CHAPTER 3

RATES OF CONVERGENCE IN LOCAL LIMIT THEOREM:
DOMAIN OF NON-NORMAL ATTRACTION OF THE STANDARD NORMAL

LAW CASE

3.1 INTRODUCTION:

Let {Xp} be a sequence of independent r.v.s each
having a common d.f. F. Suppose that F belongs to the
domain of non-normal attraction of the standard normal
law . Thus, there exist real sequences {An} and {Bp, Bp>
0} such that 2Zp = (Sp-A,)/B, converges in law to the
standard normal r.v. It is well known that A, may be
taken as nE(Xq) and B, is of the form By = n'°L(n),
where L(n) varies slowly at infinity in the sense of
Karamata, and L({n) -» o as n - o (see: Feller (1971)).

It is known that (e.g. Gnedenko and Kolmogorov

(1954, p.227) and lbragimov and Linnik (1971, p.126)) for

large n, Z, has a p.d.f. vp for which, as n » =,
Ap(x) = jvp(x)-¢(x)] = o(1) ... (3.1.1)

uniformly in x iff the c.f. f of r.v. X7 is such that for

some integer rz 1,
SR e < w, ... {(3.1.2)

¢ {x) being the standard normal p.d.f. In this connection,
we may note that the conditions quoted in Gnedenko and

Kolmogorov(1954) and Bbragimov and Linnik (1971) in place
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of (3.1.2) above are equivalent to the later. This is a
direct consequence of Theorem 96 in Titchmarsh (13937,
p.96).

$mith(1953) and later Smith and Basu(1974) showed
that in the case of EX12< o or equivalently if L(n) is

constant, actually one can go a step further to show that
B =
sup R(1+lx|) Ap(x) = o(1) ... {3.1.3)

for every B= 2 iff (3.1.2) holds. In the following
theorem, we find that dropping of the assumption of
finiteness of EXl2 reflects correspondingly in the non-

uniform rate of convergence of Ap(x) to zero.

Basu’s Theorem: (1884, Metrika)
Let {X,} be a sequence of independent r.v.s each having

an absolutely continuous d.f. F and c.f. f. Suppose that

2
EX1 = o. If F belongs to the domain of attraction of 9,

then for every B8< 2,

SUP, ¢ R(l”x”BAntx) = 0(1) as n - o iff (3.1.2) holds.
In this chapter, we obtain the uniform rate of

convergence and non-uniform bound for Ap(x) in (3.1.1).

We state below the main results of this chapter.
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Theorem 3.1.1: Under the assumptions [Al1]-[A5] and
notations stated in the Section 3.2 below,

sup An (x)

x € R

- o{nBy™ J luldF(uw) + nBy>®

ful=s,

+ nRq (Bp) + dp},

where 9, = |nBL’H(Bp)-1].

Theorem 3.1.2: Under the assumptions [Al1]-[A5] and
notations stated in the Section 3.2 below,

An(x) = c(1+1x) "R

{nBy™* u'dF(u) + nBy” S lul’aF (u)

» *
lul=]x* 15, lul=lx" I8,

3

s 07 1x 1P, 4 1x"1Pory (B + wp}

for sufficiently large n and 0<B<2 where ¥ =

InBA%H (Bn) -1| and x = max(Ix|, 1).

Remark 3.1.1: The existence of the terms Bn~2_6

and
R (Bp) in both the theorems mentioned above is
inevitable. This is so because in some situations the

first term dominates the second term whereas in the other

situations second term dominates the first one.

We prove the Theorems’; 3.1.1 and 3.1.2 in the Section
3.4. The notations and assumptions are introduced in
Section 3.2. In Section 3.3, we prove some Lemmas which
will be useful in Section 3.4. Some of these lemmas are

also of independent interest.
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3.2 NOTATIONS AND ASSUMPTIONS:
Suppose r.v. X5 has d.f. ¢ and r.v. X; has 4.f. F.
Without loss of generality, we assume that EX; = 0 so

that A, = 0. Thus under our assumptions, for all t,

lim . {£(B ) }" = exp{-t?/2} = N(t). ... (3.2.1)
Let Rkx(z) = P(IXkl> z) , k = 0, 1. ... {3.2.2)
and

H(z) = _J%u"dF (u). ... (3.2.3)

Since F belongs to the domain of non-normal attraction of

$, H{(z) varies slowly at infinity. Further,

R1(z) = o(z?H(z)) as z - ... (3.2.4)
and

. o -2 _
lim . nBp "H(Bp) = 1. ...{(3.2.5)

Now, since H is slowly varying, for large z,
FPWPH(u) du -~ H(z) fu%du = 27 'H(z). ... (3.2.6)
V4 z

In fact, (3.2.6) is a direct consequence of Proposition
1.5.10 of Bingham et al. (1987, p.27). Using (3.2.4), we
observe that

JluldF(u) = -fPudrq (u)

Iui>Bn Bn

= BpRj (Bp) + Bf“’Rl(u)du,
n
by performing integration by parts

= BpRy (Bp) +C Bfmti'?‘H(u)du.
n
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s B,C1By H(Bp) + CBp 'H(Bp)

= CBp 'H(Bp),

for some C and all large n, so that

Jlul dF(u) = O(B,™

[ul>B,

H(Bp)) .

For each integer n and real x, we define

]

i) e'*ar (u) ,

lul=|x|8,

an(t, X)

Bplt,x) = £{t) - anlt,x),

An(t,X) {an(tBn—llx) }nl

[

Bp (t,x)

- 1 (3] s tema 01l e 0
3=t

so that

{£(tBy ™) }™ = Bp(t,x) + Bplt,x).

We define a few absolutely convergent

integrals.
vap(u) = (2m) 7 _®{£(tBy ) }e™ Mat,

~itu

th

an(u,x) = (2m7_s™{ag(e,x)} e M,

-itu

by (u, x) dt

(2m)™_®{Bplt,x)} e

for each integer n and reals u and x.
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For any given 0< A< 2, we write

-A .
Py (t) el e AR IR ...(3.2.16)
it ... if 0= jti= 1
Note that P, (t)= 1 for all t.
Let £ = {(t, n, x): ltls €By, Ixlz 1, n= ny}, where ¢

will be as same in Lemma 3.3.2 of Section 3.3, and ng is

a very large positive constant.

We now make the following assumptions:
[A1] The d.f. F is symmetric’ and absolutely continuous.
*Remark 3.2.1: By symmetric d.f. we mean a d.f. F such

that 1-F{x) = F(-x) for all x> 0.)

[A2] There exists an integer rz 1 such that

LS TE() Tdt< w,

[A3] “wfwlulaalv(u)~¢(u)ldu< w for some 0< &= 1; vi{u)

being the p.d.f. corresponding to the d.f. F.

[A4] The d4d.f.F belongs to the domain of non-normal

attraction of the standard normal law &.

[A5] nBy> [ Jul’dF(u) - 0 as n > w.
fuls{x|s,
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3.3 PRELIMINARY RESULTS:

We shall need the following lemmas.

<

Lemma 3.3.1: Under the assumptions [Al] and [A4], there

exist positive constants €, A< 1 and ¢ such that for for

all t with |t|= €Bp and all large n,

£ (B ") I™s exp (-ct®py (t)) . ... (3.3.1)

Remark 3.3.1: The proof of this lemma follows along the

lines of 0bragimov and Linnik (1971, p.123).

Lemma 3,3.2; Under the assumptions [A1] and [A4], there
exist constants £, A< 1, ¢ and C such that for all (t, n,

X) € Z, we have
|Aq (t,x) s Cexp (-ct?®Py (t)). ... (3.3.2)

Proof: We recall that in order that a symmetric 4.f. F(x)
with c.f. £(t) belongs to the domain of attraction of the
normal law it is necessary (and sufficient) that in the

neighbourhood of origin,
log £(t) = -(1/2)t%h1(t), for Itil= e ... (3.3.3)

where hq(t) is a positive, slowly varying function as t -
0 (see: Ibragimov and l&innik {1971, Theorem 2.6.5,
p.85)). We, first, obtain an upper bound on {f(tB, ')}~

and use it later in this proof.
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Note that using (3.3.3),
£(tBy ™) = exp{-(1/2)t®B, °hq (tBy )}, ... (3.3.4)

for all t with |t|= €Bp.
Therefore, 0< £(tBp )= 1 for all t with Itis €By.

Consider

log £ (tBn?)

]

log [1+F(tBy™)-1]

(£(tBp™) -1) - (8/2) (£ (tBy™t) -1) 2, .18l 2.

Hence -1-6/2= log f£(tBp1l)= 0

or -2= log f(tBp )= 0O

or exp(-2)=s £(tBy )= 1

or 1= {£(tBp™) }-1= exp(2), for Itl=s eBp. ...{3.3.5)

Now, we have from Lemma 3.3.1, for |tls eB, and [xlz 1,

Ap(t,x) | = Ij);o{?} {£(eBy ) )" {-Bn(tBy ", %)}

n

jgo{?} {f (tBn-l) }n{f (tBn-i}—J '{‘Bn(tBn—1,X) }lj

A

n et
Jgo(nj/j De AN (ry (B M,

iA

using (3.3.5) and the fact that Ry {IxiBp)l= Ry (Bp).

n

< e—ctaP;\(t)jgo(nGZ{Rl (Bn) })j/j ]

et 2
< Ce ct Pa(t).
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Note that the last inequality follows from the fact that
nRqy(By) » 0 as n - o as a conseguence of (3.2.4) and

(3.2.5) .o

Next, for every integer n,define
dp (£, x)
= n{ay (tBy ™, x) -exp{- (t?/2)BH(Bp) } }, ...(3.3.6)

Sn(t,x)

= 0™ T {an (tBy ", x) )" exp{- (t2/2) By 2H (By) (k-1) }}.
k=1
... (3.3.7)

Properties of the function dp(t,x)
Lemma 3,.3.3: Under the assumptions of Lemma 3.3.2, for

all values of £t and x with {xlz 1, we have

(1) n'ldp(t,x) |

= P (1tD4By™" §  u'aF(w) + By §  lulPdF(u)

lul=}xlB, lul=[xIB,
+ 0% + Ry(Bp) }, ...(3.3.8)

(11) n ™1d™ (£, %) |

= Po (It {By> [ [ul®@F(u) + n?}, ... (3.3.9)

lul=Ix|B,

(1i1) nMag® (e, %) |

= Py (ltD4{B,™" §  ular(w) + By T lulPdF(u)
lul=x|B, lul=ix|B,
+ n%}, ... (3.3.10)
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Proof: (i) Note that in view of assumption [Al] and

(3.2.8),

nldp(t,x) | = lap(tBy ™', x) -exp{- (t?/2) B, H(By) }|

| §  cos (tuBp ')dF(u)-exp{-(t?/2)B, H(By)}!
lulsixls,

i

| §  (cos (tuBy ™) -1+(t%u’By"?/2))dF (u)

lul=ixlB,

+ I dF(w) - (£%BRp7/2) & JPdF(w)

lul=|x|B, |ul={x|B,

{exp{- (£2/2)By?H(By) } -1+ (t®B, H (By) /2) }

1 +(tBL%H (By) /2) |

]

| & (cos (tuBy™")-1+(t?u®B,2/2))dF (u)
ful=lxlB,

+ 1 - Ry (IxIBy) - t®BL °H(IxIBy)/2
-{exp{- (t%/2) By 2H(Bp) } -1+ (t®By 2H(Bp) /2) }

1+ t°BLH (By) /21

it

I T (cos (tuBp™) -1+ (t%u®B,%/2) ) dF (u)

lul={x|8,

- (£%Bp%/2) {H(1xIBy) -H(Bp) } - Ry (IxIBp)

{exp{- (£2/2)B, ?H(By) } -1+ (£?By 2H(Bp) /2) }I

A

I lcos (tuBy ™) -1+(t%u®B,7/2) I4F (u)

lul=lx|B,

(t®Bp2/2) {H(I1xIBy) -H(Bp) }+ Ry (By) + (£%By 2H(By)/2)°

+
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= S (t*u’Bg*/2)aF (u) + (t°Bn>/2)  § |ul’dF (u)

lulsix|B, lul=lxiB,
+ (£'Ba'H?(BL) /8) + Ry (Bp),
since 0= cos (x)-1-x°/2s x'/2 for all x.
= (t'Bp"/2) r uvlarw+(e®By /2y © lulPaF(u)
tul=Ixls, lul=lxlz,
+ (£*B*H? (BL) /8) + R4 (Bp)

A

PLItD4By™ §  u'aF() + By L ulPdF(u)

lul=lxis, ful=lxiB,
+ n® + Ry (By)}, using (3.2.5).

This proves (3.3.8). Note that second term in the
inequality preceding the last one is derived as follows:
(€%/2) By > {H (IxIBp) -H(B,) }

(t%/2)Bp2 u’dF (u)
B,<luls|xls,

(t?/2)B,° lul®aF (u)
Bn<|uI$lx|Bn

(t%/2)B,° & [ulPdF(u).

lul=lx|8,

A

A

Now to prove (ii), consider

ndy M (e, %) |

it

| (d/dt) {an (EBR™, %) - exp{- (£%/2)B"H(By) } }I

t(dsae){ cos (tuBp ") dF (u)

lul=]x|B,
—exp{- (£%/2)By °H(By) } } |

-1

1

{-Bp i) u sin (tuBy ') dF (u)

lul=ix|B,

+ tBp “H(Bp)exp{- (t?/2)By"H(B) }|, because of DCT
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By S u{sin (tuBy ') -tuBy ') dF (u)
ul=|xlB,
tBpy® F uidF (u)

lul=lxIB,

t

By ?H (By) {exp{- (t%/2) By 2H (By) } -1} + tBy “H(By) |

N
= Bn'l' IJ’l | luflsin (tuBp ') -tuBy ' |dF (u)

ul=|x|s,
+ 1EIBL 2 {H(IxIBy) - H(BR)} + (t1*/2) (B 2H(By))?
Bt S lult?d®Bp AR (W) + IEIBRY  F 0 lulPdF(w)

Jul={xlB, jul=ixis,
3 -4_.2 . 2
+ (1t1°72)B, H (Bp), because [sin (x)-xI= x"for x= 0.

=t?B,° © ulfdF(w) + itiBg” L luldF(u)

lul=|xl8, lul=|x8,

2

+(1e13/2) (B H(By))

= Pg(itl){Bn'?' i) lul*dF (u) + 0"}, using (3.2.5).

[ul=]x|B,

This proves {(3.3.9).
(1iii) Finally, we consider
n1dn® (t,x) |

= 1(d/at)d M (e, %) |

= 1(a/dt){-Bp” § u sin (tuBy )AF(u)

[ul={x|B,

+ tBLH(Bp) exp{- (t?/2) B, H(By) }
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-2

it

i) u’cos (tuBy™')dF (u)
lulsixlB,

"Bn

Bp, °H (Bp) exp{- (t?/2) B, 2H (By) }

e

(tBp “H(Bp) ) %exp(- (t?/2)B, H(By) }|, because of DCT

\

-2

i

I u’(cos (tuBy™)-1)dF (u)

lul=lxlB,

I“Bn

B2 5 WBdF(w)

lul=Ixl8,

+ By “H(Bp){exp{- (t?/2)B,"H(By) }-1} + Bp “H(Bp)

i

(tBp °H(Bp) ) exp{- (t%/2) By %H (By) }

= Bn“2 J u’lcos (tuBn'i)—lldF(u)
ful=]x|B,

+ By ?{H(IxIBp) -H(Bp) }

Bp H (Bp) lexp{- (t%/2) B, ?H (By) }-11

-+

(tBp °H(Bp) ) ®exp{- (£%/2) B, %H (Bp) }

+

= B, t? r  uldF(u) + B (ul3dF (w)

ful=ix|8, Jul=ixin,
+(t2/2)Bn“4H2(Bn)+ tan'éHz(Bn), because |cos (x)-1l= x°.
st’Byt 5 u'daF() o+ B T ulPdR(u)

lul=|x|g, ful=|xI8,
+(3t%/2) B W% (BY)

= P3(ltN{By* [ u'dar(u)
lul=lxlg,
-3 3 -2 .
+ Bp J ful"dF(u) + n °}, using (3.2.5).
lulslxls,
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This proves (3.3.10).o

Before we prove the next lemma, we discuss analogs
of Potter-type bounds on the slowly varying function H(z)
defined at (3.2.3) wusing the Karamata indices. This
discussion is based on Theorem 2.1.1 and Proposition

2.2.3 of Section 2.1 of Bingham et al. (1987, p.66).

Definition 3.3.1: Let h{(.) be positive. Its Upper
Karamata Index c(h) is the infimum of those p for which,
h(ax) /h(x)= {1+0(1) }A®? (x » »), uniformly in 1= A= A< w.
Its Lower Karamata Index d(h) is the supremum of those q
for which,

h(ax) /h(x)z {1+0(1)}A% (x -» «), uniformly in 1= A= A< o.
(Here inf @ = +w, sup @ = -w).

We notice that as a consequence of Karamata Indices
Theorem (Theorem 2.1.1 of Bingham et al. (1987)) a
positive measurable function h is slowly varying iff c(h)
= d(h) = 0. In the light of this, Proposition 2.2.3 of
Bingham at el. (1987, p.73) becomes: Let h be a slowly
varying function. Then for every &,> 0 and A> 1 there
exists X = X(A,8,) such that

hiy)/h(x) = Aly/x)%1  (y= x= x).

Recall that the function H{z) defined at (3.2.3) is a
slowly varying function at infinity, and hence applying
upper bound type result for H{z) we observe that for

every §,> 0,
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H(IxIBy) s AlxI%H (B) ... (3.3.11)

for all x with Ixiz 1 and all large n.

Properties of the function ap(t,x)

Lemma 3.3.4: Under the assumptions of Lemma 3.3.2, for
each fixed n and X, an(tBy ',x) is differentiable any
number of times under the integral sign. For all values

of t and all x with ixi=z 1,

(1) lag™ (£BL™x) I= EIXq1, ... (3.3.12)
(11) lop™ (B3 1= 1x1%1P (1E1) B 2H(BY) | .. (3.3.13)
(1i1) lap® (£By %) 1= Clxl®1B,2H (By) . ...(3.3.14)

(iv) If, additionally, we assume [A2] then, for all x =
0, sufficiently large but fixed integer s, there exists a

constant C such that

_mfwlan(t,x)!"dt = 0(BL™), ...(3.3.15)
~mI°"|ozn(t‘,x) 1*3at= ¢, ...(3.3.16)
_IT1Bn (e, x) 1**dt= C, ... (3.3.17)
(v) log(t,x)1°dt = oy (t,x(Bh/By)) 1", ...(3.3.18)

where x # 0, m i8 a function of n and m< n.
Proof: Inequality (3.3.12) is obvious. Using DCT and the

fact that EX; = 0, we find that

- - ~1
lag ™ (6B x) 1 = 11 By & we'™ dF(u) |
lul=|x|B,
- -1 -
= IBg' [ u(e!™® _1)ar(u) + Bl J udF (u) |
lul=|x|B, lul=|x|B,
s By Plel £ W¥dF(u) + BpY f luldF(u)
lul=]xiB, lul>]x|B,
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|t 1B, 2H (1x1By) +By 0 (1x1 7B, "H(IxIBy) ), using (3.2.7)

lt1By2CIx1%1H(By) + CB,2Ix1%1H(B,), using (3.3.11)

p(1t]) Ix1%1B, %1 (BY)

A

iA

P(Itl)[xlaln"i, using (3.2.5).

This proves (3.3.13).

To prove (3.3.14) we proceed as follows:

an® (B, x) |

(1 Bnqdz 7 uze““%;ldF(u)l
lul={xls,

[

Bp® S u® dF(u)

ful=lxlB,

1A

By 2H(1xIBp)

A

c1x1%1B,2H (B,), using (3.3.11)

Clx]shfl, for all t, using (3.2.5).

1A

Equations (3.3.15), (3.3.16) and (3.3.17) are proved on
lines similar to those in Basu et al. (1980, (3.3)-
(3.5)).

To prove {(3.3.18), observe that, from (3.2.8),

anlt,x) = J  e™Mar(u).
jul=ix|B,
Hence,
lag (e, x) 1™ = | & e™Mar(u) ™
lul=|x|8,
=1 7 e'tar (u) |

lul=1xlB, (B,/B)

- log(t,x(By/By)) ™0
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Denote, for r = 0, 1, 2,

EIl(r)
n~r _ wkep - (L2 -2 -

= Y {ag (tB LX) ) kor o= (t%/2)B,"2H(B,) (k-1) . .(3.3.19)
k=1

and
F&](r)

n-r -1 n-k-r _-(t2/2)8_"2H(B ) (k-1)
= z |ar1(tBr1 XD e n n .

k=1

... {3.3.20)

Lemma 3.3.5: Under the assumptions of Lemma 3.3.2, there
exists constants C; and c such that, for all (t, n, x) €

Z, we have

-ct2p; (t)

Fn(g)= Cqine forg =0, 1, 2. ... {3.3.21)

Proof: Consider Fp(q)

[

n-gq -1 R Y -2 -
k=1

[ns21-1 ey -t -2 -
5 log, (£Bg~t,x) 1 k-q - (t2/2)B,"2H(B,) (k-1)

k=1

L]

n-q 2 -2
—k-aq —-(t2/ -
. E ’ (tB _1’ ) ‘n k~-q_-(t5/2)B,"“H(B,} (k-1)
k=[n/21}

2 [n/2}-1 2
~{ct®)P - -
< Ce (cte)P) (L) Z {Ce (ct )Pl(t)}( {k+q)/n)
k=1
n-q 2 -2
~(t</2)B H(B k-1 .
+ ¥ e (/2B B ), using Lemma 3.3.2
k=[n/21

- t2 P [n/2)-1 - -
e {ct=)Py () }: {1+q)/n (n+q)/n]

= C max [C , C

k=1
{e(ctz)Ph(t)}((k+q)/n)

n-q@ .2 -2
R e (t=/2)nB, " “H(B,) (In/2]/n)

k={ns2}
~(ct?IPy (L) ({1/2-E)) (2
= n[C max[2,1/Cle A +e /2)‘:1]'

for some 0< €< 1/2.
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~Ct2p, (t)

= Cine , since Py (t)= 1l.o

Remark 3.3.2: The above result holds true for any fixed

positive integer g and n> 2¢.

Properties of function Sp(t,x)
Lemma 3.3.6: Under the assumptions of Lemma 3.3.2, for

all {(t, n, %) € Z, we have

ary
(1) 18p(t,x) s Cpe StFale) ... (3.3.22)
—8 2
(11) 185" (£, %) 1= 1x1%1py (1£]) ST, ... (3.3.23)
Ty
(1i1) 18,@ (£, %) 1= 1x1%1p, (1t ]) e S+ .. (3.3.24)

where 87 is as in (3.3.11).
Proof: Note that in view of (3.3.19), we have
n Sp(t,x)= Ep(0)
n - - -
= ¥ {an(tBy ™", x) " exp{- (t?/2) B, 2H (By) (k-1)}.
k=1

Therefore, from the definition of Fh(q) given at (3.3.20)
and Lemma 3.3.5,

n|Sp(t,x)|s Fr(0)
—ct2
< Clne CtePy (1) )

(1}

Now n Sp  (t,x)

17

1(n—k){an(tBn'l.x)}“"‘"1{anm(tBn"1,x)}

n-
k=1

-1 -(t2 -2 -
B 1~ (427218, 72008, (k-1)
n - - -
+ Y {an (eBy %) )P (-eBLPH(B) ) (k-1)
k=1

2 -2
o~ (27208 (B (k1)
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Therefore, using (3.3.20) for g = 0 and g = 1, we get

¢¥
(

(1)

njoy V (EBy 7 x) 1B, 'L (1) + It1By °H(Bp) nFp (0)

- - - _ct2
{n{lxlsiP(ltl)nl}Bn '+ nitin™} ncpe St AN

1A

using (3.3.13) and (3.3.21)

A

't @
nix1%1py (1t]) e St P

, using (3.2.5).
. )
Finally, n S ° (t,x)

" (%) (n-k-1) {an (6B 5 %) 1% {ay ™ (£B, %) }2By
k=1

2 -2
o~ (/2B THB) (k-1

¥ (n-X) {ag (6B, x) 15 (o ® (2B, %) } By

k=1

+

2 -2
o~ (27208 2H(By) (e-1)

2"Y (n-X) {og (£B, %)}
k=1

+

(&)

{an™® (tB %) }By  (-tBRH (B) ) (k-1)

2,0yp ~2
o (437208, (BY) (k-1)

{an (tBy ™ %) }" ™ {-BH (By) (k-1) )
1

+
]

2 -2
o (t%/208, 7By (k-1)

{on (£By ™, %) 1V {-tB, ?H (By) (k-1) }°
1

s
el

-2 -2
o~ (3208, 72H(BY) (k-1)
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Therefore, using (3.3.20) for g = 0, 1 and 2, we have

n|Sy (t,x) |

(1) {2)

1A

n®lan ™ (tBy ™, %) (PB2F, (2) +nlag 2 (B, ™Y, %) IBy °Fp (1)

(1)

4

2n°1t 1B, H (Bp) log Y (£BL ™", %) 1Fq (1)

nBy °H(Bp) Fp (0) + n°Bn*H°(Bp) t° Fnh(0)

+

n?{ 1x1%1p (|t | yn 2B PFL (2) + n{clxiain—l}Bn’ZFn(l)

IA

20?1t 1By H (By) {1x1%1P (1t 1) 0} }Fq (1) + C1Fp (0)

-+

+

Cy t?Fn(0), using (3.2.5), (3.3.13), (3.3.14),(3.3.21)

2
n(xlzsle(!tl)e ct P"(U, using Lemma 3.3.5.0

1A

Lemma 3.3.7: Let 0O< &< 1/2, 0O< A< 1 and ¢ be as in Lemma
3.3.2. Then, under the assumptions of Lemma 3.3.2, there
exists a polynomial P(|{t|) in |t} such that for all (t,

n, x) € Z, we have,

e
lAn(Z)(t,x) -N(Z)(t) |= leasle(ltf)e CLopy (L)
{nBp™* 5 uWldaFr(w o+ 0B 5 lulfar(u)
ful=|xlB, ful=ixiB,
+ n'+ nRy (By) + 9n}
where ¥, = InByp 'H(Bp)-1l, N(t) is defined at (3.2.1) and

81 is given at (3.3.11).
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Proof: We write

Ap(t,x) -exp(-t%/2) = Dip(t,x) + Don(t), ... (3.3.25)
where

Dip(t,x) = An(t,x) - exp(-(t?/2)nBy °H(Bp)) ...(3.3.26)
Dop(t) = exp(-(t?/2)nByH(B,)) -exp(-t?/2).  ...(3.3.27)

We shall first prove that

(2)

-ct2
< leaalP((tI)e CLeP) (L)

{nBy™* §  ulaF(w+nBp® f 0 (ulPdF(u)

lul=IxlB, lul=]x]B,
+n"'+nRq (Bp) }. ... (3.3.28)

Note that in view of equations (3.3.6) and (3.3.7)},

Dln(t,x) = dn(t,X)Sn(t,x). PR (3.3.29)
D1n? (£, %) = dn® (L, x)8h(t,x) + 2 ' (£, x)s,™ (t, %)
+ dp(t,x)s,® (£,x) . ... {3.3.30)

From (3.3.8), (3.3.9), (3.3.10}), (3.3.22), (3.3.23) and

{3.3.24) it follows that

(2)

(1 (1
(

< 1dp® (£, %) [18p (t,x) 1+21a, " (£, %) 118, ™M (£, %) |

+ 1dptt,x) 118 (£, x) |
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~ e
< P3(ltl)ne CLeP) (L)

{Bp™* & u'aFrw+By” f 0 julfdF(w) +n?}

lul=lxls, lul=[xiB,

+2Pp (1t1)4 1x1%1p, (1t ) ne"CtPAM) t

{Bn-3l é; x lul®dF (u) +n~2}
u x{B,

-+

Py (1) { 1x1%%1pg (16 1) ne CHFPA®) Y

B ufar(w 4By & lul’dF(u)
ful=lx|B, ful=|xl8,

+n"%+Ry (Bp) }

-ct2
n!x1261P(ltI)e Ctepy (t)

iA

{Bp™* r w'dr () +B, £ lwilar (u)

lul=lxI8, lul=lx]B,

+n"°+Rq (By) }

1A

—Ct2
|X|261P(|t|)e Ctpy (v)

{nBy™? r wlar(u)+nB,™ T lulPdF(u)

lul=sx|B, lul=lxlB,
+n"'+nRq (Bp) }.
This proves (3.3.28).
Next we prove that

{2) ( -ct2r2

IDon® (£) 1= e ?p(t) By, ...(3.3.31)

where o, = InBp “H(Bp)-11.

Let 8 = nBp °H(Bp)-1.
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Note that Dayp(t)

i

exp (- (£2/2)nBy "H(ByL)) - exp(-t2/2)

2 -t2s2 2
-(t2/2 ~t2r2
e )B“e -e

-2 —(t2
et /2{8 (t /2)6n_1}

Therefore, [Dyp(t)]

2 2
-tes2, (-(t<r2)8
e le n.l|

-2
ce ‘ /2(t2/2) len!

iA

]

e%p (1t 1) 8y,. ... (3.3.32).

@
{

Consider Dpp = (t)

-t2 (12
- (ep+l)e (t /2)(6““’+t2(9n+1)2e (t572) (g, +1)

il

—(t2 -2
o=t _ 2 -tt¥2)

(12 —t2

- (9n+l)9nt2e (£9/2) (B 1) [(By+1)e wer8, 1]
(1_t2)e—(t2/2)

Therefore, IDznm (el

_(t2
- (6n+l)ﬂnt2e (t</2) (8+1)

-(t%/2)0

Jd(8ptl)e no1]]1-t%|e-(t?/2)

-{t2/2) (1-€)

A

(1+€) z‘}ntze

(12 (2
. H(en*‘l) {e (t /2)6"’1}“ Il—tzl o (t2)

-(t8/2) (1~€)

A

(1+e) ﬂntze

) le'“z’z)e e-uaxz)

. (1+€ n_1] |1-t2
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2
-{L=/ 1-€)
s (1+e)optle” 2!

J(1+e) (£2/2) 9, (1+t?) e (%2

_n e
= e “Yp (1t vy,

which proves inequality (3.3.31).

Differentiating equation (3.3.25) on both the sides twice
with respect to t, taking absolute value on both the
sides and then combining the estimates (3.3.28) and
(3.3.31), we get

(2)(

1A, ? (£, %) -N® (t) ]

(2} 2)

A

(t,x) 1+IDgn 7 () |

|Din

A

-ct2
IXlzang(ltl)e Ctepy (1)

-4

{nBp™® r  u'dF(w+nBp £ |ul®aF(u)

lui=ix|s, lul={xiB,

+n '+nRy (Bp) +9p } .o

Remark 3.3.3: The bound on Dpn(t) at (3.3.32) holds for

all t.

Lemma 3.3.8: Assume [Al] and [A4] hold. Let €> 0 be same
as in Lemma 3.3.2. Let H=sup lap(t,x) !, where ® = {(t, n,
x): lti> €, n= ng, Ixlz 1}, € is as same in Lemma 3.3.2,
and no, is a very large positive constant. Then,

0= p< 1. ... {3.3.33)
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Proof: First of all note that u can not be greater than

unity. If ©possible 1let u=1. Now |ap(t,x)I|= J
ful=lxls,

dF{u) < 1, because d.f.F is in the domain of non-normal
attraction of the standard normal law and therefore it
can not have bounded support. This implies that the
supremum of the positive reals {lap(t,x)| :ixiz 1, lti=z
£, nxz n,} can not be assumed at finite point n.
Therefore, there exist sequences of reals {tp} such that

tn> to, and {yn} such that y, > w, with the property that

y .
Fretny(u)du - 1 as n - «w. Recall that v is the
-y,

p.d.f. corresponding to d.f. F. But, since [ v(u)du -
ful>y,

0, this implies f(tpy) -» 1, as n » «; here f(u) represents
the c.f. corresponding to d.f. F. By the Riemann-Lebesgue
Lemma it follows that {tp,} is a bounded sequence for
otherwise f(tp) » 0 as tp » «. Thus {tp} must have a
finite limit point t*, say, and continuity of f(t) then
requires f(t*) = 1. But we have t*z g and are forced to

the contradiction that F(x) is lattice.o

Remark 3.3.4: This Lemma has been proved for domain of
normal attraction of normal law in Smith and Basu{1974,

Lemma 2.4, p.370), and in this case F € Dypla), a< 2, in

the Lemma 2.3.9.
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3.4 PROOFS OF THE THEOREMS:
Proof of Theorem 3,1.1:
By inversion formula for absolutely

density, we have

21 lvy (%) -6 (x) |

- o - 2
= | J%e{£"(tBy ) e P at|

-~

- i1
= JIEM (£By ) -e P14t
00

A

o2
“2lat+ SPIBg(t,1) ldt
~00

-00

I (t,1) -e

[

In view of (3.3.8), (3.3.22), (3.3.25),

(3.3.32) and assumption [A5] we get

2
Iip = J1ap(t,1) - ae
-0
-t2/2

= J Iag(t,1-ev1at + £ IAg(t,1)ldt

[tl=es, ft]>es,

2

+ | 1

ftl>e8,

il

Iini1 + Iin2 + In3. say.
Consider

2
I1n1 = F  IBg(t,1) - 3ae

Itl=eB,

i

S IDp(t,1)1dt + [ IDgp(t)ldt
fti=es, ltlses,

= [ ldn(t, 1)1 Isp(t,1)idt + [ |Dpp(t)idt
It]=es, |ti=es,
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s {nBy™ 5 u'dF(u)+nB,™®  J uldF (u) +n7 +nRq (Bp) }

ful=B, lul=p,

w2
-

—e e
w8y IOPo (1t e S FAtge
-

= C1{nBy " [ ul®dF (u) +n ' +nRq (By) +94}, ... (3.4.2)
lul=B,

for all large n, where ¥, is defined in Lemma 3.3.7.

Consider

Iin2 = I 1Ap(t,1) ldt
lti>eB,

§ lag(tBy ', 1) 1"at
[tl>es,

it

= Bp J lap(t,1)|"dt

fti>e
= By "% ° on(t,1)1%at
= CBn un—ZS
= o(n™).

-2 -
Finally, Iip3 = J et s o(n™).
Itl>eB,

Hence,

Iyn = = C3{nBp > J 1ul’dF (u) +n ™ +nRq (By) +8, }.

ful=B,

Now we consider the estimation of I,.

From (3.2.11), we find, for fixed s,

Ion = J7IBp(t,1)1dt
-®

o B In -1 n-} -1 3
= _J I {j]ian(tBn LVITTIB(EB, L 1) 1At
=1
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n n ) -1 n-} -1 b]
= ¥ | -w' !%n(tBp ,1)IT7IR(LBL ,1)7dt
J=1

n/2 n-2s n

{T+ 7% + 1 }[’-“]

J=1 j=n/2+1 j=n-2s+1 J

]

-1 - -1
_Jlen (EBy 1) 1" (eBy L, 1) 1t

= J1{n)+Jp (n)+J3(n), say. ... (3.4.3)
Firstly let us consider Jq(n).

In/2] -1 - -1
Ji(n) = % [ﬂ S Tan(eBy 1) 1" IR (tBy L 1) Mdt
j=1

(n/21 © -1 ne
= % [n] Plag (tBy 1) 1™
i s

| {Bn(tBy 1)}~ {fcos (tuB, ) de (w) } 14t

ful>B,

n/2} |n o -1 n-§ -1 3
+ ¥ ool loen(€By 1) I77I{  Scos(tuBp )d®(u)}’Idt
3=1 J lul>B

= J11(n)+J15(n), say. ... (3.4.4)

We first consider Jqq(n).

Note that

{Bn(tBy?, 1)} -{ fcos(tuB,t)ds (u)}
Iul)Bn

= {B(tBp™t,1)-{ JScos(tuBnp1)dd(u)}l

|u]>Bn

3
| £ {B(tByt, 1) }’™{ J cos(tuBy™1)de (u)}*
k=1 lul>B,

= | [fcos(tuBp 1) d{F(u)-&(u)}l

|u|>Bn

J
| LB (B, VP © cos(tuBy ) de (u) )57
k=1 [ul >B,

because F is a symmetric d4.f. by [Al]
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b
< ¥ 18(tByt,1) 177"

k=1
| Feos(tuBy1)dd (uw) 17 fv(u)-¢(u) ldu
lul>B lul>B,

3
= T {PUX1l> By }™
k=1

-2-8 5 ul®div(u)-¢(u) ldu

iul)Bn

{(PUIXo!> Bp) }* By

8

1A

j [max{Ry (Bp) ,Ro (Bp) }177'BL*°__sIulz*8|v(u)-¢ (u) du

j [max{C1By %H(By),CoBy le-Ba2}10! B 7278 ¢y,

1A

j {cn™V B0 oy ...(3.4.5)

1A

for sufficiently large n.

The last but one inequality follows from the fact that

) -1/2_ -1 _-x2/2

1-d(x)= (2m X e , X> 0, and assumption [A3].

We use (3.4.5) now to estimate Jij(n) as follows:

[ 1 o0 - n-
Ji1ln) = % {ﬂ_mf lag (£B,™, 1) 1™
J=1

[{Bn(tBy ', 1) }'-{ JScos(tuB, ') de(uw) }idt

lul>B
= " 30 {5 (e ) B0 o)
J=1
e (BT, 1) 1M At
s o8y " @50 5 {ognt)
=1
-mfmian(tBn_l.l)szdt
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-2-0 {n/2

] - - ]

s CnBp ¥ 4 {ncyn P/ (51 1}

3=1

Bn -mfwla(mQ](t'Bn/Bkvzﬂ rvadt’
using (3.3.18)
2.8 [n/2]) - , ,

= nBy, 2% Y {{c1)/(5-1) 1} c, using (3.3.15)

)=t

1A

Can'z'a3 e“?

c nB, 2%, ... (3.4.6)

]

On the other hand,

J12 (n)
[n/21 n o -1 n-j
j=1
[{ J cos(tuBy, H)d®(u)}i'dt
lu|>Bn
[n/21}

1A

¥ @/in_ Slan(eBy ) 1" {P(IXl> Bp) }dt,
J=1
since Xo~%.

nR, (B _)
s (e ° "-1) By _ "1z (£,By/Brom) 1™5dE,

using (3.3.18)

1A

CnRy (Bp) , using (3.3.15)

1A

2
72, for sufficiently large n. ... (3.4.7)

1A

CnBp lePr
And, therefore, (3.4.4), (3.4.6) and (3.4.7) together

imply that
J1(n) = J737(n)+Jq2(n)

B 2/2

n

o anﬁya+C2 nBy 'e”

1A

o anfbﬁ, for sufficiently large n. ...{3.4.8)

A
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Next we estimate Jy(n). In view of (3.3.16), we find, for

sufficiently large but fixed s, that

Jp (n)

i

"5 [ﬂ e (6B, 1) 1™ gy (kB 1) Pae
3= [nr2141

bl {ﬂ _Slan (B 1 1M {P(1X1 1> Bp) Pat
3= [n/2141

iA

A

-2
pIX |>B)n/z+1 noges n
1 n

T o Plag (eByh, 1) 1M de
j=lovzinn J) 7%

A

n~2
{PIX11> By }™* B, : [n] e (e, 1) 1%6e
1=[ns21+1 ]

A

{PI1X11> By) }¥** By C 2", using (3.3.16)

CBhRy (Bp) [4R; (Bp)1™?

iA

C BpR; (Bp) [4C1Bp 2H(BL) 172, using (3.2.4)

in

C BpR; (By) [4C1/n1™2, using (3.2.5) for large n

fA

o(nRy (Bp) ). ...(3.4.9)

Finally, we estimate Jz(n). Using (3.3.17), for

sufficiently large but fixed s, we find that

J3m)=  § H g (eBy 7, 1) 1M (BT, 1) Hae
J=n-2s+1 ]
= 3 [n] A lan (£Br 7, 1) 1%18n (BT, 1) 17 A
J=n-2s+1 J
= ¥ @@ {PUXl> By} By
J=n-2s+1
_JST1Bn (e, 1) 1%de
=CBp ¥ (0™ (n-9) 1) {P(IXql> By}
j=n-2s+1
= C By n® { P(I1X11> Bp) }"™**" (n-n+2s-1)
25-1

A

C By n®' {C1BnH(BL) }**°*, using (3.2.4)
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s C Bp n25-1-(n~4s+1) {ClannzH(Bn) }n—4s+1
s ¢ n™*%p ]!, using (3.2.5)
s 0(nB, %) . ... (3.4.10)

This fact can be sen by considering the logarithm of the
expressions. Combining the results of (3.4.3), (3.4.8),
(3.4.9) and {3.4.10), we obtain, for sufficiently large

n,
Iy = J1(n)+J3(n)+J3(n)

3

A

cinBp 2% 4 CynR; (Bp) +C3nB,

1A

cinB 4% + ConRy (By) . ...(3.4.11)

Therefore, (3.4.1), (3.4.2) and (3.4.11) prove the

theorem.n

Proof of Theorem 3,1,.2:

Observe that
(1+1xl) = 2 max(Ix], 1). ... (3.4.12)
In view of Theorem 3.1.1 above,

1B, G0 Ty gy )

A

SUP | 1o A (x)

= Sup-—w<x<m A“(x)
0 -3 3 ~-2-8
= O{nBp i iJ' [ul”dF (u) +nBp © ~ +nRq (Bp) +9n}. ... (3.4.13)
u| =B,

Thus to prove the theorem, it is enough to show that
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1x1Ba_(x) I (%)

®: |x|>1}
-4 4 -3 3
= C{nBp i) u dF(u) + nBp J lul”dF (u)
lul=]x|B, lut=|xlBy
+nq+!xtBanf&6+lxanRl(Bn)+0n} ...(3.4.14)

for large n, 0< B< 2 and under the assumptions [Al]-[A5].

From (3.2.13)-{(3.2.15),
vpi{x) = ap(x,x) + bp(x,x). ...(3.4.15)

Thus, the proof of the theorem will be complete once we

prove, for sufficiently large n,

118 1an (x, %) -6 (x) | T talor} (%)

= ¢{nBy™ § u'dF(w) + mBp 5 lulPdF(u)
ful=]x|B, lul={x|B,
-1 -2-3
+ n  + nRy(Bp) + nBp ° + Op} ...(3.4.16)
and
1x1®1by (x,%) 1T ()
nasy {x: 1x1>1}
= c11x1®nB, 2% cyixiPary (B . .. (3.4.17)
Now for ixl|> 1,
B i
IxI% lap (x,x) -¢ (x) |
= 1x|B2 x*lag (x,%) - (x) |
-1 B-—Z
= (2m) 1|x]| {I1n(x) + Igp(x) + Iap(x)} ...{3.4.18)

using integration by parts and the fact that [Aqn(t,x)|

(1)
and |Ajph{t,x)| tend to 0 as [t| -» «. Here
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Iin(x) = & 18,%w,x-8? ()14t ... (3.4.19)
It|=es,

Ion(x) = & 18, (t,x)1at ... (3.4.20)
fti>en,

Isp(x) = 5 IN®(o)iac ... (3.4.21)
fel>eB

€> 0 being same as in Lemma 3.3.2.
Using the Lemma 3.3.7, for 28i< 2-B and large n (87 is as

in Lemma {3.3.11)), we find that,

%1811 ()
< ¢{nBy " J u*dF(u) + nBR™ [ lulaF (u)
lul=lxlB, lul=lxiB,
+ 0" + nRy(Bp) + dpt. ...(3.4.22)

Using the results of the Lemma 3.3.4 and 3.3.8, we find

that

(2)

Ion(x) = oA,

Jtl>eB,

(t,x)ldt

= J InBy ' {(n-1) {ay(tBy ", x) }"2
tl>eB,

(§8) -1

{an? (tBL ™, %) } 2By

+{og (6B, %) P g ® (e x) }BL M} A

= 0B T lap (8B ) P P la M (eBy 7Y, %) 1Pdt
fti>es, .
+ nBy > I lap(tBy 7, x) 1" Map®

(tB,™, x) ldt
lel>e8,
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A

IA

2, -2
n Bp

I lap By, x) M2{EIX, 1) %dt

lti>eB,

-2
nBp

el

¢ nB,”"

Folap(tBy ) " clxi®m Y at,
>EB,

using (3.3.12)

I lag (t,x) 1°7?dt
lt|>¢e

wixt®mB B, f lag (t,x) P at

1A

A

1A

A

because nBp “H(Bp)u"

¢ n’B,"

[tl>e

un—z + Clx1231 Bn-l u

n-1

and (3.3.14)

(Cln?Bnau”4+C2Ixf%ﬁBnqund), because 287< 2-8

clxi? By

c1x1 2By

Thus,

Ix

|B-2

Ion(x) = coBy™ 1

nZBn'-l un'-2+ Bﬂ‘lun—l}
nZBn—lun—Z} ,

1 -1 n-2
).

= o(n®By 'y

n-2

for sufficiently large n.

Finally,

I3n(x) =

It

J e
Itl>eB,
2 e

€8,

(2)

I IN

[t]>eB,

(t) lat

32
Y212 74t

-t
Y2 (¢2-1)ac

2 J® 3 [—te-tz/zl

EB,

2eBp e

2
-(eB) /2
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or equivalently,

2
-(€B) /2 ...(3.4.24)

1x1B215, (x)s OBy e
Now {(3.4.16) follows from (3.4.18), (3.4.22), (3.4.23),
and (3.4.24).

Next we establish (3.4.17).
Note that

bp (x,x) |

| (2m)=1 __J¥ Bp(t,x)ettxdt:

1A

1By (t,x) ldt

n
00

AL [‘;} leey (EBR ™, ) 177018, (8B, %) Hdt
j=1

1A

i

T [;‘] S lan (B, %) 1" Bn (BT %) at
j=1

[nr2] n-2s n n
fTe T 1]

J=1 J=In/2i+1 j=n-2s+1 J

i

lan (6B %) 1M 1B (eBL T, x) de
= J1(n,x) + Jy(n,x) + J3(n,x), say. ...(3.4.25)
Consider Jq (n,x).

{n/2]
Ji(n,x) = ¥ [?1 _dﬁﬁan(tBnd,x)VF”Bn(tBnﬂ,x)Hdt
3=1
[nr2] n © -1 _
= Z (]} —Cﬂf lan(tBn lx)lnj

=1
{1{Bn(tBy !, %)}’ g §J‘cl:os (tuBp M) d®(u) }’1 }at
uj > xan
[ns2}

+ ¥ [r}]_mf”;an(tsn",x) P reos(tuBy ) ds (w) }lat
=1 U lal>|x 18

= J11(n,x) + J12(n,x), say. ...{3.4.26)

We first consider Jy1(n,x).
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Observe that, by assumption [Al]

1{Bn(tBy ™, %)} - { Jcos(tuBy™)ds (w) }'
lul>Ixl8,

I8n (tBy ', x) -  fcos(tuBy ')dé(u) |
lui) i X ‘ B“

J —
[T {Bn(tBy ™" x) 1™ { Jeos (tuBy ™) dd (u) }*7
k=1 iu!>|x|Bn

il

|  Sfcos (tuBn’l) d{F(u)-&(u) }|
lul>lxlB,

b
! Z{Bn(tBn'l,x) H™* Icos(tuBn'l}dQ (w }*
k=1 lul>ixiB,

3
= T 1B (tBy L, x) "™ | Jeos(tuBy™)d@ (u) |7
k=1 |u|>l:t(]l3n

Jliv(u) ~¢(u) Idu

lul)lxIBn

3
£ {R1 (IXIBp) ™ {Ro (1XIBy) }* "By

k=1

-2-8

1A

Ix|

Tui*® v u) -¢ (u) 1du
lul>lx 18,

-2-8, ,-2-8

1A

j [max{Ry (IxIBp) , {Ro (1XIBy) }177'B,

L3 iz v (u) ¢ (w) du

IA

3 [max{Cq11x17®By H (1xIBp) , Colx17' By e-Ba?/2} 177

CylxI 2 %p, 20 .. (3.4.27)

the last inequality following from assumption [A3].
We use inequality (3.4.27) now to estimate J33(n,x) as

follows:
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in/2}

Ji1(n,x) = ¥ B}_mfmlan(tBn'l,x)l"'J

J=1

1{Bn(tBy ,x)}-{ F  cos(tuBy,™")de(u)}’ldt
lu|>!x‘Bn
[n/2}

= c31x12%, %% v (ni/in
3=1

{j max {C11x1By 2H (IxIBp), Cylxl By e ™ 7?}177)

e (BT, x) 1M
-2-8

< Cglx1"%nBy

{n[max{C1By 2H (By) , CoBy te B2} 1 1Y/ ((5-1) 1)

I ~8

3=1
using (3.3.15), and this, in view of (3.2.5), becomes

= ¢ Ix|™ %, . (3.4.28)

for large n.

On the other hand,

J12(n,x)
{n/2]1 n ® -1 n-j
©E [
I{ &  cos{tuB, ™) d®(u)}’at
ful>{x|B,
[n/2])

A

L (@/3n_ITleg(eBy 7, x) 1" R (1x1By) }at
i1=1

A

nRgo (1x1IBp) 2 (nRg (1x1By) ) 7/ (5-1) 1)
j=1

S lan (BT, x) 1™ de

o (By)

nR
nRs (1xiBp)e C,

iA

using (3.3.18) and the fact that Rg(IxIBp)= Ro(Bp).
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_y —x°BZ/2
Cn(Cy1ixIBp) e )

A

2
because nRy(Bp) » 0 and 1-8(x)= (ZHXqu/%{X/Z, x= 0

_ -y -BZ72
Cixl™ By e ™. ... (3.4.29)

Hence, (3.4.26), (3.4.28) and (3.4.29) together imply
that

Jy(n,x) = J11(n,x) + J12(n,x)

5. -2-8 -BZs2

< CynBy x| + Cplx|™nBy e

- oo .4 -B272
ix171(cinB, 2% + conByle M)

-] ~2-3

cyixi™ nB, ™

[

))

+ o{nBp

Cllxlannﬁbs, for sufficiently large n. ... (3.4.30)

W

Next we estimate Jp(n,x). In view of (3.3.16), we find
that

Jop (n, x)

L]

n-2s
)[: {g‘] LS an (B, x) 1" 1gp (BT, x) Hat
j=lnr2l+1

n-2s
T m Tl (£By ™, x) 1#dt {Rq (1xIBp) }
j=In/2)+1

n-2s
{Ry IxIBy) }¥*' By T Il (%) 1%d
s=tnvzist 3) 7

A

A

1A

n-2s
R1 (1x1Bp) {Rl(lxan) }Mz Bh X {n} c
J=ins2]+1 J

A

CBpRjy (IxIBp) {4 Ry (IxIBp) )™

n/2

1A

Cq BpRy (IXIBy) [ 4Cox By °H(IxIB,)1™?, using (3.2.4)

CBuR1 (Bp) {4C5/n}™?,

i)

using (3.2.5) and the fact that H is slowly varying

= o(nRy (Bp)). ... (3.4.31)

83



Finally, we estimate J3(n,x). Using (3.3.17), we find,

for sufficiently large but fixed s, that

J3(n,x) = ¥ [n} I lag (6B, x) 1718, (£BL ™, %) 1P
jen-2s41 ) ¢

n - - -
s 7 [n] S lan (£B 7, x) 1%18, (B, %) 17 e
J=n-2s+1 J

§ ™ (n-9) 0 {PUXLI> IxIBy) }=
J=n-2s+1

1A

Bn_J"18n(t,x) 17dt

1A

Bn i (0" (n-9) 1) {P(IXq 1> IxiBg) 1™ ¢
J=n-2s+1

IA

2s~1 {

CBn**  {P (I1X11> IxIBp) }* ! (n-n+2s-1)

A

CBHHZs-l { P ( (xl } > Bn) }n—4s+l

CBp n™ ' {C1By PH(By) }* ™!  using (3.2.4)

tA

2s~1={n~4s+1)

1A

CBy n {CinB,H (By) } 74

-2-8

It

o (nBp ). ...(3.4.32)

This fact can be sen by considering the logarithm of the
expressions. Combining the results at (3.4.25), (3.4.30),
(3.4.31) and (3.4.32), we obtain,

1x181bp (x, %) | I heloi} (0

IA

!XIB {TJ1(n,x) + Jy(n,x) + J3(n,x)}

3

1A

Clixquan“z'a + CzixanRl (Bp) + C3}xanBn'2"

8

< clcxlﬁnan”z” + CzlxanRl(Bn)

which proves (3.4.17). This completes the proof of the

theorem.no
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CONCLUDING REMARKS:

In this chapter we have obtained uniform rates of
convergence and non-uniform bounds in the local limit
theorem when the limit law is normal. In Chapter 4 we
shall assume the limit law to be a non-normal and non-
Cauchy stable law and obtain uniform rate of convergence
type results. It should be noted that we do not assume
the 4d.f. of summands to be in the domain of normal
attraction and hence uniform rate type results only are

proved.
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