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3.1 Introduction

Let {p,(x)},(n=0,1,2...) be an orthonormal system (ONS) of L? integrable functions
defined in closed interval [a, b]. We consider the orthogonal series
Z Cn@n (x) (3-1)
n=0
with real coefficients {c,} . We also assume that f(x) belong to L?(a, b) and

oo

fo~ z Cn Pn(x) (3-2)

n=0

represents an orthogonal expansion of f(x), where

=ff(x)g0n(x)dx, n=012,..
b

We may denote the partial sum s,, generalized Noérlund mean i.e. (N,p,,q,) mean

and generalized (N, p,,, q,,) mean by
n

$n(0) = Y (@)

k=0

1
th = R_Z Pn—k 9k Sk (X)
™ k=0

and
1 n
th? = E_Z PrqiSk (X)
k:
respectively.
Here, R, and R, are as follows:
n = Z Pn-kdk = Z Prdn-k = (@ * @n; R # 0 (3-3)
k=0 k=0
for all n, and
n
En = z Pr4k; En #0 (3-4)
k=1
for all n.

We may write,

Rrjl = Z Pn-vqQu (3-5)
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n
= Z Pvqu (3-6)
v=j

and
R =0,R) =R,

RiL = 0,RS = R,

P, = (p*l)n=zn:pu
v=0
Qn::(l*Q)n:ZCIU-

The series (3.1)is |N,p,qlx; k=1 summable |f

n

Dokt -] <o
n-1

We may refer to equations (1-19) and (1-22) for more details.

Also, we may consider

3.2 Absolute Indexed Generalized Norlund Summability of
Orthogonal Series

Krasniqi, Xh. Z. 2010 has established the following theorem on the absolute indexed

generalized Norlund summability |N,p,qlx,k =1 of (3-1):

Theorem 3.1

If, for 1 < k < 2, the series

k
o | , 2> (R R
>ty (Rt ) o
n=0 =i\ Rn—1
converges, then the orthogonal series

(3-7)

(o]

PR

n=0
is summable |N, p, ql,, almost everywhere.

In this chapter, we have extended the Theorem 3.1 to |N,p, ql,,k = 1 summability of
orthogonal series.

Our theorem is as follows:
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Theorem 3A
Let1 < k < 2 and if the series

k
oo nos—j 2 2
2 J j
> ety (f-f2) lol'f <o
n=0 j=i\n Tl
then, the orthogonal series
PR
_ n=0
is |N,p, ql, summable almost everywhere.
Corollary 3A1
If the series
1
%) o _ 2 2
. Ril R{1—1 2
ﬁ_ "R |c]|
n=0 \ j=1 n n-1
converges, then the orthogonal series
> @
n=0
is summable |N, p, q| almost everywhere.
Corollary 3A2
Let 1 < k < 2 and the series
k
2 (it ) (< : (3-8)
n 2 2 -
Z PP pr‘llcfl <
- nin-1 o
n=0 j=1

then, orthogonal series

(o]

PR

n=0
is summable |N, p|, almost everywhere.

Corollary 3A3

Let 1 < k < 2 and the series
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k
0 2

Z Pn
P,P,_

n=0

n
2
D pialol
1 =1

converges, then orthogonal series

o

3 cun

n=0

is summable |N, p| almost everywhere.

3.3 Proof of Theorems
Proof of Theorem 3A

Let t79 be the (N, p, q) mean of the orthogonal series (3-1).

Now,
n
b.q 1
by = E_z Pk Gk Sk (x)
k=0
n k
1
=7 2P Z G (x)
k: j=0
n
1
= E_Z ](p](x) Z Prqk
]:
n
1 5
= ﬁ_z cjoj(x) Ry
n
j=0
Hence,
AR (x) = e (x) — 89, (%)
1 v 1 v
== Go ORI == 5o, R},
n ]=0 Tl—lj 0
- (R, R,
DA S
j=0
Now,

b

b
J|Afﬁ'q(x)|"dx=f1-|Af}3'q(x)|"dx
a

a
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Using Holder’s inequality

k
1=

=N

b b b
f|Af£‘q(x)|kdx < f(l)ﬁdx f(|Afﬁ‘q(x)|k) dx
a a a

k
b 2
1-% 0.4 2
=(b—a) 2 (|Atn‘ (x)|) dx
a
Hence,by orthonormality relation, we have
k
n : 2 2
k R R 2
—(h—a) 2 _n__nl
b-a) (Rn R) e
j=0
Hence,
) b ) n ; ; 2
_ k R, R,
Z k=1 f|At,’Z’q(x)|kdx < z Pl (b — a)' 2 <_— - _—1) |
Rn Rn 1
n=1 a n=1 j=0

k
where M; == (b —a)' 2

Using condition (3-7), we have

n=1

o b
_ k
Z nk-1 f|At5’q(x)| dx < oo
a

Therefore, according to Beppo Levi’s theorem
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o)

Z nk-1 |Afﬁ'q(x)|k < o0

n=1
Hence (3-1) is summable |N,p,ql;, 1<k <2.
3.4 Proof of Corollaries

Proof of Corollary 3A1

If we put k =1 in Theorem 3A, we obtain the corollary 3A1 immediately.

Proof of Corollary 3A2

We have

1?_7]; _ 1?7];—1 _ Pj—lpn
Rn Rn—l PnPn—l

Now, we shall take g,, = 1 in Theorem 3A. Hence,

-) ZP%ICJI

1/2

j|Atpq(x)| dx < (b —a)z(

So,
k
b . n 2
—p, k = Jj—= 1Pn
f|Atf{q(x)| dx < (b-a)? ( ) e[
a j=1
Hence,
- b - 1 k n k/2
k “&p, ) 2
an-1j| 90| dx < (b - a) zz A
n=1 a n=1 -1 j=1
So,
. b - 1_% koo k)2
— n
» it f 822900 dx < iy Y (2 | 1Y B2 g’
PaPp_q :
n=1 a n=1 j=1

Using (3-8), we have

n=1

o b
Z nk-1 J|Afﬁ’q(x)|k <
a
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Hence, according to Beppo Levi’'s theorem,

o)

Z nk-1 |Aff§’q(x)|k <

n=1
Hence, the proof follows.

Proof of Corollary 3A3

If we put k =1 in corollary 3A2, our result follows immediately.
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