Chapter V

Approximation by (E, 1)
means of Walsh- Fourier

series
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5.1 Introduction

We shall consider the well-known Rademacher functions.

We may define the Rademacher functions on I = [0,1) as mentioned below:
1

1 if X € [0, E)

1o(x) =

1
~1if x €[5, D

ro(x + 1) =re(x),
1(x) = 1y(2™x), n=1and x € [0,1)

The Walsh orthonormal system {w,(x) : k =0 } is defined on the unit interval I =
[0,1).
Rademacher system of functions constitutes a part of Walsh’s system.

When k = 0, we shall take wy(x) =1
Let k be an integer and k > 1, then

k:=2ki2i, k;i=0or1
i=0
is the dyadic representation of k.

The Walsh'’s system wy, (x) is represented by

[0e]

we(0) = | | @14 = @l ot .
i=0
Let P, be the collection of Walsh’s polynomials of order less than n. i.e. function of

the form

n—-1

PG = ) wi(®) (5-1)

k=0

where, {c,} is sequence of real numbers and n > 1.

The best approximation of f € LP(I),1 < p < o by polynomials in P, is defined by

En(f; LP) = o

- P
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where

1

1 ]
fIlp = {fo |f(x)|de} 1 <sp<o

[1flleo = sup{lf(x)|:x € I}
The modulus of continuity of a function f € LP in LF,1 < p < w is given by
sup
wp(f16) = |t| < 6‘ ”th _f”p' 6 > 0

where t.f(x) :== f(x + t),x,t € I which is the direct translation by t.

(See Moricz, F. et al. 1992, Moricz, F. et al. 1996)

5.2 Walsh Fourier Series

The Walsh-Fourier series for a given function f € L!, is defined by

o)

Z awi(x)

k=0

where

= [ F(©) wi(t)dt

The n'" partial sums of series (5-2) forn > 1 is

n—1

Sp(f,x) = Z AWy (x)

k=0

We may also represent s, (f, x) by

s2(f,) = [y f&x + DD (D)dt

where

n—1
D, (t) = Z Wi (), n =1
k=0

is the Walsh-Dirichlet kernel of order n.

The (E, 1) mean of series (5-2) is
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L) =50 > (R) su(f)

k=1

We shall consider the representation of T,,(f, x) in a slightly different way:

To(f, %) = [ f(x + )L, (t)dt (5-3)
where
_ 1w
L.(t) = z_nz (Z) Dy(t),n>1 (5-4)
k=1

is called the (E, 1) kernel.
Moricz, F. et al. 1992 proved the following theorem:
Theorem 5.1

Let feLP,1<p<oo,letn=2"+k, 1<k<2™,m=>=1and let {q;;k =0} be a

sequence of non-negative numbers such that

n—-1

n¥~1
o7 D, % =00 (5-5)
n k=0
forsomel <y <2
If {g } is non-decreasing, then
m-—1
5 . By .
1) = Flly < 55 ). 21 @5(F,27) + 0, (£,27™) (5-6)
n =0

if {gx } is non-increasing then

5 .
”tn(f) - fl |p < E Z (Qn_2f+1 - Qn_2i+1+1) wp(f' 2_}) + O{wp(f' z—m)} (5'7)
j=o

Moricz, F. et al. 1996 proved the following theorem:
Theorem 5.2

LetfelLP,1<p<oo,letn:=2"+k, 1<k<2™,m=>1andlet{q,;k =0} bea

sequence of non-negative numbers.
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If {px } IS non-decreasing and satisfies the conditions

np,
B o(1) (5-8)
then
1ECF) = Fllp < Z ipysss_y wp(f,277) + 0{wp(f,27™) (5-9)
if {px} IS non-increasing then
m-1
3 . :
18D = flly < 5 Z 21y wp(f,277) + 0fwp (f,27™) (5-10)

We have generalized the result of Moricz, F. et al. 1992 and Moricz, F. et al. 1996 for

(E, 1) summability. Our result is as follows:
Theorem 5A

LetfeLP,1<p<oo,letn:=2"+k, 1<k<2™,m=>1 then

3 m-—
T2 () = £l sz—z i 1) @p(£27) +0(wp(F,27™) (511

Yano, Sh. 1951(1) proved that Walsh-Fejér kernel

M:

K, (t) = ZDk(t = (1——>wk(t) n>1
k=1

is quasi-positive and K,m(t) is even positive.

k=0

(See Moricz, F. et al. 1992)

We use following lemmas to prove our theorem.

Lemma 5A ( Moricz, F. et al. 1992)

Letm>0andn >1,then K,m(t) > 0forallt €

1

flKn(t)I dt<2 and szm (t)dt =1

0
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Lemma 5B
Letn=2"+k 1<k<2Mandm =1 then

m—1 20—

Quln(®) = = D 15wy, () Z ((r_ )~ (Bl ) K@

j=0

m—1

(D0, (27 (57) Ky (®)

j=0

m-—1
+ z (221 = 271) D, (1)

J=0

+ (@ = 27D (O + 1 (®) ) (' ;) DO (5-12)

i=1

Lemma 5C ( Moricz, F. et al. 1992)

Ifg € Pym,f €LP, wherem>0and 1 <p < oo, thenforl <p <o

l

1

p P
dx}

[ m@a@1rG+ 0 = reonae

<27,(f, 2™ [ lg(@lde (5-13)
While for p = o
1
sup{ frm(t)g(t)[f(x +t)— f(x)]dt|dt ; x € I}
0
<27, (1,27 [lg@lde (5-14)
0
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5.3 Proof of Lemmas

Proof of Lemma 5B

The proof of this lemma is on the same line of Skvorcov, V. 1981, Moricz, F. et al.
1992 and Moricz, F. et al. 1996
Using (5-4), we have

n

2L, (6) = 2" 21n (oo

i=1
n
n
= Z (7) i@
i=1
2Mm-1 2M+k
n
= > How+ ) (Do
i=1 j=2m
m—12/-1 k
n n
=3 2 6 D (a®) + Y (7 P
j=0 i=0 =0
m-12/-1
n
= (5% ) (Porsi® = Dy ()
j=0 i=0
21 1 k
+ Z D21+1(t) z 2] +l +Z 2] _|_ D2m+l(t)
i=0 (5-15)
As it is well known that
Dom_;(t) = Dym(t) + 1, (t)D; (1), 1<i<2m (5-16)

(See Shipp, et al. 1990)
Now

Wyi_q_ (&) = wyi_ (Dw(6), 0<1< 2!
Hence,

2/-1 2/—i-1

Dyjos () = Dy =150 ) @O =15(8) Y w0y (1)
=i =0
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= 110w, (OD5i_(8),  0=i<2] (5-17)

Substitute (5-16) and (5-17) into (5-15)
m—1 2/-1

Onln(®) = = ) 5wy ) (5" ;) Pori®
j=0 i=0
m-—1
+ ; 22’“—1 271D (B) + (2" — 27K 1)Dym () (5.18)
+ 1 (0) Z () Du®)
i=1
Using summation by part, we have
2/-1 2/-1
; (zfi i) Dai_i(t) = Z ik;(2) ((2f+rll— i) - (21'+1 " i— 1)) + 27 K,i(1) (znf)

Substituting this in to (5-18) gives (5-12).

5.4 Proof of Theorems

Proof of Theorem 5A
Let 1 < p < o0. Using (5-3), (5-12) and by Minkowski’s inequality, we have

Qn”Tn(f) - f”p

-

f QnLn(®) [FCx + 6) — FOONde
m-1(1
<
il

j=0

1
p P
dx}
1

[ 509 176+ 0 - pona

3l

Jj=0

1
14 }p

[5Om©ra+0 - rea

1

p P
dx}
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1

p P
dx}

f D, (OIf (x + £) — FO)]dt

1
p P
dx}
1 k

[ @y (", ) DOUG+0 - fG) Jae

i=1

m-—1 1
+ Z (2771 =27 f
j 0

Jj=0

1] 1
+(2n _ anl){
Il

[ D@ 176+ 0 - rNae
1
+2n
I

= Aip+ Agp +A3n + Ay + Asy

1

p P
dx}

where,

2/-1

gj(®) = wyi_(t) Z ( 21+1 i)—(2j+1ili_1)>Ki(t)

hi(6) = w,_, (£)2) (;‘]) Ky),0<j<m

Using Lemma 5A,

] 9, de = [ |war_ 1(t>zzl ((er_ )~ (1)) Ko e
0
2 Y @0 |()-(" )kl
r=2J+1

<2 (31 4)

Using Lemma 5C,

m-1

Ay SZZJ(ZJH D (£,2)

j=0
Hence, using Lemma 5A and Lemma 5C, we get
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-1

Ay, <20D ) 2J (2",-)% (f,277) (5-21)

j=0

3

Since

@2m ifte [0, 2™
Dam () = { 0 if te [27™1)

By using generalized Minkowski’s inequality,

1

m—1 1 1 )
(o= )= (" ) x [ Pum® { [itre+ 0 - e dx} ot
j=0 0 0
S ( 21+1 1) (eri 1)) wp(f'z_j)
j=0
s (5-22)
<) 2 ((zjf_ 1)) wy(f,277)
j=0
Hence,
A= (D)= (uo k=) @rr2™ (5-23)

Similarly, by using Lemma 5B and 5D, we obtain

Asy, < 20V20w,(f,27™) f|Lk(t)|dt

<2 wp(f,27M (5-24)

Combining (5-19) to (5-24) yields (5-11).
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