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PREFACE

The material of the present thesis is based on the researches that I have been
carrying out since November, 2005 at The Maharaja Sayajirao University of Baroda,
Vadodara, on ‘A study of Fourier series and functions of generalized bounded vari-
ations on groups’ under the able guidance and supervision of Professor Jamanadas
R. Patadia, M. Sc., Ph. D., (Retired) Professor of Mathematics, Department of
Mathematics, Faculty of Science, The Maharaja Sayajirao University of Baroda.

The present thesis contains five chapters. The two dimensional analogue of the
first half of results of Chapter 2 is published in the form of a paper in Acta Math-
ematica Hungarica, 128 (4) (2010), 328 — 343 (DOI: 10.1007/s10474-010-9202-y).
These results were first presented at the National Seminar on Analysis, Differen-
tial Equations and Applications held at the Department of Mathematics, Faculty
of Science, The Maharaja Sayajirao University of Baroda during January 30 — 31,
2009. The results of second half of this chapter are accepted for publication in Acta
Scientiarum Mathematicarum, Janos Bolyai Mathematical Institute, University of
Szeged, Szeged, Hungary. The first one fourth of results of Chapter 3 is published
in the form of a paper in the Journal of Inequalities in Pure and Applied Mathe-
matics, 9 (2) (2008), Article 44, 7 pp.. The second one fourth is published in the
form of a paper in Mathematics Today, 24 (2008), 47 — 54. These results were also
presented at the Mathematics Meet — 2008, held at Department of Mathematics,
Gujarat University, Ahmedabad, during March 28 — 29, 2008. The first half of
results of Chapter 4 is published in the form of a paper in the Journal of Indian
Mathematical Society, 75 (1-4) (2008), 93 — 104. These were first presented at the
73rd Annual Conference of the Indian Mathematical Society held at Department
of Mathematics, University of Pune, College of Engineering, Pune and Fergussion
College, Pune during December 27 — 30, 2007 for competition for paper presentation
in the section of Analysis and won the “V. M. Shah Prize for the Year 2007” for
presenting the best research paper in Analysis. The second half of results of Chapter
4 are accepted for publication in Kyoto Journal of Mathematics, Kyoto University,
Kyoto, Japan. These results were presented at 23rd Annual Meeting of Ramanujan
Mathematical Society organized by Department of Mathematics, Indian Institute of
Technology Kanpur, Kanpur during May 19 — 21, 2008. The rest of the results of
the present thesis are under communication for publication. Prof. Patadia has also

collaborated with me in some of the investigations [13].
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Chapter 1

Introduction and Preliminaries

1.1 Order of Magnitude of Fourier Coefficients

Let f be a Lebesgue integrable function on the circle group T (identified with an
interval of length 27, say [0,27)) and let the series

> fm)e

n=—0oo

denote its Fourier series where, for each integer n,

R 1 [ .

f(n) = o /. (x)e " dx
denotes the n'" Fourier coefficient of f. The fundamental property of Fourier coeffi-
cients of such a function f is the well known Riemann-Lebesgue lemma which states
that f(n) = o(1) as |n| — oo (see, for example, [9, 2.3.8]). However, in general,
there is no definite rate at which the Fourier coefficients tend to zero — even for
continuous functions on T (see, for example, [9, 2.3.9] or [3, Vol. I, p. 229]). In fact,
it is known that the Fourier coefficients can tend to zero as slow as possible — in
the sense that given a sequence {a,} of positive numbers tending to zero, one can
find f € LY(T) such that |f(n)| > a,, for all n (see, for example, [9, 7.4] or [3, Vol.
I, p. 229]). Therefore it is interesting to know for functions of which subspaces of
the space of integrable functions, there is some definite rate at which the Fourier
coefficients tend to zero. Let us discuss the development in this regard in the setting

of certain groups. Since the study in the case of circle group is classical and has



motivated the study in the setting of other groups, we begin with the case of circle
group. We have carried out the study in the setting of other than the circle group

and we shall mention our work at the end of each case.

(A). In the case of the circle group T, the study of definite rate at which Fourier
coefficients tend to zero has been carried out intensively for functions of various
subspaces of L!(T). In fact, following results are well known in which I = [a, ] is

an interval and when I = [0, 27, we drop writing I or write T.

A~

Theorem 1.1.1 ([3, Vol. I, p. 38, (25.6) and p. 71, (21.5)]). f(n) = O(1/|n|%)
as |n| — oo for f € Lipa(T), 0 < a < 1, where Lip«a(T) is the subspace of
C(T) c LYT) of functions satisfying Lipschitz condition of order o over [0,27].
(Recall that a real-valued function f is in Lip «(T) if there exists a constant C such
that | f(x) — f(y)| < Cle —y|* for all z,y € T.)

Theorem 1.1.2 ([9, p. 33, Remark (4)]). f(n) = o(1/|n|) as |n| — oo for f €
AC(T), the subspace of C(T) C LY(T) of functions which are absolutely continuous
over [0,27]. (Recall that a real-valued function f is in AC(T) if for every e > 0, there
is a 0 > 0 such that Y ;_, | f(by) — f(a)| < € for every finite collection {(ax, by)}y_,
of non-overlapping subintervals of T with > ;_, |by, — ax| < 9.)

Theorem 1.1.3 ([9, p. 33, 2.3.6]). f(n) = O(1/|n]) as |n| — oo for f € BV(T),

the subspace of LY(T) of functions of bounded variation over [0,2x], that is,
BV(T)={f:T—>R:V(f,T) < o}, (1.1)

where
V(f;T) = sup {Z | f(xr) — f(xkl)‘} 3

in which the supremum s taken over all the partitions 0 = xg < x1 < ... < x, = 27
of [0, 2m].

Theorem 1.1.4 ([59]). f(n) = O (1/|n]"?) as |n| — oo for f € BV®(T), p > 1,
the subspace of LY(T) of functions of bounded variation of order p > 1 over [0, 2],
that is,

BVP(T) = {f:T - R:V(f,p,T) < oo}, (1.2)



where

1/p
Vo(f;T) = sup (Zuxk f(p- 1>|> :

in which the supremum is taken over all the partitions 0 = xg < 1 < ... < 1, = 27
of [0, 2m].

Note that BVD = BV. Note also that the class BV®(I) can be defined as in
(1.2) by replacing T by I. The class BV® was introduced by Wiener in 1924 [77].
This concept of bounded variation of order p > 1 was subsequently generalized by
L. C. Young [78] in 1937 who introduced the following class ¢BV of functions of

¢-bounded variation.

Definition 1.1.5. Given a continuous function ¢, defined on [0,00) and strictly
increasing from 0 to oo, we say that f € ¢BV([I) (that is, f is of ¢-bounded variation

over I) if

Vo(f; 1) = sup {Z O(1f () = f(xk—l)\)} < 0,

where the supremum is taken over all the partitions 0 = 2y < 21 < ... < x, = 27 of
[0, 27].

Clearly, ¢(u) = u gives the Jordan’s class BV (/) and ¢(u) = u? gives the Wiener’s
class BVP(I). Tt is customary to consider ¢ a convex function such that ¢(0) =
0, ¢( L 50 (z—0,), ¢(x) — 00 (z — 00); such a function is called an N-function
and is necessarily contlnuous and strictly increasing on [0,00). For functions of
¢BV(T), the following result is well known (which follows from [57, Corollary to
Theorem 1]).

Theorem 1.1.6. f(n) = O (gb*l (ﬁ)) as [n| — oo for f € pBV(T).

Another class, directly influenced by the study of the convergence problems in the
theory of Fourier series, namely the following class ABV of functions of A-bounded

variation appeared in Waterman’s paper [76] in 1972.

Definition 1.1.7. Given a sequence A = {\x}ren of non-decreasing positive num-
bers Ay such that ZZLA_lk diverges, we say that f € ABV(I) (that is, f is of

A-bounded variation over I) if

TN (TN B

{Ix}

3



where {I = [ax, bg]} is a sequence of non-overlapping subintervals of I.

Note that if Ay = 1, one gets from this the class BV(I) and if A\, = k Vk then
one gets the class HBV(I) of functions of harmonic bounded variation over I. For

functions of ABV(T), Schramm and Waterman [57] proved the following result.

Theorem 1.1.8. f(n <1/Z|n| i) as |n| — oo for f € ABV(T).

=LA

Later, in 1980, Shiba [58] introduced the following class ABV® of functions of

p-A-bounded variation.

Definition 1.1.9. Given a sequence A as in Definition 1.1.7 and a real number p,
1 < p < oo, we say that f € ABV®(I) (that is, f is of p-A-bounded variation over

I if
1/p
Vou(f; 1) = sup (Z'fbk )|> < 00,

{Ik} k

where {I;} is as in Definition 1.1.7.

Note that if p = 1 one gets from this the class ABV(I); if Ay = 1, one gets the
class BV®P(I); and if p = 1 as well as Ay = 1 then one gets the class BV(I). For
functions of ABV®(T), the following result is well known [57].

Theorem 1.1.10. f(n) = O < /(ZL"'I ;) ) as |n| — oo for f € ABV®(T).

The class pABV of functions of ¢-A-bounded variation over I was introduced by

Schramm and Waterman [56] in 1982 as follows.

Definition 1.1.11. Given a function ¢ as in Definition 1.1.5 and a sequence A as
in Definition 1.1.7, we say that f € pABV(I) (that is, f is of ¢-A-bounded variation

over I) if

o(|f(br) — far)|)
Vealdi D) _ﬁ}fﬁ{z oy } =

where {I} is as in Definition 1.1.7.

Note that if ¢(u) = u? one gets from this the class ABV®(I). For functions of
»ABV(T), Schramm and Waterman [57] proved the following result.

Theorem 1.1.12. f(n) = O [(b‘l (1/2'"_' i)} as |n| = oo for f € pABV(T).

J=1 X;

4



Further, considering the differences of order r > 2, the class 7-BV of the functions
of bounded 7" variation is also one of the interesting generalizations of the Jordan

class. This is given as follows.

Definition 1.1.13. Given a positive integer r, we say that f € r-BV(I) (that is, f

is of bounded r™ variation over I) if

VIO(f 1) = sup {Z 'Nﬂ”)'} o
" Ui=0

where the supremum is taken over arbitrary (n + 1) points zy < 1 < ... < ,, in [

in an arithmetic progression,

Af(z;) = f($i+1) - f(xz)
and for k > 2
AFf (i) = A f (i) — A f ()

so that

8 = S0 ([) e

m=0

Clearly, BV(I) C r-BV(I) but BV(I) # r-BV(I). For example, it is well known
that everywhere continuous but nowhere differentiable function of Weierstrass [21],

given by
flx) = Z b~"cos (b"z), ban integer > 1,
n=1

satisfies the condition
|f(x+h)+ f(x —h)—=2f(x)] =O(|h]) as h—0

uniformly in x in I = [0,27] and therefore f € 2-BV(I) [79]; however, f being a
nowhere differentiable function, f ¢ BV(I).

Yet another generalization of the concept of a function of bounded variation is
due to Chanturia [5] who introduced the following class V(h) in 1974.



Definition 1.1.14. Given a non-decreasing concave downward function h(n) defined
on the set of positive integers, we say that f € V(h)(I) if there is a constant C' such
that

Z]fbk flar)] < Ch(n), ¥n €N,

for every sequence {I;} as in Definition 1.1.5.

For functions of V[n®|(T), the following result is well known [72, Theorem 3, p.
34].

Theorem 1.1.15. f(n) = O (1/|n|'~*) as |n| — oo for f € V[n®](T).

Interestingly, many authors have generalized above results where in it is shown
that same rate of order of magnitude of Fourier coefficients holds even if these
hypotheses are satisfied only locally provided the Fourier series is lacunary with

certain gaps. For example, following results are known.

Theorem 1.1.16 (Noble [36] or [3, Vol. I, p. 269]). f(n) = O(1/[n|*) as |n| — oo
for f € Lipa(I) and f(n) = O(1/|n|) as |n| — oo for f € BV(I) if the Fourier
series of f is lacunary of the form

Z f(ng)e™= (1.3)

kEZ

where {ng}3° is a strictly increasing sequence of natural numbers satisfying the gap

condition N
li E— 1.4
P log Ny, (14)
in which Ny = min{ngy1 — ng,ng — ng_1} and n_p = —ny, for all k; and I is any

subinterval of [0, 27].

Theorem 1.1.17 (Kennedy [27]). Noble’s Theorem 1.1.16 hold under the weaker
gap condition
(ngr1 —ng) = 00 as k — oc. (1.5)

Theorem 1.1.18 (Mazhar [32]). Noble’s second result in Theorem 1.1.16 holds if
we replace the condition ‘f € BV(I)’ by the weaker condition ‘f € r-BV(I)NL3(I)".



Theorem 1.1.19 (Tomié¢ [65]). If f € Lipa (0 < a < 1) and {ny} satisfies the

Hadamard lacunarity condition

.. Nt
lim inf
n—oo TLk

> 1 (1.6)

then for the lacunary Fourier series (1.3) of f, we have

o) =0 (m?), B=aj@+a) (L.7)

This result is related to earlier results of Noble [36] and Kennedy [27, 29].
Kennedy [28] then sharpened this estimation (1.7) and proved following result.

Theorem 1.1.20. Under the hypothesis of Theorem 1.1.19 we have

~

f(ni) = O(1) ((log me ) /rue ) - (1.8)

Further, he posed the question whether one can possibly suppress the factor
(logng)® in (1.8). The affirmative answer was given by J. P. Kahane [26, p. 210],
M. Izumi and S. I. Izumi [25]. Tomi¢ [64] then proved the following more general

result.

Theorem 1.1.21. If f has the Fourier series (1.3) with {n;} satisfying the Hadamard

lacunary condition (1.6) and
flzo£t) — f(xg) = O(1)w*(t) as t — 40, (1.9)
where w*(t) is a function such that
(a) w*(0) =0, w*(t) >0 ast — +0,
(b) w*(t1) < Aw*(t2) as 0 < t; <ty — +0 and
(c) there exists a > 0 such that

w*(t)t;* > Bw*(t2)ts* when 0 <t <ty

in which A and B are constants, then

f(n ) = O(1)w* (1/ng) if 0 <a<l,
’ O(1)w* (1/ng)logng  if a=1.



Patadia [45, Theorem 1] further generalized above result of Tomié¢ by considering

a more general lacunarity condition
min {ng41 — Mg, Mg — N1t > C F(ng), (1.10)

where F(ny) increases to oo as k — oo, F(ng) < ny for all k € N and C' > 0 is
a constant and by suppressing the factor logny in case @« = 1 (observe that with
F(ny) = ny this condition (1.10) gives rise to the Hadamard gap condition (1.6)).

In fact, he proved the following result.

Theorem 1.1.22. If f satisfies (1.9) and {ny} satisfies (1.10) then

) = O(W)w" (1/F (i)
This result also generalizes the result due to Chao [6, Theorem 1]. Patel and
Shah [49] generalized Mazhar’s Theorem 1.1.18 and proved the following result.

Theorem 1.1.23. Mazhar’s Theorem 1.1.18 holds if the gap condition (1.4) is re-
placed the weaker gap condition (1.5).

Patadia and Vyas [41] later proved the following result.

Theorem 1.1.24. If f € LY[—m, ] possesses a lacunary Fourier series (1.3) with
small gaps
(nkJrl - nk) >q2= 1; fOT k= 07 17 27 ey (111)

and I is a subinterval of length |I| > 2m/q, then f € ABv(p)([) implies f(n) _
1/ A
01/ (it #)") and £ & r-BV() 120 implies F) = 0 (i)

Observing this vast study, in the case of circle group, of determination of the
definite rate at which the Fourier coefficients of functions of various subclasses of
integrable functions tend to zero, it is interesting to know about similar study carried
out in the setting of other groups. We describe the development in this regard in
the setting of m-dimensional torus T™, m > 1, the Walsh group and the Vilenkin
group, along with the brief indication of what we have done in each setting, in the

following.

(B). In the case of the m-dimensional torus T™, m > 1, again the Riemann-
Lebesgue lemma holds: f € L (T™) implies f(n) = o(1) (n = (n®,...,n(™)) as

8



n| = /[n®2 + ... + [n(m|2 = co. Also, it is a fact that there is no definite rate at
which Fourier coefficients tend to zero; and the study of definite rate at which Fourier
coefficients tend to zero has been carried out for functions of certain subspaces of
L! (T™). Statements of some known results follows the following terminology and
definitions.

Let m be a positive integer, let T™ be the m-dimensional torus identified with
Q = [—m,m|™ and let its dual be identified with Z™. The points (x1, ..., Z,,) of Q
and (n™,...,n™) of Z™ are denoted by x and n respectively; n - x denotes the
scalar product given by n-x = nWzy + ... + n(™gz,, and |x| denotes the number
V0Ti2 + ..+ [z, [2. For f € LI(T™) its formal Fourier series is given by

F)~ Y fl)el™), (1.12)

nezm

where f(n) denotes the n Fourier coefficient of f(x) given by

1

f(n) = —— x)e ¥ gx. .
i) = g [ SO (113)

Let xo = (xo1, ..., Tom) denote an arbitrary point of Q, d is any arbitrary real number
such that 0 < § < 7 and I = I(xg,d) denote the m-dimensional subrectangle of Q
given by

I(x0,0) = {x = (1, ..., 0m) € Q:|z; —20j| < for j=1,....,m}. (1.14)

Definition 1.1.25. For a > 0, @« = [ + a with 0 < @ < 1 and [ a non-negative
integer, we say that f € Lip(«a,I) (or, f satisfies Lipa condition on I) if f has

continuous partial derivatives

and
sup |D’f(z) — D’ f(y)| = O (6*) whenever 61 + ... + 0, = L.
\;Lyyelgﬁ

In case 0 < a < 1, we get [ =0, a = a; so that DY f(z) = D°f(x) which is taken to
be f(x); this is the case particularly when the dimension m is 1. When I = Q, we

simply write f € Lip a.



The following m-dimensional analogue of circle group result (Theorem 1.1.1)

appears to be known though we are unable to give precise reference.
Theorem 1.1.26. f € Lipa implies f(n) = O (|n|~*) as |n| — oc.
The following lacunary version of this result which is analogue of the correspond-

ing circle group result (first part of Theorem 1.1.16) due to Noble has been proved
in [44].

Theorem 1.1.27. Let oo > 0 and f € L (T™) with f(n) =0 forn € Z™\ E, where
E CZm is given by E =[], EY) in which

EY = { n(]%,n(]i,né]),ngj),né),...} CZ

with n( (]) for k=0,1,2,... and with { k)} strictly increasing such that
k=1
NY ) 32
lim inf —*— = BY > (1.15)
k—o00 lOg nkj )

where N,gj) = min {n,(i)rl — n,g),nggj) n,(f)l}. If ng = (ng), . né?) denotes any
typical element of E then f € Lip (o, I) implies f(nk) =0 (]nk| )

Recently in 2002, considering the two dimensional torus, Méricz [33] has obtained
certain definite rate of order of magnitude of double Fourier coefficients of functions
of bounded variation in the sense of Vitali and Hardy and Krause and in 2004 Fiilop
and Méricz [10] have obtained such rate of multiple Fourier coefficients of functions
of bounded variation in the sense of Vitali and Hardy and Krause. To state these

results, we need the following definitions.

Definition 1.1.28. Let R be the rectangle R = [a1,b1] X ... X [am, by] in R™ with

sides parallel to the cooordinate axes, that is,
R={(z1,....zm) €ER™ 1 a; <z; <bj; j=1,....,m},

where —oco < a; < b; < 400 for each j. By a (finite) grid P of R we mean
P =P x..xP,, where

Pj:aj:x2<x}<...<x;j:bj, s;>1; g=1,2,...,m.

10



Definition 1.1.29. Let f = f(xy,...,2,,) be a real or complex-valued function on
R. For any subrectangle R’ = [aq, f1] X ... X [, Bm] of R with a; < a; < 5; < b;
for all i =1,2,...,m, we define Af(R') as follows: When m = 2 we put

Af(R) = Af([ar, Bi] x [ag, B2]) = f(Br, B2) — f(Br, a2) — f(ou, B2) + flan, a);

for m =3

Af(R) : = Af(Jon, B1] X ... X [as, B3])
= [f(B1, B, B3) — f(Br, 2, B3) — flau, Ba, B3) + f(au, aa, B3)]
— [f(Br, B2, a3) — f(Br, 2, a3) — flau, Ba, az) + flau, a, a3)]
= Aoy g A ([ar, Bi] X [z, B]), say;

and successively for any m > 3

AF(R) == Af([on, Bi] X o X [y B]) = Do gt AF (01, Bi] X oo X [t Bt ])-

Definition 1.1.30. A function f is said to be of bounded variation over R (written
as f € BVy(R)) in the sense of Vitali (the names of Lebesgue, Fréchet, and de la
Vallée Poussin are also indicated sometimes in the literature, see, for example [8]) if
V(f; R), the total variation of f over R, is finite, where

V(f;R) := s%pz Z IAf ([x3 71 2] x o x [l i) (1.16)

i1=1 im=1

in which the supremum is extended over all grids P of R.

Asnoted in [10], in case m > 2, a function f in the class BVy/(R) is not necessarily
measurable in the sense of Lebesgue. This is a consequence of the trivial fact that if
a function f = f(x1,...,z,,) does not depend on at least one of the zy, ..., z,,, then
for any grid P, we have

Af ([xzf_l,xzf] X .. X [xfg‘*l,w;ﬂ) =0, i;=1,...,8;; j=1,...,m.

Consequently, the class BVy(R) contains functions for which the m-dimensional
Lebesgue integral over R fails to exist. The following notion of bounded variation

is motivated by this fact.
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Definition 1.1.31. In case m = 2, we say that a function f = f(x1, z3) is of bounded
variation over R := [a1,b1] X [ag, by] in the sense of Hardy or sometimes Hardy and
Krause (see, for example, [8]), in symbol: f € BVy(R), if it is in the class BVy(R)
and if the marginal functions f(z1,as) and f(ay,x2) are of bounded variation on the
intervals [; := [ay, b1] and Iy := [ag, by], respectively in the ordinary sense.

In case m > 3, the notion of bounded variation in the sense of Hardy over a
rectangle R can naturally be defined by the following recurrence: f € BVy(R) if
f € BVy(R) and each of the marginal functions f(z1,...,ay, ..., ;) is in the class
BVu(R(ax)), where k =1,...,m and

R(ap) = {(x1, .., Tpe1, Tpy1, oy Tpy) € R™L: aj < xz; < b;

forj=1,..k—1,k+1,....,m}. (1.17)

This definition can be equivalently reformulated as follows: f € BVy(R) if and
only if f € BVy(R) and for any choice of (1 <)j; < ... < j,(<m), 1 <n < m, the

function f(z1,...,aj,...,aj,, ..., Ty) is in the class BVy(R(a;,, ..., a;,)), where

R(ajy, ..., a3,) = {(xe, .., me,_,) ER™™ 0 a; <y <bjfor j =4y, by n}
(1.18)

in which {¢1,...,4,,_,} is the complementary set of {ji, ..., j,} with respect to the
set {1,...,m}.

Méricz [33] proved the following result.
Theorem 1.1.32. If f € BVy(T?) then
f(n(l)a n(z)) =40 (|n(11)‘> if n # 0, n® =0
0 (lﬁ) if n = 0,0 £ 0.

Fiilop and Méricz [10] proved the following two results.

Theorem 1.1.33. If f € BVy ([0, 27]™) N L (T™) and (nY,...,n™) € Z™ is such
that nY) %0 for each j, then

FnW, . ntm)| < V (f;10,2x]™)

= ) T, a0 149

where V (f;[0,2x]™) is defined in (1.16).
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Theorem 1.1.34. If f € BVy ([0,27]™) and (nW,...,n(™) € Z™ is such that n\¥) #
0 for j € {ji, .., jn}; (1 <)j1 < ... < ju(<m) and 0 =0 for j € {1, ....0m_n};
(1 <)y < oo < Lyn(< m), where {ly,....0n_n} is the complementary set of
{j1, e, jn} with respect to {1,...,m}, then

V(f [0, 271]" )
) s iz

f(n(l),...,n(m))‘ <

where

f= f(le, @y, ) = (2m) 7 /m ) f(z1, .y ) day, ... dxy,,

In Chapter 2, Section 2.1, we define the concept of bounded p-variation (p > 1)
for a function of several variables in two different ways and study the order of
magnitude of trigonometric Fourier coefficients for functions of these classes. Our
results will generalize those of [33] and [10] (see Theorems 1.1.32, 1.1.33 and 1.1.34)
in the sense that for p = 1, our definitions will coincide with the definitions of
Vitali and Hardy and Krause and our results with those of [33] and [10], except for
the exact constant. In the same Chapter 2, in Section 2.2, carrying out the study

further, we will prove lacunary analogues of results obtained in Section 2.1.

(C). We now take up the case of Walsh and Vilenkin groups. First of all
observe that the Riemann-Lebesgue lemma is true for Fourier coefficients with re-
spect the characters of any compact abelian group GG, because such characters form
a uniformly bounded orthonormal system on G [80, p. 45, (4.4)]. (It is interesting
to note here that the Riemann-Lebesgue lemma is not necessarily true in general for
any orthonormal system if it is not uniformly bounded, for example, it is not true
for Haar’s system [73, p. 16].) However, in general, there is no definite rate at which
these Fourier coefficients tend to zero. In fact, it is known that the Fourier coeffi-
cients can tend to zero as slow as possible — in the sense that given a sequence {a,}
of positive numbers tending to zero, one can find integrable functions f on compact
abelian groups in general, including the Walsh and the Vilenkin group, such that
|f(n)| > an, for all n (see, for example, [23, 32.47 (b)]). Therefore, in these cases
also, it is interesting to know for which subspaces of the space of integrable functions
on (G, there is some definite rate at which the Fourier coefficients tend to zero.

We begin with giving preliminaries for the Walsh group. Let {¢,} (n =0,1,2,...)

denote the complete orthonormal Walsh system [73], where the subscript denotes
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the number of zeros (that is, sign-changes) in the interior of the interval [0, 1]. For

a 1-periodic f in L]0, 1] its Walsh Fourier series is given by
f(z) ~ ) f(n)pale), (1.20)
n=0
where the n™ Walsh Fourier coefficient f(n) is given by

f(n):/0 f(@)en(z)dr (n=0,1,2,..). (1.21)

Let us also describe the Payley enumeration of Walsh functions [50]. Let {r,},

n=0,1,2,..., denote the class of Rademacher functions defined by
ro(x) =1 (0<x<1/2), ro(x)=—-1 (1/2<x<1),

ro(x + 1) =ro(z), ro(x) =7o(2"2) (n=1,2,3,...).

The complete orthonormal Walsh system [73], say {w,}, n = 0,1,2, ..., as ordered
by Payley [50], is then given by

wo(z) = 1, wa () = 7y (2)1ny () - - 7, ()

if n = 2™ 42" 4 ... 4 2% in which ny > ny > ... > n, > 0. Observe that
wo = o and for each k € NU {0}, the set {wqr, wor 41, ..., Wor+1_1 } is a permutation
of {@ar, Pori1, ey por+1_1 }. For the functions w,, degw, denotes the degree of w,
defined by : degwg = 0 and degw, = n; + 1, if w, is represented as the product
of Rademacher characters as in preceding lines. Accordingly, for each 7 € N we
have wqi-1 = 7,1 and degwyi-1 = degr;—; = j. The degree of any real linear
combination of finitely many elements w, (n = 0,1,2,...) (that is, a polynomial in
functions w,, on [0, 1]) is the maximum of the degree of the elements w,, appearing
in it.

In this case (setting of Walsh group), the study of certain definite rate of tending
to zero of Fourier coefficients for the functions of the subspace Lip [0, 1] and func-
tions of the subspace BV/[0, 1] of L[0, 1] was carried out by N. J. Fine [11, Theorems

V and VI] and obtained following analogous results to the trigonometric case.
Theorem 1.1.35. If f € Lipa[0,1], 0 < a < 1, then f(n) = O (1/n%).
Theorem 1.1.36. If f € BV[0,1] then |f(n)| = O (1/n).
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However, it appears that such a study for functions of generalized bounded vari-
ation is not yet carried out for the Walsh group. In Chapter 3, Section 3.1, we carry
out this study and prove Walsh group analogues of Theorems 1.1.4, 1.1.6, 1.1.8,
1.1.10 and 1.1.12. Carrying out the study further, in the following Section 3.2 of
this Chapter 3, we show that if the Walsh Fourier series is lacunary having small
gaps, then similar results for order of magnitude of Walsh Fourier coefficients holds
if function is assumed to be of generalized bounded variation only locally.

Finally, in this chapter in Sections 3.3 and 3.4, we consider multiple Walsh
Fourier coefficients and prove multidimensional analogues of our results of Sections
3.1 and 3.2.

(D). In Chapter 4, we consider the case of a Vilenkin group, that is, of a com-
pact metrizable O-dimensional and abelian group. In fact, in 1947, N. Ja. Vilenkin
developed part of the Fourier Theory on these groups; the details of which are as
follows. Let G be a Vilenkin group. Then the dual group X of G is a discrete,
countable, torsion, abelian group [22, Theorems 24.15 and 24.26]. Vilenkin [68, Sec-
tions 1.1 and 1.2] proved the existence of a sequence {X,,} of finite subgroups of X
and of a sequence {p,} in X such that the following hold:

i) Xo = {xo0}, where o is the identity character on G.

i) XoC X3 C XoC ...

iii) For each n > 1, the quotient group X,,/X,,_; is of prime order p,,.
iv) X = U2 o X,

V) ©n € Xpi1 \ X, for all n > 0.

v) brtt € X, for all n > 0.

The group G is termed bounded, if

(
(
(
(
(
(

Po = Sup p; < OQ;
i=1,2,...
otherwise (G is said to be unbounded. Further if p; = py for all ¢, where py is a fixed
prime, then G is known as primary. Using the ¢,,’s, we can enumerate X as follows:
Let mo = 1 and m,, = II?"_ ;p; for n = 1,2,... . Then each £ € N can be uniquely
represented as k = Zf:o a;m;, with 0 < a; < p;yq1 for 0 < i < s; and we define y; by
the formula x, = ¢p° - -+ - ¢%. Observe that x,,, = ¢, for each n > 0. For y € X
the degree of x is defined by: deg xo = 0 and deg xr = s+ 1, if xj is written as the

product of ¢,’s as described in the preceding lines. Any complex linear combination
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of finitely many elements of X is called a Vilenkin polynomial on GG, and the degree
of such a polynomial is the maximum of the degree of elements of X appearing in
the polynomial.

G =1[_,7Z,p,, {pn} — a sequence of prime numbers, is a standard example.
If p, = 2 for all n, X is the group of Walsh functions v,, n = 0,1,2,..., and
Xy = {vo,¥1, ..., an_1} (using Payley enumeration [50]) described by N. J. Fine
[11]. If p, = p for all n, X is the group of generalized Walsh functions [7].

Let dr or m denote the normalized Haar measure on G. For f € L'(G) the

Vilenkin Fourier series of f is defined as

S[f@) =Y f(n)xa(2), (1.22)

n=0

where the n'* Vilenkin Fourier coefficient of f is given by

fn) = /G F () (@) d. (1.23)

Observe that for each n, X,, = {xx : 0 <k <m,}. Let G, be the annihilator of
X, that is,

Go={zeG:x(x)=1,xeX,}={xeG:xi(x)=1, 0< k <m,}.
Then obviously, we have the proper inclusions
G=GyDG DGyD..DG, DG D...D{0}, N2 G, ={0}, (1.24)

and the G,’s form a fundamental system of neighborhoods of zero in G which are
compact, open and closed subgroups of G. Further, the index of GG, in G is m,,, and
since the Haar measure is translation invariant with m(G) = 1, one has m(G,) =

1/m,. The metric on G is then given by
d([L’,y) = ’I‘ - y’ for T,y € Gu

where || =0if z =0, and |z| = 1/my4q if x € G, \ Gpyq for n =0,1,2, ...

In [68, Section 3.2] Vilenkin proved that for each n > 0 there exists x,, € G,,\Gpi1
such that x,, (z,) = exp(2mi/p,+1) and observed that each x € G has a unique
representation x = 2;’20 bix;, with 0 < b; < p;4q for all © > 0. This representation
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of the elements of G enables one to order them by means of the lexicographic ordering

of the corresponding sequence {b,} and one observes that for each n =0,1,2, ...,

Gn:{xGG:x:Zbixi, b():"':bn,1: }

i=0
Consequently, each coset of GG, in GG has a representation of the form z + G,,, where
z = ZZ:OI b;x; for some choice of the b; with 0 < b; < p;11. These z, ordered
lexicographically, are denoted by {z&n)} (0 < a<my).

It may be noted that the choice of ¢, € X,,11 \ X,, and of z,, € G, \ G,,41 is not
uniquely determined by the groups X and G. In the following, it is assumed that a
particular choice has been made.

Note that the Riemann-Lebesgue lemma is true in this case also; and, like
trigonometric and Walsh Fourier series, it is well known that if f belongs to L'(G),
there is no definite rate at which the Fourier coefficients tend to zero; in fact, the
Vilenkin Fourier coefficients can tend to zero as slow as desired [23, 32.47 (b)]).
Analogous to the Jordan class BV on an interval, using the ordering of G as defined
above, Vilenkin [68] introduced the class BV(G) of functions of bounded variation
on a Vilenkin group G defined by

BV(G) = {f G CV(fG) =sup > [ f(z) = flzip)]| < oo} (1.25)

i=1
where the sup refers to all systems 2z, 29, ..., 2,41 such that z; < zx,1; and studied
the definite rate of tending to zero of Vilenkin Fourier coefficients of functions of

this class — proving the following result [68, 3.22].

Theorem 1.1.37. If f € BV(G) and my < n < myy then ‘f(”)| < VU6

my
Later, considering the class Lip («, p, G) of functions satisfying Lipschitz condi-

tion of order «, 0 < a < 1, in the mean of order p, 1 < p < oo, defined by

Lip (o, p, G) = {f € L?(G) : w? (f,n)=0 (m, )} (1.26)

where w®(f,n) is the n-th integral modulus of continuity of order p for a function

f in LP(G) is defined as

WP (f.n) =sup{||T0f — fll,: h € Gu}s (Tuf)(x) = f(a + h), (1.27)

C. W. Onneweer carried out the study further in [40, Lemma 1] and proved the

following result.
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Theorem 1.1.38. If f € Lip (o, p,G), 1 <p < o0, 0 < a <1, then f(n) =0 (i)

no

Later on, in [37, 38, 39], Onneweer and Waterman themselves introduced various
classes of generalized bounded fluctuation and studied the problem of convergence
of Vilenkin Fourier series of functions of these classes. However, it appears that for
functions of these classes, the problem of determination of the order of magnitude of
Fourier coefficients is not studied. In Chapter 4, Section 4.1, we carry out this study.
Further, in Section 4.2 of the same Chapter 4, we give the definitions of generalized
bounded fluctuation locally and study the order of magnitude of Vilenkin Fourier

coefficients of functions having lacunary Vilenkin Fourier series with small gaps.

1.2 Absolute Convergence

The study of absolute convergence of Fourier series is one of the most important
problems of Fourier Analysis and the problem has been studied intensively by many
researchers in the setting of circle group in particular and classical groups in general.
In the last Chapter 5, we study the absolute convergence of Vilenkin Fourier series.
Naturally our efforts is to prove, in Vilenkin group setting, analogues of some of the
known results of circle group. Therefore, let us first review, in (A), the results on
the absolute convergence of Fourier series in the circle group case and then in (B),
review the known results on the absolute convergence of Vilenkin Fourier series. At

the end, we shall indicate the work done by us.

(A). In the case of circle group if f € AC and f' € L? (that is, if f is
“sufficiently good”), then the Fourier series of f is trivially absolutely convergent [3,
Chapter I, Section 26|, that is, f € A(1), where for 0 < 5 < 2, A(S) is defined by

A(B) = {f e L=m7]: 3 (lanl’ + bal’) <00 or S [fm)) < oo},

in which ag, ay, as, ...; by, bo, ... are the usual trigonometric Fourier coefficients of f
defined as

1 2 1 27 1 [27
ap = %A f([L’)d.I‘, ay, = ;/0 f(q;) coSs ng;dq;; b, = %/0 f(ZE) sin nxdzx.
(1.28)
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37 (for o = 3

Of course, the classical results of Bernstein “Lip o C A(1) for o > 5
not true) [3, Vol. II, p. 154] and Zygmund “BVNLipa C A(1) for o > O” 3, Vol. 1I,

p. 161] are fundamental and historical. Bernstein and Zygmund later proved follow-

ing slight extended versions of these results, namely “if >>°° (w(1/n, f)/v/n) < 0o
then f € A(1)” and “if f € BV and )~ (w/ (1/n, f /3 < oo then f € A(1)”,
where

1 1
w (E’f) :sup{|f(m+h) —f@)]:ze€0,2n],0<h < E}
All these results are generalized in the following result by Szdsz [3, Vol. II, p. 155].

Theorem 1.2.1 (Széasz). Ifw® (6, f) is the quadratic modulus of continuity of f(x),
that s,

1

w8, f) = sup {/ [fl@+h) = flz— h)]de}Q )

0<h<s \J—n

then
1

Z ” implies  f € A(1).

Refer [3, Vol. 11, p. 155 - 156] for the equivalent result due to Stechkin in terms
of B{? (f), the best approximation to f in L? by trigonometric polynomials of degree
not higher than n. It may be noted that Stechkin [3, Vol. II, p. 196] has proved
interesting extensions of these results providing sufficiency conditions in terms of
quadratic modulus of continuity or L2-best approximations to f by trigonometric
polynomials of degree not higher than n for function belong to A*(1), where for

0 < f <1 and a sequence {n;} of positive integers,

A*(B) = {feL1 Z| nk|<oo}

Further, for lacunary Fourier series with various lacunary conditions, Patadia [45,
46, 47, 48] has proved interesting results showing that Szdsz and Stec¢hkin type suf-
ficiency conditions hold even if the hypothesis on the generating function is satisfied
only locally — the localness of hypothesis being dependent on the type of lacunarity
in the Fourier series.

Observe the Bernstein and Zygmund theorems stated above. They interestingly
illustrate that if function f is of bounded variation, then satisfying a Lip o condition

just for any « > 0 is sufficient for its Fourier series to converge absolutely — which
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otherwise requires it to satisfy Lip « condition for o > % Similar is the impact
of function of bounded variation on the absolute convergence of its Fourier series
when one considers the hypothesis in terms of modulus of continuity — Bernstein, in
his result requires >~ (w(1/n, f)/+/n) < oo when f is not necessarily of bounded
variation, while Zygmund, in his result proves that just >, (\/m / n) < 00
is sufficient when f is of bounded variation. It is therefore interesting to know the
impact on the absolute convergence of Fourier series of f when f belongs to various
classes of functions of different generalized bounded variations.

After introducing various classes of functions of generalized bounded variations,
Waterman [76], Shiba [58], Chanturia [4] and Schramm and Waterman [56] have
proved following sufficiency conditions in terms of modulus of continuity for the
function to be in A(1) (in these results as well as in what follows, for any number p

such that 1 < p < 0o, we denote the conjugate of p by p', so that 1/p+ 1/p’ = 1).
Theorem 1.2.2 (Waterman). If f € C|—n, 7] N ABV[—7, 7| and

00 //\n 2_”7
ZM<OO then f € A(1).

n
n=1

Theorem 1.2.3 (Shiba). If f € ABVP[—m, 7], 1 <p < 2r, 1 <r < o0,

> ALY (t2—p)r) (x 1—p/2r
and Z @ (. /) < oo then feA(l).
n=1

ni-1/2r'

Theorem 1.2.4 (Chanturia). If f € V[n®][-7,7] (0 < a < 1) and

oo 1 (1-20)/(1—)
Z (w<n’f)) e/t < oo then fe€A(1).

n

n=1

Theorem 1.2.5 (Schramm and Waterman). If f € ABV?[—x, 7], 1 < p < 2r,
1<r<oo, and

o) (ZZZI /\_1k> —1/2r (w(p+(2—p)7«’) (%,f))l_p/2r
Z nl/2 < oo then feA(1).

n=1
Theorem 1.2.6 (Schramm and Waterman). If ¢ is Ay, f € ¢ABV|[—m7, 7],
1<p<2r,1<r<oo, and

_1 1/2r
- ((22_1 %) e (s f)>w)]

Z YD < oo then f e A(l).
n=1
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Later Patadia and Vyas [41, Theorems 1 to 4 and Theorem 6] studied sufficiency
conditions for the absolute convergence of Fourier series when it is lacunary having
small gaps and obtained the lacunary analogues of the above results. We need the

following definitions to state these results.

Definition 1.2.7. For p > 1, the p-integral modulus continuity wﬁp)(é, f,I) of f
over I of higher differences of order r > 1 is defined by

jg: (;;)2}%%Mﬂhf

m=0

w® (6, f, 1) = sup

0<h<o

)

p,1
where T}, f(x) = f(x+ h) for all = and ||(-)||,.r = ||(*)x1]|, in which x; is the charac-
teristic function of I and ||(-)||, denotes the LP-norm. p = oo gives the modulus of

continuity w,. (9, f, ). If r = 1, we omit writing r.

Theorem 1.2.8. Let f € L'[—m, 7| possess a lacunary Fourier series with small
gaps (1.11) and I, a subinterval of [—m, x| of length 6, > 27/q. If f € L*(I) and

i [(w§2>(1/n, £.0)" N(n)l—ﬁﬂn—l} <o (0<pB<2), (1.29)
then : -
> 1f )l (1.30)

where N(p) =2, 1<, 1-
Theorem 1.2.9. Theorem 1.2.8 holds if (1.29) is replaced by

i (@21 /ng, D) [172] < oo, (1.31)

k=1
Theorem 1.2.10. Let f and I be as in Theorem 1.2.8. If f € ABV(I) and

i Dpw(1/np, f,1)/Tng]?? < oo, (1.32)

T=1

then (1.30) holds.
Theorem 1.2.11. Let f and I be as in Theorem 1.2.8. If f € V[n®](I), 0 < a < %

and

f: (w(l/nk f I))B(l—h)/@(l—a))

EREE < 0, (1.33)

k=1

then (1.30) holds.
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Theorem 1.2.12. Let f and I be as in Theorem 1.2.8. If f € Lip (o, p, I)Nr-BV (1)
for0<a<i 5, P> 2 and ap > 1, then its Fourier series converges absolutely, where

forany p > 1,0 < a <1 and a subinterval I of [—m, 7| the class Lip (o, p, I) is
defined as

Lip (a,p,I) = {f € L' : |Thf — T-nfl|ps = O(JR|*) as h — 0}. (1.34)

Continuing the study further, Vyas proved the following theorems [70, Theorem
1.1 and 1.2}, [71, Theorem 1.1].

Theorem 1.2.13. Let f and I be as in Theorem 1.2.8. If f € ABV(I) and

B/2

i . (;] i j)) < 00, (1.35)

then (1.30) holds.

Theorem 1.2.14. Let f and I be as in Theorem 1.2.8. If f e ABVP(I), 1 <p <
2r, 1 <r < oo and

2—p/r
0 ((2—p)r'+p)
3 Lo D)

1/r
k=1 k <Z7;i1 )\_lj>

B/2

< 00, (1.36)

then (1.30) holds.
Theorem 1.2.15. Let f and I be as in Theorem 1.2.8. If f € pABV(I), 1 < p < 2r,
1<r<ooand

1/r B/2

i - <w((2 p)r'+p) <nk 1, >>2r—p /k . .

ng 1

then (1.30) holds.

(B). Let us now review the results about absolute convergence of Fourier series

on Vilenkin groups. In the following, unless stated otherwise, we assume that G
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is a bounded Vilenkin group as described in Section 1.1 (D) and for § > 0 we shall
denote the set of all functions f in L'(G) for which Y 7 |f(n)|? < oo by A(B).
Vilenkin himself proved the following analogue of Bernstein’s Theorem concern-

ing absolute convergence [68, Theorem 5| for a primary group G.

Theorem 1.2.16. Lipo(G) C A(1) ifa > % and G is primary, where for 0 < a <1,

Lipa(G)={f:G = C:w,(f) =0 (m,*)} (1.38)

n

in which wy(f) is the n-th modulus of continuity [39, Definition 2/ of f given by

wn(f) =sup{|(Thf — f)(x)| : x € G,h € G, }. (1.39)
Continuing the study further, Onneweer [39] proved following interesting results.

Theorem 1.2.17. If f € LP(G), 1 < p < 2 and if f satisfies the condition

[e%s) mnp—1 1/10
(O SICHISIREN I

n=0 a=0

then f € A(1).
Corollary 1.2.18. If Y > mé wn(f) < oo then f € A(1).
Corollary 1.2.19. Lipa(G) C A(1) if a > 3.

Corollary 1.2.20. CBF?(G) N Lipa(G) C A(1) for 1 < p < 2 and o > 0, where
CBFW(Q) is defined as in Definition 4.1.4.

Observe that Corollary 1.2.20 is analogue of Zygmund’s theorem for trigonomet-
ric Fourier series. In order to obtain more precise information for functions belonging
to class Lipa(G), 0 < a < 1, than is given in Corollaries 1.2.19 and 1.2.20, one may
either consider a different form of bounded fluctuation or else one must consider
classes of functions different from A(1). In this connection Onneweer proved the
following result for functions of A-generalized bounded fluctuation (see Definition
4.1.5).

Corollary 1.2.21. If f € Lipa(G) and if f € AGBF(G) for some sequence A =
{An} such that A, = O (mf), with 0 < B < a, then f € A(1).
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Modifying the requirement that f € A(1), Onneweer proved the following two
theorems. Theorem 1.2.22 is the analogue on G of a well-known theorem of Szész
[80, Chapter VI, (3.10)].

Theorem 1.2.22. If f € Lipa(G), 0 < a < 1, then for all B > 2/(2ac+ 1) we have
feAp).

Theorem 1.2.23. If f € Lipa(G) for 0 < a < 1, then 3.2 n~?|f(n)| < oo for
all B wz’thﬁ>%—a.

Onneweer has also given existential proofs of the following two theorems; Theo-
rem 1.2.25 says that Theorem 1.2.24 is best possible in some sense. Further, when
G is primary, he constructed functions satisfying conditions of these theorems and
hence proved Theorem 1.2.26.

Theorem 1.2.24. There exists an f € Lip 3(G) such that f & A(1).

Theorem 1.2.25. For each «, % < a < 1, and for each B, B < «, there exists a
function f € Lip B(G) such that 3°° | f(n)[2/(1+20) = o,

Theorem 1.2.26. If G is a primary group, then for each a, 0 < o < 1, there is a
function g, € Lip a(G) such that g, & Lipy(G) for any v > «; also g, € GBF ).
Furthermore, S°°°  [§a(n)|? = oo, where 8 = 2/(2a+ 1), and 3°° n® 2|ga(n)| =
co. In particular, if 0 < o < 3, then g & A(1).

Onneweer continued study further and proved more results in his second paper
[40] for a bounded Vilenkin group G.

Theorem 1.2.27. Let 1 <p<2and0< g <p. If f € L’(G) and if

3 (m) PO (W, n))ﬂ < 0
n=0
then f € A(B), wP(f,n) being defined by (1.27).
Choosing § =1 in Theorem 1.2.27 we obtain

Corollary 1.2.28. Let 1 <p < 2. If f € LP(G) and if Y o o (m,)/Pw®(f,n) < oo,
then f € A(1).
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The next corollary is the analogue on G of a well-known result of trigonometric

series due to Szész [62].

Corollary 1.2.29. Let 0 < a < 1,1 < p <2 and § > p/(ap+p—1). Then
Lip (e, p, G) C A(pB), where Lip («, p, G) is as defined in (1.26).

In case we choose =1 in Corollary 1.2.29 we obtain the following result.
Corollary 1.2.30. Let 1 <p <2 and 1 < ap <p. Then Lip (a,p,G) C A(1).

Onneweer has also proved that Corollaries 1.2.29 and 1.2.30 are best possible in

the following sense.

Theorem 1.2.31. Let 1 < p <2 and 0 < a < 1. Then there exists a function in
Lip (o, p, G) which does not belong to A(p/(ap+p—1)). In particular, if 1 < p <2
and ap = 1, then there exists a function in Lip (a, p, G) whose Fourier series is not

absolutely convergent.
Onneweer also proved the following theorem.
Theorem 1.2.32. Let 1 <p<2and0 < a < 1.

(a) If {c.} is a sequence for which ) " | |c,n®|P < oo, then there exists an f in
Lip (o, p/, G) such that f(n) = ¢, for alln € N.

Vilenkin and Rubinstein [67] proved the following theorem, which is an analogue
of a known theorem of Stechkin [61].

Theorem 1.2.33. If f € L2(G) then 37, |f (k)2 < L (w@(f,n))".

Quek and Yap [54] extended above results of Onneweer to general Vilenkin
groups. They have considered the class Lip (a,p,G) as in (1.26) and defined a
similar class of functions Lip («, p, G) for an arbitrary Vilenkin group G, 0 < o < 1
and 1 < p < oo as

Lip (a,p,G) = {f € L’(G) : w? (f,n) =0 (myp$1) }- (1.40)
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Clearly Lip (o, p, G) C Lip (e, p, G) for all Vilenkin groups G, but the two classes
need not be the same (see [54, Remark 5.9]). However, for bounded Vilenkin groups
G, obviously £ip (a, p, G) = Lip (o, p, G), and we shall use the notation Lip (o, p, G)
in this case.

Here we state results of Quek and Yap. In these results the notation A,, denotes
the difference A, = D,,, ., — Dy,, where D, denotes the Dirichlet kernel of order k
defined as Dy(z) = S0 xi(z), = € G.

Theorem 1.2.34. Let 1 <p<2and0< B3 <yp. If f € LYG) and

o0

> ()T (| Ay ) < o0,

n=0

then f € A(pB).

Lemma 1.2.35. If1 <p < oo and if f € LP(G), then

1D, 5 f = fllp < @ (f,)
form=0,1,2,... .

Corollary 1.2.36. Let 1 <p<2and0< g <p'. If f € L’(G) and

[e.9]

Z(mnﬂ)(”/‘ﬂ)/”/(w(”)(f, n))? < oo,

n=0
then f € A(pB).

Now Onneweer’s Theorem 1.2.27 for bounded Vilenkin groups becomes a special
case of Corollary 1.2.36 because if GG is bounded, we can replace m,; by m, in
Corollary 1.2.36. If we take § = 1 in Theorem 1.2.34 and Corollary 1.2.36 we obtain

Corollary 1.2.37. For 1 < p <2, we have
(a) if f € LYG) and Zzozo(mn+1)1/p||An * fll, < oo, then f € A(1); and
(b) if £ € LP(Q) and Y o7 o (Mmuy1)YPwP)(f,n) < oo, then f € A(1).

The next corollary is the extension of Onneweer result (Corollary 1.2.29) to

arbitrary Vilenkin groups.
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Corollary 1.2.38. Let 0 < a < 1,1 < p <2 and § > p/(ap+p—1). Then
£ip (a,p, G) C A(B).

If we take 5 =1 in the preceding corollary we obtain
Corollary 1.2.39. Let 1 <p<2and 1 < ap <p. Then Lip (a,p,G) C A(1).

As noted above, if G is bounded, then the number m,, | in Corollary 1.2.36 can
be replaced by m, to obtain Onneweer’s Theorem 1.2.27. Quek and Yap’s following

theorem shows that Onneweer’s theorem holds only if G is bounded.

Theorem 1.2.40. Let G be an unbounded Vilenkin group. Let 1 < p < 2 and
0 < B < p'. Then there ezists a function f € LP(G) such that

e}

Z(mn)(p’fﬁ)/p’ (w(p) (f,n))’ < oo,

n=0

but f & A(B).

Onneweer (see Corollary 1.2.28) showed that if G is bounded, 1 < p < 2, and if
f € LP(G) is such that Y% (m,)/Pw®(f,n) < oo, then f € A(1). For unbounded
Vilenkin groups Quek and Yap proved the following (see Corollary 1.2.37 for a

positive result).

Corollary 1.2.41. Let G be an unbounded Vilenkin group and 1 < p < 2. Then
there exists f € LP(G) such that Yo" (m,)"Pw®(f,n) < oo, but f & A(1).

Yoshikazu Uno [66] proved an analogue of trigonometric series result of Schramm
and Waterman [56].

Theorem 1.2.42. Let 1 <r < 0o and 1 < p < 2r. If f € AGBF® satisfies
- (mn-‘,—l)% (w((Q*p)r’er) (f, n)) 1_%
)3 ( .
mn 2r
n=0 (ijl %>

then f € A(1), where the class A\GBF®) is defined as in Definition 4.1.12.

In Chapter 5, Section 5.1, we study the absolute convergence of Vilenkin Fourier
series for functions of various classes of generalized bounded fluctuations and obtain

a generalization of a result of Uno [66].
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An important trigonometric inequality essentially due to Wiener but later on
made precise by Ingham concerning the lacunary trigonometric sums f(z) = > Ape™*,
where Ay’s are complex numbers, n_, = —ny, and {n;} satisfies the small gap condi-
tion (1.11), says that if I is any subinterval of [—7, 7] of length |I| = 27 (1 +6)/q >
2m/q then Y [Ap* < AslI|~ [ 1f1? |Ak] < As|I|™" [} ]f| wherein As depends only
on ¢. Such an inequality is proved in Chapter 5, Section 5.2, in the setting of the
totally disconnected compact abelian groups G. The inequality is then applied to
generalize the Bernstein, Szasz and Stechkin type results concerning the absolute
convergence of Fourier series on G.

Finally in the same Chapter 5, in Section 5.3, we prove small gap analogues of
our results of Section 5.1 when functions are of (generalized) bounded fluctuation

locally on certain cosets.
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Chapter 2

Multiple Trigonometric Fourier

Coeflicients

2.1 Order of magnitude of multiple trigonometric
Fourier coefficients of functions of bounded p-

variation

For a function of two variables several definitions of bounded variation are given and
various properties are studied (see, for example, [24, 1]). F. Méricz [33] studied the
order of magnitude of double Fourier coefficients with the help of Riemann-Stieltjes
integral of functions of two variables and V. Fiilop and F. Méricz [10] studied the
order of magnitude of multiple Fourier coefficients of functions of bounded variation
in the sense of Vitali and Hardy & Krause (see [8]) in a straightforward way without
using Riemann-Stieltjes integral (see Theorems 1.1.32, 1.1.33 and 1.1.34). Here we
define the concept of bounded p-variation (p > 1) for a function of several variables in
two different ways as follows and study the order of magnitude of Fourier coefficients
for functions of these classes. Our results generalize those of [33] and [10] in the
sense that for p = 1, our definitions coincides with the definitions of Vitali and
Hardy & Krause and our results with those of [33] and [10], except for the exact
constant. Results of this section are published in the form of a paper in [17] (see
also MR2670992).

Definition 2.1.1. Let R be the rectangle as in Definition 1.1.28. By a (finite)
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partition of R we mean the a set {Ry,..., R,}, in which R;’s are pairwise disjoint
(no two have common interior) subrectangles of R having their sides (faces) parallel

to the standard coordinate hyperplanes and whose union is R.

Definition 2.1.2. For p > 1 we say that f is of bounded p-variation over R (written
as f € BVyP(R)) if Vo(f; R), the total p-variation of f over R, is finite, where

n 1/p
Vp(f; R) := sup {Z IAf(Rz-)I”} : (2.1)

in which the supremum is taken over all partitions {R, ..., R,} of R and Af(R;)’s
are defined as in Definition 1.1.29.

Remark 2.1.3. Note that for p = 1 our definition is equivalent to that of Defi-
nition 1.1.30 of Vitali (see, for example, [8, 10]). This is because if we take any
grid P of R (see Definition 1.1.28), then it will give a partition of R in terms of
disjoint union of subrectangles of R and so the corresponding sum does not ex-
ceed Vi(f; R). Conversely, if {Ry, ..., R,} is any partition of R, by inserting (hyper)
planes parallel to the standard coordinate hyperplanes (if necessary) in some rect-
angles from Ry, ..., R,,, we can form a grid P of R and by triangle inequality the sum
S IAf(R;)| does not exceed the corresponding sum for the grid P and hence it
does not exceed V' (f; R) (see (1.16)).

As noted by Filop and F. Mdricz [10, p. 96], in this case also, when m > 2,
a function f in the class BVy®(R) is not necessarily measurable in the sense of
Lebesgue. This is a consequence of the simple fact that if a function f = f(z1, ..., zn)
does not depend on at least one of the 1, ..., z,,, then for any subrectangle R’ of
R we have Af(R') = 0, so that V,(f; R) = 0. Consequently, the class BVy®(R)
contains functions for which the m-dimensional Lebesgue integral over R fails to

exist. The following definition is motivated by this fact.

Definition 2.1.4. In case m = 2, we say that a function f = f(z1,x2) is of bounded
p-variation over R := [ay, by] X [ag, bo], in symbol: f € BVy® (R), if it is in the class
BVy®(R) and if the marginal functions f(z1,as) and f(ay,s) are of bounded p-
variation on the intervals I; := [ay, b;] and Iy := [as, bs], respectively in the sense of
Wiener [77].

In case m > 3, the notion of bounded p-variation over a rectangle R can naturally
be defined by the following recurrence: f € BVy® (R) if f € BVy®(R) and each
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of the marginal functions f(x1,...,ay, ..., T,) is in the class BVy® (R(ay)), where
k=1,..,m and R(ay) is as in (1.17).

This definition can be equivalently reformulated as follows: f € BVy® )(R) if and
only if f € BVV(p)(R) and for any choice of (1 <)j; < ... < ju(<m), 1 <n < m, the
function f(x1,...,aj, ..., @, ..., Tp) is in BVV(p)(R(ajl, .., @j,)), where R(aj,, ..., a;,)
is as in (1.18).

Remark 2.1.5. As argued in Remark 2.1.3, when p = 1 our Definition 2.1.4 is
equivalent to the Definition 1.1.31 given by Hardy and Krause (see, for example,
8, 10]).

First we state and prove certain lemmas which we require to prove our main
theorems (Theorems 2.1.13 and 2.1.14).
Lemma 2.1.6. If f € BVy®(R) then f is bounded over R.

Proof. Observe that when m = 2, for any (x1,23) € R = I; x I we have

|f(@1,22) [P = {f(z1,22) — fz1,02) — flar, 22) + f(a1,a2)}
+ {f(z1,a2) — flar,a2)} + {f(ar,22) — flar,a2)} + f(a1, a2)[”
< W{|f(z1,22) — fla1,02) — flar, 2) + flar, a2)[”
+[f(21,a2) — flar, a2)[” + | f(ar, z2) — f(a1, a2)|” + [ f(a1, az)|"}
<LV (i R))P 4+ (Va(f(a2); 1) + (Vip(flar,-); 12)7 + [ flar, a2) [P}

Similarly when m > 2, for any x € R = [a1,b1] X ... X [a,, by] we have

P < 2mp{<vp<f; Ry

+2_: Z (Vl)(f('w“’ajl’"'7ajn7"'a');R(ajlv"'vajn)))p+|f(a)|p}'

n=1 1<j1<..<jn<m

This completes the proof. n
Lemma 2.1.7. If f € BVy""(R) then for any arbitrary fized values cj, € laj,, b1,
vy G € aj, b5 ], (1 <)j1 < .. < gu(€ m), and 1 < n < m, the function
FCrosCiry s Gy ooy -) i in BVEP(R(ayy, ..., a;,)) and that

(Vof oo Cipr o €5 )i Rty ey )P < 2"p{<vp<f; Ry

+3 > (B sy gy, )i Rlas, ...,ask»)p}.
k=1

s1<...<5,
815038 €410 sdn}
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Proof. First we will prove the lemma for m = 2. We must show that for any
g < g < by and a1 < ¢; < by we have

(Vo (f(e2); 1)P < 2P{(Vp(f; R))P + (Vo(f (5 a2); 1))}
(Vo (f(ers+); 12))P < 2P{(V,,(f; R)) + (Vo(f (a1, -); 12))"}-
Fix ay < ¢ < by. Then for any partition a; = 29, z}, ..., 2} = by of I; we have
Z |f(2ca) = fah )P
= Z {f (2], ¢0) = flai,a0) = fa7h ea) + fa77h a2) } + {f (27, a2) — f(217F, a2) }[P

S 2p{ Z |f(x217 CQ) - f(x§7a2) - f(xziilvc2) + f('réil:a2)|p

+ 3 fohoaa) — St e
<PV R + (41 1))
Taking supremum over all partitions of I, we get
el Y < 2V R + (47 )}
Similarly for a; < ¢; < by we have
il flen 1R < 2AVG: R + (il e, 1))

Now we will show the lemma for m = 3. By symmetry in the variables xy, xs, x3, it
is enough to show the following:

(i) For any a3 < cs < bs
(Va(£ (v ea); Rlas))” < 27{(Vy(fi R))" + (Vo(f (-, -, as); Rlas)))"}-
(ii) For any ay < ¢ < by and a3 < ¢ < b
(Vo(f (-, c2, ¢3): Rlaz, a3)))" < 27{(Vo(f3 R))"+(V,(f (. a2, ); R(a2)))”

+(Vp(f (-5 a3); R(az)))” + (Vp(f (-, az, a3); R(as, as)))"}-
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To prove (i), consider a partition {R;};_; of R(a3z). Then {R; X [as, c3]}i_; is a
collection of disjoint subrectangles of R. Therefore

S S

D IAFCe)(R)P =) IAF(R: x [ag,cs]) + Af (-, as) (Ry)|”

=1 =1

<2{ S IAFR xanca) P+ A a (R

< 2{(Vo(fs R)P + (Vo (f (-, -, as); R(az)))"}-
Taking supremum over all partitions of R(a3) we get (i).
Next, to prove (ii), consider a partition {a; = 29, z},...,25 = b} of R(as,as).
Then

S
S If (@ cares) — flai eonen)l
=1

- Z |Af<[le_1=le] X [a2702] X [a3703]) + Af('va% )([le_lale] X [a3,03])
+ Af(v ) a3)<[xilil? le] X [a’27 02]) + {f(lev az, a’3) - f(xlflv az, a3)}’p

<Y (1A ] ] ¢ fan P+ 1A ot t] ¢ e, )P

=1
+ |Af(7 '7a3)([x§_17x§] X [a’2702])|p + |f(?[7§,a2,a3) - f($§_17a27a3)|p}

<ALV (f5 R)P + (Vo(f (-, a2, -); R(az)))” + (Vo (f(+, -, az); R(as)))”
+ (Vo(f (-, a2, a3); R(az, as)))}.

This proves the lemma for m = 3. A similar argument proves the lemma for any
m. O

Lemma 2.1.8. Let f € BVy?(R), where R = [ay, bi]X... X [am, by]. Let {Ry, ..., Ry}
be a partition of R. Then f € BVV(”)(RZ-) for each i =1,....,n, and that

n

S f RV < (Vy(f: R

i=1
Proof. Let {R;; : j = 1,...,m;} be any partition of R;, for each ¢ = 1,...,n. Then
{Rij:j=1,...,my;i=1,...,n} is clearly a partition of R and since f € BVy?(R),

n  m;

S Y IAF(R)P < (Vo(f5 R)).

i=1 j=1
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Taking supremum over all partitions {Ry; : j = 1,...,m1} of Ry (keeping the parti-
tions of Ry, ..., R, fixed) we get

(Vo(fs R)Y + DY IAF(RP < (V(f: R
i=2 j=1
Similarly taking supremum over all partitions of Ry (keeping the partitions of

Rs, ..., R, fixed), and continuing in this way for R, ..., R,, we get the lemma. O

For the proofs of Lemmas 2.1.9, 2.1.10 and 2.1.11, for functions of bounded
variation refer [1, p. 721-722]. We prove the results for functions of bounded p-

variation.

Lemma 2.1.9. Let f € BVy®(R), where R = [ay,b1] X [ag,bo]. Suppose f(z,7)
(respectively f(Z,y)) has no discontinuities of second kind for any fived § € |ag, b
(respectively T € [a1,b1]). If f(x,y) (respectively f(Z,y)) for some y (respectively
z) has only a denumerable number of discontinuities in x (respectively y), the dis-
continuities in x (respectively y) of f(x,y) are located on a denumerable number of

parallels to the y-axis (respectively x-axis).

Proof. Let E = {(z,y) € R : f has a discontinuity in z} and E; = {(Z,y) € R :
f(z,y) is discontinuous at z}. Then E; C E and by our assumption Ej is denumer-
able.

If possible suppose there is a non-denumerable set .S of vertical lines each con-
taining at least one point of . Since Ej is denumerable, clearly only a denumerable
subset of S made up wholly of points of Ej. Let the remaining lines of S constitute
the subset S7; then each line of S contains at least one point of £ and no point of
Ej, and S; is non-denumerable. On each line of Sy (which lie interior to R) choose
a point of E; at this point the saltus of f in z is positive and hence its p'* power.
This non-denumerable set of p'* powers of saltuses contains a subset whose elements
are the terms of a divergent series. Thus there is a sequence {(x;,y;)}52, of distinct

points in F, which lie interior to R and on different lines in S7, such that

o

P __
E s5; = 00,
i=1

where s; = the saltus in z at (x;,y;) = | f(zi+, v:) — f(x;—,y;)|. By the definition of
f(xi+,y;) and f(z;—,y;), for every g; = ¥ there is a §; > 0 such that

v, — 0, <z <z => |f(%yz‘) _f(xi_ayi” <&
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and
v <x <+ 0= |f(x,y) — flo+, )| < e

Since the point (z;,y) lies on a line in Sy, f(z,y) is continuous at z; for each i.
Thus, for each i, there is a 6, > 0 such that

&

o — @il <& = |f(z,9) = [, 9)] < 5

Put 0/ = min{é;,0;} and choose z}, x/ such that x; — 0] < ) < x;, z; < z} <
x; + 0! for each i and the intervals {[z}, z7]}32, are pairwise disjoint. Then by above

inequalities we have

\f(hys) — flei—u)| <ei [ y) — flet, )| < e
and
= - g "o — - €
|f(xz7y)_f($27y)| < 57 |f(xz7y)_f(l‘zay)| < 5
Therefore

’f(x;,>yz) - f( yz)‘
= £, yi) — floit,y) + f(eit,y) — f(oi—,y0) + @i, vi) — f(25, 90)]
> |f(xz+7yz> - f(xz 7yz)‘ - |f( z7yl> - f(‘rl—i_?yl) + f(mi_vyi) - f(x;,7yl>|

Z 45i — 281' = 251'
and

. 5) = F@h ) < 1F (s 5) = Faas D] + (i, 9) = Fah )l < 5+ 5 ==

Hence

’f(‘l.g?yz) - f('xiv yz) - f(l‘;/, g) + f(x;,?j)‘
> (@, y:) = (im0 = 1f (7, 9) — (2, 9)]

Z 261' — & = €&;.

Thus if R; denotes the rectangle with vertices (z7,v;), (2, v:), (z7,y) and (2}, y) for

each i, then
o [e.9]

P __
D IAf(R V’>Z€ =
i=1 i=1
This shows that V,(f; R) = oo; from this contradiction lemma follows. ]
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Lemma 2.1.10. Let f € BVy®P(R), where R = [ay,b1] X [ag,b]. Then the set
of all points (Z,y) € R for which f(x,y) is discontinuous at (z,y), but f(x,qy) is

continuous at T and f(ZT,y) is continuous at g, is denumerable.

Proof. Let (Z,y) be such a discontinuity. Then there exists € > 0 such that for every
d > 0 there is a point, say, (z’,y') (depending on ¢§) such that

V@ =22+ —y)2<d but [f(@,y)— f(z.79)] > (2.2)

Also, by the continuity of f(-,7) and f(Z,-) at Z and g respectively, 36 > 0 >

_ _ o £ _ _ o £
For this §, as above, there is a point (2’,%’) such that (2.2) holds. Since
VI =22+ =g 2’ —3] and V(@ -2+ -5 >y~

we get

£

9~ f@ )l < 3 1f@y) - @9l <
which shows that
5 + F(@y) =2/ (7.9)] < 5.
Thus for the rectangle R’ with sides parallel to the axes and whose two vertices are

(Z,y) and (2/,y), we have
[AF(R) = [f(" o) = f(' ) = F(2, ) + £, )17
> (If(y) = f@ 9 = 1f@,9) + f(@,y) - 2f(@,9)])
(-
2 2
The assumption that the set of such discontinuities is non-denumerable then leads
to a contradiction just as in the case of Lemma 2.1.9. O

Lemma 2.1.11. Let f € BVy®(R), where R = [a1,by] X [az, bo]. Then the discon-

tinuities of f(x,y) are located on a countable number of parallels to the azxes.

Proof. Since f € BVy?(R), f € BVy®(R) and the marginal functions f(z, as) and
f(a1,y) are of bounded p-variation on I; and I, respectively. Thus f(x,as) has a
denumerable number of discontinuities in x and f(a1,y) has a denumerable number
of discontinuities in y. So, in view of Lemma 2.1.9, the discontinuities in x or y of
f(z,y) are located on a countable number of parallels to the coordinate axes. Now

the lemma follows from Lemma 2.1.10. O
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Lemma 2.1.12. Let f € BVg®(R), where R = [ay,b1] X ... X [am, bm]. Then the
discontinuities of f are located on a countable number of (m — 1)-dimensional hy-

perplanes parallel to some of the coordinate hyperplanes.

Proof. We will prove the lemma by using induction on m. In view of Lemma 2.1.11,
it is true for m = 2. Suppose it is true when m is replaced by m — 1. As f €
BVy®(R), the marginal function f(zy, ..., ax, ..., ) is in the class BVy® (R(ay))
for each £k = 1,...,m. By induction hypothesis, for each k, the discontinuities of
f(z1,...;ak, ..., x,,) are located on a countable number of (m — 2)-dimensional hy-
perplanes of R(ay) parallel to some of the coordinate hyperplanes. Thus, arguing as
in the proof of Lemma 2.1.9, we can see that the discontinuities of f(x1,...,z,) in
(X1, ooy The1, Tht1, -, T ) are located on a denumerable number of (m—2)-dimensional
planes of R(ay) parallel to some of the coordinate hyperplanes, for all k = 1,...,m.
Since each such plane is clearly embedded in an (m — 1)-dimensional hyperplane
in R parallel to some of the coordinate hyperplanes, such discontinuities of f are
located on a countable number of (m — 1)-dimensional hyperplanes parallel to some
of the coordinate hyperplanes in R.

Further, as f € BVV(p)(R), as arguing in Lemma 2.1.10, here we can see
that the set of all points (zi,...,Z,) € R for which f(xy,...,2,,) is discontinu-
ous at (Zi,...,T,) but each marginal function f(zy,...,Zx, ..., Z;) 1S continuous at

(Z1y ooy Thety Thaly -y T ), is denumerable. Thus the lemma follows. O

Theorem 2.1.13. Let f : R™ — C be 2m-periodic in each variable. If f belongs to
BVy® ([0, 27]™)NLP(T™) (p > 1) and n = (n, ...,n™) € Z™ is such that n¥) # 0

for each j, then
p 1
fn) = (| H J)|1/p> ’

Proof. For the sake of simplicity in writing, we carry out the proof for m = 2, and
we write (z,%) and (k, £) in place of (z1,75) and (n"), n(®)) respectively.
Let n = (k,¢) € Z? be such that k # 0, £ # 0. Then the functions e~*** and

~ are periodic functions of periods 2& and ‘2;[ respectively. Thus by putting

2
27 27
ap=r-— (r=0,1,.,|k]); by=s-— (s=0,1,...,]¢)
k| 1
we get
ar bs
/ eiikxdq;:() (’r: 17277|]€’>7 / e*Mydy:O (SI 1,2,,|£D (23)
Ar—1 bs_l
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In view of Fubini’s theorem and (2.3), we have

bs . .
/ f(z,by_1))e e W drdy = / [z, be_y { / _Mydy} e~y =0,
‘5 1 ‘5 1

bs bs ar ) ]
/ f a1,y zkzefigydxdy — f(arfl, y) |:/ €kad,13:| eflfydy =0
1 Ar—1

bs—1

S

bs Qar . bs .
/ flap_1,be_1)e " e W dady = f(aTl,bsl)/ e”””dx/ e dy =0
Ar—1 bs—l

bs—1

for all = 1,....|k| and s = 1,...,||. Define three functions fi, f», f3 on T? by
setting

fi(@,y) = flz,0s1) (0< 2 <2m; byy <y <by) fors=1,..,[;
folz,y) = flar—1,y) (ar—1 <z <a,; 0<y<2m) forr=1,..|k|;
and
f3<x>y) = f(ar—bbs—l) (ar—l S T < ar; bs—l S y < bs)

for r = 1,..,|k|; s = 1,...,]¢]. Since f € BVy®([0,27]%) N L?(T?), each f; €
BVy®([0,27]?) N LP(T?) and hence f — fi — fo + f3 € BVy® ([0, 27]?) N LP(T?).
Further in view of Fubini’s theorem and above relations we have

21 2T 2 | bs
/ / fl (x7 y)e—ikre—iéydxdy = / [Z f<x7 bs—1>e_i£ydy:| e—ikxdx
0 0 0 be 1

s=1

Y

|K|

2w 2
/ f2($,y>€7ik1 7i£ydg;dy _/ |:Z/ f Ar_1,Y kadx:| zéydy
0 0

and
2 2 |kl 14
/ fa(x,y)e e W dady = ZZ/ / flar—1,bs_1)e * e Wdady
0 0 r=1 s=1
= 0.
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Using these equations in the definition of f(n) we get

(27)%|f(n ‘/ / f(z,y)e * e ddy

- \ / / () — file,) —f2<a:,y>+f3<x,y>]e—““e—“ydxdy‘
/ / — fu(@y) — ol ) + fo(o,y) | dady
< ( / K / T fwy) - Aile) - oley) + e y)!ﬁdxdy) " e,

in view of the Holder’s inequality (when p > 1) since f — fi — fo + f3 € LP(T?),
where ¢ is such that 1/p+1/g = 1. Observe that when p = 1, we don’t use Holder’s
inequality and in that case we consider the inequality except last step. In any case,
it follows that

(2m)2|f ()P
/ / i) — fole ) + fala,y)Pdudy

:ZZ/T/ ‘f( ) fl(xay)_f2<x7y)+f3(l',y)|pdl'dy
k| 1¢]

- Z Z/ / — f(w,05-1) — flar—1,y) + flar—1,bs_1)|Pdxdy

r=1 s=1
|kl 1]

< Z Z ar 1, ar] X [bs—b bs])>p(ar - ar—l)<bs - bs—l)

r=1 s=1

(277)2 . 2\\p
S W(%(fv [0727T] )) )

in view of Lemma 2.1.8. Thus we get

Vo(f; [0, 27]?)
This completes the proof. O

Theorem 2.1.14. Let f : R™ — C be 2m-periodic in each variable. If f belongs to
BVy®([0,27]™) (p > 1) then for any 0 #n = (nM, ..., nt™) e Z™,

" 1
fn)=0 = . :
)= O\ T, om0
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Proof. Here also we will carry out the proof for m = 2 and use notations as in the
proof of Theorem 2.1.13. Since f € BVy® ([0, 27]?), in view of Lemma 2.1.11 (use
Lemma 2.1.12 for general case), the discontinuities of f lie on countable number of
parallels to the axes and hence f is measurable over T? in the sense of Lebesgue.
Further, by Lemma 2.1.6, f is bounded over [0,2n]? and hence f € LP(T?). As
BVy®([0,27]2) ¢ BVy®W([0,27]?), f € LP(T?) N BVy®([0,27]?). Therefore if
n = (k,f) € Z?* is such that k # 0,¢ # 0, by Theorem 2.1.13,

i) =0 )

Next, let n = (k,{) € Z* be such that k # 0, £ = 0 and let a,’s and f, be as defined
in the proof of Theorem 2.1.13. Then we have

|K|

/0 K /0 " ol ) dedy = / (Zf _— { / —"’“dx])dyzo,

in view of Fubini’s theorem and (2.3); and,

(2m)%|f (n)| =

flz,y) — fz(x7y)]e—ik:cdxdy‘
(/ / = falz, y)lpdl”dy) 1/1)(27r)2/q,

in view of Holder’s inequality as in the proof of Theorem 2.1.13. Therefore

|K|

(22 fn)P < / [Z / <ar_1,y>|pdx] dy
x|kl
< /0 [Z(%(f(ay)y [ar-1,a,]))"(ar — ar—l)} dy
< % 0 "W ) [0, 200))Pdy
< % 0 "V 10,2012 + (V£ 0): [0, 2a]))P)dy
P20, 20 + (VU 0)5[0,22]))7

[kl ’
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in view of Lemma 2.1.8 (for a function of one variable) and Lemma 2.1.7. Thus we
have

. . 1
) = 70060 =0 i ). (25)
The case k=0, £ # 0, is similar to the above case and in this case we get

A 1
This completes the proof. n

Remark 2.1.15. (2.4), (2.5) and (2.6) with p = 1 give the results of Mdricz [33]
and Fiilop and Méricz [10, for n = 2], except for the exact constant in their case.
Thus, as far as the order of magnitude is concerned, our theorems generalize their

results.

2.2 Order of magnitude of multiple trigonometric
Fourier coefficients of lacunary series of func-

tions of bounded p-variation

In Section 2.1, we have defined the notion of bounded p-variation (p > 1) for a
function from a rectangle [aq, b1] X ... X [a, by,] to C and studied the order of mag-
nitude of Fourier coefficients of such functions from [0, 27]™ to C. J. R. Patadia [44,
Theorem 3] studied the order of magnitude of Fourier coefficients of functions in
L!(T™) having lacunary Fourier series with certain gaps and which satisfy Lipschitz
condition locally (that is, on certain smaller subsets of [0, 27]™). Here we study the
order of magnitude of Fourier coefficients of functions in L'(T™) having same type
of lacunary Fourier series and are of bounded p-variation and prove result analogous
to our earlier result (see Theorem 2.1.14). Results of this section are accepted for
publication in the form of a paper in Acta. Sci. Math. (Szeged) [18].

Let x9 = (o1, .., Tom) denote an arbitrary point of Q, é any arbitrary real
number such that 0 < 6 < wand I = I(Xg, ) denote the m-dimensional subrectangle
of Q defined by (1.14).

Given a subset £ C Z™, a function f € L!'(T™) is said to be E-spectral (or, said
to have spectrum E) if and only if f(n) = 0 for all n in Z™ \ E. In what follows,
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we consider a set F C Zm described in the following way: For each j=12..m
consider sets £V { Y 09 n$ P n$ Y ¢ Z with nY) = —n? for k =
0,1,2,... and with {nk }22 , strictly increasing such that

(4) Qe

N )
liminf —* = = BY > — (2.7)
k=0 Inn,’ 0

where N,g]) = min {n,(i)rl n,(j),ngj) n,(f)l}; and then put £ = Hm EW. ng =

(ngl), ng), . nsm ) denotes the typical element of E. When m = 1, F will be taken

to be EM with upper suffix in n,({) s and N,i )’s omitted.

We need the following lemmas. Lemma 2.2.1 follows from a result due to Noble
[36], or [3, Vol. II, p. 270] and Lemma 2.2.2 is its m-dimensional analogue by
Patadia [44].

Lemma 2.2.1. Let 0 < 6 < . Then for sufficiently large n there exists a trigono-

metric polynomial T, (z) of degree < n, with constant term 1, such that
(a) |Tn(x)| < A5~ for all x € [—7, 7,
(b) |Tn(x)| < Ayexp(—nd/(8we)) for all x such that § < |z| <,
where A, and Ay are absolute constants.

Lemma 2.2.2. Let 0 < § < 7. Then for n = (nM,....n™) such that each n\9) is

sufficiently large, there exists a trigonometric polynomaial

)= Y o),

16 | <n(d)
j=1,....m

with constant term 1, such that

(a) |Ta(x)] < A167™ for allx € Q,

(b) [Ta(x)] < Az exp(=d(1 - n)/(8me)) for all x € Q\ 1(0,0),
where 1 = (1,...,1) and A;, Ay are constants depending only on m.

The main theorem of this section is the following (in the proof C' denotes a

positive constant which may not have the same value at all places where it appear).
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Theorem 2.2.3. Let EE C Z™ be described as above and f : R™ — C be 2w-periodic
in each variable. If f € BVy®(I) (I = I(x0,6), p > 1), f is E-spectral and

ng = (n,(gll), s n,g:)) € Z™ is such that |n,(jj)| is sufficiently large for each j, then
A 1
flme) =

1/p

o| ————
m - (j)
I

Proof. We may assume without loss of generality that xo = 0. For, suppose the the-

orem is true when xg = 0 and consider the function g(x) = f(x + xo) = (T%, f)(X).
Then

X € I(O,é) = |£C]’ <4 \V/j = ‘l’i—l-l'oj _x0j| <9 VJ S X+ Xg € [(X0,5>.
Since f € BVy® (I(xo,9)), it follows that g € BVg® (1(0,6)). Also,
g =Ty f = j(n) =c®*) f(n) Vn e Z™.

Since f is E-spectral, so is g and as the theorem is true when xo =0, g(ng) =
O(L/| T}, n[V7). Tt follows now that f(m) = O(1/|[[/, n|"/?) in view of
|eitnxo)| — 1.

For the sake of simplicity in writing, now onwards, we carry out the proof for
m = 2, and we write (x,y) in place of (x1,x2). Since f € BVH(”)([O,ZWP), in view
of Lemma 2.1.11, the discontinuities of f lie on countable number of parallels to
the axes and hence f is measurable over T? in the sense of Lebesgue. Further, by
Lemma 2.1.6, f is bounded over [0, 27]? and hence f € LP(T?). As BVy® ([0, 27]?) C
BVy®([0,27]?), f € LP(T?) nBVy® ([0, 27]?).

For a given ny = (n,(cll), n,(i)), we take My = (M,S), M,g)), where for each j = 1, 2,
M,gj) = min{N,g) — 1, ]n,&i)\l/Q}. In view of the symmetry of the set EU) and (2.7)

we have " "
N =1 N,/ L8
lim inf kj—() = lim inf kj() = BU) > E,
lkyl=oe In )] hs=oe Tn )| 0

for each j = 1,2. Thus there is a positive integer K such that (N,gj) —1)/(In |n,(j])|) >
(8me/d) for all k; > K, and each j = 1,2. Since
’nlgj)|1/2

11m ~— =
b nfn)])|
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for each j, there is a Ky € N such that (|nl(€i)|1/2)/(ln |nk |) > (8me/é) for all k; > K,
and each j = 1,2. Taking Ky = max{Ky, K;} we see that

MY > (%) n || (2.8)

for all k; > K5 and each j = 1,2. Thus for ny such that each |n,(jj)| is sufficiently
large (2.8) holds.

Now consider the trigonometric polynomial T, (x) satisfying conditions of Lemma
2.2.2 corresponding to this My and §. Since f is E-spectral, the choice of My and

T, (x) gives us

fng) = 22 /f x) T, (x)e ") dx

TM ( ) _Z(nk'x)dX
(2m)? ( (0.5) /Q\uw)) .

= [1 + [2, say. (29)

Now

1 .
|| = ﬁ ‘/ f(x) T, (X)e*’(“k'x)dx
™) [Jqui0.0)
As e=

< S(1M) /(87¢) / £ () |dx
(27T) Q\1(0,6)
1
< Apel 70 Mi)/(8me)) 2.10
= (271_) 26 ||f|| ( )

) ; 0 8me
—— ,EJ.) —— - —-In|n (J)| ln|n ]
8re g me §
and therefore
(& 87re( Mk) = e SWE(M(1)+MI§2§)) < 67 1n|nl(911)‘6 ln|n](€22)| . 1
— @
’nkl nk2 |

Using this in (2.10) we get

1
L=0|—F—7]. (2.11)
ngn?|
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(1 )

Now we estimate [;. Again, for simplicity, we put n, ’ = u and n,(fz) = v. Then there

are unique non-negative integers o and 3 such that

o 2 2 2
el <i<(a+1)—=; B <5< (B+1)—.
|u| |u| |v] |v]
Therefore 5 5 5 5
0<d—ar <. 0<6-B— <2 (2.12)

ul = ful” T ol ol

Since 0 < a ﬂ P < 0, say, J = [— ‘2;], IJ\] [ ﬁ B ‘UJ 1(0,6). Therefore

we can erte [1 as

1

= | (o) (e =

L Y

= I11 + 12, say. (2.13)

Next we estimate I1;. Note that e=™* and e~ are periodic functions of periods %r'

and % respectively. Thus by putting

aT—r2—7T (r=—-a,—a+1,..,a); bs:82—7r (s=-8,-B+1,...8)
| |v]
we get .
/ L e dr =0 (r=—a+1,—a+2 ..a) (2.14)
and b
/b eWdy=0 (s=-F+1,-8+2,..,0). (2.15)
o1

Define three functions f1, f2, f3 on J by setting
filz,y) = (T ) (2, 05-1) (a-a S @ < aa; bso1 <y < by)
fors=—-0+1,-6+2,...05;
falz,y) = (fTm)(ar-1,9) (ar1 S @ <ap; bog <y < bp)
forr=—a+1,—a+2, .., «a; and
f3(v,y) = (fFTm)(@r—1,b5-1) (ar1 <@ < ap; by <y < by)
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forr=—a+1,—a+2,...,a; s=—-0+1,—-F+2,....0.
Since f € BVyg®(I1(0,4)), J C I(0,6) and Ty, is a trigonometric polynomial,

each f; € BV (J) and hence (fTa, — fi — fo+ f3) € BVa® (J) € LP(J). Further
in view of Fubini’s theorem and the relations (2.14) and (2.15) we have

4 o rbp , .
/fl(x)ez(“k'x)dX:/ fi(z,y)e e dady
J a

—aJbp
da B bs
:/ [ Z (fTMk)(x,bs_l)/ e_wydy] e M dy =0,
O—a [s=—p+1 bs—1
[ bg
[ e mtax= [ [ pae e sy
J a—q Jb_p
bs « ar ) 4
:/ [ Z (fTMk)(ar_l,y)/ e_“”:dx] e "dy =0
b—p |r=—a+1 Gr—1

and
A o rbg A A
/fg(x)e_’(nk'x)dx:/ fa(z,y)e” T dxdy
J a

—aJb_g

- i i (fTwve)(@r—1,bs-1) [/a:: e_““”dx} [/b:i e—ivydy} —0.

r=—a+1 s=—p+1

Using these equations in the expressions for I;; we get

(2m)? 1| =

/](f T, ) (x)e " dx

aa b
/ /b B ([T — fr = fo+ f3) (2, y)e” e ™ dady

Qo bg
< / ) / AT~ i = fo )l dady

Ao b 1/P
< ( / / (T — £ —fz+f3)(a:,y)|pdxdy> (24 - 2b)"7
o Jb_g

o 1/p
< (/a_a /bz |(fTMk _fl _f2+f3)(l‘,y)|l7dxdy> (452)1/q’
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in view of the Holder’s inequality (when p > 1) since (fTm, — f1 — fo+ f3) € LP(J),
where ¢ is such that 1/p+1/q = 1. Observe that when p = 1, we don’t use Holder’s
inequality and in that case we consider the inequality except last two steps.

In any case, it follows that

Ao bﬁ
P <C / / (i, — Fo = fo + fo) ()P dady

bs
=C Z Z / /1|(fTMk—f1—f2+f3)($,y)|pda:dy

r=—a+1 s—fBJrl ar—1 Jbs—

ey y [ 0T )e) = (Taa )

r=—a+l s=—p+1" 4r-1 bs—

- (fTMk)<aT'—17 y) + (fTMk>(a’7“—17 bs—l)’pd$dy

<C Z Z Vo(fTans [ar—1, an] X [bs—1,04)))? (ar — ar1)(bs — bs_1)

r=—a+1 s=—F+1

< B0, 1T )
(2r)*

juv]

<C (Vo(f Ty 1(0,0)))",

in view of Lemma 2.1.8. Thus we get

I =0 (L) | (2.16)

|uv|1/p
Finally, we have
Ly = Loy + oo + Li23 + Liog + Lios + Tho + L127 + L19s, (2.17)

where Iy, ..., I125 are integrals of the function (1/(27)?) (fTMk)( )e %) over the

rectangles [—d, a_o] X [=6,b_g], [—0,a_a] X [bg, d], [aa, 0] X [=0,b_g], [aa, 0] X [bg, d],
[a—maa] X [_57 b—ﬁL [a—a’aa} X [6575]7 [_67 a— ] [b ﬂ>b,3] and [aavé] [b—b”bﬁ]
respectively.

Since f € BVy®(I(0,6)), it is bounded on (0, §) and as Ty, is a trigonometric
polynomial, there is a constant M > 0 such that |(fTw, )(x)| < M for all x € 1(0, ).
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Therefore we have

showing that ;5 = O ( L >

Juv]
Similarly, we have I199, 123, I104 = O (ﬁ)

To estimate 195, we define a function h on [a_4,as] X [=9,0_5] = J', say, by

setting
h(z,y) = (fTm)(ar-1,y) (a1 <2 <a,; =6 <y <b_p)

for r = —a+1,—a +2,...,a. Since f € BVg®(1(0,0)), J' C I(0,6) and Ty, is a
trigonometric polynomial, h € BVy® (J') and hence (fTy, — k) € BVg® (J') C

L7 (J'). Further in view of Fubini’s theorem and (2.14) we have

@ (bp o
/ / h(z,y)e "Ce Y dxdy
a_o J—0

- ar rbop o
= Z / / h(z,y)e "Ce Y dxdy
ar_1 J—0

r=—a+1
@ b*B ar ' '
= 2 / [<f T ) (ar—1,y) { / em“dx} ewy} dy = 0.
r=—a+1 —6 ar—1
Thus
(271')2’]125| = / / (fTMk)(SC,y>€mz€wydxdy’
a—q J—6

o fbp o
[ =i
a_o J—0

IN

(/ /ZB o = 1)) 'pdmy) " 0l + )

(/ /ZB (T = ) (e y)l”dxdy) . (25%)

in view of Holder’s inequality as in the case of the estimate of ;.

IN
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Therefore

Ao b_g
Lis? < C / / |(fTam,, — h)(z, y)|Pdady

r——a+1

b_
- Ct/(S B Z /a,« ) fTMk T y) (fTMk)<ar—1’y)|pdx] dy

<c[” S h(( T >;[au,ar]>>p<ar—am>] dy

=6 r=—a+1
= O% 55 (VZD((fTMk)("y);[a*a?aa]))pd?/
b-gp
<O [P lac ] x 504

+ (Vp((f T ) (5 —0); [a—a; aa]))P)dy
1 1

juv]

in view of Lemma 2.1.8 (for a function of one variable) and Lemma 2.1.7. Thus we

1
lios =0 ———— .
e (|uv|1/ p)
Similar arguments shows that

1
T96, 127, T128 = O <—> :

|UU|1/p

have

Using estimates of Iya1, ..., [198 in (2.17) and observing that WP we obtain

Iuv\ = |u

1
The proof of theorem is now completed in view of (2.9), (2.11), (2.13), (2.16) and
(2.18). 0

Remark 2.2.4. This theorem gives lacunary analogue of our earlier result (see
Theorem 2.1.14) for any p > 1 and hence that of the results of Méricz [33] and
Fiilop and Moricz [10, for n = 2] for p = 1, except for the exact constant in their

case.
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Chapter 3

Walsh Fourier Coefficients

3.1 Order of magnitude of Walsh Fourier coef-
ficients of functions of generalized bounded

variation

It appears that while the study of the order of magnitude of the trigonometric
Fourier coefficients for the functions of various classes of functions of generalized
bounded variation such as BV®) (p > 1) [77], ¢BV [78], ABV [76], ABV®) (p > 1)
[58], ®ABV [56] etc. (refer also pages 2 to 6 for definitions of these classes) has been
carried out, such a study for the Walsh Fourier coefficients has not yet been done.
The only results available are due to N. J. Fine [11], who proved Theorems 1.1.35
and 1.1.36, where, in proving Theorem 1.1.36 he used second mean value theorem.
In this section we carry out this study. Interestingly, here no use of the second mean
value theorem is made. For the classes BV®) and ¢BV, Taibleson-like technique
[63] for Walsh Fourier coefficients is developed. However, for the classes ABV®) and
»ABYV this technique seems to be not working and hence classical technique [57] is
applied. In the case of ABV, it is also shown that the result is best possible in a
certain sense. Results of this section are published in the form of a paper in [13]
(see also MR2417326).

Theorem 3.1.1. For p > 1, if f € BV®[0,1] then f(n) = O(1/(n»)).

Proof. Let n € N. Let k € NU {0} be such that 2¥ < n < 2* and put a; = (i/2%)

for i =0,1,2,3,...,2%. Since ¢, takes the value 1 on one half of each of the intervals
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(a;i—1, a;) and the value —1 on the other half, we have

/ on(z)dr =0, forall i =1,2,3,..,2"
a;—1

Define a step function g by g(z) = f(a;_1) on [a;_1, a;), i =1,2,3,...,2%. Then

a;

/01 g(x)on(r)dr = if(a“) /ai_1 on()dz = 0.

Therefore,

< [ 1f(@) —g(a)|de (3.1)

0
< |If = gllpl11lg

Z/ flai_y)Pde |

by Holder’s inequality as f, g € BV®[0,1] and BV®[0,1] ¢ L?[0,1]. Hence,

)P < Z/ Flag)|Pda

which completes the proof. O]

Remark 3.1.2. Theorem 3.1.1 with p = 1 gives Theorem 1.1.36 of Fine [11, Theo-
rem VIJ.
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Theorem 3.1.3. If f € ¢BV[0,1] then f(n) = O(¢~1(1/n)).

Proof. Let ¢ > 0. Using Jensen’s inequality and proceeding as in Theorem 3.1.1, we

get

o (e [ 110 - stiae) < [ otls) - otarpas

= Z/ oelf(x) — flai1)])dx

2k ai
< Z/ Volefslai1, ai])dx
i=1 v %i-1

Since ¢ is convex and ¢(0) = 0, for sufficiently small ¢ € (0,1), V,(cf;[0,1]) < 1/2.
This completes the proof in view of (3.1). O

Remark 3.1.4. If ¢(z) = 2P, p > 1, then the class pBV coincides with the class
BV® and Theorem 3.1.3 with Theorem 3.1.1.

Remark 3.1.5. Note that in the proof of Theorems 3.1.1 and 3.1.3, we have used
the fact that if a = a9 < a1 < ... < a, = b, then

n

> Volfi s, a])” < (Vi(f: [a, b))

i=1

and

Z\@(f; lai-1, ai]) < Vi(f3la, b)),

for any n > 2 (see [35, 1.17, p. 15]). Such inequalities for functions of the class
ABV® (p > 1) (resp., pABV), which contains BV®) (resp., ¢BV) properly, do not
hold true.

In fact, the following proposition shows that the validity of such inequality for
the class ABV® (resp., pABV) virtually reduces the class to BV® (resp., $BV) and
hence we prove Theorem 3.1.9 and Theorem 3.1.10 applying a technique different
from Taibleson-like technique [63] which we have applied in proving Theorem 3.1.1
and Theorem 3.1.3.
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Proposition 3.1.6. Let f € ¢pABV|a,b]. If there is a constant C' such that

va [ai—1,a,]) < CVga(f:[a,b])),

for any sequence of points {a;}}, with a = ap < a; < ... < a, = b, then f €
»BV]a, b].

Proof. For any partition a = xy < 21 < ... < x, = b of [a, b], we have

o(|f (i) = f(ziz1)])
Z¢ |f mz 1 - )\1 Z )\1

< A12V¢A (i1, 7))
< MCVia(fila, b)),
which shows that f € ¢BV]a, b]. O
Remark 3.1.7. ¢(x) = 2P (p > 1) in this proposition will give analogous result for
ABV®
To prove Theorem 3.1.9 and Theorem 3.1.10, we need the following lemma.

Lemma 3.1.8. For any n € N, |f(n)| < w,(1/n; f), where w,(5; f) (6 > 0, p > 1)

denotes the integral modulus of continuity of order p of f given by

1/p
W liug(/ |f(x+h)— ()]pdx> :

Proof. The inequality [11, Theorem IV, p. 382] |f(n)| < wi(1/n; f) and the fact
that wi(1/n; f) < w,(1/n; f) for p > 1 immediately proves the lemma. O

Theorem 3.1.9. If 1—periodic f € ABV®[0,1] (p > 1) then

m=o(t/(£5))

J
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Proof. For any n € N, put 6, = 7, 1/A;. Let f € ABV®I0,1]. For 0 < h < 1/n,
put k& = [1/h]. Then for a given x € R all the points « + jh, 7 = 0,1,....k lies in
the interval [z, x + 1] of length 1 and

/]f x+h|pdx—/ \fi(@)|Pdz, j=1,2,..k,

where f;(z) = f(z + (j — 1)h) — f(x + jh), for all j = 1,2, ..., k. Since the left hand
side of this equation is independent of j, multiplying both sides by 1/(\;6;) and

summing over j = 1,2, ..., k, we get

/ (@) — fo + )P < (gl)/ (’fﬂ ?'p)dx

because {)\;} is non-decreasing and 0 < h < 1/n. The case —1/n < h < 0 is similar
and using Lemma 3.1.8 we get

Va5 10, 1)

FP < 1/ py < Tl

This completes the proof. n
Theorem 3.1.10. If 1—periodic f € pABV|0, 1] then

jo=o(e(/(25)))

j=1

Proof. Let f € ¢ABV[0,1]. Then for h, k and f;(z) as in the proof of Theorem
3.1.9 and for ¢ > 0 by Jensen’s inequality,

</\f f(z+h)]) d:zc) /qbcyf f(x + h)|)dx

:/O o(clfy(@))de, j=1,2,... k.
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Multiplying both sides by 1/();6;) and summing over j = 1,2, ..., k, we get

o[ 1o - sovimin) < () [ (H42) a

_ Vaalefs[0.1)

< o

< ‘/:zi)A(Cf; [Oa 1]) )

ST g
Since ¢ is convex and ¢(0) = 0, ¢(ax) < ap(z), for 0 < o < 1. So we may choose ¢
sufficiently small so that Vy(cf;[0,1]) < 1. But then we have

/ |f(z) — f(z +h)|)dz < %dfl(%).

Thus it follows in view of Lemma 3.1.8 that
1
ool <enti/m) < 1o (5 ).

C

which completes the proof. O]

Following theorem shows that Theorem 3.1.9 with p = 1 is best possible in a

certaln sense.

Theorem 3.1.11. IfT'BVI0, 1] D ABV|0, 1] properly, then there exists f € I'BV/0, 1]

such that .
ool 51)

Proof. Tt is known [52] that if FBV contains ABV properly with I' = {v,} then
0, # O(p,), where in p, = Z;L 15 for each m. Also, if ¢g = 0, ¢,41 = 1 and
< ey < ... < ¢, denote all the n pomts of (0,1) where the function ¢, changes its
sign in (0,1), ng € N is such that p, > % foralln >ngand E={n e N:n>mngis

even}, then for each n € E, for the function

fn — kz:; 4pn X[ck,1 Ck)

n

n+1
Vi(fn, [0,1]) = Z | frler) = fulcn—1))| _ Z i ‘ L _

1
— Vi — N 200 2
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because )

falenir) = fu(1) = £u(0) = 1, fa(en)
Pn
as ¢, = 1 on [cy, c1). Hence || f,|| = 4’%” +% < 1 for each n € F in the Banach space

I'BV[0,1] with || f]| = |f(0)| + V&(f,[0,1]). Observe that for f € 'BVI0, 1]

Isll < | (M;lfw71+|f(0)|>dx30||fll7 € = max{1, 7).

and hence, for each n € N the linear map 7,, : 'BV][0,1] — R defined by T,,(f) =
0, f(n) is bounded as

ITu(F)] = 0al f(0)] < 0ull £l < 0.C1I 1], Vf € TBVIO, 1].
Next, for each n € E since f, - @, = ﬁ on [0,1) , we see that

16 = 0ufatn) =0 [ fshentos = 3(%) 2 00

n

and hence
sup{||T,.|| : n € N} > sup{||T,.|| : n € E} > sup{|T,.(fn)| : n € E} = 0.

Therefore, an application of the Banach-Steinhaus theorem gives an f € I'BV|0, 1]
such that sup{|T,,(f)| : n € N} = co. It follows that 6, f(n) = T,(f) # O(1) and

hence the theorem is proved. O

3.2 Order of magnitude of Walsh Fourier coeffi-
cients of series with small gaps for functions

of generalized bounded variation

In Section 3.1 we have studied the order of magnitude of Walsh Fourier coefficients of
the functions of various classes of generalized bounded variation. Here we continue
this study further and obtain the analogous results for the lacunary Walsh Fourier
series with small gaps. Interestingly, here also we use the technique which we have
developed in Section 3.1 and prove the corresponding results. We also use the results
for non-lacunary Walsh Fourier series to prove the results for lacunary Walsh Fourier

series in an elegant way. The results of this section are published in [15].
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Definition 3.2.1. Let {n;};>, be an increasing sequence of positive integers. A
function f € L0, 1] is said to have a lacunary Walsh Fourier series with small gaps
if its Walsh Fourier coefficients f (n) vanish for n # ny, k € N, where {n;} satisfies
the small gap condition (1.11) or, in particular, more stringent small gap condition
(1.5).

Theorem 3.2.2. Let a 1-periodic f € LY[0,1] possess a lacunary Walsh Fourier

series

Zf nk Spnk (32)

with small gaps (1.11) and I = [0, 27N) be an interval of length |I| = 27N > 1/q.
Then f € BVP(I) (p > 1) implies f(ng) = O(l/(nk)%)

Proof. Consider the polynomail Py(x) (this is essentially the same polynomial as
considered by Patadia (see [43, p. 20]) defined as follows: If N =0, put Py =1 and
if N € N then put Py(z) = [ (1 + 7(x)). Then

rel=0,2MY=1+r@) =1+px(r)=1+1=2 Vk=0,1,..,N —1
:>PN([L‘):2N

On the other hand, if z € [0,1) \ I then exactly one of the following holds:
c[1/2,1), x € [1/2%,1/2), ...,z € [1/2V 1/2V71).
Thus at least one of the following holds:
ro(z) = —1, ri(z) = —1,...,ry_1(x) = —1.

This shows that at least one of 1 + ri(x) is 0 and hence Py(z) = 0. We claim that
if k € N is such that f(ng) # 0 then

(fPy) () = f(ne) (k=1,2,3,...). (3.3)

Let k € N be such that f(ng) # 0. Then

(fPx) () = / £(2) Py () o, ()

=

N-1

= f) + D Fripns) + Y F(rirjion,) + oo+ Frorrn1m,)- (3.4)

(2

Il
)

i,j=0
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By our assumption the first term in the right hand side of (3.4) is nonzero. The
characters appearing in the other terms in right hand side of (3.4) are of the form
wpn, wherein ¢ is such that deg ¢ is positive and < N. In view of the Payley
ordering of Walsh characters, for each j € N there are totally 2/~! characters of
degree j, namely o1 = 7j_1, Qoi-141 = Tj_101, Poi-142 = Tj_192, .., P21 =
Tj_1P2i-1_1 = Tj_1Tj—2...7179. Consequently, total number of characters of positive
degree < N is given by 20 + 2! +22 + . 4 2N=1 = 2V _1: they are from ¢; to pon_;.
It follows that when ¢, is multipied by any character of positive degree < NN the

resulting character ¢,, is such that
nk<m§nk+2N—1<nk—|—2N§nk—|—q§nk+1,

since the lacunary Walsh Fourier series (3.2) of f has gaps (1.11) with ¢ > 2V. Since
f(ng) # 0, all the terms of the right hand side of (3.4) vanish except the first. This
means that (3.3) holds.
Let k be large enough and m € NU{0} be such that f(n;) # 0, 2™ < n;, < 2™+
and m > N. Then
1/2N

F(m) = (FPw) () = 2% / £ () gy (2)da, (3.5)

0

since Py = 2Y¥ on I = [0,27") and Py = 0 on [0,1) \ I. Put a; = (i/2™) for
i=0,1,2,3,...,2™. Then, since 2™ < n;, < 2™+, takes the value 1 on one half
of each of the intervals (a;_1, a;) and the value —1 on the other half. Therefore we

have o
/ On, (x)dx =0, forall i=1,23,..,2™ (3.6)
a;—1

Define a step function g by g(x) = f(a;_1) on [a;_1, a;), i =1,2,3,...,2" Y. Then

in view of (3.6) we have

2m7N

/01/2N 9(x)on,, (x)dr = ; flaiy) /aa1 on (2)dz = 0.

Thus in view of (3.5) we have

R 172N 1/2N
)| =2 / F(2) — g(@)]pu, (2)dr| < 2¥ / (@) - g@)lde.  (37)
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Therefore

om— N
el <207 =l =2 | 3 [ 1) Saapa |
by Holder’s inequality as f, g € BV®(I) and BV®(I) C L?(I). Hence,

gm—N

fng)P < 2N Z / fla;_1)|Pdx
om— N

<N Z/ s [aio1, a5]))Pdx
om— N

_ gV Z [ar1, ai]))? (2%)

< (;Z)< i1
< (22w,

N

which completes the proof. O

Theorem 3.2.3. Let f and I be as in Theorem 3.2.2. Then f € ¢BV(I) implies
fln) = O(¢71 (1 /).

Proof. Proceeding as in the proof of Theorem 3.2.2 we get (3.7). For ¢ > 0 using

Jensen’s inequality, we have

172N 1/2N
¢ <2Nc/0 |f(x) = g(a:)ldx> < 2N/0 o(cf(z) — g(z)|)dx

2mN

=25 [ sl ~ e
< 2NQWZN/ V(e aizt, a;))dx

2mN

_ 9N ; Vs(ef;laio, ail) (zim)
<N <n%> Vi(ef: ).
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Since ¢ is convex and ¢(0) = 0, for sufficiently small ¢ € (0,1), Vy(cf; 1) < 1/2NF1
This completes the proof in view of (3.7). O

Remark 3.2.4. If ¢(z) = 2P, p > 1, then the class BV ([) coincides with the class
BV®(I) and Theorem 3.2.3 with Theorem 3.2.2.

Theorem 3.2.5. Let f and I be as in Theorem 3.2.2. Then f € ABVW(I) (p > 1)

implies
| o-o1/(52))

J

Proof. Proceeding as in the proof of Theorem 3.2.2 we get (3.6). Define h on [0,1)
by h = fon I = [0,1/2N), h(z) = f(1/2V), Vo € [1/2V,1); and extend h, 1-
periodically on R. We claim that h € ABV®[0,1]. Let {I,} be a sequence of
non-overlapping intervals in [0, 1] and consider the sum S = " |h(I,)[?/\, where
h(L,) = h(b,) — h(a,) if I, = [a,,b,). If I, C [1/2¥,1) then by definition of
h, h(I,) = 0. Thus, S = >, |h(I,,)[?/An,, where no I, is contained in [1/2V1).
Since the sequence {1, } is non-overlapping, there can be at most one interval, say, I,,,
which intersects (1/2V,1). If I, = [a, ], let I, = I,,N[0, 1/2M], I, = I,,N[1/2N b].
Then again by the definition of /, h(I}; ) = 0 and hence h(I,,) = h(L},) + h(I} ) =
h(I,). Thus

_ N P )P
k, k#j ’

Also, in {I,}, there can be at most one interval, say, I,, of the form [c, 1] where
c € (1/2V,1]. But then

s= 3 AP |h(L;,,)|P ORI

g A A, Mo
k3, k#t
[f L)l TGP 1£(0) = f(1/2Y)P
= 2 A T, T Ay
k#jf’ﬁﬁt ’
<Voa(fi1) + ‘f(o)_ffm g

It follows that Vi (1 [0, 1) < Vou (/3 1)+ (0) — F(1/25)[2/,). Since f € ABV®(D),
we have h € ABV®[0,1] and hence by Theorem 3.1.9

hin) = O(1/(6,)7), (3.8)

B =
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where 0, =37, 1/A;, Vn € N. But

() = / () g ()

1/2N
[ wpenads s 102 [ (oo

/2N
1/2N 2" @i
_ /O f@)pn, (x)dz + f(1/2V) Y / - Pn(@)de

i=2m—-N 1
172N
- [ t@entas,
0

in view of (3.6). Thus by (3.5) and (3.8), f(ni) = 2Vh(ny) = O(1/(6,,)7) and

hence the theorem is proved. O

Theorem 3.2.6. Let f and I be as in Theorem 3.2.2. Then f € ¢ABV(I) implies
. Uh
=0(¢7 1 — ,
Fne) (d) ( /(; /\j)))

Proof. Proceeding as in the proof of Theorem 3.2.2 we get (3.6). Now if f €

®ABV(I), we can see, in a similar way, that the function h considered in the proof
of Theorem 3.2.5 is in ¢ABV|[0,1]. Thus by Theorem 3.1.10, h(n) = O(¢~1(1/6,))

and hence in view of (3.5),

fng) = 2Vh(ng) = O(¢7(1/6,,)).-

This completes the proof. O

3.3 Order of magnitude of multiple Walsh Fourier

coefficients of functions of bounded p-variation

In 1949, N. J. Fine [11] proved using the second mean value theorem that if f
is of bounded variation on [0,1] and if f(n) denotes its (one dimensional) Walsh
Fourier coefficient, then f(n) = O(2), for all n # 0. In Section 3.1 we have studied
the order of magnitude of Walsh Fourier coefficients of functions of various classes

of generalized bounded variation and extended the result of Fine to these classes.
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Further in Section 2.1, we have defined the notion of bounded p-variation (p > 1)
for a complex-valued function on the rectangle [ay,b1] X ... X [am,by] (M being
a positive integer) and studied the order of magnitude of trigonometric Fourier
coefficients of such functions on [0,27]™. Here we study the order of magnitude of
Walsh Fourier coefficients for a function of bounded p-variation from [0, 1]™ to C
and obtain analogous results. For m = 1, our new results give our earlier result
(see Theorem 3.1.1). Also, for p = 1, our results give the Walsh analogue of the
results of Méricz [33] and Fiilop and Moricz [10] (see Theorems 1.1.32, 1.1.33 and
1.1.34), except possibly for the exact constant in their case. Multiple Walsh Fourier

coefficient is defined as follows (refer, for example, [12]).

Definition 3.3.1. For a periodic f = f(z1,...,2,) with period 1 in each variable
and Lebesgue integrable over the m-dimensional torus I := [0,1)™, in symbol

f € LY(I™), its formal Walsh Fourier series is given by

f(z1, ey ) ~ Z FW, 0w, o (1) 0,0 (2m)

(n(D),..ntm)e(ZH)m

~

where f(n®,...,n(™) = f(n) is the n' multiple Walsh Fourier coefficient of f
defined by

f(n) = /Hm fxr, oy ) w0 (21) .0y om) (T4 ) Ay . ATy (3.9)

Theorem 3.3.2. Let f : R™ — C be 1-periodic in each variable. If f belongs to
BVy@([0,1]™) NLP(I™) (p > 1) and n = (nM, ...,n™) € N, then

1
1
(H;ﬁ: X n(j)) "

Proof. For the sake of simplicity in writing, we carry out the proof for m = 2, and

we write (x,y) and (k,¢) in place of (z1,23) and (n™, n?)) respectively.

Let n = (k,¢) € N2 Let s,t € Z" be such that 28 < k < 27! and 2! < ¢ < 21+1,
For each i = 0,1,2,3,..,2° and j = 0,1,2,3,...,2 put a; = (i/2°), b; = (j/2Y).
Then by definition of Walsh functions, ¢ takes the value 1 on one half of each of

the intervals (a;_1, a;) and the value —1 on the other half, and hence
/ or(z)dr =0, (1=1,2,3,...,2°). (3.10)
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Similarly, the function ¢, takes the value 1 on one half of each of the intervals
(bj_1, b;) and the value —1 on the other half, and hence

bj
[ etmay=o. G=1230.2) (3.11)
bj,1

Define three functions fi, fa, f3 on I? by setting

filz,y) = flai—1,y) (aim1 <z <a; 0<y<l1)fori=123,..,2%
falx,y) = f(z,bj21) (0<z<1; by <y<by)forj=12.3,..2"%
and

fs(z,y) = flai—1,0j-1) (i1 <z <a;; by <y <by)

fori =1,2,3,...,2% 7=1,2,3,...,2". Then in view of Fubini’s theorem and relations
(3.10) and (3.11) we have

/01 /01 fi(z, y)er(z)pe(y)daedy = /01 [2 flai—1,y) /aa_1 gpk(x)dx_ ooly)dy = 0,
/01 /01 fo(z, y)or(@)pe(y)dzdy = /01 [i f(x,b; 1) /bjbjl w(y)dy_ or(z)dr =0
and
[ [ stevaatisy
— giﬂai_b bj-1) [/aa_l gok(a:)d;c] [/b]bjl w(y)dy] —0.

Using these equations in the definition of f(n) (see (3.9)) we get

= [ Fle)oe)ed)isdy

/0 / Fey) = fi(ery) — Faley) +f3<x,y>1sok<x>w<y>dxdy]

< / / F@ry) = fileny) — foleny) + fole, y)ldady

< (/01 /01 [f(@,y) = il y) = fale, y) + fs(xvy)|pdwdy> " (1)1,
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in view of the Holder’s inequality (when p > 1) since f — f; — fo + f3 € LP(I?),
where ¢ is such that 1/p+1/qg = 1. Observe that when p = 1, we don’t use Hélder’s
inequality and in that case we consider the inequality except last step. In any case,
it follows that

fo >|p</ / F@,y) — fi(e.y) — falary) + folo,y)Pdedy

- ZZ/ / — filz,y) = fol@,y) + f3(x, y)[Pdzdy

i=1 j=1

B Z Z/ / (ai—lv y) - f(l’, bj—l) + f(ai_b bj_1>|pd$dy

=1 j=1

< ZZ @z 1,% X [bj—labj]))p(ai - Gi—l)(bj - bj—l)
=1 j=1
2

1 2
< oz (G(F 10,12 < Z((F: [0.1))7,
in view of Lemma 2.1.8. Thus we get

. 41/p . V,(f; [0, 1]2)
Fm)] < (ke)V/r

(3.12)

This completes the proof. O

Theorem 3.3.3. Let f : R™ — C be 1-periodic in each variable. If f belongs to
BVy®([0,1]™) (p > 1) then for any 0 # n = (nM, ... n(™) e (Z+)™,

A 1
f(l’l) =0 m N\ 1/p
(Hj:l,n(f);éo ”(]))

Proof. Here also we will carry out the proof for m = 2 and use notations as in the
proof of Theorem 3.3.2. Since f € BVy®([0,1]?), in view of Lemma 2.1.11 (use

Lemma 2.1.12 for general case), the discontinuities of f lie on countable number of

parallels to the axes and hence f is measurable over I? in the sense of Lebesgue.
Further, by Lemma 2.1.6, f is bounded over [0,1]> and hence f € LP(I?). As
BVy®([0,1]%) ¢ BVy®([0,1]?), f € LP(I?) n BVy®([0,1]%). Therefore if n =
(k,¢) € N*, by Theorem 3.3.2,
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Next, let n = (k,£) € (Z')? be such that k # 0, £ = 0 and let a;’s and f; be as
defined in the proof of Theorem 3.3.2. Then we have

//flxysf)k( dxdy—/ (Zfazly Ul k(x)dedy=0,

in view of Fubini’s theorem and (3.10); and,

f(z,y) — filz,y))er(z)dzdy

( / / F(a) = Az, )P dxdy) (12,
in view of Holder’s inequality as in the proof of Theorem 3.3.2. Therefore

[f(m)? </ {Z/ (ail,y)|pdx} dy

< / [Z(vpu( e, Pl = o)y

i=1

<5 | Gt pyay
<7 [ 2R 0. Y + (0101
2 V(30,120 + (V0% [0, 1))

k I

in view of Lemma 2.1.8 (for a function of one variable) and Lemma 2.1.7. Thus we

have
fm) = f(k,0) =0 (#) | (3.13)
The case k=0, £ # 0, is similar to the above case and in this case we get
f(0,0)=0 (i) | (3.14)
1/
This completes the proof. O
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Remark 3.3.4. Theorem 3.3.2 or Theorem 3.3.3 with m = 1 gives our earlier result
(see Theorem 3.1.1). (3.12), (3.13) and (3.14) with p = 1 give Walsh analogues of
the results of Méricz [33] (see Theorem 1.1.32) and Fiilép and Méricz [10, for n = 2]

(see Theorem 1.1.34), except possibly for the exact constant in their case.

3.4 Order of magnitude of multiple Walsh Fourier
coefficients of series with small gaps for func-

tions of bounded p-variation

In 1949, N. J. Fine [11] proved using the second mean value theorem that if f
is of bounded variation on [0,1] and if f(n) denotes its (one dimensional) Walsh
Fourier coefficient, then f(n) = O(2), for all n # 0. In Section 3.1 we have studied
the order of magnitude of Walsh Fourier coefficients of functions of various classes
of generalized bounded variation and extended the result of Fine to these classes.
The small gap analogue of results of Section 3.1 is given in Section 3.2. Further in
Section 2.1, we have defined the notion of bounded p-variation (p > 1) for a function
from a rectangle [a1,b1] X ... X [am, by to C and studied the order of magnitude of
trigonometric Fourier coefficients of such functions from [0, 27]™ to C. We have also
studied the order of magnitude of trigonometric Fourier coefficients of functions from
[0,27]™ to C having lacunary Fourier series with certain gaps and are of bounded
p-variation only locally in Section 2.2. In Section 3.3 we have studied the order
of magnitude of Walsh Fourier coefficients for a function of bounded p-variation
from [0,1]™ to C having non-lacunary Fourier series. Here we study the order of
magnitude of Walsh Fourier coefficients of functions from [0, 1]™ to C which are of
bounded p-variation locally and having lacunary Walsh Fourier series having small
gaps. Our new result generalizes and gives lacunary analogue of our earlier result

(Theorem 3.3.2). For m = 1, our new result give our earlier result (Theorem 3.1.1).

Given a subset E C (ZT)™, a function f € L'(I"™) is said to be E-spectral (or,
said to have spectrum E) if and only if f(n) = 0 for all n in (Z*)™ \ E. In what
follows, we consider a set E C (Z%)™ described in the following way: For each
j =1,2,...,m consider sets B = {ngj),ngj),ngj),...} C Z* with {n,(gj)}z":1 strictly
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increasing for each j and satisfying the small gap conditions

), —n)>q>1, (k=1,2,.; j=1,2,..m); (3.15)
and then put £ = szl EU. ng= (ng), ng), .. nsm ) denotes the typical element of
E. When m = 1, F will be taken to be E() with the superscript in n,(C )’s omitted.
Theorem 3.4.1. Let E C (Z*)™ be described as above and f : R™ — C be 1-
periodic in each variable. If f € BVV(p)(I) NLP(I) (p > 1), where I is the rectangle
I =10,27M] x ... x [0,27Y] in which 2=Ni > 1/q for each j; f is E-spectral and
ng = (n,ill), s n,(% ) € (ZT)™ is such that n(]) is sufficiently large for each j, then

A 1
ng) =0 ——
f( k) <‘H;nlnk)|1/p>

Proof. For the sake of simplicity in writing, we carry out the proof for m = 2. For
each j = 1,2, consider the polynomial Py, (z;) defined as follows: If N; = 0, put
Py, =1 and if N; € N then put Py, (7;) = H?;j(;l(l +r;(z;)). Then as in the proof
of Theorem 3.2.2, we have

2N if a; € [0,27N),

0 ifxz; €[0,1)\[0,27N).
Consider N = (Ny, Ny) and put Px(z1,22) = Py, (21)Pp,(22). Then by the above
property of Py, (j = 1,2), we have

Py, (x;) =

2NIAN2f (1, 29) € 1,
Pu(1,22) = (1, 22) (3.16)
0 if (z1,79) €2\ I.

We claim that if ny = (n,(cl), nl(w)) (Z+)? is such that f(ny) # 0 then (fPx) (ny) =

f( k). In fact, writing (x,y) in place of (z1,x2), we have

(P 009 = [ )P (@) P (), (00,0 ()

- [ s (ﬂ (14 ri(@) (ﬂ 1+ m(y») 0 (210, )y

i=0 j=0
Ni—1 Na—1 No—1
Z f Tz@nk f Tj‘;pnk Z Tzrjgpnk Z f(rirjgonk)
=0 =0 i,j=0
Ni—1 No—1
+ Frirjon) + oo + f(roe PN 170+ T Ny—1Pny, ) - (3.17)
i=0 =0

67



By our assumption the first term in the right hand side of (3.17) is nonzero. The

characters appearing in the other terms in the right hand side of (3.17) are of the

form (pp 1))(Ye, @) where ¢ is (a function of z alone) such that deg ¢ < N; and
k1 ko

1 is (a function of y alone) such that deg ¢ < Ny and the degree of at least one of

@ and v is nonzero. In view of the Payley ordering of Walsh characters, for each

j € N there are totally 277! characters of degree j, namely @gi—1 =11, Paoj-1,1 =

Tj_lgol, (pzj*1+2

total number of characters of positive degree < N is given by 204+21 4224 . 42N-1 =

2N — 1; they are from ¢; to wov_;. It follows that when ) is multiplied by any
i

= Ti—1P2, -y P2i-1 = Tj—1P2i-1_1 = Tj—1Tj—2---T1T0. Consequently,

character of positive degree < Nj; the resulting character ¢,,; is such that

ngjj) <m; < nl(jj) +2Ni 1< n,(jj) + 2N < n,(jj) +qg< ng)Jrl,

in view of (3.15) and the fact that ¢ > 2™, Since either deg ¢ > 0 or deg ¥ > 0,
either m; ¢ FE; or mg ¢ Es. Therefore (my,ms) ¢ E. Since f is E-spectral,

f((9090n<1))(¢80n<2))> = f((pmlgpmz) = f(mlme) = 0. Thus all the terms of the
k1 ko
right hand side of (3.17) vanish except the first. This means that

(fPn) (nk) = f(nk) if f(nk) # 0. (3.18)

Now, let ny, = (n,(:l), n,(i)) be such that n,(jj) are large enough with f(ny) # 0 and

let m; € N be such that 27 < n,(cj_) < 2t with m; > N for each j = 1,2. For

J
simplicity in notation, let us write k, ¢, s and t for n,(gll), n,(é), my and mgy respectively.

Then 2° < k < 2571 28 < ¢ < 29! and in view of (3.18) and (3.16) we have

~

F(me) = (/P () = 2V / 7 / e pe@ely)dedy.  (319)

Putting a; = (i/2°) for each ¢ = 0,1,2,3,...,2° and b; = (j/2') for each j =
0,1,2,3,...,2% as in the proof of Theorem 3.3.2, we get (3.10) and (3.11).

Next, define three functions fi, fa, f3 on I = [0,27V1) x [0,2772) by setting

filz,y) = flai_1,y) (@i <v<a; 0<y<27™) for i =1,2,3,...,25;
f?(xay) = f(xabj—l) (0 S T < 2_N1; bj—l S y < b]) for j = 172737 "'72t_N2;

and
fa(z,y) = flai—1,bj21) (aim1 <@ <ai; bjy <y < b))
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fori=1,2,3,..,25M; j=1,2,3, .. 2N

Then in view of Fubini’s theorem and relations (3.10) and (3.11) we have

/_N2 /Q_Nl (@, y)er()pe(y)dady

25— Ny

- / > Sas) [ et | vy =,

/2 ; /2_ (@, y)or()pe(y)dudy

ot— Ny

2~N1 i
:/0 Z S, b / ee(y)dy | pr(z)dz =0

-1

AQMAQMﬁ@wwmwmmmy

257N1 2t7N2

=33 e b { / wk<x>das} [ / ’ w(y)dy] —0,

i=1 j=1

Using these equations in (3.19) we get

/ / f(@, y)or(z)pe(y)dedy

/0 7 /0 7 (f = fi = fo+ f5)(x, ) on(x)pe(y)dady

Flm| = 2

— 9N1+N2

2—N2 n9—IN
STWMA / (f = fi— fa + fo) (@, y)ldady

~Ny  L9—Nj 1/p .
= </ [ —f1—f2+f3)(x,y>|pdxdy) CN

in view of the Holder’s inequality (when p > 1) since f — fi — fo + f3 € LP(I),
where ¢ is such that 1/p+1/¢g = 1. Observe that when p = 1, we don’t use Hélder’s
inequality and in that case we consider the inequality except last step.

69



In any case, it follows that

P < 29 / / F@y) — fi(e9) — falasy) + fale,y)Pdady

2s—N1 2t—N2

bj a;
=20y Y / / F(2,y) = fi(2,y) — fal,y) + fsla,y)Pdady

i=1 j=1

257N1 2t7N2

DI |

b]' a;
/ |f(z,y) — flaici,y) — f(2,0;1) + flai—1, bj-1)[Pdxdy
i=1 =1 Ybi-1Jai

23—N1 2t—N2

< 9NIFN: Z Z (Vo(f; laiz1, ai] < [bj—1,b5]))P(a; — ai—1)(bj — bj_1)

2N1+N2 2N1+N2+2

< —egr V(i D) < ——7— (V3 (f3 D))",

in view of Lemma 2.1.8. Thus we get

. 2NIHNA2) P Y (F4 )
|f(nk)| < (k’g)l/p

(3.20)

This completes the proof. n

Remark 3.4.2. Theorem 3.4.1 gives lacunary analogue of our earlier result Theorem
3.3.2. Since BV (I) ¢ BVy® (I)NLP(I) (in view of Lemma 2.1.12), Theorem 3.4.1
is true if we replace the assumption “f € BVy®(I) N LP(I)” by “f € BVg®(I)”.
In that case it gives lacunary analogue of our earlier result Theorem 3.3.3 and

simultaneously Walsh analogue of our earlier result Theorem 2.2.3.
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Chapter 4

Vilenkin Fourier Coefficients

4.1 Order of magnitude of Vilenkin Fourier co-
efficients of functions of generalized bounded

fluctuation

Onneweer and Waterman introduced various classes of functions of bounded fluctua-
tion and studied the convergence problems for functions of these classes [37, 38, 39].
However, it appears that the order of magnitude of Vilenkin Fourier coefficients
for functions of such classes has not yet been studied. The only results available,
in this case, seems to be Theorems 1.1.37 and 1.1.38 for functions of the classes
BV(G) and Lip (o, p, G) respectively. In this section, we carry out this study for
non-lacunary Vilenkin Fourier series. Results of this section are published in [16]
(see also MR2662990).

First we give definitions of various classes of functions of bounded and generalized
bounded fluctuation on a Vilenkin group G (see Chapter 1, Section 1.1 (D) for
terminology) as below. In these definitions f denotes a complex-valued function
defined on G.

Definition 4.1.1. For H C G, we define the oscilation of f on H by

osc(f; H) = sup{[f(21) — f(a2)| : @1, 22 € H}.

Onneweer and Waterman [38, Definitions 4, 5] generalized the concept of bounded

variation (see (1.25) for definition of class BV(G)) in two ways as follows.
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Definition 4.1.2. The function f is said to be of bounded fluctuation (f € BF) if
the total fluctuation of f on G, given by

F(f;G) :Sup{ZOSC(f;[n)}

is finite, where the supremum is taken over all finite disjoint collections {I, I, ..., I},

in which each I, is a coset of some G,,(,) and UN_. I, =G.

Definition 4.1.3. The function f is said to be of generalized bounded fluctuation
(f € GBF) if the total generalized fluctuation of f on G, given by

mnp—1
GF(f;G) = sup { Z osc (f; 2" + Gn)}

a=0
is finite.
Further, they have observed that for continuous functions f on G, f € BV

implies f € BF and f € BF implies f € GBF. They have also shown that the
function f defined on G'=7Z3° as

Lotz ez, + G, (nodd),
flx)=190 ifze z§?_2 + G, (neven),
0 ifz=(1,1,..),
is continuous and of generalized bounded fluctuation but not of bounded fluctuation
on G.

Later, Onneweer extended the notion of generalized bounded fluctuation to p-

generalized bounded fluctuation [39, Definition 4] as follows.

Definition 4.1.4. Let p > 1 be a real number. The function f is said to be of
p-generalized bounded fluctuation (f € GBF(p)) if the total generalized p-fluctuation
of f on G, given by

mp—1 l/p
GF,(f;G) = sup ( (osc (f; 25" + Gn))p>

a=0

is finite.
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In [39, Definition 5] Onneweer defined the following class of functions of A-

generalized bounded fluctuation.

Definition 4.1.5. Let A be a sequence as in Definition 1.1.7. The function f is
said to be of A-generalized bounded fluctuation (f € AGBF) if the total generalized
A-fluctuation of f on G, given by

ma—1 08¢ (f; 2 4 Gn)

>\a+1

AGF(f;G) = sup

a=0
is finite.
Here we give following definition.

Definition 4.1.6. Let p > 1 be a real number. The function f is said to be of
p-bounded fluctuation (f € BF(p)) if the total p-fluctuation of f on G, given by

N

1/p
Fy(f; G) = sup (Z(OSC(f; [n>)p>

n=1
is finite, where the supremum is considered as in Definition 4.1.2.

Onneweer and Waterman have defined the following class of functions of ¢-
bounded fluctuation [37, Definition 3.

Definition 4.1.7. Let ¢ be a function as in Definition 1.1.5. The function f is said

to be of ¢-bounded fluctuation (f € ¢BF(Q)) if the total ¢-fluctuation of f on G,
given by

Fy(f;G) = sup {Z ¢(osc(f; In))}

is finite, where the supremum is considered as in Definition 4.1.2.

Onneweer and Waterman have defined the following class of functions of A-
bounded fluctuation [37, Definition 2].

Definition 4.1.8. Let A be a sequence as in Definition 1.1.7. The function f is
said to be of A-bounded fluctuation (f € ABF) if the total A-fluctuation of f on G,

given by

n=1
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is finite, where the supremum is taken over all sequences {I,,} of disjoint cosets in

G.

Here we define the class ABF® of functions of p-A-bounded fluctuation and the
class ¢ABF of functions ¢-A-bounded fluctuation as follows.

Definition 4.1.9. Let p > 1 be a real number and A be a sequence as in Definition
1.1.7. The function f is said to be of p-A-bounded fluctuation (f € ABF(p)) if the
total p-A-fluctuation of f on G, given by

©0 . P 1/p
FpA(f;G)Zsup (Z W)

n=1

is finite, where the supremum is taken over all sequences {I,} of disjoint cosets in

G.

Definition 4.1.10. Let ¢ be a function as in Definition 1.1.5 and A be a sequence
as in Definition 1.1.7. The function f is said to be of ¢-A-bounded fluctuation
(f € ¢ABF) if the total ¢-A-fluctuation of f on G, given by

Fyn(f; G) = sup {Z M}

n=1 n

is finite, where the supremum is taken over all sequences {I,,} of disjoint cosets in

G.

Onneweer and Waterman have defined the following class of functions of ¢-

generalized bounded fluctuation [38, Definition 6.

Definition 4.1.11. Let ¢ be a function as in Definition 1.1.5. The function f is said
to be of ¢-generalized bounded fluctuation (f € ¢GBF(G)) if the total generalized
¢-fluctuation of f on GG, given by

GFy(f;G) = sup { i ¢(ose(f; 20 + Gn))}

a=0

is finite.

Uno [66] defined the concept of p-A-generalized bounded fluctuation which is

defined as follows.
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Definition 4.1.12. The function f is said to be of p-A-generalized bounded fluc-
tuation (f € AGBF(p)) if the total generalized p-A-fluctuation of f on G, given
by

1/p

mn—1 <osc(f; 2 4 Gn)>p

Aj+1

GFyp(f; G) = supsup

(67 j:0

is finite, where sup, denotes that the supremum taken over all permutations of the
set {0,1,...,m, — 1}.

Here we define the concept of ¢-A-generalized bounded fluctuation as follows.

Definition 4.1.13. Let ¢ be a function as in Definition 1.1.5 and A be a sequence
as in Definition 1.1.7. The function f is said to be of ¢-A-generalized bounded
fluctuation (f € ¢AGBF) if the total generalized ¢-A-fluctuation of f on G, given
by

Mp—1 osc Z&n) .
GFun(f; G) :supsup{ Y plosc(f; 20 + G ))}

o | = Ajt1
is finite, where sup, has the same meaning as in Definition 4.1.12.

We observe that if p = 1, BF® = BF, ABF®”) = ABF and GBF® = GBF; if
A = 1, ABF® = BF®; and if ¢(z) = 27, then ¢BF = BF®) $ABF = ABF®),
#GBF = GBF® and ¢AGBF = AGBF®. Also from the definitions it is clear that
BF ¢ GBF, BF?) ¢ GBF®, ABF® ¢ AGBF", ¢BF C ¢GBF, $ABF c $AGBF.
Further if \,, = n,Vn € N, then ABF = HBF— the class of functions of harmonic

bounded fluctuation, etc.
Theorem 4.1.14. If f € GBF® then f(n) = O(1/(my)"?), where my < n < mysq.

Proof. Since n > my, and the Haar measure is translation invariant, it follows (see,
for example, [51, p. 114, Eq. (15)]) that

(z)dz =0
/z ((%ka (z)dx

for all = 0,1, ...,m; — 1; and hence

/ Xn(x)dzr =0, (a=0,1,....,m; —1).
216G
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If we now define a step function g on G by g(x) = f(zék)) on 2z + G, a =
0,1,...,my — 1, then

/GQ(IL“)Xn(.’E)d:E = % f(zék)) /ng)Jer Xn(z)dz = 0.
Therefore
|f(n)] = ‘/G[f(fﬂ)—g(x)]xn(ﬂf)dﬂf S/Glf(w)—g(l“)ldl“ (4.1)
and hence

mip— 1
kN |Pd !
> [, 10— ser)

by Holder’s inequality as f, g € GBF® and GBF® ¢ L?. Thus

)l < 1F =gl 1Ll = (

mp—1

QIEDY / )Pz (4.2)

() +Gk

mkfl

<3 [ toslriet) + Gy
a=0 <k)+Gk
mg—1

= 3 osel 10 + Gy

m
a=0 k

1
< —(GE,(f;G))".
< (GE(f:)
This completes the proof. n
Corollary 4.1.15. If G is bounded, then f € GBF®) implies f(n) = O(1/n'/?),

Proof. Since G is a bounded Vilenkin group, there exists py such that p, < py for
all k. Hence my1 = my - ppr1 < my - po and therefore, from my < n < myy; one

gets 1/my, < po/n, completing the proof. ]

Remark 4.1.16. Since BF®) ¢ GBF®, Theorem 4.1.14 and Corollary 4.1.15 ob-

viously holds true for functions in BF® also.

Theorem 4.1.17. If f € ¢GBF then f(n) = O(¢~1(1/my,)), where my < n < mps ;.
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Proof. Proceeding as in the proof of Theorem 4.1.14 we get (4.1). Now, by Jensen’s
inequality, for ¢ > 0

o(c [ 1760 = gtallae) = [ i) - gt

mi—1
= /. 2) = JEA))da
Z& +Gk
mkfl
<> [, blosclesiaf+ G
o /¥ +a
mi—1
Z p(osc(cf; 2z —i—Gk))
a=0 k
Therefore we have
o(c [ 1160) - swlac) < Gref: ). (43
my

Since ¢ is convex and ¢(0) = 0, we have ¢(az) < a¢(z) for 0 < a < 1 and for all
x > 0. Therefore, choosing ¢ in (0, 1) so small that GF4(cf;G) < 1, one gets

1
wl < [ 1) - gloldr < o7 1/m)
€]
in view of (4.3) and (4.1). This completes the proof. O
Corollary 4.1.18. If G is bounded, then f € ¢GBF implies f(n) = O0(¢1(1)).

Proof. As in the proof of Corollary 4.1.15 we have 1/my < po/n, so by (4.3)

o(c [ 1760 - atalae) < RGEerico

Now choosing ¢ € (0, 1) small enough so that py - GFy(cf: G) < 1, we get

Wl < [ 1@ - gl < 207 (1)

in view of (4.3) and (4.1). This completes the proof. O

Remark 4.1.19. Since ¢BF C ¢GBF, Theorem 4.1.17 and Corollary 4.1.18 hold

for functions in ¢BF also.
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To prove Theorems 4.1.21 and 4.1.24, the following lemma due to Schramm and
Waterman [56] is needed.

Lemma 4.1.20. Ifa; > ay > ... > a, >0, > ja;=1and by > by > ... > b,, then

n n
i=1 i=1

Theorem 4.1.21. If f € AGBF® then

where my < n < Myyq.

Proof. Since AGBF® < L1, proceeding as in the proof of Theorem 4.1.14 we get
(4.2). Let oy, i = 0,1,...,my — 1, denote a rearrangement of 0,1, ...,my — 1 such

that {b;}™*~" is non-increasing, where
b= [, 1) fa) s
zgz)Jer

for all i. For eachn € Nput 6, => ", )\i =y 01 /\1 and for eachi = 0,1, ..., my—

1 put a; = 1/(Ais10m, ). Then {a;}7 " is non-increasing and Y 7" a; = 1. There-
fore by Lemma 4.1.20 we have

mrp— 1 mk—l

RNIP Ay — A
2 / ., 1) = FEOPdz =3 b
mg—1
< my Z a;b;
=0
e mz/ (CE FEP )
ka i=0 z&’?-ﬁ-Gk /\H—l

mp—1

<y / ((osc(f;z&’?wk))p)dm
T O = S, Ait1

mi " (ose(f; A + Gy 1
i1 my

k=0
_ (CEalf:CQ)

Y
O,

and hence the theorem is proved in view of (4.2). ]
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Corollary 4.1.22. If G is bounded, then f € AGBF® implies
"oy 1/p
fin)=0 |1 —
f(n) / (; Aj)

Proof. Since G is a bounded Vilenkin group, there exists py such that p, < pg
for all k. Since my, < n < myq and {\,} is increasing we have 0, < 0, , <
Do - O, s0 that 1/(6,,,)"/? = O(1/(6,)"/?). Thus by Theorem 4.1.21 we have f(n) =
O(1/(6,n, ) = O(1/(6%/")) and hence the corollary is proved. O

Remark 4.1.23. Since ABF® ¢ AGBF® Theorem 4.1.21 and Corollary 4.1.22
hold for functions in ABF® also. In fact, in [16], we have proved the results the
functions of the class ABF® only and we have now observed that the same proof
works for functions of the class AGBF®,

Theorem 4.1.24. If f € pAGBF then
R B O
finy=0 (cb 1 (1/2;)) ,

Proof. Let ¢ > 0. Taking now b, = fz<k_)+Gk o(clf(x) — f(a;)®)|)dz for all 4, and
proceeding as in Theorem 4.1.21, one getls by Jensen’s inequality and Lemma 4.1.20,

¢(c e —g<x>|dx> < [ 6lsta) - gty

where my < n < Myyq.

mk—l
S
i=0
mp—1
< mi Z aibi
i=0
mg—1
T (seltta)- f(zé’i))|>>d$
emk i=0 Zgz)-i-Gk >\i+1
oo / <¢(osc(cf; 2 +Gk))) .
- ka Z((lk)Jer )\Z‘+1
_omy, L Blose(ef; 28 + Gy)) 1
emk i—0 Ait1 mk‘
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Therefore we have

(/If —g(x \das) < e <Cf &), (4.4)

Choose ¢ € (0,1) so small that GF4p(cf; G)) < 1. Then by (4.4)

[ ) = staido < 1o (ei)

and hence the theorem is proved in view of (4.1). O

Corollary 4.1.25. If G is bounded, then f € ¢AGBF implies

fm) =0 (W <1/ Z Ai)) |

Proof. Since G is bounded as in the proof of Corollary 4.1.22, we have 1/6,,,, < po/6,,

so by (4.4)
( /!f \dx) < %F¢A(cf;G)_

Now choosing ¢ € (0, 1) small enough such that pg - Fya(cf; G) < 1, we get

L1 = gwiir < 267 ().

and hence the corollary is proved in view of (4.1). O

Remark 4.1.26. Since pABF C ¢AGBF, Theorem 4.1.24 and Corollary 4.1.25 hold
for functions in ABF also. In fact, in [16], we have proved the results the functions
of the class ABF only and we have now observed that the same proof works for
functions of the class pAGBF®.

4.2 Order of magnitude of Vilenkin Fourier coef-
ficients of series with small gaps for functions

of generalized bounded fluctuation

In Section 4.1 we have studied the order of magnitude of Vilenkin Fourier coefficients
of functions of certain classes of functions of bounded and generalized bounded fluc-

tuation on a Vilenkin group G introduced by Onneweer and Waterman [37, 38, 39].

80



Here we define these concepts locally and study the order of magnitude of Vilenkin
Fourier coefficients of functions of these classes, when the Vilenkin Fourier series
is lacunary having small gaps and prove the Vilenkin group analogue (Corollary
4.2.10, below) of the results of Patadia and Vyas [41, Theorem 5]. As in the case of
trigonometric Fourier series [41], here also we give an interconnection between the
‘type of lacunarity’ in Vilenkin Fourier series and the ‘localness’ of the hypothesis to
be satisfied by the generic functions, which allow us to interpolate results concern-
ing order of magnitude of Fourier coefficients of lacunary and non-lacunary Vilenkin
Fourier series. Results of this section are accepted for publication in the form of a
paper in Kyoto Journal of Mathematics [14].

Let G and X be as in Section 1.1 (D). Then we observe that for [, N € N if
[ > N then GG; C Gy and therefore

Gl:{ZEGGZI’:ZbilL‘Z‘}:{ZL‘EGNIIL‘:ZZ)Z‘ZEZ', bN:"':bl_lz()}.
i=l i=N

Thus each coset of GG; in Gy has a representation of the form z + G;, where z =
Zi;}v b;x; for some choice of the b; with 0 < b; < p; 1. These (m;/my) = pyi1PN12-
--p; = L (say) cosets of G; in Gy are precisely the cosets 2 +G,a=0,1,...,L—1,
of G; in G in that order. Also observe that for a given yo = Y .- c;z; in G and
N € N, the coset yo + G given by

y0+GN:{$:Zbi$i€Gibi:Ci, 12071,,]\[—1}
=0

contains yo and is of Haar measure 1/my. Since Gy is the disjoint union of the
cosets z&l) +G,,a=0,1,....,L—1, for [ > N, the coset yy + Gy is the disjoint union
of the cosets yg + 204 Gy, a=0,1,...,.L —1.

Definition 4.2.1. Let {n;};>, be an increasing sequence of positive integers. A
function f € L'(G) is said to have a lacunary Vilenkin Fourier series with small
gaps if its Vilenkin Fourier coefficients f (n) vanish for n # ng, k € N, where {n;}
satisfies the small gap condition (1.11) or, in particular, a more stringent small gap
condition (1.5).

We define various classes of functions of bounded fluctuation over a coset of G
as follows. In these definitions ¢ is a function as in Definition 1.1.5, A a sequence

as in Definition 1.1.7 and f a complex-valued function defined on G.
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Definition 4.2.2. We say f is of ¢-bounded fluctuation over yo+Gy (f € ¢BF (yo+
Gy)) if the total ¢-fluctuation of f on yy + G given by

Fy(f; o+ G) = sup {Z dlosc( f; m)}

is finite, where the supremum is taken over all finite disjoint collections {11, Is, ..., I7}

in which each I is a coset of some G, and UL, I, = yo + G-

Definition 4.2.3. We say f is of ¢-A-bounded fluctuation over yo + Gn (f €
®ABF(yo + Gy)) if the total ¢-A-fluctuation of f on yo + Gy given by

Fyn(fi90+Gn) = ?}11; {Zw}

n

is finite, where the supremum is taken over all sequences {I,} of disjoint cosets in
Yo + G N-

Definition 4.2.4. We say f is of ¢-generalized bounded fluctuation over yg + Gy
(f € ¢GBF(yo + Gn)) if the total generalized ¢-fluctuation of f on yo + Gy given
by

my/my—1
GFd)(f;yO‘f‘GN):lS;l}\? Z QZS(OSC (f;yo+zg)+Gl))
= a=0

is finite.

Definition 4.2.5. We say f is of ¢-A-generalized bounded fluctuation over yo+ G
(f € ¢AGBF(yo + Gy)) if the total generalized ¢-A-fluctuation of f on yo + Gy,
given by

mn/may -1 0
osc(fiyo + 2o + G
GF¢A(f7 Yo ‘I’ GN) = supsup Z ¢( (f yO)\ N))
ENe oo j+1

is finite, where sup, denotes the supremum taken over all permutations of the set
{0,1,...,m, — 1}.

We observe that if A\, = 1, pABF = ¢BF. If ¢(x) = 2P (p > 1) then ¢BF
(respectively, §GBF, pAGBF) is denoted as BF ) (respectively, GBF®, AGBF®)
and functions of this class are called functions of p-bounded fluctuation (respectively,

)

p-generalized bounded fluctuation, p-A-generalized bounded fluctuation). Also when
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p = 1, the class BF®) (respectively, GBF®) is denoted as BF (respectively, GBF)
and functions of this class are called functions of bounded fluctuation (respectively,
generalized bounded fluctuation). Further, from Definitions 4.2.2 and 4.2.4, it is clear
that ¢BF C ¢GBF and from Definitions 4.2.3 and 4.2.5, it is clear that pABF C
oAGBF .

When yg + Gn = G, our Definitions 4.2.2, 4.2.3, 4.2.4 and 4.2.5 are same as the
Definitions 4.1.7, 4.1.10, 4.1.11 and 4.1.13 respectively.

Theorem 4.2.6. Let f € LY(G) possess a lacunary Vilenkin Fourier series

> Fu)xa, () (4.5)
k=1
with small gaps (1.11) and I = yo+Gy be the coset with Haar measure 1/my > 1/q.
Then f € ¢GBF(I) implies f(ng) = O(¢~ (1/my)), where m; < ny < my1. If, in
addition, G is bounded then f(ny,) = O(¢~1(1/ny)).

Proof. We may assume without loss of generality that xy = 0; for, otherwise one
works with ¢ =T, f € ¢GBF(Gx) whose Fourier series also has gaps (1.11). Then
I = Gy and if we consider the polynomial Py(z) [42, Lemma 4] defined by

Py(z) = [+ gule) +@2@) -+ ()
k=0

1+z F Y Y +(NH¢<>)

1,j=0,i#7 =1 m=1

having constant term 1 and with degree < N then

my if x €1,
Py(z)=4{ " (4.6)
0 if xeG\I.

Note that if k € N is such that f(ng) # 0 then (f - Py )(ng) = f(ny). In fact,

uwwmwzéﬂ@mumwmm

N—-1 — pi—1p N—-1
R S T Sl o Sl T S f( II wfi_lxnk)
=0 1,j=0,i#7 =1 m= =0

(4.7)



The characters appearing in the right hand side of (4.7) are of the form xx,, wherein
X is such that deg x is positive and < N. Observe that for each 7 € N there are
totally m;_1(p; — 1) = m; — m;_y characters of degree j, namely x;¢;"'; 0 <i <
mj_1; 1 <a;_1 < p;—1 and they constitute X; — X;_;. Consequently, total number

of characters of positive degree < N is given by
(m1—m0)+(m2—m1)+---—|—(mN—mN_1):mN—l;

they are from 1 to Xmy—1 and they constitute Ui (X;— X ). It follows that when

Xn, 1s multiplied by any character of positive degree < N the resulting character

Xm 18 such that
ng<m<ng+my—1<ng+my < ng+q< N,

because the lacunary Vilenkin Fourier series (4.5) of f has gaps (1.11) with ¢ > my.
Since f(ny,) # 0, all the terms of the right hand side of (4.7) vanish except the first.

Now Let k be large enough and I € NU {0} be such that f(ng) # 0,m; < ng <
my+1 and [ > N. Then, in view of (4.6)

fl) = (FPx) (nx) = my ; (@)X, () d. (4.8)

Since ny > m; and the Haar measure is translation invariant, it follows (see, for
example, [51, p. 114, Eq. (15)]) that

[ o)z =0
Zg)-i-Gl

for all « = 0,1,...,m; — 1; and hence
/ Xng(2)dx =0, (a=0,1,...,m —1).
Z<(>¢l>+Gl

Now, put L = L = (pnyi1pN42 - - - i) and define a step function g on Gy by

mn

g(z) = f(zc(f)) for z in 2 + G, « = 0,1, ..., L — 1. Then

/ REINOUEDWICD / ., Xnelx)e =0

Therefore in view of (4.8) we have

)| = \mN [ 1) = g(a s o

< my /G 1fe) @l (49)
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Now, by Jensen’s inequality, for ¢ > 0

" (mN o LCE g(x)\dx) < [ olelf(o) = g(o)

L-1

=mn Y [ olelf) = Sz (410)
Therefore
L—1
o (my-e- [ LR slo)lds ) < m > [ ol (e + G

L—1 1

= mNZgb 0SC cf, Z(l) + Gl)) -

l
and hence

o (mvee [ e “golde) < (M) GRen. (@)

Since ¢ is convex and ¢(0) = 0, we have ¢(az) < ap(z) for 0 < a < 1 and for all
x > 0. Therefore, choosing ¢ in (0, 1) so small that (my - GF,(cf;1)) <1, one gets

ol < [ 170 - atolae < (22 ) o ()

in view of (4.11) and (4.9). This shows that f(ng) = O (¢(1/m))).

Finally, if GG is bounded, there is a positive integer po such that p; < pg for all [.

Thus ng < myy1 = my - pra1 < my - po, which shows that m% < 2—‘; and hence (4.11)

gives
o (mv-ce [ 15 atac) < (2 ;,LmN GFJ(cfiT).  (412)
Gn k
Choosing now ¢ in (0, 1) so small that (py - my - GF4(cf; 1)) < 1, one obtains
f < - <
Fol <my [ 15(e) = gfelas < (2 ) (o)
in view of (4.12) and (4.9). O

Taking ¢(z) = 2? (p > 1) in Theorem 4.2.6, we get the following.
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Corollary 4.2.7. Let f and I be as in Theorem 4.2.6. Then f € GBF®)(I) (p > 1)
implies f(nk) = O(l/(ml)%), where m; < ny, < myyq1. If, in addition, G is bounded

then f(ny) = O(1/(n)7).

Remark 4.2.8. Since ¢BF C ¢GBF Theorem 4.2.6 holds for functions in ¢BF
also. Similarly, as BF® ¢ GBF® Corollary 4.2.7 holds for functions in BF®) also.

Theorem 4.2.9. Let f and I be as in Theorem 4.2.6. Then f € pAGBF(I) implies

o[/ (53)))

where my; < ny < myy1. If, in addition, G is bounded then

o= (o (1/(54)))

Proof. Proceeding as in the proof of Theorem 4.2.6, for ¢ > 0, we get (4.9) and
(4. 10) Let a;;, 1 =0,1,..., L — 1, denote a rearrangement of 0,1, ..., L. — 1 such that

{b;}°} is non-increasing, where

S PRCHERN(CY

for all i. For each i = 0,1,...,L — 1 put a; =

)dx

X 19 ,Whereénzzylk,forall

n € N. Then {a;}7 is non-increasing and Z o "a; = 1. Therefore by Lemma
4.1.20

L-1 L-1
Z / D)= SO =3 < LS a
Z l)-i-Gl i—0 P
L1
_ L / ( blelf(x) — f(=&)) >>dw
0L = )0+ A1
g £L—1/ (qﬁ(osc(Cf;ng—}-Gl))>daC
T " zfjHG, i1
_ Z qb (osc(cf; zal + &) 1
mNHL )\H-l my
GF¢>A(Cf, I)
mNGL



Therefore

F i
Z / olel (@) — FeA e < ELLD, (4.3
Zo +Gl sz
since {\;} is non—decreasmg. In view of (4.13) and (4.10) we get
mpy - GFyp(cf; 1
b (mN.c./ |f(2) —g(x)|dx> < 9¢A( Sil) (4.14)
GnN my
Since ¢ is convex and ¢(0) = 0, we can choose ¢ in (0,1) so small such that

(my - GFyz(cf; 1)) < 1. This proves, in view of (4.14) and (4.9), that f(ny) =

O(¢~H(1/0m,))-
Finally, if G is bounded, -~ < 2% and hence by (4.10) and (4.13)

9_ Oy,
mpy - po - GFyp(cf; 1
¢(mN.c./ |f(x)—g(x)|dx> < I P ; onlcef: D)

GnN Nk
Choosing now ¢ € (0,1) small enough such that (my - po - GFpa(cf; G)) < 1, we
then get

[ 1= gt < (Yot (o)
x) —g(x)|dx —,
Gy g — \mn-c On,

and hence the theorem in view of (4.9). O

Taking ¢(x) = 2P (p > 1) in Theorem 4.2.9, we get the following result, which is
the Vilenkin group analogue of the result of Patadia and Vyas [41, Theorem 5.

Corollary 4.2.10. Let f and I be as in Theorem 4.2.6. Then f € AGBF®(I)

(p > 1) implies
o-o(/(53) )

7j=1

where m; < ny < myy1. If, in addition, G is bounded then

fm) =0 1/(2%)

7=1
Remark 4.2.11. Since ¢pABF C ¢AGBF, Theorem 4.2.9 holds for functions in
¢ABF also. Similarly, as ABF® ¢ AGBF®, Corollary 4.2.10 holds for functions
in ABF®) also. In fact, in [14], we have proved results for the functions of the

class pABF and now observed that the same proof works for functions of the class
»AGBF.
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Remark 4.2.12. Observe that ny = k for all k = ¢ = 1 in (1.11) = [ is of
Haar measure 1 in above theorems = [ = (; and one gets corresponding results
(of Section 4.1) for non-lacunary Vilenkin Fourier series [16]. On the other hand,
if the Vilenkin Fourier series (4.5) of f € L*(G) has gaps (1.5) then above results
hold if the coset I is just of positive measure. Because if |I| > 0, by the form of I,
|I| = 1/my where N € N can be taken as large as required. In view of (1.5), one
gets (ngr1—ng) > my for all & > kg for a suitable kg = ko(IV). Then adding to f(z)
the Vilenkin polynomial Zfozl(— f (7)) Xn, (7) one gets a function g whose Fourier
series is lacunary of the form (4.5) having gaps (1.11) with ¢ = my and results
are true for g. Since f and ¢ differ by a polynomial, results are true for f as well.
Our results thus interpolates lacunary and non-lacunary results concerning order
of magnitude of Fourier coefficients—displaying beautiful interconnection between
types of lacunarity (as determined by ¢ in (1.11)) and localness of hypothesis to be
satisfied by the generic function (as determined by the ¢g-dependent length of I).
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Chapter 5

Absolute Convergence Of Vilenkin

Fourier Series

5.1 Absolute convergence of non-lacunary Fourier
series of functions of generalized bounded fluc-

tuation on Vilenkin groups

In Chapter 4 we have studied the order of magnitude of Vilenkin Fourier coefficients
of functions of various classes of functions of generalized bounded fluctuation. Here
we study the absolute convergence of Vilenkin Fourier series for functions of these
classes. Our result (see Theorem 5.1.3) generalizes the earlier result Theorem 1.2.42
of Uno [66].

In what follows, it is assumed that GG is a bounded Vilenkin Group and f is a
complex-valued function on G. Vilenkin Fourier coefficients are defined by (1.23) in
Chapter 1, Section 1.1 (D) and various concepts of generalized bounded fluctuation
are defined in Section 4.1. Here following results are obtained. Main results of
this section are Theorems 5.1.3 and 5.1.7. To prove them, following lemmas due to
Vilenkin N. Ja. and Rubinstéin A. 1. [67, p. 5] and Stechkin [60, Lemma 2| are

needed.

Lemma 5.1.1. For each N =0,1,2,... and k > my we have
(a) [q, xx(h)dh = 0;
(b) [, Ixe(h) = 1P2dh =2 [, [1 — Rexp(h)]dh = 2|Gy| = ;2.
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Lemma 5.1.2. If u, > 0, forn € N, u,, Z 0 and a function F(u) is concave,
increasing, and F(0) =0, then > 7" F(u,) <2377 F(£ 3707 ).

Theorem 5.1.3. If f € AGBF(p), 1<p<2r,1<r<oo and

B/2
| (1) 281 (WD) (f o))
1/r < 00,
n=0 (z;ﬂ:”l %)
then .
D 1R < oo, (0<B<2). (5.1)

k=0

Proof. Let M € N be fixed and let N € N be the integer such that my < M < mpyy;.
For each o =0,1,...,my — 1 and h € Gy put

fal@)=f (@ 4+ 2 +h) — f(z+2), Vzeq.
Then for each n > 0 we have
fa(n) = F)xn (259 + h) = f(n)xn (27) = f(n)xn (27) (xa(B) = 1).

Since f € AGBF® for any z € G = Gy we see that

[f (@) = [f(0) + f(z) = F(O)]"
< 20f )P + 2%/ f (=) = FO)7

=2l + 22, (L IO

<ZO)F + 2N (ose (f2 +Go ) )’
< Z|f(0)P + 2" (AGE,(f; Q)Y

Thus f is bounded on G and hence f € L2(G). As a result each f, € L*(@) and so

by Parseval’s equality (since | Xn(za )| = 1) we have

) = Z | ) [xn(h) — 1|2 = ||fa||§a Va. (5.2)
n=0
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Now, suppose r > 1 and set 2 = M + E; then using the Holder’s inequality we
get

1fall2 = /G o) P

= [ 1o
= [ (e raoy

<{ 1w el [ epa)”
< @) ( /G |fa($)|pdx) "

where Qy = (wP+EPr(§f, N))2T_p since h € Gy. This together with (5.2) implies

(B(h)) < O /G fala)Pde, (5.3)

for all @« = 0,1,...,my — 1. Since the left hand side of (5.3) is independent of «,
multiplying both the sides of it by (1/A,41) and taking summation over a, we get

(B(h) 6y < Dy / (m Julr )

where 0; = 23:1(1/)\]-) = Z;;]d(l/)\j+1), for all t € N; and hence

B(h) < (%>/{ / (m 1|faa+1 ) }”’”

Integrating both sides of this inequality over GG with respect to h we get

/G B(h)dh < (QQTN)M/G {/Gmil f;iiipdx}l/r dh. (5.4)

=0

Now, for any h € Gy and any x € G the points z + 2V 4+ b and 2 + 287 lie in the
coset x + za + Gy of Gy in G and hence

|fo(z)| = ]f(x—irz —|—h) f(:v—l—z )]<osc(f,x+z +GN) (5.5)
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Since f € AGBF®, for any h € Gy and = € G, in view of (5.5), we have

my—1 ’fa mel (osc(f,:v—i—za + Gy ))

< (AGE(f; @), (5.6)

A
a+1 a=0 a+1

because for any x € @, the finite sequence of cosets {x + z&N) + Gy a =
0,1,...,my — 1} is arearrangement of the sequence {zéN)+GN ca=0,1,...,my — 1}
Further, from (5.2),

— Fon 2 2o _ (2 ST
[ pmanz S0 [ —apan= () 1w 6)

in view of Lemma 5.1.1, because k > M implies k > my. Using (5.6) and (5.7) in

(5.4) we get 1
() ] | 58)

S =Y Fu) <23 F (%Z\f(ﬁ\z) —23r (%) 69
Thus in view of (5.8) we get
o 0o R B/2
> 1w =om Y (%)
oo Mpt1—1 B/2
S ¥ ()
oSS [ @) 7
_0(1); 2 [mn(e n)l/r}
o 1/r 78/2
~00 L[] (=

B/2
| (my,)2/B1 (@i (f ) 2P
- oS | e |
(Zj;1>\_j>
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because G is bounded and by the assumption of theorem. This completes the proof
of the theorem for r > 1.

For the case r = 1, s = 0o, simply note that

|[fa(@)* = | fa(@)P 1 fa(@)P < (wn(N))*Ifal@)P,

because
|falx) = fla+ 287 +h) = fo+287)] < wn(f)

since h € G y; and proceed as above. O

Remark 5.1.4. Since ABF®”) ¢ AGBF®, Theorem 5.1.3 obviously holds true for
functions in ABF® also.

Taking 8 = 1 in Theorem 5.1.3 we obtain
Corollary 5.1.5. Let 1 <r < 0o and 1 < p < 2r. If f € AGBF® satisfies

e

V2 (w2 (f, n))l—P/QT

S 1/2r
(T )

< 00,

then (5.1) holds for f = 1.
Remark 5.1.6. Corollary 5.1.5 is a result due to Yoshikazu Uno [66].

Theorem 5.1.7. If f € pAGBF, 1 <p<2r, 1 <r < oo and

B/2

00 p+(2—p 2r—p 1/r
Z (mn)Z/,B—l {¢—1 ((w Zmn(fla )) )} < o0,

k=1 J=1X;

then (5.1) holds, in which ¢ is a Ag—function (that is, there is a constant d > 2
such that ¢(2x) < d¢(x), Yz >0).

Proof. Since f € pAGBF for any = € G we have
[f(@)] < [F0)] + Co~ (AGF(f: G)).
Thus f is bounded on G and hence f € L?(G). For r > 1, proceeding as in the

proof of Theorem 5.1.3 we get (5.3). Since multiplying f by a positive constant
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alters w® (f,n) (see (1.27)) by the same constant, and ¢ is Ay, we may assume that
|f(x)] < 1 for all z. But then from (5.3) we get

(B(h))" SQN/G]fa(xﬂdx, (a=0,1,....,my —1).

Since ¢(2x) < dé(x),Vz > 0, we get dlar) < d°%29T1¢(x), Vo > 0,Ya > 1. For,

using induction on n we get
¢(2"x) < d"¢(x),Yr > 0,Vn € N.

Next, if @ > 1 is any real number, choosing n € N such that 2! < a < 2" we get
0< 2% < 1. Therefore for all z > 0 we have

¢lax) = ¢ (;n : 2”:r) < %aﬁ(?”az) < ;ind"qb(x) < d"¢(x) < d°B2 ().

Since Qn > 0, if Oy < 1 then we get

o5 < 0 (9 [ @i < oo ( [ Ifatollde).

Further when Qy > 1, as above

((B(h))") < ¢ (gN /G | fa(x)|dx)

< dontis ([ |fula )

— a4 ([ 1)

— a0 [ |1t
< dowo ([ Iolir).

in view of the fact that (Qy)°%247! <1, as |f(z)| < ,Vz and log,d — 1 > 0. Since

d > 2, in either case

¢ ((B(h))") < dQno (/G(Ifa(w)l)dx) < dQN/G¢(|fa($) )dx

in view of the Jensen’s inequality. Now multiplying both the sides of this inequality

by (1/Ay+1) and taking summation over « = 0,1,...,my — 1 we get

¢<<B<h))><d( ) / (mN o 'f:H ) . (5.10)
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Since f € ¢AGBF and ¢ is increasing, for all h € Gy and z € G we have
" 1¢ \fa ) "= 19 (osc(fiz + 28" + Gw)

<2

A
a+1 a—=0 a+1

< AGF,(f;G).  (5.11)

Using (5.11) in (5.10) we get ¢ ((B(h))") < C < >, where C' is a constant such
that C' > 1. Thus (B(h))" < { ( 2y )} < Op! ( Ly ) and therefore

()]

Integrating both sides of this inequality over G with respect to h, in view of (5.7)

(G

B(h) =0

we get

R = i 1f)? < (%) /G B(h)dh = O

Thus in view of (5.9) we get

1) = 0(1) fj (%)m

oy s ()"
s0 Mnt1—1 L/ 872
B> z RGN

n=0
oo [ 1 Qn 1/r p/2
1) Z m_ {¢1 (9_) } ] (mn+1 - mn)
n—o " My
oo [ »1 5/
s g1 ()17 .
DY |07 (5 < oo,
n=0 L Mn

since (G is bounded and in view of the assumption of the theorem. This completes
the proof of the theorem for » > 1. For the case r = 1, s = 0o, the proof is similar
as that of Theorem 5.1.3. m

Remark 5.1.8. Since pABF C ¢AGBF, Theorem 5.1.7 obviously holds true for
functions in pABF also. With § = 1, Theorem 5.1.3 and Theorem 5.1.7 are bounded
Vilenkin group analogue of the corresponding circle group results of Schramm and
Waterman [56].
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5.2 The Wiener-Ingham type inequality and its

application to harmonic analysis

Wiener’s investigations of properties of gap series in terms of separation condition on
exponents using real and complex variable methods is classical. While attempting
to prove Fabry’s version of the classical Hadamard gap theorem concerning func-
tions with natural boundary, Wiener proved an important trigonometric inequality
concerning lacunary trigonometric sums. This inequality was later on made precise
by Ingham and it is given below (see [80, Vol. I, p. 222]).

Theorem 5.2.1. Consider a finite lacunary trigonometric sum
N
flx) = ZAk exp(ingx) (n_p = —ny) (5.12)
-N

where { A} is a sequence of complex numbers and {ny} is a sequence of integers
satisfying the small gap condition (1.11). If I is any subinterval of [—m, w| of length
|I| =2m(140)/q > 27/q then

ST LARR < Al TPV (5.13)

Akl < As|TI7H| fll.r, (5.14)

where As depends only on 0 and ||f|l,1 = ||[x1|lp for p > 1 in which x is the
characteristic function of I and || - ||, is the usual LP norm. The results hold for

infinite trigonometric sums if the series (5.12) converges uniformly.

This theorem is actually true for nonharmonic trigonometric sums (that is, when
ny’s are real) and exhibits a beautiful interconnection between the ‘type of lacunar-
ity” in the trigonometric sums and the ‘localness of the hypothesis’ satisfied by f. It
may be observed that for infinite sums the requirement of their uniform convergence

to f(z) can be replaced by a weaker hypothesis: “{ Ay} satisfies
D Agls < o0 0<s<1) (5.15)

and f is defined on I by lirr% 1f = fsllor = 0 where f(x) = Y% Age™slnel » —in
s—

view of the facts that the symmetric partial sums of f,(x), to which the theorem can
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be applied, converges uniformly to f(z) and ||fs||or — ||f||2.r as s — 1. Hence, in
particular, if the Fourier series of f € L'[—, 7] is lacunary of the form 3 f(ny,)ei®
with ny satisfying (1.11) and I C [—m,x] is an interval of length |I| > 27/q then
Theorem 5.2.1 can be applied to the Fourier series of f if f € L?(I) — showing that
the lacunary Fourier series with small gaps behave well on [—, 7] if it behave well on
any interval I C [—m, 7] of length > 27 /q. Since several results of Sidon, Zygmund,
Stechkin and others, showing that the lacunary Fourier series on the circle group
T with Hadamard type big gaps behave well on T whenever they behave well on
a subset E of T positive measure, are extended to the case of a general compact
abelian group (refer [31]), it is natural to inquire whether the above phenomenon
for the lacunary Fourier series with small gaps as illustrated by the Wiener-Ingham
Theorem 5.2.1 can be extended to other compact abelian groups. It is shown here
that type of Theorem 5.2.1 can be extended to the case of Vilenkin groups G.
Ingham’s idea in the case of T in proving Theorem 5.2.1 was to select a suitable
function P(z) vanishing outside a concerned subinterval I and possessing absolutely
convergent Fourier series, and then to show that || |f?|P ||;; majorizes a fixed
multiple of Y |Ax|?. However, the technique employed here is entirely different: one
selects a trigonometric polynomial P vanishing outside a concerned subinterval I,
having constant term 1 and of degree less than the gaps in the Fourier series of f;
and then shows that f(x) = (fP)(x) for concerned characters y — the technique
which works with remarkable ease in the present setting unlike in the case of T. The
Wiener-Ingham type inequality established in the setting of Vilenkin groups is then
applied to estimate the tails of 3 | f(ng)|? for the Fourier series of f € L2 with small
gaps in terms of local mean modulus of continuity of f. Also, we get the analogues
on G of Patadia’s earlier results on T extending the results concerning the absolute
convergence of non-lacunary Fourier series on G to the lacunary Fourier series with
small gaps.

We prove the following analogue of the Wiener-Ingham inequality of Theorem
5.2.1.

Theorem 5.2.2. Let f and I be as in Theorem 4.2.6. If f € LP(I), 1 < p < 2, then

s 1/p’
( |f(nk)|”') < M fllpurs (5.16)

k=1

)] < I e (5.17)
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Proof. By our assumption, we have |I| = 1/my with my < ¢ because |I| > 1/q.
Consider the polynomial P = Py of degree N and having the constant term 1
constructed in the following way:

N-1

P() =TT (1+@lwo)ee(a) + (ol P(en(@))? + . + Toeluo) e (n(w)) )

Put yo =Y oopci%i, 0 < ¢ < pit1, 0 =0,1,2,.... Then for each k =0,1,...,N —1,

xeléx:ZbixiWithOSbi<pi+1 for all 4, and b; = ¢; fori =0,1,....,. N — 1

=0

N-1 00

= on(w) = i | Y cimi | on <Z bl-:r;2->
1=0 i=N
N—-1

= on(r) = | > cmi | -1
1=0
N-1 00

= o) = o (T o (Yoan ) = o
1=0 i=N

because ¢y, € X1 C Xy for b =0,1,..., N — 1, and > ° y bz, > ooy Cit; € G-
Therefore,

N-1
v €= Px)=Py) =[] prer = mx. (5.18)
k=0

Also, x ¢ I implies = ) .~ biz; with 0 < b; < p;41 for all ¢ and b; # ¢; for some
j€{0,1,..,N—1}. If k= min{j: b; # ¢;} then

01 (o) i (@) = pr(cuzr) i (brzr) = (or(zr))™ (SOk(xk))Ck = (€2Wi/pk+l)bk_6k =

[e.e]

say; because Zf:_ol CiT; = Zf:_ol bixi, o € Xpi1 and Z;’ikﬂ CiTiy ) g1 Dii € Gy
It follows that the &' factor of the product comprising P(z) is (1 +tx + (t)* + ... +
(t)P+171) = 0 because b, — ¢ # 0 implies 5 # 1 is the py 1™ root of unity. Thus

x ¢ I implies P(z) = 0. (5.19)

In view of (5.18) and (5.19) we have fP € LP(G) because f € LP(I); and hence an
application of Hausdorff-Young inequality gives us

1/p
(Z l(fP)A(X)!”'> <|[fPllp.c-

xXEX
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Therefore Uy
(Z \(fP)A(nk)!”) < my||fllp.1, (5.20)

where for each kK = 1,2, ... we have

+3 (@0 (s o)™ f (20" (2™ )

oot [T il ((H W) Xnk> S GRAY

i=0
The first term in the right hand side of (5.21) is nonzero because the Fourier
series of f is lacunary of the form (4.5), and the characters appearing in the
other terms are of the form xyx,, wherein x is such that deg x is positive and
< N. However, the total number of characters of positive degree < N is given by
(my —mg) + (me —my) + ... + (my — mpy_1) = my — 1, they are from x1 t0 Xyny—1
and they constitute Uj-vzl(Xj — X,_1) — because for each j = 1,2,... there are
exactly m; — mj_; characters of degree j, namely: Xm;, ., = ©j-1, Xm; 141 =
Pj1X15 ey Xmy—1 = Hg;ol(goi)p”l*l, constituting X; — X;_;. Therefore when x,,
is multiplied by any character of positive degree < N the resulting character y,, is
such that

ng<m<Ing+my—1<ny+my <ng+qg < ngi

because ¢ > my. Therefore in view of the gaps (1.11) in the Fourier series (4.5) of
f, all the terms on the right side of (5.21) vanish except the first. Thus

(fP)(ng) = f(ng) for k=1,2,.... (5.22)

(5.20) and (5.22) obviously imply (5.16) because |I| = 1/my. Next, for each k =
1,2, ... we have

)l = 1(FP) ()| <[P ewn,| le= ma || = 170 D -

This proves (5.17) and the theorem is proved. O
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Remark 5.2.3. In particular, Theorem 5.2.2 obviously holds for any polynomial
flx) = 3SM dixn, (x) on G with {n;} satisfying (1.11) because then flng) = dy,
for k =1,2,..., M and f(nk) = 0 otherwise. Theorem 5.2.2 with p = p/ = 2 is the

analogue of the Wiener-Ingham inequality in the setting of Vilenkin groups.

Remark 5.2.4. The conclusion (5.16) of Theorem 5.2.2 with p = p’ = 2 clearly
gives the global L2-integrability of f from its local L2-integrability (f € L?(I) implies
[ € L2(@)) if the Fourier series (4.5) of f possess gaps (1.11).

Corollary 5.2.5. Let f € L(G) possess a lacunary Fourier series of the form (4.5)
with {ny} satisfying the gap condition (1.5). Then for any coset I = yo + Gy as
in Theorem 5.2.2 but now just of positive measure (that is, N is arbitrary large) we

have

(a) (5.16) and (5.17) hold with a suitable constant on the right side if f € LP(I),
where 1 < p < 2;

(b) f € L2(I) implies f € L*(G).

Proof. The form of I implies |I| = 1/my, where N € N may be taken very large be-
cause [ is just of positive measure. In view of (1.5), we have (ngy1 —ng) > my
for all k& > ko for suitable kg = ko(N). Then adding to f(z) the polynomial
Z;@:O(— f (n;))Xn; we get the function g whose Fourier series is lacunary of the
form (4.5) having gaps (1.11) with ¢ = my. Since f € LP(I) implies g € LP(]),
Theorem 5.2.2 is applicable to g. But f(n) = §(n) for all but finitely many n, hence

the corollary is proved. O]

Remark 5.2.6. Corollary 5.2.5 (b) is an analogue on G of a result due to Payley
& Wiener quoted by Kennedy [29, Lemma 4].

Now we give an application of the Wiener-Ingham Inequality. Theorem 5.2.2 is
a sort of an extension of the Hausdorff-Young inequality — in a sense that if there
are no gaps in the Fourier series, that is, if equality holds throughout in (1.11) then
one needs to take I = G and (5.16) coincides with the Hausdorff-Young inequal-
ity. Consequently, the analogues on a Vilenkin group G of the well-known results
of Bernstein, Zygmund, Szasz and Stechkin concerning the absolute convergence of

Fourier series on G obtained by Vilenkin and Rubinstein [67], Onneweer [40] and
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Quek and Yap [54, 55] can be extended for the lacunary Fourier series on G. We be-
gin by estimating the tails of 3| f(n;,)|2 in terms of the mean modulus of continuity

/ the best approximation of f considered only on a coset of G.

To prove Theorem 5.2.10, we need following definitions lemma.

Definition 5.2.7. For a function f : G — C and n € NU {0}, we define the n-th
modulus of continuity of f over the coset I = yy+ G by

wn(f, 1) = sup{|(Thf — f)(@)[ - w € I,h € Gn},
where (T, f)(z) = f(z + h), Yz € G.

Definition 5.2.8. For a function f : G — C, n € NU{0} and 1 < p < oo, we define
the n-th integral modulus of continuity of order p of f over the coset I = yo + Gn
by

W (fn, 1) = sup{[|Tif — fllps - h € Gn},

where ||(-)||p.r = ||(*)xz]], in which x; is the characteristic function of I and ||(+)|],

denotes the LP norm on G.

When p = co we put, w™)(f,n,I) = w,(f, ), where w,(f, ) is as in Definition
5.2.7. Also, when I = G, we omit writing / and in that case w,(f) is the n-th

modulus of continuity on G as in Definition 2 of [39].
Lemma 5.2.9. For each N =0,1,2, ... the following statements are true.
(a) Gy — {0} = U2 (G, — Gi1), the union being disjoint.
(b) h € Gy if and only if |h| < 1/my.
(¢) If n > my then x, € X \ X,,.
(d) For h € Gy — {0} we have x,(h) =1 if n < my and x,(h) #1 if n > my.

Proof. In view of (1.24), (a) is obvious. Observing that |h| = 1/m,; if and only
if h € G, \ Gpq1 for each n = 0,1,2,...; (b) follows from (a). The fact that
X = {X05 X1, X25 -+» Xm, 1 } implies (¢) which in turn clearly gives (d). O
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Theorem 5.2.10. Under the hypothesis of Theorem 5.2.2 with p = p' = 2, we have

ST 1) < (1/202) (WP(fin. D) for n =N, (5.23)

Ng>Mp

ST 1 f ) < (1/2017) (BD(f, N, 1)), (5.24)

ng>my

where w® (f,n,I) is as in Definition 5.2.8 and

AN =it | =T o,
in which T is a trigonometric polynomial on G of degree not exceeding N .
Proof. f € L*(I) implies (T}, f — f) € L*(I) for any h € Gy. For, if h € Gy then

rel=y+ Gy =2=1yy+y, for somey € Gy
=sc+h=y+y+hecy+Gn=1,

and

r+hel=y+Gny=x+h=1yy+ z, for some z € Gy
=x=y+z—hey+Gy=1,

since Gy is a subgroup of G; which shows that

/ Tof (2)Pda = / fla+ h)dz
I yo+GnN
- / f(@)de
Yo+h+Gn
- / (@) Pdz < oo,
yo+GN

since h € Gy and f € L*(I) = L?(yo+ Gx). Since the Fourier series of f is lacunary
of the form (4.5) with gaps (1.11) so is the Fourier series of (T, f — f). Therefore,
Theorem 5.2.2 gives

S TUTf = £ )> < T2 Tuf = £ 13-
k=1

Since (T f — f) (nk) = (Tuf) (&) = f(nk) = F(me) (X (R) — 1), this gives

S 1) X, (h) = 12 < 1172 | Tuf — £ 13 - (5.25)

k=1
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Integrating both sides of (5.25) over G,, (n > N) with respect to h and applying
Lemma 5.2.9 (b) and Lemma 5.1.1, (5.23) is obtained.
Next, for any trigonometric polynomial 7" on G with degree not exceeding IV,
f —T € L*(I) and the Fourier coefficients of f and f — T differ for, at most, first
my terms. The proof of Theorem 5.2.2 shows that it can be applied to f —T to get
Do @< f =T I3 - (5.26)
ng>my

Since (5.26) holds for an arbitrary trigonometric polynomial of degree not exceeding

N, (5.24) clearly follows. O
Theorem 5.2.11. Under the hypothesis of Theorem 5.2.2 we have
|f (i)l < o0 (5.27)
k=1
whenever .
D) T (] D f )’ < oo, (5.28)
k=0

where in 0 < 8 < p' and Ay, * f is the convolution of A, = D
D, = Z;O X: being the Dirichlet kernel of order t.

mpr1 — Dmy, with f,
Proof. f € LP(I) implies Ay x f € LP(I) for each N =0,1,2,... . Since the Fourier
series of f is lacunary of the form (4.5) with gaps (1.11) so is the Fourier series of
Ay f as (Ay * ) (x) = (Ax) () f(x). Therefore by Theorem 5.2.2 , for each
N =0,1,2,..., we have

A N 1/p'
(170l )" < U1 | v £ (5.29)

where in Z/ indicates that the summation is over those nj for which n, satisfy

my < ng < myy1. Holder’s inequality and (5.28) now give

o_o [f(n))” = i (> 1o
< = ((Z’If(nk)lp'y/pl (Z, )1ﬁ/p’)
= 00X (13 * ) (s = )=
_on)
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which proves the theorem. O

Corollary 5.2.12. Theorem 5.2.11 holds if (5.28) is replaced by the condition

Z(mN-i-l)l_IB/p/ (w(p) (f7 N7 I))B < 00,
N=0

where w®P)(f, N, I) is defined as in Definition 5.2.8.

Proof. We have

AN llpr < Do yu % = S llpr + | Do 5 f = f {lp.rs

and
Do+ 1= 1)) = [ (#a =) = F) Doy )y
because 1 =|| Dpy [1=|| Dy 1oy as m(Gy) = 1/my and Dy, (y) = my for

Yy € Gn; Dy (y) =0 for y € G\ Gy. It follows that

Do s =1 = ([ |] (=) = S Doy ()l pdx) "

) (/I </GN Jlem=d <x)|DmN<y)dy>pdx) )

< /GN ( i |flx—y) - f(x)\p(DmN(y))pdw> 1/paly

= w® (f,N,I) (5.30)

in view of the Minkowski inequality for integrals. The corollary now obviously
follows from Theorem 5.2.11. ]

Corollary 5.2.13. Under the hypothesis of Theorem 5.2.2 with p = p' = 2 the

Fourier series of f converges absolutely if either

Z(mN+1)1/2w(2)(f, N,I)<oo or Z(mN+1)1/2w(f, N, I) < oc.
N=1 N=1

Proof. Corollary 5.2.12 with p = 2, f = 1 and an argument of [67] gives the result.
O
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Corollary 5.2.14. Let 0 <p <2, a > 110 — 5. If f € Lip(a,p, I) then

1/p
( Z |f(nk)|p> =0 ((mL+1)1/p_o‘_1/2) ’

where Lip (o, p, ) = {f e LP(I) :w®(f,n,I) = O((mn+1)7a)}'

Proof. In view of the Holder’s inequality, (5.29) and (5.30) we have

5 o < (5 o) e - )2

S| An o f 5 (myga)' P72

= O (w(p)<f7 N7 I))p (mN+1>1_p/2

= O(1)(mpyyq )Pt /P=1/2) (5.31)
for N =0,1,2,... . Since myyq > 2my, for all k and p(1/p—a—1/2) < 0 the corollary

follows from (5.31) upon taking summation on both sides from N = L onwards. [

Remark 5.2.15. Theorem 5.2.10 is an analogue on G of Patadia’s earlier result
[47, Lemma 3]. As explained in Corollary 5.2.5, in case the Fourier series of f is
lacunary of the form (4.5) with {n,} satisfying the gap condition (1.5) then Theorems
5.2.10 and 5.2.11 as well as Corollaries 5.2.12, 5.2.13 and 5.2.14 hold true even if
Yo + Gy = I C G is just of positive measure. In this case, Corollary 5.2.12 with

p =p' = 2 is analogue on G of Patadia’s earlier result [47, Theorem 1].

Remark 5.2.16. Theorem 5.2.10 is also an extension of the Vilenkin and Rubinstéin
result [67, Theorem 1, p. 2] because if there are no gaps in the Fourier series
if f then one needs to take I = G and Theorem 5.2.10 reduces to their result.
Similarly, Theorem 5.2.11 and Corollary 5.2.12 extend the results of Quek and Yap
[54, Theorem 3.1 and Corollary 3.3] while Corollaries 5.2.13 and 5.2.14 extend the
Quek and Yap results of [55, Theorems 4.2, 4.3 and 4.5].

5.3 Absolute convergence of lacunary Fourier se-
ries of functions of generalized bounded fluc-

tuation on Vilenkin groups

In Section 5.1, we have studied absolute convergence of non-lacunary Vilenkin

Fourier series for the functions of various classes of generalized bounded fluctua-
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tion. Here we study the absolute convergence of lacunary Vilenkin Fourier series for
functions of these classes. Our new results generalizes and gives lacunary analogues
of our earlier results of Section 5.1.

Let G be bounded and f : G — C. Here the following results are obtained.

Theorem 5.3.1. Let f € LY(G) possess a lacunary Vilenkin Fourier series (4.5)

with small gaps (1.11) and I = yo+ Gy, be a coset with Haar measure 1/my, > 1/q.
If f e A\GBFP(I), 1<p<2r, 1 <r < o0 and

B

i (w(P+(2—p)r’)<f7n7 I))Q—p/r 2 Z 1

mn/m . B8/2
n=Np (Zj:l o %)1/ k k

mpS<ngp<mpii

< 00,

then (5.27) holds for 0 < 8 < 2.

Proof. We may assume without loss of generality that yo = 0 so that I = Gy,; for,

otherwise one works with g = T,/ f € AGBF®(Gy,) whose Fourier series also has
gaps (1.11).

Let M € N be fixed such that ny; > my, and let N € N be the integer such
that my < ny < muys1. Then clearly N > Ny. Put ty = my/my, and for each
a=0,1,....ty — 1, h € Gy define

fulz) = flz+ 2+ h) — flz+ ), Vzed.

Then

A~

fa(n) = f)xa (=) + 1) = Fn)xa(") = Fn)xa(z0Y) (xa(R) = 1), ¥n > 0.

Since f € AGBF®)(Gy,) for any = € Gy, we have

[f(@)[" = 1£(0) + f(z) = FO)[P
< 27[f )P + 271 f (=) — F(O)”

=i+ 2 (1O TSO0)

(osc(f; 24" + GNO>>p>
Al

S 2O + 2P0 (AGE,(f; G )P

< 2Z7[f(0)]" + 2"\ (
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Thus f is bounded on Gy, = I and hence f € L2(I). In view of (5.16) for p/ = 2,
f € L*(G) and hence each f, € L2(I). Since the Fourier series of f,, also has gaps
(1.11), again using the same inequality for f, (since |)(n(za )| = 1) we get

o0

B(h) =Y |f () Plxnc(h) = 17 < 1172 ful 30 Ve (5.32)
pn

Now, suppose r > 1 and set 2 = M + E; then using the Holder’s inequality we
get

I fall3.0 :/I|fa(x)|2dx

= [ 0
I

— [ () ()

<{ [intrre x}/ {/ Ifa(x)lpdl’}l/r
< () ( / |fa(w)|”dx) "

where Qy = (wWPFCP(f N, I)) P since h € Gy. This together with (5.32)
implies

(B(h)) < 1] / ful)Pdz, (5.33)

for all « = 0,1,...,ty — 1. Since the left hand side of (5.33) is independent of «,
multiplying both the sides of it by (1/A,41) and taking summation over a, we get

o < o [ (32

where 0; = Z;Zl(l/)\j) = ZE;E(l/AjH), for all t € N; and hence

o< (52) ' (S5 )}

a=0

Integrating both sides of this inequality over GG with respect to h we get

/GN B(h)dh < ‘[‘Q(Z_ﬁl/ / {/thllfa x}l/rdh. 5
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Now, for any h € GN and any x € I = G, the points = + 2 4 hoand 2+ 287 lie
in the coset z 4 2" + Gy of G in Gy, (since N > Np) and hence

| fo(z )\—]f(x+z +h) f(x+z )]<osc(fx+z )+ Gy). (5.35)

Since f € AGBF®)(I), for h € Gy, in view of (5.35),

tny—1 » ty—1
Y If;(rﬁl <y (osc(f, H;jl O waE (D), (5.36)
a=0 « a=0 @

for all « € I; because for any x € I, the finite sequence of cosets {x—i-zéN) +Gy:a=

0,1,...,txy — 1} is a rearrangement of the sequence {Z&N) +Gn:a=0,1,..,ty—1}
since this collection gives all the cosets of G in I. Further, since my < ny; < myi1
and ny > ny for k > M, from (5.32),

o0

/ Z )P [ T (h) — 121
GnN

Gn

_ mi> % | (5.37)

for all a; in view of Lemma 5.1.1. Using (5.36) and (5.37) in (5.34) we get

Ry, = :Z |f(n)?
- f; )P
1 (3) (52)  {fnanuare]

e ) (e 2
_ K%) 1/7} | (5.38)

~

Now, applying Lemma 5.1.2 with u, = |f(n)|> and F(u) = v%/? we get (5.9) in
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view of (5.38) we obtain

()"
k
1

>

mngnk<mn+1

(
(2 )1/7’ B/2
=0(1)}1
miey 2 [
n=Ny
\ mn<nk<mn+1
1/r B/2 1
=0(1) 1+Z[ 7. W] 5 (<00
\ M Sng<mpy]
by the assumption of theorem. Thus the theorem is proved for r > 1.
For the case r = 1, ' = oo, simply note that
|[fa(@)]? = | fa(@) PP fal(2) [P < (wn (£)* 7P| fal@)?,
because
|falx) = fla+ 287 + k) = fo+287)] < wn(f)
since h € G y; and proceed as above. O

Remark 5.3.2. Since ABF®) (1) ¢ AGBF®(I), Theorem 5.3.1 obviously holds for
functions in ABF®(I) also.

When the Fourier series is non-lacunary, taking ny = k for all k and I = G in

Theorem 5.3.1 we obtain

Corollary 5.3.3. Let 1 <r < 0o and 1 < p < 2r. If f € AGBFW(Q) satisfies

M)A (WP (f n))2-p/r | ?

= [
2 o D =

n=0 J=1 X;

then (5.27) holds for 0 < 5 < 2.
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Proof. Taking ny = k for all k, Ny =0 and [ = G we have
5

2

> (wP+C=p)r)(f p T))2P/ 1
mn/mNo 1 /r Z kﬁ/Q
n=Np (ijl A—]) k

mpSnp<mpiq

( ~ -

( (P+ 2 p (f n))2 p/’f‘ Mp+41

m 1/r Z k,@/2
(Zj:l /\_1]) k=mn

N[@

I
WE

3
Il
=)

N[

> (wPHC=Pr)(f p))2-p/r 1
= Z Mp+1 — m’ﬂ)
1/r (m )/3/2( +
_ mn 1 n
n=0 L <Zj:1 )\—]) |
g
> 1 2/8(,,,(p+(2—p)r 2—p/r
Z (w )(f,n)) < o0,

— 1/r
n=0 <Zj:1 )\—J)
since GG is bounded and by the assumption of the corollary. Thus Corollary 5.3.3
follows from Theorem 5.3.1. ]

Theorem 5.3.4. Let f and I be as in Theorem 5.3.1. If f € ¢AGBF(I), 1 <p <
2r, 1 <r < oo and

[Niey

1/r

° (p+(2-p)r) 2r—p

[ (w (f,n, 1)) 1
> 1119 e > g
n:N() k

=1 ;
J & mp<ng<mp41

then (5.27) holds, in which ¢ is a Ag-function.

Proof. As in the proof of Theorem 5.3.1, here also we may assume that y, = 0.
Since f € pAGBF(I) for any x € I = Gy,, we have

[f(@)] < [f(0)] + Co™ (AGF,(f;1)).

Thus f is bounded on I and hence f € L*(I). For r > 1, proceeding as in the proof
of Theorem 5.3.1 we get (5.33). Since multiplying f by a positive constant alters

()(f,n, I) by the same constant, and ¢ is Ay, we may assume that |f(z)| < % for
all z € I. But then from (5.33) we get

(B(h)" < |1y /l fu(@)ldz,  (@=0,1,...ty —1).
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Since ¢(2z) < d¢(x),Vo > 0, as in the proof of Theorem 5.1.7 we get ¢(ax) <
de29T1g () Vo > 0,Va > 1. Since |I|72Qn > 0, if |[I|72Qx < 1 then we get

b (may(BIW)") < ¢ (mmur”m / |fa<x>|da:) ANEEY (mNo / Ifa(w)ldx) .
I I
Further when |I|72Qy > 1, as above
& (my (B(R))") < ¢ (mmur”m / Ifa(fv)ldl“>
< d10g2(|1|’2rQN)+1 . ¢ (mNo / ’fa<33)|d$>
I
4 (L) g (mNo / !fa(flf)\dx)
I
I () O <mNo / |fa<x>|d~’“>
I
<d- |ty g (mNO / Ifa(fv)ldfv> ,

in view of the fact that (Qy)52471 <1, as | f(z)| < 3,Vz € I, and log,d — 1 > 0.

Therefore in either case
¢ (mny(B(h))") = O(1)2n¢ (mNo /I(Ifa(l“)l)dx) = 0(1)QNmNo/I¢(|fa(w) )dx

in view of the Jensen’s inequality. Now multiplying both the sides of this inequality

by (1/Aa+1) and taking summation over a = 0,1, ...,ty — 1 we get

ot (B0 =0 (3] | ( 1¢'fz+l ) no (539)

Since f € pAGBF(I) and ¢ is increasing, for all h € Gy and x € I we have

tn—1

G )<thl<bosc<fx+za +Gy))

a+1 )\aJrl

<GEA(f:D).  (5.40)
Using (5.40) in (5.39) we get

6 (mxa (B(R))) < C (Q—N) |

where C is a constant such that C > 1. Thus

iy <67 fo ()} < 0o (2)
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and therefore

B(h) =0

)]

Integrating both sides of this inequality over G’ with respect to h, in view of (5.37)

o= Y Vi < () [ moan=o [{¢ () }/] .

k
Thus from (5.9) we get

we get

. 0 R B/2 0 R B/2
for =0y () oy X (B
k=1 k=1 n=0 k
mp<ng<mp4]
( > 1 a1V 17
=0(1)¢1 R
IR
\ B Omnénk<mn+1
.
00 0 1/r B/2 1
= i il i
\ M Sng<mpy]

in view of the assumption of the theorem. This completes the proof of the theorem
for r > 1. For the case r = 1, r’ = oo, the proof is similar as that of Theorem
5.3.1. 0

Corollary 5.3.5. If f € ¢AGBF(G), 1 <p<2r, 1 <r < oo and

8
> p+(2—p)r’ r—p e
> (mn>2/ﬁl{¢1<(“’( HQZ)mi(f{"”Q )} <0,

n=0 =1 X,

then (5.27) holds, in which ¢ is a As-function.
Proof. Similar as the proof of Corollary 5.3.3. [
Remark 5.3.6. Since pABF(I) C ¢AGBF(/), Theorem 5.3.4 obviously holds for

functions in ¢ABF(/) also. Corollaries 5.3.3 and 5.3.5 are our earlier results (see
Theorems 5.1.3 and 5.1.7). Thus Theorems 5.3.1 and 5.3.4 generalizes and gives
lacunary analogues of our earlier results. Also, Theorems 5.3.1 and 5.3.4 are Vilenkin
group analogue of the corresponding circle group results of Vyas [70, Theorem 1.1]

and [71, Theorem 1.1] respectively.
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