Chapter 6

The /-H Bessel function

6.1 Introduction

In this chapter, the classical Bessel function (1.9)

> (—1)k znt2k
Inlz) = : tive int
() % 22 B T(1 1 5 k) (n non negative integer)

is extended by means of /-Hypergeometric function introduced in Chapter 4. In
other words, besides the particular cases namely the ¢-H exponential, trigonomet-
ric and hyperbolic functions, one more special case: the Bessel function J,(z)
is now considered with similar objective of examining (-extensions to its certain
properties. As the main results, the differential equation, the generating function
relation, and Contour integral representations including Schlafli’s integral ana-
logue are derived. With the aid of these, other results including some inequalities
are also obtained. Thus the properties 1. to 18. as stated in Subsection 1.3.4 of
Chapter 1, will be extended here.

It is worth mentioning that the proposed extension of J,(z) is suggested by the
Laurent series expansion of the product of two ¢-H exponential functions (4.29).
The ¢-H trigonometric functions (Subsection 4.3.2) then give rise to f-analogues of
certain properties of the Bessel function occurring in the literature hitherto (e.g.
[59])-

In doing the f-extension, the binomial coefficient also needs to be extended which
consequently extends the binomial theorem.

Before all this done, the following definition and results of Chapter 4 ((6.1) to

(6.7)) are required to be rementioned.

118
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(i) The ¢-H exponential function is denoted and defined by

ORISR S oo o)

n:O

for all z € C and R(¢) > 0. By replacing z by iz in (6.1), one finds the ¢-H
trigonometric functions (4.36) and (4.37) of Chapter 4. That is,

- . 0 1 o 2n+1
) ) = 3 e X e ©62)
(iii) e%(iz) = cost (2 )—I—zsqu(z). (6.3)
Here
(iv) cost(—2) = cos(2), and sin%(—z) = —sinf(2), (6.4)
(v) cosy(z) = cosz, and sin}(z) = sinz, (6.5)
and
(vi) %[ef{(iz)%—e?{(—iz)} = cost(2), (6.6)
(vii) %[ef{(iz)—e%(—iz)} — sin (). (6.7)

The binomial coefficient and thereby binomial theorem may put into the following
extended forms.

Definition 6.1. For 0 < k < n, the /-binomial coefficient may be denoted and
defined by

@) (nl)fr+1
<k) = (= k)T (e

For z1, zo € C, denoting by (2 + 22)( the (-analogue of (z; + 25)", the binomial

theorem admits the extension in the form:

n )
n n n—
(21 +22)( = E : <k:) A7 2. (6.8)
k=0

Remark 6.2. For ¢ = 0, the ¢-binomial coefficient and the theorem reduce to the

usual binomial coefficient and theorem respectively.

In the light of the expansion (6.8), the f-analogue of the identity:

e(Z1+Z2) — 7l e*2



Chapter 6. The ¢-H Bessel function 120

assumes the form which is given in

Lemma 6.3. For the (-H exponential function (6.1), there holds the identity:

(a1 +2) = ey(=) e(z). (6.9)
Proof. From (6.1),
Zl + 22
¢
ey(z1 + 22) Z o) 2n+1 . (6.10)
=0
In view of (6.8),
¢ _ S - (n)*t n—k _k
alntn) = ) n' nt1 > (n — k)0t (Rhthrt “1 =2
n:O k=0
Ikt T (1) Okt 1
2 2 (= R (s

8

k

_ 21 - %
o Z (nl)fn+1 Z (k1)t+1
k=0

=0

3

?{ z1) 6%(22)'

I
)

Remark 6.4. Since e4(0) = 1, it follows from (6.9) with 2, = —z; that
¢ ¢ Y _ 00 —
ey(z1) eg(—2z1) = ez —21) =eyx(0) = 1. (6.11)

With these prerequisites, the f-extension of the Bessel function is defined as follows.

Definition 6.5. Let R(¢) > 0 and n € NU{0}, then a new class of Bessel functions
is denoted and defined by

[ee} ( /2)n+2k
Z k' fk-i—l TL + ka).)fn-i-fk—l-l : <612)
0

This function will be referred to here as the /-H Bessel function or briefly, the
(-HBF.

Remark 6.6. For ¢ =0, the (-HBF (6.12) reduces to

= (D (/2"

T =) (6.13)

T
o
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Remark 6.7. For ¢ € NU {0}, the /-HBF (6.12) can be expressed as generalized
¢-H function ((4.1))

’ AT (6.14)
n+1ln+1,...,n+1;(n+1,1:7);

nl)int1 OHﬁn+1

\_/ [N

4 ) =
Jn,H( ) (

The series in (6.12) is indeed seen to be convergent yet the following theorem

assures it.

Theorem 6.8. If R(¢) > 0 and R(2(n + €+ 2) > 0 then the (-HBF is an entire

function of z.

Proof. Consider

i )k (z/2)" ™ Z 2k
(&) Ek-l—l (n + k)l)fn+ths Pk
=

where
_ (=D*
Pk = NG (1 k)10t gk

Applying here the Stirling’s formula [18]:
T(a+k) ~ V21 e @0 (o 4 k)eth-1/2)

for large k and taking = 1,n + 1 in turn, one gets

el

g 1
k pr—
’@n,k‘ ‘Fékﬂ(k i 1) F€n+£k+1(n Tho 1) T
Vv —F—R(
1 ’ 2 e*(kJrl) (k‘ + 1)k+1_% z R0

~ — _ -
1 ‘\/ o e~ (ntk+1) (n +k+ 1)n+k+1_% §R< k +£+k)

Hence from the Cauchy-Hadamard formula,

1 ]. k | |
R kllll S “lp 7é 7L7k'

B W ,}1_?010 sup |efnt2l f2en+642] ‘ k)

R(0) )

lim s
e SUP 2 it

2kR(£)

n

e (2ER(0)
k

e

2T

e
4
0

Y



Chapter 6. The ¢-H Bessel function 122

provided (¢) > 0 and R(2¢n + ¢+ 2) > 0. O

6.2 Main results

In order to derive further f-analogues of certain properties of the Bessel function,
it is required to obtain the (-analogue of the relation: J_,(2) = (—1)"J,(z) when
n is a negative integer [59, Ch. 2, p.15]. This is considered in

Lemma 6.9. For a negative integer n and R(¢) > 0,
(=" Jﬁ,H(Z) = anH(Z> (6.15)

Proof. Here

, = —1)% (z/2)""*
(=D)" Jou(z) = (=1) Z (8!)£E+1 )((n(+/s))!>£n+£s+1

s=0
00 s+n ( /2)2$+2n—n
- SZ; ) es+1 ((s + n)l)bstnt1’

Taking s + n = k, this takes the form:

> —1)% (2/2)%~
(_1)n Jﬁ,H(Z) = Z (k!)g£+1 )((k;(—/n;!)@k““

k=n

]

For the (-HBF, the generating function relation (GFR) will now be derived and

then the differential equation and the integral representations.

6.2.1 Generating function relation

The derivation of the GFR of the /-HBF uses the known finite summation formula
[46, Lemma 12, p.112] which is outlined here as

Lemma 6.10. Forn > 1,
n 5]
S A(kn) =Y An—kn)+ Y A(kn). (6.16)

k=0 k=0
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Proof. First note that for n > 1,

sl [

in which [*] is the usual greatest integer symbol then

[ ] 1+[5]+[74]
ZA (k,n) Ak, n) + A(k,n). (6.17)

k=0 k=0

w3

Now replacing k by n — k that is, k by 1+ [%] I [(n;)

on the right hand side in (6.17), leads to (6.16). O

] — k in the last summation

By making use of this summation formula, an ¢-extension of the GFR:

exp<2t—t ) ZJ

n=—oo
is derived in

Theorem 6.11. Fort # 0 and for all finite |z|,
S Tzt =cy (% (t - t‘1)> , (6.18)
where €% (z) is as defined in (6.1).

Proof. The left hand side is

00 -1 00
Z Jﬁ,H('Z) " = Z Jﬁ,H(’Z> "+ Z Jﬁ,H(z) "
n=0

= Z an—l,H(Z) T Z JﬁH(Z) t".
n=0 n=0
In view of Lemma 6.9 and defining series (6.12), this further becomes
Z Jﬁ,H('Z) t"

Z(_ ) T (2) Z T i(2) 1"
n n=0
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0 ( n+k+1 (Z/Q)n+2k+1 1 0 (—l)k (2/2)n+2k tn
nzo (k;l Ek—i—l n + k + ) )£n+€k+€+1 nkzo (k!)ﬁk—i—l ((n + k)!)én—l—ﬁk—i—l
[%] (_1)n—2k+k+1 <2/2>n—2k+2k+1 t—n+2k—1

(k!)ZkJrl ((n —2k+k+ ))Zn 20k+Ck+0+1

N

Il
=)

oo:[z]
( ) (2/2)77, 2k+-2k = 2k
+Z Z kl Ck+1 ((TL — 2k + k) )én 20k+Ck+1

n=0 k:O

n

I3

n—1

= (&) 1y o e

T (R ((n— RO +1
oo 3] N
(=1)% (z/2)" tnk-k
: nzl L (KN ((n — k)=t
o 1l ]

(_1)k (Z/2>n fn—k—k
(KT ((n — k)l)fn—thtT |

(=) (/2)" e
- z; kz:; (k!)tk+1 ((7(1 1 o)1) fn—tht1 + 2

Finally, from the result stated in Lemma 6.10, one obtains

> . < 1 z/2) tn—2k
4 n o __

Z Jn,H<Z) o= 1+ ZZ (k' Zk — k))n—th+1

n=-—o00 n=1 k=0
- In+1

n=0 k=0 KOS (nl)fnt
_ i (2/2) — (=DF (z/2)F tF
- g (n!>en+1 e (k!)€k+1
2t —z
Thus, the GFR follows from Lemma 6.3. O

Remark 6.12. The special case ¢ = 0 provides the GFR of J,,(z).

6.2.2 Differential equation

The differential equation of the /-HBF' is obtained by means of the infinite order
hyper-Bessel type differential operator which is already defined in Chapter 4. This

is restated here.
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Let f(z) = > an2™, 0# 2 € C, pe NU{0} and o € C. Define
n=1

pAi(f(Z)) _ n;l an(a)b (0 +a—1)P2", if peN | (6.19)

4

B and

where 6 is the Euler differential operator z

O+a) =0+a)0+a)...(0+ )

r times

is a special case of the hyper-Bessel differential operators (2.8).

Also, the following operators will be needed.

Definition 6.13. For f(z) = > a 2°*, « € R, define the lowering operator:
k=0

On_f(2) = Z ap 27Dk (6.20)
k=0
the raising operator:
Ourf(z) = Zak PR (6.21)
k=0

and as suggested by (6.19), the operator:

Au(f(2) = A (O(F(2))). (6.22)

These operators combination will be symbolized as follows.
gQﬁlz) = (OH_ ZAMZ_n ZAMOQ_) . (623)

With these, the differential equation of the /-HBF is derived in

Theorem 6.14. For {,n € NU{0} and z # 0, then the function w = J} ;(z)

satisfies the differential equation

—n+2
{ Q) 4 2 y ] w =0, (6.24)

where S0 is as defined in (6.23).
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Proof. Here

ZQ;Z) ‘]ﬁ,H(z)

B » oo (—1)F (z/2)m+2+

= (014 Az (ApOs-) (kz:% (KDL ((n + ko)1) fnttht
B . S (_1)k ZnJrk

= O1p Az Ay (; o2k (K1)t ((n 4 fo)l)fntthsl

B n 00 ( 1)k n+k
= 01+ EAMZ KAM (Z on+2k (k!)ékJrl ((n + k)!)EnJr@k (n + k — 1)!

k=0
- 00 (_1>k (1>£ 1 eén-i-fk: > +k
= O Ay - -
14+ eAM= (; on+2k (k!)fk:—H ((n + k)!)éan (n + k- 1)!

Since 9tk pntk = (n 4 k)it ontk (of. (4.34)),

A . o0 (_1)k Zn+k
= O1+ IAMZ Z on-+2k (k!)zk.H ((n+k‘ ) )En—Mk —l+1

k=0
= O /A
I+ £3M (kzzo ont2k (l)thtl ((n+k 1)1)énteh—t+1
o0 ( 1>k ok
= O /A
I+ =M (; o t2k (KN (k — 1)1 ((n + k — 1)1)tn+—t41
0 1k 1( Qﬁk k
= Ou Zn% e ntlh—+1
= 202 (KD (k=) ((n 4 k = 1)l)fmr=er
B a ( 1)k k
= Onr (; o2k ((k — 1)\)h—H1 ((n 4 k — 1)1)in+th—t+1
_ f: (_1)k Zzlc
- ont2k ((k — D)E—H1 ((n + k — 1)1)in+th—t+1
i (_1)k+1 Z2k+2
o Pt o2k 42 (ENk+L ((n 4 f)l)bntek+1
Z—n+2
- Ty JﬁH(Z)

]

Remark 6.15. The zero order (-HBF, that is w = J§ ;;(z) satisfies the differential

equation:
z
—] w =10,

[EQSZ) "1
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where (QF) = Oy, (A2, O,_.

6.2.3 The /-HBF integral

By using the ¢-trigonometric functions (6.3), the ¢-analogue of the Bessel’s integral
[46, Theorem 40, p.114] is obtained in

Theorem 6.16. Forn € Z,

Jhn(2) = %/ [cosnf cosf(zsind) + sinnd sinj(zsind)] d. (6.25)

0

Proof. The generating function relation of the -HBF (6.18) if regarded as the
Laurent series expansion of the function ef; (£(¢t —¢7')) ; valid near the essential
singularity ¢ = 0 then the coefficient
¢ 1 ) —n—1 ¢ (* -1
Jou(2) = . u ey (—(u —u )) du (6.26)
in which the contour (0+) is a simple closed path encircling the origin u = 0 once
in the positive direction.

In (6.26), choosing the particular path

0

u=¢e" =cosf+isinb,

where 6 runs from —7 to 7, then u™! = cos@ — isin and (6.26) yields

™

1 , .
Jog(z) = — el ot (E(cos 0 + isinf — cos @ + isin 6)) iedf
2m 2
- L el oL (E(2i sin 9)) ie’df (6.27)
27 \2 '

-7
™

= 2i (cosnf — isinnd) [cosy (zsin ) + isinf (zsin )] do
m

L . L
B %/Cosne cosg(zsin6) d + %/smne sing (zsin §) df

™ m

_% /sinn@ Cosﬁl(z sin @) dé —/ cos nf sinfl(z sinf) d¢

—T —Tr
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= L+ 1L+ 13+ 1, (say).

Here the integrands in I; and I, are even functions of #. But the integrands in I3
and I, are odd functions of 6, by (6.4), hence I3 = I, = 0. O

Remark 6.17. When (=0, then in view of (6.5) and (6.14), (6.25) reduces to the
Bessel’s integral [46, Theorem 40, p.114]:

™

1
Jn(2) = ;/cos (nf — zsinf) dé,
0

for integral n.

6.2.4 Schlafli’s Integral analogue

Here the integral of Theorem 6.16 is modified so as to include the non integral

values of n. For non integral n, the /-HBF takes the form:

, i (Z/2>n+2k
ou (% (k') €k+1 I‘EnJerJrl(n +k+1) (6.28)
k=0
Theorem 6.18. If R(z) > 0, then for any n,
1 K
Jou(z) = ;{ /cosn@ cosy (zsin @) +sinnf sink;(zsin)df

0

_smﬂmr /e_"e e (—zsinh @) d@}. (6.29)

0

Proof. The integral in (6.26) is
1 (0+) 2
4 _ —-n—-1 ¢ [~/ -1
Jon(z) = —27”;/ u ey (2(u u )) du.

Now the branch

z
u "t el <§(u — u’l)) (Jlu| >0, =7 < argu < )

when integrated with branch cut argu = 7 around the contour C' which is traced

out by a point moving (i) along the lower edge of the cut from —oo to —1, then

(ii) around the circle |u| = 1 in positive direction and finally (iii) along the upper
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edge of the cut from —1 to —oo (as shown in the figure),

then for R(z) > 0, one gets

1 e z _
JﬁH(z) = 5| et <§(u—u 1)) du
c
1 -1 —00
v —n-1 o -1
= 5. /+/+/ u 6H<2(u u ))du
oo =1 41

Writing v = e ¢ in the first and third integrals respectively and u = ¥, —7 <

f < m in the second, one further gets

™

1 . ,
Jou(z) = 57 eln=i oL (g(cos 0+ isinf — cos @ + isin «9)) iedf
1 4
_L' e(-n=D(mimy—n—1 ot Elemimp — C ) ) qt
271 2 t
_L e(—n—l)(iﬂ')t—n—l eé E e — e " dt
2mi T\ 2 t
1 -l L ;. o3
= 5 |e ey (izsin0)do
i (n+D)mi _ —(n+1)mi
z e e
el (— —t 4+t ) dt
* / ein (5 (=t +17) omi
1

1l
o e et (izsin6)dl

(st + D /t—”—l ¢ (g (' - t)) dt.

™
1
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Now evaluating the first integral by following the procedure of obtaining (6.25)
from (6.27), and evaluating the second integral by putting ¢t = ¢’ one finally finds

™

1
Jﬁ,H(z) = ;/[cosn@ cost; (zsin @) + sinnf sin’;(zsin0)] db

0
o0

+smn+17r/€ ’9—69))d6

0

T

1
= —/[Coan cost;(zsinf) + sinné sink; (zsin )] do
7T

smmr/ 0 et (—zsinh 0) d6.
0

]

Remark 6.19. (1) The integral (6.29) may be termed as the ¢-Schlifli’s integral.
If ¢ = 0 then (6.29) yields the Schlafli’s integral for Bessel function J,,(z) given by
(60, Sec.17.231, p.362]

™

1 iy .
Jo(z) = = / cosn(f — zsin6) o — 2T / —nf—=sinh0 g
0

™
0

(2) If n is an integer, then the integral (6.29) reduces to the (-HBF integral (6.25).

6.3 Other properties

In this section, a differential recurrence relation is derived and then with the help
of the GFR and the ¢-HBF integral representation, some other properties will be
deduced.

6.3.1 Differential recurrence relation
Let ;Af be as defined in (6.19). Then by using the operator defined in (4.30):

Dy () = (71 ATO) (f(2) or (= AT O(/()),  (6:30)

the differential recurrence relation is derived in
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Theorem 6.20. For { € NU {0},

2 DT p(2) = Ty (2) = Te g (2). (6.31)

The theorem is proved by using the following lemma which describes the eigen

function property of /-exponential function.

Lemma 6.21. The (-exzponential function €%y (% (t —t™1)) with t fized, is an eigen
function with respect to the operator ZDE\Z) as defined in (6.30). That is,

/DY) [efq (g (t - t_1)>] = % (t—t7Y) ey (g (t - t—1)> (6.32)

for fixed t.
Proof. The left hand side is
CIPNE: S R A M
Dy [GH (5 (t_t ))} = A (9 Z on (pl)in+l
N e
_ A]D)z ( Z ( )
e 1 n n
=27 () (n — 1)!

— (=" (1) (D))" 2"
=2 o (n)n (n— 1)1

Now from (4.34)

d d d d
(D)™ 2" = —z2— ... —z— 2" =n"" "7
dz dz dz dz
In derivatives

one gets

(t o t_l)n (]_)Z nﬁn Zn—l

2 [ Ge-r)] - S e
(t—tH" 2!

I
NE

<2 ((n — 1)l)in—eH

(t—t") ey (g (t— t_1)> :

3
I

N | —
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Proof. (of Theorem 6.20)
From Theorem 6.11,

() - £ o

n=—oo

Applying the operator gD both the sides, one obtains

D [ (=) = 3 D) (Tale) o

n=—oo

In view of Lemma 6.21, this changes to
1 —1\y ¢ (F -1 = (2) ( 70 n
SE=t) b (FE-1) = > D (hal) 1
Once again using Theorem 6.11,
> Dy (Toul2)
74 m —1 = £ n

n=—oo n=—oo

DN | o+

I
DO | —
=
m
~
3
t
=
m
~
3

1 o . 1o n
- 5 Jﬁ—l u(z) 1" = ) Z J£+1 n(z) ¢
On comparing the coefficients of ¢” both sides, (6.31) follows. O

The iteration of the relation (6.31) yields the following general formula.

Theorem 6.22. [fn € NU{0} and k € N then (cf. [46, Ex. 7, p.121] with £ =0)
k @\* - A
2 (D)) Ta() =DV a2 (633)

Proof. For k =1, Theorem holds true from Theorem 6.20. That is,

2 DI () = Ty y(2) = Jh i (2).
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Here, applying the operator 2 gD both the sides and then making use of Theorem
6.20, one obtains

2
2 (D) Jiuz) = 25T ()~ 2Dk (2)
= Jﬁ—Q,H(Z) - 2J£,H(2) + J£+2,H(z)

(2
= S (2 ) 03
0
Similarly,

3
2 (D7) Jhul2)
= 2 DI, 4(2) =2 D) [27L 4(2)] +2 DTy 1 (2)
= J£73,H(Z) _3Jn71, (2) +3J, m(z) = J£+3,H(z)

- ml(—l)f”%(i) T amin(2)

The recursive procedure k-times, leads to the theorem. O

Alternatively, this theorem can also be proved by using the principle of mathe-

matical induction on k as follows.

Proof. (of Theorem 6.22 by the principle of Mathematical induction)
For k =1, it is true from Theorem 6.20. Now suppose that the theorem holds for

k =some positive integer r. That is,
T z " - r—m r
JCPEED D () FE) (6.35)
m=0

Then to prove that for k = r + 1, the theorem holds true. In fact, from Theorem
6.20,

2r+1< D<z>>’“ JE(2)

il (> (D”) )
_ s, ( (1) ama)
7 (-1
i

J£+r w(2) +r(= 1)r_1 ‘]ﬁ—f—r—Q,H(z) +...+ Jﬁ—r,H(Zﬂ

= (_1) [ 1+7~H( z) — J£+1+T,H(Z)] +7"(_1)T_1 I:JTZL—3+T,H(Z) - Jﬁ—l—l—r,H(z)}
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+. [JZ 1—1’,H<Z) _Jﬁ+1 rH( )}
= (= )T+1J£+1+TH< )+ (1) (r+1)J;_ 1 (2 DA+ (%)

= S (T o)

m
m=0

]

In the following two theorems, the properties involving series and definite integrals

are extended.

Theorem 6.23. For an integer n, (cf. [46, Ex.2, p.120])
cosly(z) = Jipulz)+ 22 )" T (2) (6.36)
sinfy (2) = 22 o112 (6.37)

Proof. From the GFR of the ¢-HBF (6.18) and the identity (6.15),

ey (% (t—t—1)> = i Jh(2) t"
NS S RV S e
@S ) ) (639)
Taking t = i, one gets
hliz) = Jn() 43 TE) [ (1)
B3 T2 [ (1 i

+ngn+1H 2n+1 + (_1)2n+1 i—(?n—i—l)]‘

In view of (6.3), this gives

oo

cosy(z) +ising(2) = Jg y(2) + 22( )" Sy g (2) + 2i Z )" Jagarn(2).

n=1
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On comparing the real and imaginary parts, the required result is obtained. [

Theorem 6.24. For n € Z, there hold (cf. [46, Ex.3, p.120]):

™

2
1+ (=1)"] Jpp(z) = ;/cosn@ cost; (zsin 0)do, (6.39)
0
n 4 2 . .0 .
1= (=1)"] Jou(z) = ;/Smnﬁ siny; (z sin 6)dé. (6.40)
0
Further,
14 1 Y .
Jon(2) = —/COS 2nf cosy(zsin@)do, (6.41)
’ T
1
a1 m(2) = —/sm (2n 4 1)0 sin’,(zsin6)dd (6.42)
’ 7r
0
and
/cos(2n+ 1) cos(zsinf)dd = 0, (6.43)
0
/sinQnH siny; (zsinf)dd = 0. (6.44)

0

Proof. From the (-HBF integral considered in Theorem 6.16, it follows that

s

1
Jf;H(z) = %/ [cosnf cosfy(zsin6) + sinnd sinf (2sind)] dd  (6.45)
0

hence,

[cos(—nb) cos;(zsin@) + sin(—nb) sinf;(zsin6)] df,

<~
~
3
i
>1|>—‘
o\ﬂ

that is,

>1|»—‘

/ cosnf cosy(zsinf) —sinnf sin (2sin )] dé. (6.46)

0

(=1)" Jpu(2)
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Here adding (or subtracting) (6.45) and (6.46) one obtains (6.39) (or (6.40)).
By considering the even (or odd) order -HBF in (6.39) (or (6.40)) yields (6.41)
(or (6.42)), whereas considering odd (or even) order (-HBF in (6.39) (or (6.40)),
one obtains the formula (6.43) (or (6.44)).

[

6.3.2 /(-Analogue of Jacobi’s expansion

In the following theorem, the Jacobi’s expansion in series of Bessel coefficients for
n € Z ([46, Ex.3, p.120], [59, Sec. 2.22, p.22]), given by

exp(zsin f) )+ 2 Z Jon(z) cos 2nf + 2i Z Jont1(z) sin(2n + 1)0
n=0

is extended.

Theorem 6.25. Forn € Z,

[o¢]
e (zsin, 0) = J¢ z)+ 2 cose 2n6 -+ 2i JE 2) sin% (2n+1)6.
H H 0 H 2n ( H on+1,H H

n=0
That 1is,
cos%(z Sin% 0) = JéH(z) +2 Z meH(z) cos% 2nd, (6.47)
bl _ — .0
sing(zsiny 0) = 2 Z Jony1.1(2) sing(2n +1)0. (6.48)

Proof. In (6.38), substituting ¢ = €% (i0) the (-H exponential function, it gives

ey (; ( £(i0) — ey (— z@)))

= Jou(2) + Z Ty (2) [l (inf) + (=1)" efy(—ind)]
= Jou(z)+ Z T3 (2) [e5(2in0) + (—=1)*" el (—2ind))
+ Z Tonpr,(2) [ ((2n +1)i0) + (=1 efy (= (2n + 1)i0)]

= Joulz —i-QZanH 2) costy 2nf + 2i ZJ2n+1H( ) sin%(2n + 1)6.

n=0
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Finally from (6.7),
el (g (el (i0) — e%(—i@))) = ¢4 (izsint; 0) = cost; (2 sint; ) + i sink; (2 sin; 6),

hence the result follows by comparison of the real and imaginary parts. O

6.3.3 /(-Analogue of Bessel’s inequality due to Cauchy

The inequality [59, p.16]

ZQ

4

()] < e

)

due to Cauchy is known as Bessel’s inequality. In order to obtain its ¢-analogue,

S

the /-analogue of the inequality

(n+r)!
n!

> (n+1)"

will be obtained first.
Lemma 6.26. If R(¢) > 0 and r € NU {0} then

(2 sy o

Proof. For r =0, (6.49) is evident. For the remaining values of r, the principle of
mathematical induction is used.

For r =1,
B ((n+ 1)!>€n+1

L.H.S. Tyt

=(n+1)"" = RHS.

Suppose that (6.49) is true for r = some positive integer k that is,

EDIT > (s apees (6.50)

holds true. Then for r = k + 1, it suffice to prove

((n+ k+ 1))+

( |)z = > (n—l—l)(kﬂ)w‘“).
nl)m
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The left hand member

((n+k+1)H+!

(n!)fn—i—l

whenever (/) > 0.

n+k+1)

(A\VARRAVS

1 ((n+ k)Yt
(nl)znﬂ

(

(n+k+ 1) (n+1) k(fn+1)
(n+ 1) (n+1) k(fn+1)
(

n+1) (k+1)(¢n+1)

Using this, the ¢-Bessel’s inequality due to Cauchy is established in

Theorem 6.27. For {,n € NU{0},

|J£H(Z)

Since

1

|J£H(Z)‘ <

z

2

'y

k=0

F
2

¢
(n!)en+1 €H (

Proof. From the Definition 6.5 (of the -HBF),

z
4

)

‘£|2k‘

((n + k))oHt1 (1)1

1

((Tl + k)!)én+€k+1

((n+ k)l

in view of Lemma 6.26, (6.52) yields

| T (2)]

when ¢,n € NU{0}.

IN

IN

(nl)tnt1 (n + 1)k(£n+1)

|£‘2k

n+1 Z ((n+ k)Y (n + 1)kt (1)ek+1

(6.51)

(6.52)
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6.3.4 Addition formula

Theorem 6.28. For the (-HBF' (cf. [59, Sec. 2.4, 2.5, p.30]),

Jop(z+2) = Z Jh JE i (22). (6.53)

m=—0oQ

Proof. On substituting z = 21 + 22 in the contour integral (6.26) and then using
the property (6.9), one obtains

(0+)
1 —n— (21 + 2'2) (U, — ufl)
Tl t2) = g5 [u ey < 2 du
(0+)
— 1 “n—1 ¢ (*1 _1> ‘ <22 _1>
o ) H(g(u u)) ey (5 w—u"))du
(0+) -
1 N ., )
~ 2mi / w mz_oo an,H(Zl) u™ ey <—(u—u 1)) du
00 (0+)
1
= D Jun(®) o / um L el <_2(u_u 1)> du
—— 2mi
Once again making an appeal to (6.26), one is led to (6.53). u

Corollary 6.29. There holds the series relation:

Proof. 1If z; = 25 = z in (6.53) then

Jﬁ,H<22) = Z JS@H e mH(Z)

m=n+1
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This, in view of (6.15) gives

Jﬁ,H(QZ) = Z an,H(Z) ']rl;—rmH(Z) + Z(_l)m an,H(Z) warm,H(Z)

m=0 m=1
+ > (=)™ Jf;L,H(Z) J£+mH(Z)
m=1
= an u(?) Jﬁ—mH('z) + 2 Z(_l)m anH(Z) Jﬁ—&-m,H(Z)
m=0 m=1
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