CHAPTER 5

RATES OF CONVERGENCE IN LOCAL LIMIT THEOREM FOR

INDEPENDENT SUMMANDS-I

5.1 INTRODUCTION:

Let {Xp} be a sequence of mutually independent r.v.s
with corresponding sequence of absolutely continuous
d.f.s {Gp}. Suppose, for each n, Gp € {F1, F, ..., Fp};:
m being a fixed positive integer.

For each n, let t4 = tj(n) be the number of r.v.s

among X7, ..., Xp which have Fj as their d.£., j = 1, 2,

m

., m. Note that } T4 = 0.
j=1 "
Suppose that each Fy belongs to the domain of normal
attraction of the stable law Fy with index a, 0< a< 2. By
Theorem 3.1 of Sreehari (1970), Sp, properly normalized,

converges in distribution to a stable r.v. with d.f. Fg.

Kruglov (1968) proved that if the d.f. Fyq, i =1, 2,

m are absolutely continuous with p.d.f. vy, j =1, 2,°
.., m, then
sup_ ERlvn(x)— Vo({x)| = o(1) as n » o,

vy (x) beiné the p.d.f. of S, properly normalized, and,
Vo being the p.d.f of Fg. Kruglov did not make any
assumptions about parent distribution’s. membership of any
particular stable laws’ domains of attraction. Also he

assumed that the limit distribution of normalized sums Sp
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exists through the necessary and sufficient conditions
given by Zinger (1965), and it was not important what the
limit distribution is. Basu et al. (1979), under certain
regularity conditions, obtained a non-uniform rate of
convergence in a local 1limit theorem concerning
i.i.d.r.v.s in the domain of normal attraction of a
stable law (they assumed the limit law to be strictly
stable in the case 0< « =1). The rate was found to be of

the order n' ¥*B? 4.

a< 2, ¥ = 1/a. In this chapter,
we obtain uniform as well as non-uniform rates of
convergence of the density vy, to v, for the above set up.
This improves Kruglov’s result and generalizes work of
Basu et al. (1979) from i.i.d. set up to non-identical

set up.

We state our theorems first:

Theorem 5.1.1: Under the assumptions [Al1]-[A5], stated

below

sup, . IVn(x)-vo(x)| = o™ IHWT),

Theorem 5.1.2: Under the assumptions [Al]-[AS5], stated

below

sup R(l+lx|°‘)[vn(x).v0(x” . o(niTenYy

104



We prove the theorems for special values of m in
Section 5.4. We introduce the notations and assumptions
in Section 5.2. In Section 5.3, we mention some lemmas
which will be needed in Section 5.4. These lemmas can be
proved on the lines of corresponding results of Section
2.3 of Chapter 2. We shall mention only necessary
changes, wherever required, in the proofs of their
counterpart-results of Chapter 2. The outline of the

proof for the general case is given in Section 5.5.

5.2 NOTATIONS AND ASSUMPTIONS:

Let Y, dencte a stable or a strictly stable r.v.
with index «, according as 1< a= 2 or O< a< 1,
respectively, having the d.f. Fgy with EY, = 0, whenever
it exists and let wy denote its c.f. We assume EX, = 0,
whenever it exists.

It dis known that 2, = Su/By converges in

n o
distribution to r.v. Y with Bna = Ld; Ty (see: Sreehari
i=1
(1970), Theorem 3.1), where di is an appropriate constant

depending only on d.f. F;. For the sake of simplicity, we

shall take Bp = nw, ¥ = 1/a, without loss of generality.

We write ¢p(t) = El[exp (itZp)] = {wy (en®) } T4,

1

it =13

i
where wi is the c.f. corresponding to the d.f. Fj.

Note that we have from the canonical representation

of c.f. wg(t) that for all t

wo (t) =11 {wo(tn %)} T, ... (5.2.1)
1=1
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Then, in view of discussion in Section 5.1,
lim, o $nlt) = we(t) for all t. ... {5.2.2)

For each positive integer n and real number x, we define

for k = 0, 1, ..., m,
ag, g (£,x) = eltudgry (u), ... (5.2.3)
k lul=ixlT, ¥
Bk . {(t,x) = wrlt)-ox ¢ (£,x), ...(5.2.4)
i k 2 k
- T
Ak,tk(t:X) = {ak,tk(tn ¥,x)} "k, ...(5.2.5)
Bk,tk(t,X) = {wk(tn'f)}tk~{ak'rk(tn‘7,x)}rk
tk T h
=y | Xl {ax ¢ (t:n‘?V,x)}-Ck"h{ﬁk,-c (tn~7,x) ). ...(5.2.6)
h=1lPJ) K k

Note that for
vp(u) = (2m) -1 (g, (t)e-itugt, . (5.2.7)
- 00

the inversion integral on right hand side is absolutely
convergent. The absolutely convergent integral provides

the continuous p.d.f. that we shall use in our theorems.

Let E = {(t, n, x): It|> en?, n= ng, Ixlz 1}, where €
will be same as in Lemma 5.3.1, and ngp 1is a large

positive integer.
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We now make the following assumpticns:

[A1] All the d.f.s Fj, j =1, 2, ..., m are absolutely

continuous.

[A2] Fy belongs to the domain of normal attraction of the

stable law F, with index «, a<2. In case 0O< o =1, F, is

strictly stable. Further let {Wj(tn'w)}n > wglt), the
c.f. of Fo, as n -» w.
[A3] lim tj/n = t4>0, i =1, 2, ..., m.
N
[A4] For some integer p=z1, f”Wj(t)Wdt< w, j = 1, 2,
-0
., m.
[A5] ’mfmlul[“]'kll\rj (W) -vg (u) ldu< @, § = 1, 2, ..., m.

Remark 5.2.1: From the proof it will be clear that it is
sufficient if we assume that 0«< 1iminfn 5 @ tj/n for all

j instead of [A4].

5.3 PRELIMINARY RESULTS:
Now we mention some preliminary lemmas required to

prove the theorems of Section 5.1.

Lemma 5.3.1: Under the assumptions [Al], [A2] and [A3],

there exists positive constants £, c¢ and C such that for
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k=20,1, ... , m

(t,x) |= Cexp{-citl%} ... (5.3.1)|
k

for all t in the range |tis en’, all x with x|zl and all

IAk,t

large n.
Throughout the rest of the chapter £ is taken as

same as in the Lemma 5.3.1.

Lemma 5.3.2: Under the assumptions [Al], [A2], [A3] and
[A5], there exists a polynomial P;(.) such that for large

n, the relation

Ty~ J Ty~

- oy -7
lay ‘.Ck(tn , X) aoltk(tn (X
s T 0 (e exp{-citl®}, ... (5.3.2)
holds, for all (t, n, x) € E and 1s js Tk, k = 1, ..., m;

where Z is defined at p. 106.

Remark 5.3.1: This is a modified version of Lemma 1 in
Banys (1977) for i.i.d. case. The proof of Lemma 5.3.2 is
along the lines of proof of Lemma 2.3.3.

Now we define two functions, similar to (2.3.18) and

(2.3.19), which will be useful in proving the theorems

and some of the lemmas. For §j = 1, 2, ... , m, let
dtj(t,x)

=tj[{aLrJ(tnﬂw,x)}—{amtj(tnuw,x)}], ... (5.3.3)
S¢. (t,x)

¥ Tj"‘h'-'l

,x)}h{amtj(tnvv,x)} ...(5.3.4)
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Properties of the function dtk(t,x)

Lemma 5.3.3: Under the assumptions [Al]}, [A2], [A3] and
[A5], for all wvalues of t, all x with |x|zl1 and all large
n, we have for k =1, 2, ... , m,

(i) whenever 0< a< 1,

s g, 7
la (e300 15 7,7 (e, ...(5.3.5)

(1 - 1=
xdtk%t,x)1, c T ...(5.3.6)

(ii) whenever 1= a< 2,

ld, (e,x)1s T, (e, . (5.3.7)
k
la e, x) 1= 7, e (1eD), ...(5.3.8)
k
(2) 1-27
ldtk(th)lﬁ C Ty - ...(5.3.9)

Remark 5.3.2: The proof of this lemma is along the lines
of proof of Lemma 2.3.4.
Properties of the function oy {t,x)

,-ck

Lemma 5.3.4: Under the assumptions [Al], [A2] and [A3],

for each fixed n, x and k = 0, 1, *7,

{tn x}

., m, ak,rk
is differentiable any number of times under the integral
sign. For all values of t, all x with Ix{zl and all large
n, we have for k = 1, 2, ... , m,

(i) whenever 0< a< 1,

(1)
(

kT,

tn ¥, x) |s c|x|V %, 7Y, ...(5.3.10)

ot Kk
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{(ii) whenever 1< a< 2,

‘ak(;:) (tn‘le)ls rkw"lpk(itl) ... (5.3.11)
' Tk

< ‘x}2—ark7'1pk(|t!)’ ...(5.3.12)

lak(i) (tn'q’x) 35 ClIXIZ—a’CkZV-l' . e s (5313)
'k

(iii) Also for all x#0, 0< a< 2 and every sufficiently

large but fixed integer s, there exists a constant c¢ such

that

_ fml“k,rk(t"‘) |Pde = oz, 7, ...{5.3.14)
»mfw‘“k,rk(t'X) 1*®dts= ¢, ...(5.3.15)
T8, L (£,%)1%Fdes c. ... (5.3.16)

»

k

-

Remark 5.3.3: The proof of this lemma is along the lines

of proof of Lemma 2.3.5.

Properties of the function Srk(t,x)

Lemma 5.3.5: Under the assumptions [Al], [A2] and [A3],
for all (t, n, x}) € & and large Ty k=1, 2, ... , m we
have

(i) whenever 0< a< 1

s, (t,x) = cexp{-citl®}, ... (5.3.17)
k

ISé;{t,x)ls Clxlhaexp{-c|t|a}; ... {5.3.18)

(1i) whenever 1= a< 2,

- B o
lStk(t,x)l— Cexp{-cltl™}, ...(5.3.19)
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(1) < 2-0 _ o
ls,ck (t,x) = |x|" "exp{-clt] }Pl([tl), ...(5.3.20)

Ise2) (e,x) 1= 1x1™exp{-clti®}p, (1el) . +--(5.3.21)

Remark 5.3.4: The proof of this lemma is along the lines

of proof of Lemma 2.3.6.

Lemma 5.3.6: Under the assumptions [Al], [A2], [A3] and
[A5], there exist polynomials Pp(.) and P5{.) such that,

for all {t, n, x}) € Z, we have the following:

(1) whenever 0< w< 1,

;Ak',tk(ttx) ‘Ao'rk(t,x) l

= Pl(ltl)exp{~c|tla}tf{7, ... (5.3.22)
(1) (1)

IAk’_Ck (t,x) —AO,‘Ck(t'X) ‘

= lx!‘”"‘Pz(lt;)exp{—c;tt“}rk"’; ... (5.3.23)

(ii) whenever 1= a< 2,

lAk (tpx) "A (tlx)l

VT 0, Ty

= P (lthexp{-citi*}rx ™™, ... (5.3.24)
(1) (12

|Ak,tk(t,X) "Ao,tk<t'x”

= lxl}aPi(lt})exp{—cltla}rﬁév ...(5.3.25)

i=1,2;k=1,2, ..., m

Remark 5.3.5: The proof of this lemma is along the lines

of proof of Lemma 2.3.7.
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Lemma 5.3.7: Under the assumptions [Al], [A2] and [A3],
there exist polynomials P7(.) and Py (.) such that for all
{t, n, x) € £, we have,

{i) whenever 0< a< 1,

llilé (t,x) = Clx!haexp{-cltia}; ... (5.3.26)
» Ty

(ii) whenever 1s a< 2,

(1) < _ o
iﬂa'rk(t,X)I— Pl(ltl)exp{ clt!™)} ...{5.3.27)
s 1xI¥%_(1t]) exp(-cltl¥}; ... (5.3.28)
183 (t,x) 1= 1x1*%, (1t]) exp{-clti*}. ...(5.3.29)
*» Yk

Remark 5.3.6: The proof of this lemma is along the lines
of proof of Lemma 2.3.8.
Lemma 5.3,8: Assume that [Al] and [A2] hold. Let £>0 and

integer ng be fixed and let

for k =1, 2, ... , m,
“(o,k)zsgp‘ao,rk(t'x)*' ...{5.3.30)
ﬂ(k,k)isgpiak’tk(t,x}i, ...(5.3.31)

where ® = {(t,n,x)litl> e, nz n_, Ixiz 1}.

Then, 0= u < 1 and 0="pu

(O, K a0 L

Remark 5.3.7: The proof of this lemma is along the lines

of proof of Lemma 2.3.9.
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et g = max .
Set lsksm(“(o,k>’ “(k,xﬂ

Lemma 5.3.9: Assume that [Al], [A2], [A3] and [A5] hold.
Let g(t,x) be a complex-valued continuous function such
that [g(t,x)l= max(1, clx| % for all x with |x|z1 and
for all t. Then, for k =1, 2, ... , m, as n -» o,

-

[ J'W(Bk,rk(t,x%B 7, (£ X)) g (e X exp (-itx)de |

O,

1-—(“1]4'1)7)

= IxI™% (t) ... (5.3.32)

Remark 5.3.8: The proof of this lemma is along the lines

of proof of Lemma 2.3.10.

Lemma 5.3.10: Under the assumptions [Al] and [A2], for

all the values of t and all x with |xlzl and n large, we

have
1B, ¢, (£.%) 15 clx™, ... (5.3.33)
k=20, 1, ... , m.

Remark 5.3.9: The proof of this lemma is along the lines

of proof of Lemma 2.3.11.

We shall now prove a result which is an extension of
Lemma 2.3.12 to non-identically distributed case under

consideration.
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Lemma 5.3.11: Under the assumptions [Al], [A2], [A3] and
[A5], there exists a constant c¢>o such that, for all (t,
n, x) € E, we have

I¢n(t)—wo(t)l

= oM (o)) exp{-clel®}. . (5.3.34)
Here ¢n(t) = Elexp (itSpy/Bp)l.

Proof: Using the definition of an(t), the equation

(5.2.1) and by adding and subtracting the terms

J - -

n {wi(tn 7)}t’;%{wo(tn Y% for § =1, 2, ... , m-1,
1=1 k=i+1

we get on simplification

1¢_ (£) -w_(£) ]

A
s

“I\ Ty -¥\\ T
11I{wi(tn )} {wo(tn )}

< né-ua]njwpl(t)exp{—clt[a}, using Lemma 2.3.12.o

5.4 PROOFS OF THE THEOREMS:
Proof of Theorem 5,1.1:
We shall prove the theorem for m = 2. In case of m>2

but fixed, the proof involves similar steps.

We shall prove the relation

=o(n“”“”1”). ...{(5.4.1)

sup_ RIvn(x)—vo(x)l
The inversion formula for continuous density gives that

2mlvp (x) -vg(x) | I1n+Ian+I3n, ...{(5.4.2)
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ltlsen
Ion = [ len(t)ide
jt]>en

i

$ wp (en™ ) 1P wy (en7¥) | P2de
1Ll>cn?

and I3p = [ _lwo(tn™®)i"de,
Iti>en

€>0 being as in Lemma 5.3.1.
By Lemma 5.3.11 iF now follows that

1-([(X]+1)7)

Iln = O(n ...(5-4.3)

By [Al1], the d.f.s Fo, F1 and Fy are absolutely
continucus. We have from the canonical representation of
a stable law, wo(t) = {wg(tn¥)} 1{wy(tn"¥)}%2. Also note
that there exists, for any €> 0, a c(eg)> 0 such that
lwi {t) = exp(-c(e)), Iti> e, for i = 0, 1, 2. Therefore,

Ion= n?  § exp{-c(e) (n-2p) }lwq (£) [Plwy (t) [Pdt

it]>e

1A

nlexp{-c(e) (n-2p)} & lwqy(t)|Pdt
ltlse

en¥exp{-cle) (n-2p) }

1A

O (nl~TAD*DIT, {..(5.4.4)

and

(nl—({dhl)?) i

I3p = O ... (5.4.5)

Thus equation (5.4.1) follows from the relations (5.4.2)

through (5.4.5).

115



Proof of Theorem 5.1.,2:

We shall prove the theorem for the case 0< a< 1 and
m = 3. The case 1= o< 2 can be handled similarly. Also
the case m = 2 can be worked out exactly on the similar
lines. In case m> 3 but fixed, the proof will be exactly
similar to the <case presented here. Modifications
necessary for the general case are discussed in Section

5.5.
Note that in view of Theorem 5.1.1, it is sufficient

for us to prove

{sxfgilx!“lvn(x) Vo (x) | = o' . ...{(5.4.6)

Consider, for Ixlz1,
11 %1 (%) -vg (x) |

o

= 1x1%)__sPexp (-itx) [{wy (tn™") } 1 {wy (tn™?) } P2 {w3 (£n™?) ) 2

—{wo(tn—w)}tl{wo(tn'w)}tz{wo(tnfw)}t3]dtl

= sup bdalﬂgmexp(—itx){wl(tnfw)}tl{wz(tnfw}}tz

x 121
[{ws (en ) } 53 {uwg (en™?) )} P31 dt |

T3

+ls?gikx“xtmfmexp(-itx}{wl(tnfv)}tl{wo(tn'y)}

[{Wz (tn_v) }tz— (wo (tn"w) }ra] atc
+ suglbcﬁmeJmexp(-itx){wo(tan)}Tz{wo(tn-?)}t3

[{wy (tn ) } 91 {wg (en™) } P14t
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= Wip + W3 + Wo3, . (5.4.7)

In order to prove (5.4.6) it is sufficient to prove

that

Wiy = O(n!-?), ...{5.4.8)
Wiz = O(n'7), ...(5.4.9)
Wog = O(n?"?) . ...(5.4.10)

We shall prove equation (5.4.8) only. Equation
(5.4.9) and (5.4.10) can be proved similarly.

Obgerve that using (5.2.5) and (5.2.6), we can write

_wJ“mexp(—~itx){wl(tn'ar)}”Cl{wz(tn"a()}qc2

[{ws (en™?) }F3-{wo (tn ) } 374t

-

H

o0 1
L exp(-itx){Rhy 7, (£, x)Ap ¢, (t,X)+Ay, ¢, (£, X)By ¢, (E,X)
+Bl'—c1 (t,X)Az"cz(t,x) +B1!tl(t,x)B2'r2(t,x) }

+

_m\j‘(’oexp(—'1t:1»c){\«ll(t‘.rx"a’)}-cl{wz(t:zf'a’)}t2
[B3, 4 (L, %) -Bo, ¢4 (L, x)]1dt

I(A1A5) +I(A1By)+I(B1RAy)+I(B1By)+I(B), say. ...(5.4.11)

il

Estimate of I(AjA): We shall prove that

IT(A185) 1 = IxI™% (1), ... (5.4.12)
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First of all we consider the integral

0 .
o exp(~1tx)A1’rl(t,x)A2’r2(t,x)ABIIB(t,x)dt.

Because Ak,rk(tlx)' Aﬁf%k(t,x) and Aé?%k(t,x)

are absolutely integrable, simple techniques involving

integration by parts give us
_wfmexp(-itX)Al,tl(t:X)Az,tz(t:X)A3,r3(t:x)dt

-1 3 0 . 3
=ix™ §__Mexp (-itx) maj, Ty (t,x) Ak, g, (£,%)dt. . (5.4.13)
=1

k=1 j
I#k

BEvaluating

hmj\wexp(“itX)Al"cl(tlx)AZ!rz(t,X)AO’t3(t,x)dt
on the lines of (5.4.13), we have then
[I(A1A5) 1] = ;_mf“exp(-itx)Al,.cl(t,x)Az,tz(t,x)

[A3,t3(t,X)~Ao,t3(t,x)1ldt

< IxIT0 5+ T VIAplg (%) 1Ay, ¢y (E, %) |

ti=en? |t|>en

iA3"L'3 (t,X) "Ao’t?’ (t,X) fdt

#xIT0 o+ f 0 1iAg, g (6,00 1A3 N (£, %) |

It:lss::a'ar lt|>sn7

[A3It3(t,x) “Aol—t3 (t,X) idt

HxIT0 5+ b TIAg, g (6,%) 1Ay 1, (£, ]
ttl=en? |t|>en”

1A3) 74 (E,%) -AS) 74 (£, %) Idt

= My (x) +...+ Mg(x), say. (5 4.14)
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Observe that {5.3.22) and (5.3.26}) together with

Lemma 5.3.1 imply that,

My (x) 1 = 1xI™% '), for i = 1, 3; ...{5.4.15)
whereas Lemma 5.3.1 and (5.3.23) imply that,

IMs (x) | = lxI"%0(n'7). ... (5.4.16)

Finally, as a consequence of equation (5.3.10), the
assumption [A2] and Lemma 5.3.8, we get for i = 2, 4, 6,

Ao (nt?y. .. {5.4.17)

IMj (x) | = Ix|
Thus from equation (5.4.14) to (5.4.17) it follows that,
[T(A185) 1 = IxI™%0@n'™?) ...(5.4.18)

which is same as (5.4.12).

Estimate of I(AqBy): Write I(A1Bj) as

I(AqBy) = ( [J + f )exp(~itx)A1,tl(t,X)B2,t2(t,X)
lt1=sen? |t|>en?

{A3, 15 (t. %) -Ag, ¢4 (£, %) }dt
= I3 (A3Bp)+I5(A1Bp), say. ... (5.4.19)

Now, II1(A1By)| = IxI™¥0 @1 ™?), .. (5.4.20)

is evident from Lemmas 5.3.1 and 5.3.10 and (5.3.22);

whereas, using Lemmas 5.3.8 and 5.3.10, we get |,

115 (A1B2) 1= clxI™  F 1A, ¢, (€,%) 14t
ltl>8n7
= clx|™ %" 1P lag, ¢, (£,%) 1Pt
{tl»e
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< clx| %nTu P,

Therefore, it follows that,

115 (A1B2) | = 1x1™%0(n'™?). ...(5.4.21)

Thus, |I(A1B5)1 = IxI™%0o(n'™), .. (5.4.22)

follows from (5.4.19), (5.4.20) and {5.4.21). On similar

lines we can prove

1T(B1A2) | = IxI™ %0 n'?). ... (5.4.23)
Observing the fact that [Bk ¢ (t,x)I= max(1, clxi™)
for k = 1, 2, 3, and once again using the techniques used

to get estimate of I(A1Bjy) we get

-

T(B1By) | = Ix1™® o(n'?). .. (5.4.24)

Estimate of I{B}: we have
I(B) = _f"exp(-itx) {wy (tn ")} 1{wy (en™¥)}*2

[B3,t3 (t,x) —BO,tB (t,X)]dt.
Note that

{Alrfl(t'x)Az,tz(t'X)+A1,rl(trX)Bz,r2(t,X)
+Ellrl (t;X)Az,tz(t,X) +B‘1"-cl (t'X)Bzirz(t’x)}

is a complex valued function with absolute value of each
summand (component) being less than or equgl to max(1,
clea). Bach component satisfies all the properties of
the function g(t,x) introduced in Lemma 5.3.9. We
therefore take each component gj(t,x), say, j = 1, 2, 3,

4 as g(t,x) of Lemma 5.3.9 and apply Lemma 5.3.9.
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Therefore,

IT(B) 1
=memexp(—itx){A1’tl(t,x)Azltz(t,x)+A1'rl(t,x)B2'r2(t,x)
+B1’tl(t,x)A2’tz(t,x)+Bl,tl(t,x)B2't2(t,x)}
{B3,r3(t,x)—BO,tB(t,x)}dtl

1_lm\rocoe}t;p{—:th:)gj(t,:ﬂ:)[]33’1:3(t,}w:)-BO’-L-3(’t;,x)}dtl
1

1A
it g

3

1x]"%0 (n*"?)
1

{A
[ eI

J

1A

Ix]™ %0 (n'"?), using Lemma 5.3.9. ...(5.4.25)

Equation(5.4.8) now follows from (5.4.11), (5.4.18),
(5.4.22), (5.4.23), (5.4.24) and (5.4.25). In view of the
remarks following equations (5.4.10) the proof of Theorem

5.1.2 is complete.o

5.5 GENERAL CASE:

Remark 5.5.1: In the case m»>3 (but fixed) in place of

(5.4.7) we will have

sup txlatmfmexp(-itx)
Ixiz1

gﬁ {wk(tnfv)}Ik—;ﬁl{wo(tnnw)}rk]dtl

1
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o . m-1 R
s sup Ix|%1_JfTexp(-itx) Jy {wk (tn")}
lezl k=1

[{w (£277) } ™ {wg (en™) } ™at |
m-1

+ Zsup Ix
s=2|x|zl

ial_mj‘mexp(—itx)

:é:{wk(tn_w) }tk ]"n{ {wo (en?) }rj

J=m-s5+2

Thn-s+ - Tm-s+1
[{Wneser (6871} T fug (e} 0 14t

+sup lxlal*m.fmexp(-—itx) ﬁ {wo(tn'w) }tk

lxlzl k=2
- T . T
[{wy (en™)} P~ {wo (tn™¥) )} M4ty

As in Theorem 5.1.2, we shall consider 1St term only.
Proceeding as before, this can be expressed as sum of
five terms say I7, Iz, I3, I4 and Ig, similar to (5.4.11)
where.I; has in the integrand the product term involving
A1, ..., Ap-1 with (Ap-Ag), Iz is the sum of (m-1)
integrals with each integral containing the product of
one Bj, i= m-1 with {(m-2) Aj’'s and (Ayp-Ay), I3 is the sum
of 2" - (m+1) integrals with each integrand being the
product of (m-1) terms with (Ap-Ag) of which at least two
are Bi's and at least one is Aj; I4 is an integral whose
integrand is the product of (m-1) Bj with (Ap-Ap) and Is

is an integral whose integrand is the product
" Ty Txyp -
k1;;1{\«13((‘(11 )} k(B -B_) .

Proceeding as in equations (5.4.12) to (5.4.25) we get

omn' 7).
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Remark 5.5.2: It is well-known that the limit
distribution of normalized sums of independent r.v.s
exists irrespective of the sampling scheme under
consideration (see: Sreehari (1970)). We are unable to
prove the rate in the local theorem of this result in
case ti/n 5 0 as n » » for some i, mainly because of the

failure of some of our estimates to hold in this case.

Remark 5.5.3: In the case m = 2, terms containing either
one A factor or one B factor will appear. For m> 2,
factors involving A’s and B's simultaneously occur and it
is more complex to handle. For this reason we have

presented the case with m = 3.

CONCL&DING REMARKS:

In this chapter we have considered a situation
wherein observation come from m population Fy{, Fg, ...,
Frn, where each F4 belongs to the domain of normal
attraction of a (single) stable law with a # 1, o # 2. In
chapter 6, we relax the assumption that all Fj are in the
domain of attraction of the same stable law and obtain

uniform and non-uniform rates of convergence type

results.
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