck

}
∞∑
n=1

{
s∏
j=1

(bj + n− 1)

}
An

(cp)
`
n−1

(n− 1)!
(cp + n− 1)`nzn.(4.10)

Proceeding now by applying `∆
θ
ck

for k = 1, 2, . . . , p− 1, yields

(b)Λ
θ
(c:`)w =

∞∑
n=1

{
s∏
j=1

(bj + n− 1)

}{
p−1∏
k=1

(ck)
`
n−1 (ck + n− 1)`n

}
An

zn

(n− 1)!

=
∞∑
n=1

(a1)n (a2)n · · · (ar)n
(b1)n−1 (b2)n−1 · · · (bs)n−1

× zn

(c1)`n−`n−1 (c2)`n−`n−1 · · · (cp)`n−`n−1 (n− 1)!
(4.11)

=
∞∑
n=0

(a1)n+1 (a2)n+1 · · · (ar)n+1

(b1)n (b2)n · · · (bs)n (c1)`nn (c2)`nn · · · (cp)`nn
zn+1

n!
(4.12)

=
∞∑
n=0

fn((a, r), (b, s), (c, p : `); z) (say).

To complete the proof, it remains to show that the series

∞∑
n=0

ϕn fn((a, r), (b, s), (c, p : `); z)

=
∞∑
n=0

{
r∏
i=1

(ai)
2
n(ai)n+1

}
{

s∏
j=1

(bj)2
n

} {
p∏

k=1

(ck)2`n
n

} zn+1

(n!)2
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is convergent. For that take

µn =

{
r∏
i=1

(ai)
2
n (ai + n)

}
{

s∏
j=1

(bj)2
n

} {
p∏

k=1

(ck)2`n
n

} 1

(n!)2

=

{
s∏
j=1

Γ2(bj)

}
{

r∏
i=1

Γ2(ai)

}
{

r∏
i=1

(ai + n) Γ2(ai + n)

}{
p∏

k=1

Γ2`n(ck)

}
{

s∏
j=1

Γ2(bj + n)

}{
p∏

k=1

Γ2`n(ck + n)

}
Γ2(n+ 1)

.

Then in view of the Stirling’s asymptotic formula (4.3) for large n, one gets

|µn|
1
n ∼

∣∣∣∣∣∣∣∣
s∏
j=1

Γ2(bj)

r∏
i=1

Γ2(ai)

∣∣∣∣∣∣∣∣
1
n
∣∣∣∣ r∏
i=1

{
e−(ai+n)(ai + n)ai+n−

1
2

√
2π
}∣∣∣∣ 2n∣∣∣∣∣ s∏

j=1

{
e−(bj+n)(bj + n)bj+n−

1
2

√
2π
}∣∣∣∣∣

2
n

×

∣∣∣∣ r∏
i=1

(ai + n)
1
n

∣∣∣∣ ∣∣∣∣ p∏
k=1

Γ2`(ck)

∣∣∣∣ ∣∣∣e−(n+1)(n+ 1)n+1− 1
2

√
2π
∣∣∣− 2

n

∣∣∣∣ p∏
k=1

{
e−(ck+n)(ck + n)ck+n− 1

2

√
2π
}∣∣∣∣2`

.

Using here the Cauchy-Hadamard formula, one finally obtains

lim
n→∞

sup |µn|
1
n ∼ lim

n→∞
sup

{
p∏

k=1

∣∣Γ2`(ck)
∣∣}

∣∣∣(2π)−`p e2(s−r)
∣∣∣ ∣∣ en ∣∣2np`

|n2(c1+c2+···+cp)`−`p+2(s−r+1)|
= 0,

provided that <(`) ≥ 0 and < (2(c1 + c2 + · · ·+ cp)`− `p+ 2(s− r + 1)) > 0.

Proof. (of Theorem 4.10)

From (4.12),

(b)Λ
θ
(c:`)w =

∞∑
n=0

(a1)n+1 (a2)n+1 · · · (ar)n+1

(b1)n (b2)n · · · (bs)n (c1)`nn (c2)`nn · · · (cp)`nn
zn+1

n!

=
∞∑
n=0

(a1)n (a2)n · · · (ar)n
(b1)n (b2)n · · · (bs)n (c1)`nn (c2)`nn · · · (cp)`nn

{
r∏
i=1

(ai + n)

}
zn+1

n!

= z

∞∑
n=0

(a1)n (a2)n · · · (ar)n
(b1)n (b2)n · · · (bs)n (c1)`nn (c2)`nn · · · (cp)`nn

{
r∏
i=1

(θ + ai)

}
zn

n!
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= z

{
r∏
i=1

(θ + ai)

}
w.

4.2.5 Contiguous function relations

In parallel to the theory of contiguous functions of pFq[z] [46, p.82], here the

functions that are contiguous to rH
p
s (`; z) are defined and obtain the relations

amongst them as follows. Put

rH
p
s = rH

p
s

[
a1, a2, . . . , ar; z

b1, b2, . . . , bs; (c1, c2, . . . , cp : `);

]
;

and define the functions

rH
p
s (ai+) = rH

p
s

[
a1, a2, . . . , ai−1, ai + 1, ai+1, . . . , ar; z

b1, b2, . . . , bs; (c1, c2, . . . , cp : `);

]
,

rH
p
s (ai−) = rH

p
s

[
a1, a2, . . . , ai−1, ai − 1, ai+1, . . . , ar; z

b1, b2, . . . , bs; (c1, c2, . . . , cp : `);

]
,

and similarly, rH
p
s (bj+), rH

p
s (bj−), rH

p
s (ck+), and rH

p
s (ck−) as the functions con-

tiguous to rH
p
s (`; z).

Now using the symbols

A =
r∏
i=1

ai, B =
s∏
j=1

bj, C =

p∏
k=1

(ck)
` , rH

p
s =

∞∑
n=0

ϕn z
n.

one finds at once that

rH
p
s (ai+) =

∞∑
n=0

ai+n
ai

ϕn z
n, rH

p
s (ai−) =

∞∑
n=0

ai−1
ai+n−1

ϕn z
n,

rH
p
s (bj+) =

∞∑
n=0

bj
bj+n

ϕn z
n, rH

p
s (bj−) =

∞∑
n=0

bj+n−1

bj−1
ϕn z

n,

rH
p
s (ck+) =

∞∑
n=0

(ck)`n

(ck+n)`n
ϕn z

n, rH
p
s (ck−) =

∞∑
n=0

(ck+n−1)`n

(ck−1)`n
ϕn z

n.

By making use of these, the contiguous functions relations are obtained in
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Theorem 4.12. For j = 2, 3, . . . , s and <(`) ≥ 0 there hold the contiguous func-

tions relations:

(a1 − bj + 1) rH
p
s = a1 rH

p
s (a1+)− (bj − 1) rH

p
s (bj−). (4.13)

Whereas for ` ∈ N ∪ {0}, there hold the following extended contiguous function

relations.

ai rH
p
s = ai rH

p
s (ai+)

− A

B C
z rH

p
s+`

[
(a) + 1; z

C

(b) + 1, ((c) + 1)`; ((c) + 1 : `);

]
, (4.14)

(bj − 1) rH
p
s = (bj − 1) rH

p
s (bj−)− A

B C
z

×rHp
s+`

[
(a) + 1; z

C

(b) + 1, ((c) + 1)`; ((c) + 1 : `);

]
, (4.15)

and

1H
1
1+`

[
a; z

(1−c)`

b, c, c, . . . , c; (c : `);

]

= (1− ab−1) 1H
1
1+`

[
a; z

(1−c)`

b+ 1, c, c, . . . , c; (c : `);

]

+ab−1
1H

1
1+`

[
a+ 1; z

(1−c)`

b+ 1, c, c, . . . , c; (c : `);

]
(4.16)

in which (α) + 1 stands for the array of the parameters: α1 + 1, α2 + 1, . . . , αm + 1.

Proof. The function relations (4.13) may be obtained as follows. Choose the pa-

rameter a1 from the set {ai; i = 1, 2, . . . , r} of numerator parameters and consider

a1 rH
p
s (a1+)− ai rHp

s (ai+),

where i 6= 1. Then using the above definitions,

a1 rH
p
s (a1+)− ai rHp

s (ai+) = a1

∞∑
n=0

a1 + n

a1

ϕn z
n − ai

∞∑
n=0

ai + n

ai
ϕn z

n

=
∞∑
n=0

(a1 + n− ai − n) ϕn z
n
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= (a1 − ai) rH
p
s . (4.17)

Taking z d
dz

= θ, one gets

θ rH
p
s = θ

∞∑
n=0

ϕn z
n =

∞∑
n=0

n ϕn z
n. (4.18)

Hence

(θ + ai) rH
p
s = θ

∞∑
n=0

ϕn z
n + ai

∞∑
n=0

ϕn z
n

= ai

∞∑
n=0

ai + n

ai
ϕn z

n

= ai rH
p
s (ai+), (4.19)

and

(θ + bj − 1) rH
p
s = θ

∞∑
n=0

ϕn z
n + (bj − 1)

∞∑
n=0

ϕn z
n

= (bj − 1)
∞∑
n=0

bj + n− 1

bj − 1
ϕn z

n

= (bj − 1) rH
p
s (bj−). (4.20)

From (4.17) and (4.19),

a1 rH
p
s (a1+)− (θ + ai) rH

p
s = (a1 − ai) rH

p
s ,

that is

a1 rH
p
s (a1+)− θ rH

p
s = a1 rH

p
s . (4.21)

On adding (4.20) and (4.21), one arrives at the required contiguous functions

relations:

(a1 − bj + 1) rH
p
s = a1 rH

p
s (a1+)− (bj − 1) rH

p
s (bj−).

If the parameter a1 is replaced by am with m 6= i in (4.17) then (4.13) gives rise

to a set of contiguous functions relations:

(am − bj + 1) rH
p
s = am rH

p
s (am+)− (bj − 1) rH

p
s (bj−).
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Now if ` ∈ N ∪ {0} then

θ rH
p
s =

∞∑
n=0

ϕn θz
n

=
∞∑
n=0

{
r∏
i=1

(ai)n+1

}
{

s∏
j=1

(bj)n+1

} {
p∏

k=1

(ck)n+1

}`n+`

zn+1

n!

= z
∞∑
n=0

{
r∏
i=1

(ai)n+1

}
{

s∏
j=1

(bj)n+1

} {
p∏

k=1

(ck)n (ck + n)

}`n+`

zn

n!

= z
∞∑
n=0

{
r∏
i=1

(ai)n+1

}{
p∏

k=1

(
ck

ck+n

)}`n
{

s∏
j=1

(bj)n+1

}{
p∏

k=1

(ck)`n+1 (ck)`nn

}{
p∏

k=1

(ck)`
}n zn

n!

=
A

B C
z
∞∑
n=0

{
r∏
i=1

(ai+n)
ai

}
{

s∏
j=1

(bj+n)

bj

}
{

p∏
k=1

ck
(ck+n)

}`n
{

p∏
k=1

(ck+n)
ck

}` ϕn z
n{

p∏
k=1

(ck)`n
}

=
A

B C
z rH

p
s+`

[
(a) + 1; z

C

(b) + 1, ((c) + 1)`; ((c) + 1 : `);

]
. (4.22)

Here by eliminating θ from (4.19) and (4.22) gives the desired relation:

ai rH
p
s = ai rH

p
s (ai+)

− A

B C
z rH

p
s+`

[
(a) + 1; z

C

(b) + 1, ((c) + 1)`; ((c) + 1 : `);

]
.

On the other hand, the relation:

(bj − 1) rH
p
s = (bj − 1) rH

p
s (bj−)− A

B C
z

×rHp
s+`

[
(a) + 1; z

C

(b) + 1, ((c) + 1)`; ((c) + 1 : `);

]
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is obtained by the eliminating θ from (4.20) and (4.22).

To prove (4.16), let ` ∈ N ∪ {0} in

1H
1
1 =

∞∑
n=0

(a)n
(b)n (c)`nn

zn

n!
.

Then

θ 1H
1
1 (c−) =

∞∑
n=1

(a)n
(b)n (c− 1)`nn

zn

(n− 1)!

=
∞∑
n=1

(a)n
(b)n (c− 1)`n (c)`nn−1

zn

(n− 1)!

= z

∞∑
n=0

a+ n

b+ n

(a)n
(b)n (c− 1)`n+` (c)`n+`

n

zn

n!

=
z

(1− c)`
∞∑
n=0

a+ n

b+ n

(a)n
(b)n (c)`n (c)`nn

zn/(1− c)`n

n!
.

Now, writing
a+ n

b+ n
= 1 +

a− b
b+ n

,

this further gives

θ 1H
1
1 (c−) =

z

(1− c)` 1H
1
1+`

[
a; z

(1−c)`

b, c, c, . . . , c; (c : `);

]

+
z(a− b)
b (1− c)` 1H

1
1+`

[
a; z

(1−c)`

b+ 1, c, c, . . . , c; (c : `);

]
.(4.23)

Also

θ 1H
1
1 =

∞∑
n=1

(a)n
(b)n (c)`nn

zn

(n− 1)!

=
az

b

∞∑
n=1

(a+ 1)n−1

(b+ 1)n−1 (c+ 1)`nn−1

zn−1

c`n(n− 1)!

= ab−1z
∞∑
n=0

(a+ 1)n
(b+ 1)n (c+ 1)`n+`

n

zn

c`n+`n!

=
az

b c`

∞∑
n=0

(a+ 1)n
(b+ 1)n (c+ 1)`n (c+ 1)`nn

zn/c`

n!

=
az

b c`
1H

1
1+`

[
a+ 1; z

c`

b+ 1, c+ 1, c+ 1, . . . , c+ 1; (c+ 1 : `);

]
.
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Hence

θ 1H
1
1 (c−) =

az

b (c− 1)`
1H

1
1+`

[
a+ 1; z

(c−1)`

b+ 1, c, c, . . . , c; (c : `);

]
.(4.24)

Elimination of θ 1H
1
1 (c−) from (4.23) and (4.24) yields (4.16).

Remark 4.13. By taking ` = 0 in (4.13), (4.14), (4.15) and (4.16), they reduce

to the contiguous function relations of hypergeometric function respectively which

are given below. For j = 2, 3, . . . , s,

(a1 − bj + 1) pFq = a1 pFq(a1+)− (bj − 1) pFq(bj−),

ai pFq = ai pFq(ai+)− A

B
z pFq

[
(a) + 1; z

(b) + 1;

]
,

(bj − 1) pFq = (bj − 1) pFq(bj−)− A

B
pFq

[
(a) + 1; z

(b) + 1;

]
,

and

1F1

[
a; z

b;

]
= (1− ab−1) 1F1

[
a; z

b+ 1;

]
+ ab−1

1F1

[
a+ 1; z

b+ 1;

]
.

These are found to be true.

4.2.6 Eigen function property

The eigen function property of `-H function 2H
2
1 (` : z) obtained in Theorem 2.20

when extended in straight forward manner yields the eigen function property of the

generalized `-H function. For that the operator (2.17) must be put in generalized

form. This is given below.

Definition 4.14. Let f(z) =
∞∑
n=0

anz
n, 0 6= |z| < R,R > 0, l,m, n ∈ N, and

αi, βj, γk ∈ C with <(αi) ≥ 0, and as before θ = z d
dz
. Define the operator

(α,l)H(γ,n)
(β,m)f(z)

=

[{
l∏

i=1

Iαi

}
z−1

{
n∏
k=1

`∆
θ
γk

}{
m∏
j=1

(θ + βj − 1)

}
θ

]
f(z), (4.25)
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where

Iα(f(z)) = z−α
z∫

0

tα−1f(t) dt (4.26)

and `∆
θ
γk

is as defined in (4.6).

This operator enables one to derive the eigen function property which is

proved in

Theorem 4.15. If z 6= 0, and <(αi) ≥ 0,∀i = 1, 2, . . . , r, then the function

w = rH
p
s

[
a1, a2, . . . , ar; z

b1, b2, . . . , bs; (c1, c2, . . . , cp : `);

]

is an eigen function with respect to the operator (a,r)H(c,p)
(b,s) defined in (4.25).

That is, (a,r)H(c,p)
(b,s) (rH

p
s (`;λz)) = λ rH

p
s (`;λz), λ ∈ C. (4.27)

Note 4.16. Once again in view of the Lemma 4.11, the applicability of the operator

(a,r)H(c,p)
(b,s) to the generalized `-H function follows.

Proof. In (4.11) using the notation

Bn =
(a1)n (a2)n · · · (ar)n λn

(b1)n−1 (b2)n−1 · · · (bs)n−1 (c1)`n−`n−1 (c2)`n−`n−1 · · · (cp)`n−`n−1 (n− 1)!
,

one gets

(a,r)H(c,p)
(b,s) (rH

p
s (`;λz))

=

[{
r∏
i=1

Iai

}
z−1

{
p∏

k=1

`∆
θ
ck

}{
s∏
j=1

(θ + bj − 1)

}
θ

]
∞∑
n=0

ϕn λ
n zn

=

{
r∏
i=1

Iai

}
z−1

∞∑
n=1

Bn z
n

=

{
r−1∏
i=1

Iai

}
Iar

∞∑
n=1

Bn z
n−1

=

{
r−1∏
i=1

Iai

}
z−ar

z∫
0

tar−1

∞∑
n=1

Bn t
n−1

=

{
r−1∏
i=1

Iai

}
z−ar

∞∑
n=1

Bn

ar + n− 1
zar+n−1
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=

{
r−1∏
i=1

Iai

}
∞∑
n=1

Bn

ar + n− 1
zn−1.

Applying in this manner the operator Iαi for i = 1, 2, . . . , r−1, one finally obtains

(a,r)H(c,p)
(b,s) (rH

p
s (`;λz)) =

∞∑
n=1

{
r∏
i=1

(ai + n− 1)

}−1

Bn z
n−1

=
∞∑
n=0

ϕn λ
n+1 zn

= λ rH
p
s (`;λz).

4.3 Special cases

When the parameters ai’s; i = 2, 3, . . . r and bj’s are all absent and a1 = c1 = ` = 1

in (4.1), then

1H
1
0

[
1; z

−; (1 : 1);

]
= 1 +

∞∑
n=1

zn

n!n
.

Thus,

1H
1
0

[
1; z

−; (1 : 1);

]
− 1

gives the Sikemma’s function (1.8).

4.3.1 The `-H exponential function

In (4.1), if r = s, p = 1 with all ai = bj and c1 = c, then

0H
1
0

[
−; z

−; (c : `);

]
=
∞∑
n=0

zn

(c)`nn n!
. (4.28)

This defines the `-H exponential function as follows.

Definition 4.17. The `-H exponential function is denoted and defined by

e`H(z) = 0H
1
0

[
−; z

−; (1 : `);

]
=
∞∑
n=0

zn

(n!)`n+1
, (4.29)
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for all z ∈ C and <(`) ≥ 0.

Remark 4.18. Obviously, e0
H(z) = ez and e`H(0) = 1.

Remark 4.19. The differential equation (4.7) when ` = 0, gets reduced to the

differential equation

(θ − z) w = 0,

where w = ez.

In order to derive the eigen function property for the `-H exponential func-

tion, the operator defined in Definition 4.14 is particularized by removing all the

parameters ai’s and bj’s, and ck’s for k = 2, 3, . . . , p and taking c1 = 1.

Definition 4.20. Let f(z) =
∞∑
n=0

anz
n, |z| < R,R > 0. Define the operator

pD(z)
M (f(z)) = z−1

p∆
θ
1 (θ(f(z))), (4.30)

where z 6= 0, p ∈ N ∪ {0} and the operator p∆
θ
1 is as defined in (2.7).

Remark 4.21. When the parameters ai’s; bj’s and ck’s; k = 2, 3, . . . , p are absent

and c1 = 1 then

pD(z)
M = H(1:1)

where the operator H(1:1) is defined in Definition 4.14 as z−1
p∆

θ
1 θ.

It can be noticed that if f(z) =
∞∑
n=0

anz
n and g(z) =

∞∑
n=0

bnz
n, |z| < R then for

α, β ∈ R

pD(z)
M (αf(z) + βg(z)) = α pD(z)

M (f(z)) + β pD(z)
M (g(z)). (4.31)

In view of Lemma 4.11, the operator `D(z)
M is applicable to the `-H exponential

function, consequently leading to

Theorem 4.22. With ` ∈ N ∪ {0}, the `-H exponential function is the eigen

function of the operator `D(z)
M as defined in (4.30), that is,

`D(z)
M

(
e`H(λz)

)
= λ e`H(λz), λ ∈ C. (4.32)

Proof. From (4.30),

`D(z)
M

(
e`H(λz)

)
= z−1

p∆
θ
1

(
∞∑
n=0

λn

(n!)`n+1
(θzn)

)



Chapter 4. The generalized `-Hypergeometric function 70

= z−1

∞∑
n=1

λn

(n!)`n(n− 1)!
`∆

θ
1(zn)

= z−1

∞∑
n=1

λn

(n!)`n(n− 1)!
((n− 1)!)` θ`n(zn). (4.33)

Now

(θ)`z = z(= (11)`z),

(θ)2`z2 =

(
z
d

dz
z
d

dz
. . .

d

dz
z
d

dz

)
︸ ︷︷ ︸

2` derivatives

z2

= (22)`z2,

and in general,

(θ)`nzn = n`nzn, n = 1, 2, . . . ., (4.34)

hence using (4.34) in (4.33), one gets

`D(z)
M

(
e`H(λz)

)
= z−1

∞∑
n=1

λn

(n!)`n((n− 1)!)1−` n
`nzn

=
∞∑
n=1

λn

((n− 1)!)`n+1−` z
n−1

=
∞∑
n=0

λn+1 zn

(n!)`n+1

= λ e`H(λz).

It is interesting to see that from (4.29), one further finds

e`H(iz) =
∞∑
n=0

(iz)n

(n!)`n+1

=
∞∑
n=0

(i)2n z2n

((2n)!)2`n+1
+
∞∑
n=0

(i)2n+1 z2n+1

((2n+ 1)!)2`n+`+1

=
∞∑
n=0

(−1)n z2n

((2n)!)2`n+1
+ i

∞∑
n=0

(−1)n z2n+1

((2n+ 1)!)2`n+`+1
. (4.35)

These infinite series are resembling with those of cosine and sine series. They are

further taken up in the next Subsection.
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4.3.2 The `-H trigonometric functions

The first and second series on the right hand side of (4.35), give rise to the extended

cosine and sine functions respectively which are denoted here by cos`H(z) and

sin`H(z). In fact, for any z ∈ C,

<(e`H(iz))) = <

(
0H

1
0

[
−; iz

−; (1 : `);

])
:= cos`H(z), (4.36)

and

=(e`H(iz))) = =

(
0H

1
0

[
−; iz

−; (1 : `);

])
:= sin`H(z), (4.37)

whence one obtains from (4.35),

e`H(iz) = cos`H(z) + i sin`H(z). (4.38)

Remark 4.23. It is noteworthy that cos0
H(z) = cos z, and sin0

H(z) = sin z.

Further,

1

2

[
e`H(iz) + e`H(−iz)

]
=

1

2

[
∞∑
n=0

(iz)n

(n!)`n+1
+
∞∑
n=0

(−iz)n

(n!)`n+1

]

=
1

2

[
1 +

iz

(1!)`+1
+

(iz)2

(2!)2`+1
+ . . .

+1 +
−iz

(1!)`+1
+

(iz)2

(2!)2`+1
+ . . .

]

=
∞∑
n=0

(−1)n (z)2n

((2n)!)2`n+1

= cos`H(z),

and

1

2i

[
e`H(iz)− e`H(−iz)

]
=

1

2i

[
∞∑
n=0

(iz)n

(n!)`n+1
−
∞∑
n=0

(−iz)n

(n!)`n+1

]

=
1

2i

[
1 +

iz

(1!)`+1
+

(iz)2

(2!)2`+1
+ . . .

−1− −iz
(1!)`+1

− (iz)2

(2!)2`+1
− . . .

]
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=
∞∑
n=0

(−1)n z2n+1

((2n+ 1)!)2`n+`+1

= sin`H(z).

Also,
cos`H(0) =

1

2

[
e`H(0) + e`H(0)

]
= 1,

sin`H(0) =
1

2i

[
e`H(0)− e`H(0)

]
= 0.

Remark 4.24. The operator (4.30) yields the identities:

1. `D(z)
M (cos`H(z)) = − sin`H(z),

2. `D(z)
M (sin`H(z)) = cos`H(z).

Just as the functions sin z and cos z are solutions of the equation d2y
dz2

+y = 0,

the `-H sine and the `-H cosine functions are also solution of a differential equation.

This is shown in

Theorem 4.25. The `-H cosine and the `-H sine functions are solutions of the

differential equation (
`D(z)

M

)2

ν + ν = 0.

Proof. It may be noted from Theorem 4.22, that

`D(z)
M (e`H(iz)) = i(e`H(iz))).

Hence,(
`D(z)

M

)2

(e`H(iz)) = `D(z)
M ( `D(z)

M (e`H(iz))) = `D(z)
M (i(e`H(iz))) = −e`H(iz).

Now in view of (4.38), this may be written as(
`D(z)

M

)2

(cos`H(z) + i sin`H(z)) = −(cos`H(z) + i sin`H(z)).

By making an appeal to the property (4.31) and comparing the real and imaginary

parts, one finds(
`D(z)

M

)2

(cos`H(z)) + cos`H(z) = 0 and
(
`D(z)

M

)2

(sin`H(z)) + sin`H(z) = 0.
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4.3.3 The `-H hyperbolic functions

Again splitting the series of the `-H exponential function (4.29) into even-odd

powers of z, it takes the form:

e`H(z) =
∞∑
n=0

zn

(n!)`n+1

=
∞∑
n=0

z2n

((2n)!)2`n+1
+
∞∑
n=0

z2n+1

((2n+ 1)!)2`n+`+1
. (4.39)

If the first series (with even powers of z) on the right hand side is denoted by (cf.

[14])

E(e`H(z)) = E

(
0H

1
0

[
−; z

−; (1 : `);

])
= cosh`H(z) (4.40)

which may be called the hyperbolic `-H cosine function and the second series (with

odd powers of z) on right hand side by (cf. [14])

O(e`H(z)) = O

(
0H

1
0

[
−; z

−; (1 : `);

])
= sinh`H(z) (4.41)

which may be termed as the hyperbolic `-H sine function, then from (4.39),

e`H(z) = cosh`H(z) + sinh`H(z). (4.42)

Remark 4.26. cosh0
H(z) = cosh(z), and sinh0

H(z) = sinh(z).

Also

1

2

[
e`H(z) + e`H(−z)

]
=

1

2

[
∞∑
n=0

zn

(n!)`n+1
+
∞∑
n=0

(−z)n

(n!)`n+1

]

=
1

2

[
1 +

z

(1!)`+1
+

z2

(2!)2`+1
+ . . .

+1 +
−z

(1!)`+1
+

z2

(2!)2`+1
+ . . .

]

=
∞∑
n=0

z2n

((2n)!)2`n+1

= cosh`H(z), (4.43)

and
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1

2

[
e`H(z)− e`H(−z)

]
=

1

2

[
∞∑
n=0

zn

(n!)`n+1
−
∞∑
n=0

(−z)n

(n!)`n+1

]

=
1

2

[
1 +

z

(1!)`+1
+

z2

(2!)2`+1
+ . . .

−1− −z
(1!)`+1

− z2

(2!)2`+1
− . . .

]

=
∞∑
n=0

z2n+1

((2n+ 1)!)2`n+`+1

= sinh`H(z).

In particular,

cosh`H(0) =
1

2

[
e`H(0) + e`H(0)

]
= 1, sinh`H(0) =

1

2

[
e`H(0)− e`H(0)

]
= 0.

In parallel to Theorem 4.25, the following is

Theorem 4.27. The hyperbolic `-H cosine and the hyperbolic `-H sine functions

are solutions of the differential equation(
`D(z)

M

)2

ν − ν = 0.

Proof. One can see that from (4.43), (4.31) and (4.32),(
`D(z)

M

)2

(cosh`H(z))− cosh`H(z)

=
(
`D(z)

M

)2
(
e`H(z) + e`H(−z)

2

)
−
(
e`H(z) + e`H(−z)

2

)
=

1

2

[
e`H(z) + e`H(−z)− e`H(z)− e`H(−z)

]
= 0.

Likewise, (
`D(z)

M

)2

(sinh`H(z))− sinh`H(z)

=
(
`D(z)

M

)2
(
e`H(z)− e`H(−z)

2

)
−
(
e`H(z)− e`H(−z)

2

)
=

1

2

[
e`H(z)− e`H(−z)− e`H(z) + e`H(−z)

]
= 0.
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Remark 4.28. The new functions (4.1) can evidently be considered as extensions

of the generalized hypergeometric function rFs+p (see [18, Ch.4]), reduced to the

so-called hyper-Bessel functions 0Fp if r = s; ai = bj, and being eigen functions of

the hyper-Bessel operators ([33, 36]) where p in the second index goes to infinity

together with the summation index n in the power series.

4.3.4 Graphs

Following are the graphs of particular `-H functions.

Figure 4.1: A: Graph of e2
H(x); B: Graph of e2

H(−x) and C: Graph of e
1
2
H(−x2)

Figure 4.2: A: Graph of cos
5
14
H (x) and B: Graph of sin1

H(x)
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Figure 4.3: A: Graph of cosh3
H(x) and B: Graph of sinh

1
4
H(x)

4.3.5 `-Analogues of Ramanujan’s theorem and Kummer’s

first formula

It is noteworthy that the generalized `-H-function provides `-extensions to

(i) the Ramanujan’s theorem [46, Ex.5, p.106]:

1F1

[
a; x

b;

]
1F1

[
a; −x
b;

]
= 2F3

[
a, b− a; x2

4

b, b
2
, b

2
+ 1

2
;

]
, (4.44)

and (ii) the Kummer’s first formula [46, p.125]:

e−z 1F1

[
a; z

b;

]
= 1F1

[
b− a; −z
b;

]
. (4.45)

This is shown below.

Theorem 4.29. (`-Analogue of Ramanujan’s Theorem)

If ` ∈ N ∪ {0} then

1H
1
1

[
a; x

b; (c : `);

]
1H

1
1

[
a; −x
b; (c : `);

]

=
∞∑
n=0

(a)n x
n

(b)n (c)`nn n!

× 3+`nH
2
2

[
−n, a, 1− b− n, (1− c− n)`n; (−1)`(n−1)(c)`n

b, 1− a− n; (c, 1− c− n : `);

]
.



Chapter 4. The generalized `-Hypergeometric function 77

Proof. From the definition of the generalized `-function (4.1) and the formula:

(α)n−k =
(−1)k (α)n

(1− α− n)k
,

1H
1
1

[
a; x

b; (c : `);

]
1H

1
1

[
a; −x
b; (c : `);

]

=
∞∑
n=0

(a)n
(b)n (c)`nn

xn

n!

∞∑
k=0

(a)k
(b)k (c)`kk

(−x)k

k!

=
∞∑
n=0

n∑
k=0

(a)n−k

(b)n−k (c)`n−`kn−k

xn

(n− k)!

(a)k
(b)k (c)`kk

(−1)k

k!

=
∞∑
n=0

n∑
k=0

(−1)k(a)n
(1− a− n)k

(1− b− n)k
(−1)k(b)n

[
(1− c− n)k
(−1)k(c)n

]`n−`k
× (−n)k

(−1)kn!

(a)k
(b)k (c)`kk

(−1)k

k!
xn

=
∞∑
n=0

(a)n
(b)n (c)`nn

xn

n!

×
n∑
k=0

(−1)`(n−1)k (−n)k (a)k (1− b− n)k (1− c− n)`nk (c)`kn
(b)k (1− a− n)k (c)`kk (1− c− n)`kk k!

=
∞∑
n=0

(a)n x
n

(b)n (c)`nn n!

× 3+`nH
2
2

[
−n, a, 1− b− n, (1− c− n)`n; (−1)`(n−1)(c)`n

b, 1− a− n; (c, 1− c− n : `);

]
.

Remark 4.30. It may be seen that for ` = 0, Theorem 4.29 gets reduced to the

Ramanujan’s theorem (4.44). This may be verified as follows.

For ` = 0, from Remark 4.3, Theorem 4.29 takes the form

1F1

[
a; x

b;

]
1F1

[
a; −x
b;

]
=

∞∑
n=0

(a)n x
n

(b)n n!
3F2

[
−n, a, 1− b− n; 1

1− a− n, b;

]
.

Replacing n by 2n, this becomes

1F1

[
a; x

b;

]
1F1

[
a; −x
b;

]
=

∞∑
n=0

(a)2n x
2n

(b)2n (2n)!
3F2

[
−2n, a, 1− b− 2n; 1

1− a− 2n, b;

]
.
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Then Theorem 1.9 together with the formula:

(α)2n = 22n
(α

2

)
n

(
α + 1

2

)
n

, n ∈ N, α ∈ C

leads to

1F1

[
a; x

b;

]
1F1

[
a; −x
b;

]
=

∞∑
n=0

(a)2n x
2n

(b)2n (2n)!

(2n)! (a)n (b− a)n
(a)2n (b)n n!

=
∞∑
n=0

(a)n (b− a)n x
2n

22n
(
b
2

)
n

(
b
2

+ 1
2

)
n

(b)n n!

= 2F3

[
a, b− a; x2

4

b, b
2
, b

2
+ 1

2
;

]
.

Theorem 4.31. (`-Analogue of Kummer’s first formula)

If ` ∈ N ∪ {0} and z ∈ C then

e`H(−z) 1H
1
1

[
a; z

b; (c : `);

]

=
∞∑
n=0

(−1)n zn

(n!)`n+1

× 2+`nH
2
1

[
−n,−n, . . . ,−n, a; (1)`n(−1)`(n−1)

b; (c,−n : `);

]
, (4.46)

where e`H(z) is the `-H exponential function as defined in (4.29).

Proof. The left hand side

e`H(−z) 1H
1
1

[
a; z

b; (c : `);

]

=
∞∑
n=0

(−1)n zn

(n!)`n+1

∞∑
k=0

(a)k
(b)k (c)`kk

zk

k!

=
∞∑
n=0

∞∑
k=0

(−1)n−k
(a)k

[(n− k)!]`n−`k+1 (b)k (c)`kk

zn

k!

=
∞∑
n=0

n∑
k=0

(−1)n−k
[

(−1)k (−n)k
n!

]`n−`k+1
(a)k zn

(b)k (c)`kk k!

=
∞∑
n=0

(−1)n zn

(n!)`n+1

n∑
k=0

(−n)`n+1
k n!`k (a)k

(−n)`kk (b)k (c)`kk k!
(−1)`nk−`k
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=
∞∑
n=0

(−1)n zn

(n!)`n+1

n∑
k=0

(−n)`n+1
k (a)k

[
(n!)`(−1)`(n−1)

]k
(−n)`kk (b)k (c)`kk k!

=
∞∑
n=0

(−1)n zn

(n!)`n+1 2+`nH
2
1

[
−n,−n, . . . ,−n, a; (n!)`(−1)`(n−1)

b; (c,−n : `);

]
.

Remark 4.32. When ` = 0, Theorem 4.31 reduces to the Kummer’s first formula

(4.45). This can also be verified as follows.

From Remarks 4.18 and 4.3, (4.46) reduced to

e−z 1F1

[
a; z

b;

]
=

∞∑
n=0

(−1)n zn

n!
2F1

[
−n, a; 1

b;

]
.

Now the application of Gauss summation formula (stated in Chapter 1 as Theorem

1.8) yields

e−z 1F1

[
a; z

b;

]
=

∞∑
n=0

(b− a)n
(b)n

(−z)n

n!

= 1F1

[
b− a; −z
b;

]
.

4.4 Generalized Maclaurin’s Theorem

Let f be an n-times differentiable function at z0, then its Taylor series expansion

is given by [5] :

f(z) =
∞∑
n=0

Dnf(z0)

n!
(z − z0)n, (4.47)

where Dnf is the usual nth order derivative of f . At z0 = 0, this expansion is well

known as Maclaurin’s expansion of f . Here a generalized `-H function analogue

of the Maclaurin’s expansion of f(z) = rH
p
s (` : z) is proved as

Theorem 4.33. For the generalized `-H function,

rH
p
s (` : z) =

∞∑
n=0

[Dn
rH

p
s (` : z)]z=0

zn

n!
, (4.48)

where D =
d

dz
.
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Proof. From the definition of the generalized `-H function (4.1),

D ( rH
p
s (` : z)) =

∞∑
n=1

(a1, a2, . . . , ar)n
(b1, b2, . . . , bs)n (c1, c2, . . . , cp; q)`nn

zn−1

(n− 1)!
,

Dm ( rH
p
s (` : z)) =

∞∑
n=0

(a1, a2, . . . , ar)n+m

(b1, b2, . . . , bs)n+m (c1, c2, . . . , cp; q)
`n+`m
n+m

zn

n!
,

and

[Dm ( rH
p
s (` : z))]z=0 =

(a1, a2, . . . , ar)m
(b1, b2, . . . , bs)m (c1, c2, . . . , cp; q)`mm

.

Hence,

∞∑
n=0

[Dn
rH

p
s (` : z)]z=0

zn

n!

=
∞∑
n=0

(a1, a2, . . . , ar)n
(b1, b2, . . . , bs)n (c1, c2, . . . , cp; q)`nn

zn

n!

= rH
p
s (` : z).

Remark 4.34. When ` = 0, (4.48) reduces to the form

rFs[z] =
∞∑
n=0

(Dn
rFs[z])z=0

zn

n!
.
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