
CHAPTER 3
RATES OF CONVERGENCE IN LOCAL LIMIT THEOREM: 

DOMAIN OF NON-NORMAL ATTRACTION OF THE STANDARD NORMAL
LAW CASE

3.1 INTRODUCTION:
Let |Xn} be a sequence of independent r.v.s each

having a common d.f. F. Suppose that F belongs to the 
domain of non-normal attraction of the standard normal 
law $. Thus, there exist real sequences {An} and {Bn, Bn> 
0} such that Zn = (Sn-An) /Bn converges in law to the

standard normal r.v. It is well known that An may be 
taken as nECX^) and Bn is of the form Bn = n1/2L (n) , 

where L(n) varies slowly at infinity in the sense of 
Karamata, and L(n) -» 00 as n « (see: Feller (1971)) .

It is known that (e.g. Gnedenko and Kolmogorov 
(1954, p.227) and Obragimov and Linnik (1971, p.126)) for
large n, Zn has a p.d.f. vn for which, as n -» 00,

An(x) = |vn(x)-0(x)| = o(l) ...(3.1.1)

uniformly in x iff the c.f. f of r.v. X^_ is such that for 
some integer rfc 1,

X“|f (t) |rdt < co, ... (3.1.2)
-CO

0(x) being the standard normal p.d.f. In this connection, 
we may note that the conditions quoted in Gnedenko and 
Kolmogorov(1954) and Obragimov and Linnik (1971) in place
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of (3.1.2) above are equivalent to the later. This is a 
direct consequence of Theorem 96 in Titchmarsh (1937, 
p.96) .

Smith (1953) and later Smith and !Basu(1974) showed 
that in the case of EX^ < m or equivalently if L(n) is 

constant, actually one can go a step further to show that

sup e (l+|x|)PAn(x) =o(l) ...(3.1.3)
X C n

for every fi* 2 iff (3.1.2) holds. In the following 
theorem, we find that dropping of the assumption of 
finiteness of EXi2 reflects correspondingly in the non- 

uniform rate of convergence of An(x) to zero.

Basu’s Theorem: (1984, Metrika)
Let {Xn} be a sequence of independent r. v. s each having

an absolutely continuous d.f. F and c.f. f. Suppose that
2EX^ =co. if F belongs to the domain of attraction of $, 

then for every 2,
sup (l+|x| )^An(x) = o(l) as n « iff (3.1.2) holds.

In this chapter, we obtain the uniform rate of 
convergence and non-uniform bound for An(x) in (3.1.1). 
We state below the main results of this chapter.
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Theorem 3.1.1: Under the assumptions [A1]-[A5] and

notations stated in the Section 3. 2 below,

3UK s . An(x)

= nBn 3 I lu|3dP (u) + nBn'2'{ + nRi (Bn) t
|u|<Bn

where = InB^H(Bn)-11 .

Theorem 3.1.2: Under the assumptions [A1]-[A5] and

notations stated in the Section 3. 2 below,
An(x) s ca+lxl)"*3

•|nBn~4 J u4dF{u) + nBn"3 f |ul3dF(u)
|u|=S|x*|Bn | u | S | x* | Bn

+ n-1+ |x*|^nBn-2"5 + |x*l^nR1(Bn) + i>n}-

for sufficiently large n and 0<(3<2 where 
— 2 *|nBn H (Bn)-1| and x = max(|x|, 1).

Remark 3. 1. 1: The existence of the terms g -2-5 and
R1(Bn) in both the theorems mentioned above is
inevitable. This is so because in some situations the
first term dominates the second term whereas in the other 

situations second term dominates the first one.

We prove the Theorems 3.1.1 and 3.1.2 in the Section 
3.4. The notations and assumptions are introduced in 
Section 3.2. In Section 3.3, we prove some Lemmas which 
will be useful in Section 3.4. Some of these lemmas are 
also of independent interest.
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3.2 NOTATIONS AND ASSUMPTIONS:
Suppose r.v. XG has d.f. $ and r.v. has d.f. F.

Without loss of generality, we assume that EX^ = 0 so 
that An = 0. Thus under our assumptions, for all t,

lim ^ {f {tBn_1) }" = exp{ -t2/2} s N (t) . ...(3.2.1)

Let Rfc(z) = P(|Xkl> z) , k = 0, 1 (3.2.2)

and

H(z) = JZu2dF(u) . ... (3.2.3)
“ z

Since F belongs to the domain of non-normal attraction of 
$, H(z) varies slowly at infinity. Further,

Rl (z) = o ( z-2H (z)) as z 4 oo ...(3.2.4)

and

lim„ „ nBn“2H(Bn) =1. ...(3.2.5)

Now, since H is slowly varying, for large z, 

l°°u”2H(u)du ~ H(z) l“u"2du = z-1H(z). ...(3.2.6)
Z z
In fact, (3.2.6) is a direct consequence of Proposition 
1.5.10 of Bingham et al.(1987, p.27). Using (3.2.4), we 
observe that

J* luldF(u) = -AidR^Ju)
|u|>Bn Bn

= BnR1(Bn) + /^{ujdu,
Bn

by performing integration by parts

£ BnRi (Bn) +C j”u’2H(u) du,
B.
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* BnC!Bn"2H (Bn) + CBn_1H (Bn5 

= CBn_1H (Bn) ,

for some C and all large n, so that 

S Iu| dP (u) = 0(Bn_1 H(Bn) ) .
|u|>B„
For each integer n and real x, we define 

an(t,x) = J1 eltudF(u),
| u | s | x | B„

£n(t,x) = f{t) - an(t,x),

An(t,x) = {an (tBn-1,x) }n,

(3.2.7)

. (3.2.8)

. (3.2.9) 

(3.2.10)

Bn(t,x)

n= I
j=i

nj
V.

(3.2.11)

so that

{f(tBn_1)}n = An(t,x) + Bn(t,x) . ... (3.2.12)

We define a few absolutely convergent

integrals.

inversion

vn(u) = (2ti) ~1_ajJ'<D{f (tBn-1) }ne_ltudt, ... (3.2.13)

an(u,x) = (2rr) "1_mJra{An (t,x) } e"ltudt, ... (3.2.14)

bn(u,x) = (27i)‘1_ajX“{Bn(t/x) } e-Uudt

for each integer n and reals u and x.

. . . (3.2.15)
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For any given 0< X< 2, we write
f

Px(t)
|tfX ... if |t|t 1 
111 * . . . if 0^ 11|s l

V.
Note that Px(t)s 1 for all t.

(3.2.16)

Let E = {(t, n, x) : |t|s eBn, |x|a 1, n^ nQ}, where c 
will be as same in Lemma 3.3.2 of Section 3.3, and nQ is 

a very large positive constant.

We now make the following assumptions:

[Al] The d.f. F is symmetric* and absolutely continuous. 

*Remark 3.2.1: By symmetric d.f. we mean a d.f. F such 

that l-F(x) = F(-x) for all x> 0.)

[A2] There exists an integer ra 1 such that 
X°°|f (t) |rdt< oo.

— CO

[A3] _coX°°|u|2+^ I v (u) -0 (u) |du< oo for some 0< 5^ 1; v(u) 

being the p.d.f. corresponding to the d.f. F.

[A4] The d.f.F belongs to the domain of non-normal 

attraction of the standard normal law $.

[A5] nBn-3 J |u|3dF(u) -4 0 as n -4 oo.

|u|s|x|Bn
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3.3 PRELIMINARY RESULTS:
We shall need the following lemmas.

Lemma 3.3.1: Under the assumptions [Al] and [A4], there 

exist positive constants e, K< 1 and c such that for for 

all t with It Is eBn and all large n,

Remark 3.3.1: The proof of this lemma follows along the 

lines of Dbragimov and Linnik (1971, p.123).

Lemma 3.3.2: Under the assumptions [Al] and [A4], there 

exist constants e, A< 1, c and C such that for all' (t, n, 

x) e E, we have

]An(t,x) \s Cexp(-ct2P^(t)}. ...(3.3.2)

Proof: We recall that in order that a symmetric d.f. F(x) 

with c.f. f(t) belongs to the domain of attraction of the 

normal law it is necessary (and sufficient) that in the 

neighbourhood of origin,

log f(t) = - (1/2)t2Ei(t) , for |t|s e ...(3.3.3)

where fii(t) is a positive, slowly varying function as t ->
*

0 (see: Bbragimov and Linnik (1971, Theorem 2.6.5,
p.85)). We, first, obtain an upper bound on {fftBn"1)}"*1 

and use it later in this proof.

|f(tBn-1)|ns exp(-ct2Px (t)) . . . . (3.3.1)
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Note that using (3.3.3),

f(tBn_1) = exp-(-(l/2)t2Bn'2fi1(tBn"1) ...(3.3.4)

for all t with |t|s eBn.
Therefore, 0< f(tBn-1)s 1 for all t with |t|s eBn. 

Consider

log f (tBn-1)

= log [1+f (tBn-1)-1]

= (f (tBn-1) -1) - (0/2) (f (tBn-1) -1)2, ... 101 < 2 .

Hence -1-Q/2S log f(tBn_1)s 0 

or -2s log f(tBn-1)s o

or exp(-2)s f(tBn“1)s 1

or is {f (tBn_1) }~1s exp (2), for It is eBn.

Now, we have from Lemma 3.3.1, for |t|s eBn and 
n r -\IAn(t, x) | {f (tB^1) }n_J{~Pn (tBn-1,x) }JI

nEJ=0 {f (tBn_1) }n{f (tBn-1}--1 I {-0n (tBn-1, x) } |J

s E (nJ/j !)e~ct P*(t)e2J {Ri(Bn)}J,j=0

...(3.3.5) 

|X|2= 1,

using (3.3.5) and the fact that Ri_(ix|Bn)s R1 (Bn) .

< e"ct2p^(t> E (ne2{R1(Bn) })J/j !
j=0

s Ce-ct2p^(U.

52



Note that the last inequality follows from the fact that 
nRi(Bn5 -> 0 as n -> oo as a consequence of (3.2.4) and 
(3.2.5) .□

Next,for every integer n,define 

dn(t,x)

- n-{ an (tBn-1, x) -exp{ - (t2/2) Bn~2H (Bn) } }■, ...(3.3.6)

Sn(t,x)

= n1] t {an(tBn-1,x) }n'kexp{-(t2/2)Bn"2H(Bn) (k-1) } J-.
k=l

. . . (3.3.7)

Properties of the function dn(t,x)
Lemma 3.3.3: Under the assumptions of Lemma 3.3.2, for
all values of t and x with Ixl^ 1, we have

(i) n_1|dn(t,x) |

£ Px (111) ■{ Bn~4 S u4dF (u) + Bn"3 S Iu|3dF(u)
I oi | £ | x 1 Bn | u | £ | x | Bn

+ n~2 + Ri(Bn) }■, ... (3.3.8)

(ii) n-1 |dn(1) (t,x) |

£ P2 (11!) -j Bn~3 J |u|3dF (u) + n"2)-, ...(3.3.9)
I u 1 — I x | Bn

(iii) n-1ldn(2) (t,x) |

£ P3 (111) -|Bn-4 X u4dF(u) + Bn~3 £ |ul3dF(u)
| u | £ | X I Bn I u 1 £ | x | Bn

+ n"2}-. ...(3.3.10)
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Proof; (i) Note that in view of assumption [Al] and 

(3.2.8),

n-1|dn(t,x)I = |an(tBn-1,x)-exp{-(t2/2)Bn_2H(Bn) } I 

= I X cos (tuBn_1)dF(u)-exp{-(t2/2)Bn“2H(Bn) } |
I u I s | x | Bn

= I X (cos (tuBn-1)-1+(t2u2Bn~2/2) ) dF (u)
I«I — I x | Bn

+ X dF (u) - (t2Bn"2/2) X u2dF(u)
|u|s|x|Bn |u|S|x|Bn

- -{exp{ - (t2/2) Bn”2H (Bn) } -1+ (t2Bn-2H (Bn) /2) \

- 1 +(t2Bn"2H(Bn)/2) I

= I X (cos (tuBn_1)-1+(t2u2Bn_2/2) ) dF (u)
| u i — S x | Bn

+ 1 - RX (I x 1 Bn) - t2Bn_2H ( | x | Bn) /2 

-|exp{- (t2/2)Bn"2H(Bn) }-l+{t2Bn“2H(Bn)/2) \

- 1 + t2Bn"2H(Bn)/2j

= I X (cos (tuBn-1)-1+(t2u2Bn'2/2) )dF(u)
I u | S i x I Bn

- (t2Bn'2/2) {H(|x|Bn)-H(Bn) }- R]_ ( |x|Bn)

- -jexp{- (t2/2)Bn~2H(Bn) }-l+(t2Bn'2H(Bn) /2) J-1 

s X Icos (tuBn_1)-l+(t2u2Bn_2/2) IdF(u)
| u | £ | X | Bn

+ (t2Bn'2/2) {H(|x|Bn) -H(Bn) }+ Rx(Bn) + (t2Bn~2H (Bn)/2) 2
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a X (t4u4Bn-4/2) dF (uj + (t2Bn_3/2) X |u|3dF(u)
| u i S | x i Bn | u | SIX | Bn

+ (t4Bn"4H2(Bn)/85 + Ri(Bn),
since Os cos (x)-l-x2/2s x4/2 for all x.

s (t4Bn"4/2) X u4dF(u) + (t2Bn'3/2) X |u|3dF(u)
iu|S|x|Bn |u|a|x|B„

+ (t4Bn"4H2(Bn}/8) + Rx (Bn)

£ Pi (i t|)-|Bn~4 X u4dF{u) + Bn~3 X |u|3dF(u)
|u|s|x|Bn |u|a|x|Bn

+ n~2 + Ri(Bn)}-, using {3.2.5).

This proves (3.3.8). Note that second term in the 
inequality preceding the last one is derived as follows: 
(t2/2)Bn"2{H(|x|Bn) -H(Bn) }
= (t2/2)Bn-2 X u2dF(u)

Bn<|u|s|xlBn
S (t2/2)Bn-3 x |u|3dF(u)

Bn< | u | S | x | Bn
a {t2/2) Bn-3 X IuI3dF(u).

IUI a IX | Bn

Now to prove (ii), consider 

n_1 ldn(1) (t,x) |

= | (d/dt) {an(tBn-1,x) - exp{-(t2/2)Bn'2H{Bn) }} |

= | (d/dt) { X cos (tuBn_i) dF (u)
| u | s I X I Bn

-exp{- (t2/2)Bn'2H(Bn) }} |

~ l”Bn_1 J* u sin (tuBn_1) dF (u)
I u | s | x | Bn

+ tBn"2H(Bn)exp{-(t2/2)Bn'2H(Bn) } | , because of DCT
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= I -Bn_1 X u(sin (tuBn_1)-tuBn-t) dF (u)
U1*U|b„

- tBn~2 X u2dF(u)
I u I — | x | Bn

+ tBn~2H (Bn) -{ exp{ - (t2/2) Bn”2H (Bn) } -1 ^ + tBn'2H (Bn) I 

5 Bn_1 «T lull sin (tuBn_1) - tuBn-1 IdF (u)
I u | s | x | B„

+ |t|Bn'2{H(|x|Bn) - H (Bn) } + (|t|3/2) (Bn"2H(Bn) )2 

-Bn_1 X lu| t2u2Bn~2dF (u) + 111 Bn X |u|3dF(u)
1 u | £ | x 1 Bn I u | £ 1X | Bn

+ (It |3/2) Bn"4H2 (Bn) , because I sin (x) -x|s x2for x^ 0. 

t2Bn"3 X lu|3dF(u) + 111Bn~3 X |u|3dF (u)
| u | — |x | Bn I uj — | x | Bn

+ (1113/2) (Bn_2H(Bn) )2

i P2!lt|)]Bn‘3 x |ul3dF(u) + n'2}-, using (3.2.5).
| u I ^ | X | Bn

This proves (3.3.9).

(iii) Finally, we consider 

n_1|dn(2) (t,x) |

= | (d/dt) dn(1! (t,x) |

= I (d/dt) •{ -Bn_1 X u sin (tuBn-1) dF (u)
|u|i|x|Bn

+ tBn"2H(Bn)exp{- (t2/2)Bn"2H(Bn) } |
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= |-Bn-2 X u2cos (tuBn_1) dF (u)
|u|s|x|Bn

+ Bn"2H(Bn)exp{-(t2/2)Bn‘2H{Bn) }

- (tBn“2H(Bn) )2exp{-(t2/2 5Bn"2H(Bn) } I, because of DCT
\

~ i-Bn’2 X u2(cos (tuBn_i)-l)dF(u)
I u | s | x | Bn

-Bn~2 X u2dF (u)
I “ I — I x | Bn

+ Bn"2H(Bn)^exp{- (t2/2)Bn“2H(Bn) }-l}- + Bn“2H(Bn)

- (tBn'2H(Bn) )2exp{-(t2/2)Bn"2H(Bn) }!

- Bn_2 J- u2]cos (tuBn-1)-l|dF(u)
I u I ^ I x | Bn

+ Bn'2{H(|x|Bn) -H(Bn) }

+ Bn'2H(Bn) | exp{ - (t2/2) Bn_2H (Bn) } -11 

+ (tBn"2H(Bn) )2exp{- (t2/2)Bn"2H(Bn) } 

s Bn"4t2 X u4dF(u) + Bn~3 X |u|3dF(u)
| u | S I X I Bn | u | s | x | Bn

+ (t2/2) Bn"4H2 (Bn) + t2Bn"4H2 (Bn) , because Icos (x)-l|s x2. 

£ t2Bn"4 X u4dF (u) + Bn-3 X |u|3dF (u)
I u | £ | x | Bn j u | S | x | Bn

+ (3t2/2)Bn_4H2(Bn)

£ P3 (|t|)-|Bn“4 X u4dF(u)
| u | £ I x | Bn

+ Bn-3 X |u|3dF(u) + n~2|-, using (3.2.5).
I u | s | x | Bn
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This proves (3.3.10) .□

Before we prove the next lemma, we discuss analogs 

of Potter-type bounds on the slowly varying function H(z) 

defined at (3.2.3) using the Karamata indices. This 

discussion is based on Theorem 2.1.1 and Proposition 

2.2.3 of Section 2.1 of Bingham et al.(1987, p.66).

Definition 3.3.1: Let h(.) be positive. Its Upper 
Karamata Index c (h) is the infimum of those p for which, 
h(Ax)/h(x)s {l+o (1) }AP (x -> oo) , uniformly in is As A< a>.

Its Lower Karamata Index d(h) is the supremum of those q 

for which,
h(Ax)/h(x)2; {l+o(l) }Aq (x -» ») , uniformly in Is As A< <». 

(Here inf 0 = +», sup 0 = -«).

We notice that as a consequence of Karamata Indices 

Theorem (Theorem 2.1.1 of Bingham et al. (1987)) a

positive measurable function h is slowly varying iff c(h) 

= d(h) =0. In the light of this, Proposition 2.2.3 of 

Bingham at el. (1987, p.73) becomes: Let h be a slowly

varying function. Then for every 5j> 0 and A> 1 there 

exists X = X(A,61) such that
h(y)/h(x) s A(y/x)Sl (y* x* X).

Recall that the function H(z) defined at (3.2.3) is a 

slowly varying function at infinity, and hence applying 

upper bound type result for H(z) we observe that for 

every 6X> 0,
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. . . {3.3.11)H(|x|Bn)s A|x|5lH(Bn)

for all x with |x|2 1 and all large n.

Properties of the function an(t,x)
Lemma 3.3.4: Under the assumptions of Lemma 3.3.2, for
each fixed n and x, an(tBn-1,x) is differentiable any 

number of times under the integral sign. For all values 
of t and all x with |x|s 1,
(i) |an(13 (tBn_1,x) N ElXil, . . . (3.3.12)

(ii) iocn(1) (tBn'l.x) |s |x|5lP(|t|)Bn"2H(Bn) , ...(3.3.13)

(iii) |an(2) (tBn~\x) C|x|5lBn"2H(Bn) . . . . (3.3.14)

(iv) If, additionally, we assume [A2] then, for all x *
0, sufficiently large but fixed integer s, there exists a
constant C such that
X°°lan(t,x) |ndt = OfBn"1),

-00
...(3.3.15)

i“|an(t,x) |2sdts C,
-CO

...(3.3.16)
Xe°lpn(t,x) |2sdts C,

-CO
...(3.3.17)

(v) |an(t,x) |radt = |am{t,x(Bn/Bm)) |m, ...(3.3.18)
where x * 0, m is a function of n and ms n.
Proof: Inequality (3.3.12) is obvious. Using DCT and the 
fact that EX]_ = 0, we find that
|an(1) (tBn-1,x) I = |i Bn-1 J uelt5lB" dF(u)|

I u I — I x I Bn
= IBn 1 X u(eltuB" -l)dF{u) + Bn-1 X udF(u)|

I u| — |x|Bn |u|s|x|Bn

=5 Bn-2111 X u2dF (u) + Bn_1 x |u|dF (u)
|u|s|x|Bn Iu|> | x | Bn
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= 11 |Bn~2H (|x|Bn) +Bn-10 (|xi-1Bn_1H {|x|Bn) ) , using (3.2.7)

= |t|Bn"2C|x|5lH(Bn) + CBn"2|x|6lH(Bn) , using (3.3.11)

* P (It |) |x|5lBn"2H(Bn)

s P (111) |x|5ln-1, using (3.2.5).

This proves (3.3.13).
To prove (3.3.14) we proceed as follows:

|an(2) (tBn-1, x) I

« l(i Bn_1)2 S ueituB^dF(u)\
I u I S | x I Bn

- Bn~2 J* u2 dF (u)
I u I £ IX | Bn

= Bn"2H(|x|Bn)

^ C|x|5lBn"2H(Bn) , using (3.3.11) 

s Clxl^n-1, for all t, using (3.2.5).

Equations (3.3.15), (3.3.16) and (3.3.17) are proved on
lines similar to those in Basu et al. (1980, (3.3) -
(3.5) ) .
To prove (3.3.18), observe that, from (3.2.8), 
an(t,x) = J eitudF(u) .

|u|sjx|Bn

Hence,
|<%(t,x)|m = I X eltudF(u)|m

I u | £ | x (Bn
= | X eitudF (u) |ra

|u|S|x|Bm<Bn/Bm)
= |am(t,x(Bn/Bm) ) |“.o
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Denote, for r = 0, 1, 2,
En(r)
- Y{«n(tBn 1,X) }^->'e-Ct2/2)Bn-2H(Bn,(1c-l) 

k=l
and
Fn(r)

nfrl/v H--D -1 ,n-k-r -(t2/2)B -2H(Bn)(k-l)= I lan'tBn >x>I e n
k=l

Lemma 3.3.5: Under the assumptions of Lemma 3.3.2 
exists constants and c such that, for all {t,
E, we have
Fn (q) - Cxne ct Px<t! for q = 0, 1, 2. 

Proof: Consider Fn{q5
- YI an (tBn_1, x) I n”k~qe~{t2/2)Bn"2H(Bn) (k-i} ■

k=l
- ‘r’"lc<n(tBn->,x)

k=l
* r l«n<tBn-i,x) |^-V(t2/2)Bn‘2H<B“5<k“l»
k=[n/2]
s Ce'(ct2)P^(U Y21"1 {Ce"(ct2)P^!t)} l_<k+q3/n)

k=l
~ (tz/2)B_“2HtB_) (k-1) , o n on n , using Lemma 3.3.2+ 1 e

k= [n/2]
Ce-(ct2)PX<t)

[ct2)P^(t) i ((k+q)/n)
k=l

{e,ct }
e~ (t2/2)nBn“2H(Bn) Un/2]/n)

k=[n/2]

n C max [2,1/C] e (ct23PA(t)((l/2-e)) -(t2/2)Cl
+e 1

for some 0< c<

3.3.19)

3.3.20)

, there 
n, x) e

3.3.21)

1/2.
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, since P^(t)s !.□* C1ne-ct2p^(U

Remark 3.3,2: The above result holds true for any fixed 

positive integer q and n> 2q.

Properties of function Sn(t,x)
Lemma 3,3.6: Under the assumptions of Lemma 3.3.2, for 

all {t, n, x) e E, we have

(i) !Sn(t,x) \s C1e"Ct2pA(t), ...(3.3.22)

(ii) |Sn(1) (t,x) |s |x|5iP1(itl)e'Ct2p^<t), ...(3.3.23)

(iii) |Sn(2! (t,x) \s |x|25lP2(lt|)e‘ct2p^(t!. ...(3.3.24)

where 5-l is as in (3.3.11).

Proof: Note that in view of (3.3.19), we have 
n Sn(t,x)= En(0)

= I {an (tBn"1, x) }n-kexp{ - (t2/2) Bn~2H (Bn) (k-1) } .
k=l

Therefore, from the definition of Fn(q) given at (3.3.20) 

and Lemma 3.3.5, 

n|Sn(t,x)|s Fn(0)

Cine -Ct2P^(t)

Now n Sn!1> (t, x
rv-lE (n-k){an(tBn ,x) }n' " {«n (tBn“ ,x) }
k=l

-1 -(t2/2)B~2H(Bn3(k-l) 
Bn e n n

+ l {an (tBn_1,x) }n-k (-tBn"2H (Bn)) (k-l)
k=l

-(t2/2)Bn-2H(Bn)(k-l)
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Therefore", using (3.3.20) for q = 0 and q = 1, we get 

n|Sn(1) (t,x) |

= n|an(1) (tBn"\x) |Bn_1Fn(l) + 11 |Bn"2H (Bn) nFn (0)

£ •{n{|xI^1P(|t|) n"1 }Bn_1 + nit In"1}- nCie'012^00 ,

using (3.3.13) and (3.3.21) 
s n|xi5lPi (111) e"ct p*(t), using (3.2.5).

Finally, n Sn<2> (t,x)

= £ (n-k) (n-k-l) (an(tBn-1,x) }n"k"2{an(1> (tBn"\x) }2Bn-2
k=l

♦ nE (n-k) {an (tBn-1,x) n<2!

e-(t2/2)Bn-2H(Bn)(k-1)

(tBn"\x) }Bn'2

e-(t2/2)Bn“2H(Bn)(k-1)

+ 2n£ (n-k) (an(tBn"\x) }n"k_1
k=l

{o£na) (tBn_1,x) }Bn_1(-tBn2H(Bn) ) (k-1)
e-(t2/2)Bn-2H(Bn)(k-l)

♦ E {an(tBn_1.x) }n~k{-Bn"2H(Bn) (k-1) }
k=l

“(t2/2)Bn-2H(Bn)(k-1)

♦ E {an (tBn_1,x) }n~k{-tBn"2H(Bn) (k-1) }2
k=l

-(t2/2)Bn“2H!Bn)(k-1)
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Therefore, using (3.3.20) for q = 0, 1 and 2, we have 

n|Sn{2) (t ,x) I

s n2|anU> (tBn~\x) |2Bn~2Fn (2) +n|an!2! (tBn_1, x) |Bn'zFn(l)

+ 2n2|tiBn"3H(Bn) |ocnm <tBn_1,x) |Fn(l)

+ nBn"2H(Bn)Fn(0) + n2Bn~4H2(Bn) t2 Fn(0)

^ n2{|xI5lP{|t|)n_1}2Bn"2Fn(2) + n{c|x|5ln ^B^Fnd)

+ 2n2|t|Bn'3H(Bn) {|x|SlP (It I) n"1} Fn (1) + 0^(0)

+ C2 t2Fn(0), using (3.2.5), (3.3.13), (3.3.14), (3.3.21)

^ n|x|2^1P2 (111) e’ct , using Lemma 3.3.5.a

Lemma 3.3,7: Let 0< e< 1/2, 0< A< 1 and c be as in Lemma 
3.3.2. Then, under the assumptions of Lemma 3.3.2, there 
exists a polynomial P(|t|) in |t| such that for all (t, 
n, x) e E, we have,
IAnu’ (t,x) -N<3> (t) Is lxl25lP2 (Itl)e-Cl2p*,u

•{nBn”4 S u4dF(u) + nBn"3 S |u|3dF(u)
Iu|—|X|Bn |u|s|x|Bn

+ n_1+ nR1(Bn) + #nj-

where #n = |nBn 2H(Bn)-1|, N(t) is defined at (3.2.1) and 

5^ is given at (3.3.11).
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Proof: We write
An(t,x)-exp(-t2/2) = Dln(t,x) + D2n(t), ...(3.3.25)

where
Din(t,x) = An(t,x) - exp ( - (t2/2) nBn 2H(Bn)) ...(3.3.26)

D2n(t) = exp(-(t2/2)nBn“2H(Bn) ) -exp(-t2/2). ...(3.3.27)

We shall first prove that
lDln<2) (t,x) i

a |x|25lP(|t|)e'ct2px<t)

•|nBn"4 J u4dP (u)+nBn-3 X iu|3dP(u)
| u I s | x | Bn | u | a | x 1 Bn

+n"1+nR1 (Bn) ...(3.3.28)

Note that in view of equations (3.3.6) and (3.3.7),

Dln(t/x) = dn(t,x)Sn(t,x). ...(3.3.29)

Dln<2>(t,x) = dn<2> (t,x) Sn (t,x) + 2 dna> (t,x) Sna) (t,x)

+ dn(t,x)Sn{2) (t,x! . ...(3.3.30)

From (3.3.8), (3.3.9), (3.3.10), (3.3.22), (3.3.23) and
(3.3.24) it follows that 

(2)I°ln (t,x)I
s ldn(2) (t,x) | |Sn(t,x) |+2|dn(1) (t,x) I ISn(1) (t, x) I 

+ |dn(t,x) ||Sn(2) (t,x) |

65



s P3 (!t|)ne‘ct2p*(U

-|Bn"4 X u4dF(u)+Bn~3 X |u|3dF(u)+rf2|-
| u | 2£ 1 x | Bn |u|£|x|Bn

+2P2 (It |) -f Ix|'5lP4 (111) ne'Ct%^U \

■{Bn 3 X |u|3dF (u) +n~2 [■
|u|S|x|Bn

+ Px (Itl) ■{ Ix|25lP5 (111) ne~Ct2p*<U }•

•{Bn~4 X u4dF (u) +Bn~3 X |u|3dF (u)
|u|S|x|Bn |u|£|x|Bn

+n”2+Ri (Bn) }•

s nlxl^PdtDe-®^*0

u4dF (u) +Bn-3 X |u|3dF (u)
, |u|£|x|Bn '

+n-2+R1 (Bn) \
Ix|25ip(|t|)e~ct2p*(u

•|nBn-4 X u4dF(u)+nBn
I u | s | x | Bn

L'3 X |u|3dF (u)
|u|s|x|Bn

+n_1+nRi (Bn) }•.

This proves (3.3.28).

Next we prove that

. . . (3.3.31)

where = lnBn~2H(Bn) -1|. 
Let Sn - nBn"2H(Bn)-1.

66



Note that D2n(t)
= exp (-(t2/2) nBn-2H(Bn) } - exp(-t2/2)

-Ct2/2)0n _t2/2 -t2/2
= e "e -e

Therefore, !D2n(t)I 

= e-t2/2|e(-(t2/2)0"-l|

-t2/2 ,
s ce (t /2)|0nl

= e"t2/2P(ltI)%. ...(3.3.32).

Consider D2n<2> (t)

= - (Sn+1) e-l‘^>l8.*»+t>(8n+i)Se-'‘2«»<e„.i)

-(t2/2) .2 -tt2/2)
+ e -t e

la ^2 -(t2/2) (0_+l) . -(t2/2)0_ _= (0n+l)0nte n -[(0n+l)e n - 1]
/, .2, -U2/2)
(1-t ) e

Therefore, lD2n{2) (t) 1 

- (0n+l) ^nt2e"<t2/2) <0n+t)

♦ I (0n+l)e"(t2/2)0n-l| ]l-t2|e“(t2/2> 

s (1+e) i?nt2e~<t,2/2) (1~e!

♦ H (0n+l) {e_<t2/2)0"-l} }-t 11 -121 e_u2/2>

s (l+e5^ntVa2/2)(1-e)

♦ (1+e) |e-(t2/2,0n-i| |i-t2| e-!t2/2)
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as (l+e)#nt e2 -(t*v2)(i-e)

♦(1+e) (t/2) #n (1+t ) e2, -1^/2)

5 e-ct2p {111) i>n,

which proves inequality (3.3.31).
Differentiating equation (3.3.25) on both the sides twice 

with respect to t, taking absolute value on both the 

sides and then combining the estimates (3.3.28) and 

(3.3.31), we get

IAn!2> (t,x) -N<2) (t) ]

- IDln{25 (t,x) | + |D2n<2> (t) | 

5 |x|25lP2 (111) e"ct2pX(t)

■{nBn-4 S u4dF (u) +nBn~3 J |u|3dF(u)
|u|S|x|Bn Iu|S|x|Bn

+n_1+nRi (Bn) +i?n . a

Remark 3.3.3-. The bound on D2n(t) at (3.3.32) holds for 

all t.

Lemma 3.3.8; Assume [Al] and [A4] hold. Let e> 0 be same
as in Lemma 3.3.2. Let n=sup |an(t,x)|, where © = { (t, n,0
x) : It|> c, ns= nD, |x|st l}, e is as same in Lemma 3.3.2,

and nQ is a very large positive constant. Then,

Oi (K 1. ... (3.3.33)
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Proof: First of all note that fi can not be greater than

unity. If possible let n=l. Now |an(t,x)|^ S
i u | s I x I Bn

dF(u) < 1, because d.f.F is in the domain of non-normal 

attraction of the standard normal law and therefore it 

can not have bounded support. This implies that the 
supremum of the positive reals {|cen(t,x)| : Ixj^ 1, |tls

e, nfc n0} can not be assumed at finite point n. 

Therefore, there exist sequences of reals {tn} such that 

tn> tD, and {yn} such that yn -» m, with the property that 
/yneltnUv (u) du -> 1 as n -> oo. Recall that v is the

-yn

p.d.f. corresponding to d.f. F. But, since X v(u)du
i«l>yn

0, this implies f (tn) -» 1, as n -> t»; here f (u) represents 

the c.f. corresponding to d.f. F. By the Riemann-Lebesgue 
Lemma it follows that {tn} is a bounded sequence for 

otherwise f (tn) 0 as tn -» oo. Thus {tn} must have a 

finite limit point t*, say, and continuity of f(t) then 

requires f(t*) = 1. But we have t*a e and are forced to 

the contradiction that F(x) is lattice.a

Remark 3.3.4: This Lemma has been proved for domain of

normal attraction of normal law in Smith and iBasu(1974, 

Lemma 2.4, p.370), and in this case F e -Dna^ > a< 2» 
the Lemma 2.3.9.
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3.4 PROOFS OF THE THEOREMS;
Proof of Theorem 3.1.1:

By inversion formula for absolutely continuous 

density, we have

2n|vn(x)(x)|

= I S e {f (tBn ) -e }dt I
-CO

a J'°°|fn(tBn“1) -e‘t2/2|dt 
-00

a /“iAnCt,!)-e"t2/2|dt+ ,f”|Bn(t, 1) |dt

= Iin+I2n' say.

In view of (3.3.85 , (3.3.22), (3.3.25),

(3.3.32) and assumption [A5] we get

Iln = Xw|An(t,l)-e"t2/2|dt
—CO

= S |An(t,l) -e /2Idt + J |An (t, 1) |dt 
ltNesn 111 >CBn

+ S e"t2/2dt
It. | >CB„

= Ilnl + *ln2 + lln3• saY- 
Consider

2Ilnl = S' I An (t, 1) -e-t /21 dt
111SEBn

= S iDln(t,l)|dt + S |D2n(t)|dt
111 —CB„ |t|SEBn

a S |dn (t, 1) 1 |Sn (t, 1) |dt + J* lD2n (t) idt
111 =SEBn t

. . (3.4.1) 

(3.3.29),

.(3.4.1a)
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£ -|nBn"4 J u4dP(u)+nBn'3 X |ui3dF(u) +n 1+xiR1 (Bn) }•
IuI —B„ |u|SBn

X°°Pi (111) e"ct2p^(t)dt
-oo

+tfn X°°P2 (111) e'ct2p^(t)dt
-CO

s Ci-fnBn"3 X lu^dFtuJ+n^+nRitBnJ+tfn}-, ...(3.4.2)
I u | J5Bn

for all large n, where #n is defined in Lemma 3.3.7. 
Consider

Iln2 = X |An (t, 1) Idt
|t|>€Bn

= X |an (tBn-1,1) |ndt
111 >SBn

= Bn X |an (t, 1) |ndt 
|t|>c

= Bn Mn_2S X” I an (t, l) l2Sdt
-CO

= CBn |in_2s 

o(n-1) .

2Finally, I m3 = X e_t /2dt s o(n_1) .
|t|>eB„

Hence,
I In = - Ci'jnBn 3 X |u|3dF (u)+n_1+nR]_ (Bn)+#n.

I u I -Bn

Now we consider the estimation of I2. 
From (3.2.11), we find, for fixed s,

l2n = X°° I Bn (t, 1) |dt

/ Ij=i
f *\n,j
V. J

(an(tBn ,1)| 'J|0(tBn"\l) |jdt
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= E
j=i

nj
V. J

-1rian(tBn ,l)|n-J|0{tBn , 1) IJdt

n/2 n-2s n
=\ E + E + E [

J=1 j=n/2+l j=n-2s+l

/*n

-lJ"“|an(tBn ,1) |n_Jl/3n{tBn ,1) | Jdt

= (n)+J2(n)+J3(n), say. . . (3.4.3)

Firstly let us consider (n).
[n/2]Jl(n> = E
J=i

nj
V. J

[n/2] r * ns E
j=i

j
c j

l{0n<tBn

[n/2] r

n+ E
J=1

j
V. J

_j”l“n(tBn ,1) rJ|/3n(tBn' ,l)|Jdt 

/°° 1 ocn (tBn-1,1) ln_J

:«I>B,

j”|an(tBn ,l)|n'J|{ Jcos(tuBn X) d# (u) }J|dt
l«l>Bn

= (n)+J12(n), say.

We first consider J1;L (n) .
Note that

{0n(tBn"M) }j-{ /cos (tuBn_1) d$ (u) }J|
I u I > B n

= I $ (tBn-1 ,l)-{ Jcos (tuBn_1) df (u) } |
I u I > B n 

J
I E (tBn-1,1) } J_k{ J cos (tuBn_1) d$ (u) }k_11
k=l lul>sn

(3.4.4)

= I /cos EtuBn-1') d{F (u) -$ (u) } |
Iu I > B n

I l {pEtBn'1,1) }J_k{ / cos (tuBn-1) d$ (u) }k_11
k=l 1u|>Bn

because F is a symmetric d.f. by [Al]
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* £ !0(tBn-M) |J'k
k=l

I Jcos (tuBn_1) d$ (u) |k-1 J |v (u)-0 (u) |du
|u|>Bn lul>Bn

* E {PUXil> Bn)}J_k
k=l

(P(|X0|> Bn) }k_1Bn~2~S f |ul2+5|v(u) (u) Idu
Iu|>Bn

S j [max{R! (Bn) ,R0 (Bn) }] J’1Bn~2~5_raJ'<”|u|2+‘* |v(u) -<p (u) Idu

* j [max{C1Bn-2H (Bn) , C2Bn-1e~Bn2/z}]J_1 Bn~2"5 C3,

£ j {C^n-1}J_1 Bn"2"5 C2 ...(3.4.5)

for sufficiently large n.
The last but one inequality follows from the fact that 
l-$(x)s (2ti) “1/2x”1e_x /2f x> 0, and assumption [A3].

We use (3.4.5) now to estimate Jn (n) as follows:
/°|an(tBn-\l)rJ

I {£n(tBn-1,1) }J - { J*cos (tuBn_1)d$ (u) }J Idt
|u| >Bn

a lnf](nJ/j!){j {Cinl}J_1 Bn'2"5 C2}
j=i

_ooJ00|an (tBn_1, l) ln~jdt 

s CBn"2"5 tn£21 (nJ/jU j {Cin-1}J_1
j=i

_<#Jja|«n{tBn~1»1) |D/2dt

[n/2]Jll(n) * £
1 = 1
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£ CnBn'2'5 ln£]\ {nC1n"I}J"V(j-l) ! \
j=i

Bn _/°i«ln/2](t,Bn/B[n/2]) |n/2dt,

using (3.3.18)
£ CnBn"2"5 lni\ (c1}J'1/(j-l> ! \ c‘ using (3.3.15)

J=i
5 CnBn-2'5 e°2

= C nBn"2"6 . ... (3.4.6)

On the other hand,

J12(u)

j“lan(tBn"1,l) |n"J
CO

|{ J cos (tuBn_1) d§ (u) } I jdt 
|u|>Bn

s YJ (nJ/j i) .^“lanCtBn-1,,!) |n'J{P(|X0|> Bn)}Jdt,
j=i

since X0~$.
£ (e n-l) Bn _J la[n/2] (tiBn/Btn/2]) | /2dt,

using (3.3.18)

[n/2]
l

1 = 1

£ CnR0(Bn), using (3.3.15)

£ CnR0(Bn)

£ CnBn-1e-Bn/2, for sufficiently large n. ...(3.4.7)

And, therefore, (3.4.4), (3.4.6) and (3.4.7) together
imply that

Jl(n) £ Jn (n) +J]_2 (n)

_ _ „ -2-S _ _ -1 -B 2/2£ Ci nBn +C2 nBn e n
£ Ci nBn”2-^, for sufficiently large n. ...(3.4.8)

74



Next we estimate J2(n). In view of (3.3.16), we find, for 
sufficiently large but fixed s, that

J2 (n)
n-2s

« EJ= [n/2]+l 
n -2s

s Ej= [n/2]+l

f ~\
nj

V. J 
C \n

/“[an(tBn-1,1) |n'J|/3n(tBn~1,l) I Jdt

j”|an(tBn"x,l) )n_J{P(|X1l> Bn) }jdt

1 n/2+14 {PlXi | > Bn)}; 

s {P|Xl|> Bn)}n/2+1

n -2s
Ej= [n/2]+l

f *\n j'”lan(tBn-1,l>r,cit

n-2s Cn3n j= [n/2]+l
.f*|an(t,l} |2sdt

£ {P|Xl|> Bn)} Bn C 2”, using (3.3.16)

CBnRi(Bn) [4RX(Bn) ] n/2

S C BnR1(Bn) [4C1Bn'2H(Bn) )n/2, using (3.2.4) 

s C BnRitBn) [4C1/n]n/2, using (3.2.5) for large n

s o(nRx(Bn)). ... (3.4.9)

Finally, we estimate J3(n). Using (3.3.17) 
sufficiently large but fixed s, we find that

J3 (n) = E
j=n-2s+l

n _001°91 % (tBn-1 • i) ln'JlPnCtBn‘1»l) I Jdt

* E
j=n-2s + l

rn j”|an(tBn'1,i) |°|£n(tBn"\ 1) j-2s+2sdt

E (n"'J/(n-j) !) {P(|Xl|> Bn) }J~2s Bn
J=n-2s+l

T°°|/3n(t(l) |2sdt

a C Bn E (nn"J/(n-j) !) {P (|Xl I > Bn) } J'2s
J=n-2s+l

a C Bn n2s_1 { P(|Xl|> Bn) }n'4s+1 (n-n+2s-l) 
a C Bn n2s_1 {C1Bn"2H(Bn) }n'4s+1, using (3.2.4)

for
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a C Bn n2B-1"(n-'4s+1) {CinBn-2H(Bn) }n-4s+1 
s C n'n+6s'2Bncf"4s+1, using (3.2.5)
i 0(nBn'2'6) . ...(3.4.10)

This fact can be sen by considering the logarithm of the 
expressions. Combining the results of (3.4.3), (3.4.8),
(3.4.9) and (3.4.10), we obtain, for sufficiently large 
n,
12 - Ji(n)+J2(n)+J3(n)

* CinBn-2-5 + C2nR1(Bn)+C3nBn“2-5

s CxnBn"2"5 + C2nRi (Bn) . ...(3.4.11)

Therefore, (3.4.1), (3.4.2) and (3.4.11) prove the
theorem.o

Proof of Theorem 3.1.2:
Observe that

(l+|x|) £ 2 max(|xi, 1). ...(3.4.12)

In view of Theorem 3.1.1 above,

IX|Sa"<x) Vm«}(x)
- SUP|x|<t An<X>

5 sup An (x)-00<X«» n

= 0-|nBn-3 s |uI3dP (u) +nBn~2”5+nRi (Bn) +i?n }-. ...(3.4.13)
U\£Bn

Thus to prove the theorem, it is enough to show that
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Ix|e4»(x) I{*'W>i)<x)

s C-|nBn-4 X u4dF{u) + nBn~3 X |u|3dF(u)
| u | s | x | Bn | u | s | x | Bn

+n_1+1x|^nBn-2”^ + ixl^nR^ (Bn) +tfn|- ... {3.4.14)

for large n, 0< /3< 2 and under the assumptions [A1]-[A5]. 
From (3.2.13)-(3.2.15),

vn(x) = an(x,x) + bn(x,x). ...(3.4.15)

Thus, the proof of the theorem will be complete once we 
prove, for sufficiently large n,

|x|^|an(x,x) -#(x) I 1{x. |x|>i} ^ 

s C-{nBn"4 X u4dF(u) ♦ nBn"3 X |u|3dF(u)
iu!s|x|Bn |u|s|x|Bn

+ n"1 + nRx (Bn) + nBn"2“6 + dn}- ...(3.4.16)

and

|x|p|bn(x,x) |I|x; |x|>1j (x)

i C1lx|^nBn"2_5+ C2lx|^nR1(Bn) . ...(3.4.17)

Now for |x|> 1, 

ix|^|an(x,x) -<p (x) |

= Ix|/3~2 x2|an(x,x) -<p(x) |

a (2tt) _1 |x|^~2 (lm(x) + I2n(x) + I3n(x)} ...(3.4.18)

using integration by parts and the fact that |A^n(t,x)|
(l )and |A^n(t,x)| tend to 0 as |t| -> oo. Here
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. . . (3.4.19)Iin(x) = X IAj/2* (t,x) -N<2! (t) Idt
111 SSGBn

I2n(x) = S lAn(2,(t,x) Idt ...(3.4.20)
|t|>CBn

I3 (x) = f |N(2) (t) Idt ...(3.4.21)
|t|>EBn

e> 0 being same as in Lemma 3.3.2.

Using the Lemma 3.3.7, for 2S]_< 2-0 and large n (5]^ is as 
in Lemma (3.3.11)), we find that,

|x|p-2Iin(x)

^ C-|nBn~4 X u4dF(u) + nBn~3 X |u|3dF(u)
| u | s j x | Bn | u | s | x | Bn

+ n'1 + nR1(Bn) + ...(3.4.22)

Using the results of the Lemma 3.3.4 and 3.3.8, we find 

that

l2n^x) = J lAj/2* (t,x) Idt
111 > E B„

= X |nBn-1{ (n-1) {an(tBn_1,x) }n_2
|t|>EBn

(“n*11 (tBn_1,x) }2Bn-1

+ {<xn(tBn~1,x) }n-1{an<2) (tBn-1,x) }Bn-1} Idt 

s nzBn"2 X |an(tBn_1,x) |n“2|ana) (tBn_1,x) |2dt
111>EBn

+ nBn'2 X I an (tBn-:l, x) |n_11 an(2) (tB^1, x) | dt
|t|>EB„
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S n2Bn 2 J* lan(tBn~\x) |n_2{EIX1i}2dt 
111 > e b„

+ nBn~2 J |<xn{tBn-1,x) |n_1 {C|xl5ln_1 }dt,
|t|>EBn

using (3.3.12) and (3.3.14)

* C n2Bn‘‘ S |an(t,x) |n"2dt
It | >e

+C|x|5lnBn"3H(Bn) J" | an (t, x) |n-1dt 

|t|>e
_ r, 2_ -1 n-2 ,261 -1 n-1
£ c n Bn u + C|x| 1 Bn {i

£ (C1n2Bn”1#in"2+C2lx|2"^Bn'Vn':1) , because 2<51< 2-/3

* C | x i 2 {n2Bn-1 nn~Z+ Bn'V11"1}

* C|x!2-,3{n2Bn"V"2},

because nBn"3H (Bn) nn~l = o (n2Bn~Vn_2) •

Thus,

Ix|^"2l2n(x) s Cn2Bn_1 /jn"2 ...(3.4.23)

for sufficiently large n.

Finally,

I3n(x) = J |N<2! (t) |dt
111 >EBn

= s e"t2/2|t2-l|dt
11 | > E Bn

= 2 1” e't2/2(t2-l)dt
CB„n

= 2 1” d[-te-t2/2]
eBn

„ - (EB) 2/2
= 2eBn e n
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or equivalently,
|x|0_2I3n(x)s CBn e~(eBn> /2 ...(3.4.24)

Now (3.4.16) follows from (3.4.18), (3.4.22), (3.4.23),

and (3.4.24) .
Next we establish (3.4.17). 

Note that 
|bn (x, x) |
= | (2tt) -1 Bn(t,x)e-ltxdt|*

—00 Ai
* j“|Bn(t,x) |dt

n /* *\ n |an(tBn-1,x) r_J|/3n(tBn‘1,x) |Jdt

fn X”|an(tBn"1,x) in J||3n(tBn 1,x) |Jdt
j = l V w 

nEj=i t
[n/2] n-2s n

i E + E E }> rn
j=l j=[n/2]+l J=n-2s+l (. J

X”|an (tBn-1, x) r“JOn(tBn-1,x) | Jdt

= J^(n,x) + J2(n,x) + J3(n,x), say. . . . (3.4.25)

Consider J^(n,x).
tn/2] r 'k

(n, x) = £
[n/2] fE '
j = l Dv. /

j=i 
.00 ,

X”|an(tBn"1,x) |n_J|(3n(tBn"1,x) |Jdt

X“|an(tBn"1,x) |n_J

i I {/3n(tBn_1,x) }J - {/cos (tuBn-1) d$ (u) } J| }-dt« > U B,

ln/21

+ E 
j=i

/“|an(tBn~1,x) |n_J| { /cos (tuBn_1) d$ (u) } J|dt
lu > I x | B,

= J11(n,x) + J12(n,x), say. 

We first consider Jn(n,x).

. . (3.4.26)

80



Observe that, by assumption [Al]
I {|3n (tBn_1 ,x) }1 - { J'cos(tuBn"1)d$(u) }J|

|u| > | x I Bn

= |/3n(tBn”1,x) - Jcos (tuBn_1) d$ (u) I
|u| > | x j Bn

I £ {/3n(tBn-1,x) }J-k { Xcos (tuBn-1) df (u) J11-11
k=l |u| > | x | Bn

= | Xcos (tuBn-1) d{F (u)-§ (u) } |
|u|> | x | Bn

1 ^{^(tBn'Sx) }j"k { Xcos(tuBn_1)d$(u) }k_1|
k=l 1«| > I x I Bn

* £ |(Sn(bBn~1,x) |J_k I Xcos {tuBn-1) d$ (u) Ik_1
k=l |u| > | x | Bn

XIv (u) -4> (u) Idu
I U t >lx | Bn

* £ {RidXlBn) }J"k{R0(|X|Bn) }k-1Bn'2'5 Ixf2-6
k=l

Xlu|2+5 |v{u) -4>{u) Idu 
|uI> | x|Bn

=£ j [max{Rx (|x|Bn) , {R0(|X|Bn) } ] ^Bn"2'6 ixf2"5

X°°|u|2+^ |v (u) -0 (u) |du
— 00

s j [max{Cilxr2Bn~2H( |x|Bn) , C2 |xr1Bn"1e-Bn2/2}]J-1

c3ixr2-V2-6 ' -o

the last inequality following from assumption [A3]. 

We use inequality (3.4.27) now to estimate Jx^(n,x) 

follows:

.4.27)

as
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Jll (n,x)
ln/2]
E
j=i

nj
v, J

X“|an(tBn"\x) |n_J

I {0n(tBn_1,x) }J-{ X cos (tuBn_1) d$ (u) }J|dt
I xi | > 1 x | Bn

~ £ - S£ C3|xf2'dBn‘2'd E (nj/j!)
j=i

{j [max {I x | ~2Bn”2H <lx| Bn) , C2 |xr1Bn~1e“Bn2/2} ]J_1} 

X“ | an (tBn_1, x) | "^dt

- C4 I x I -2~^nBn-2

E {n [max{C2Bn_2H (Bn) , C2Bn_1e-Bn2^} ] }j-1/ ( (j -1) !}
J=i

using (3.3.15), and this, in view of (3.2.5),
- | | —2—6 n -2-S = C lx| nBn

for large n.
On the other hand,
J12(n,x)

[n/2]
E
j=i

[n/2]

1X”|an(tBn *,x) |n_j

l{ X cos (tuBn_1) d§ (u) } | Jdt
I u | > | x | Bn

£ E (nJ/j !) Xro|an(tBn-1,x) |n-J{R0(|x|Bn) }Jdt
J=i

n/ 2 1 4£ nR0 (|x|Bn) E ( (nR0(lx|Bn))J V(j-l) !)
j=i

j“|an(tBn"1,x) |n/2dt
- m **

nR0<Bn)£ nR0(|x|Bn)e n C,

using (3.3.18) and the fact that R0(|x|Bn)

becomes

(3.4.28)

R0(Bn) •
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_x2g2 ̂ 2
S Cn(CiIx|Bn)-1e n ,

_ zbecause nR0(Bn) -» 0 and l-$(x)s (27tx2)~1/2e'x /2, x^ 0

-B^/2
= CIxf'nBn^e " . ...(3.4.29)

Hence, (3.4.26), (3.4.28) and (3.4.29) together imply

that

Jl(n,x) £ Jn(n,x) + J12(n,x)

_p_S -?-5 -1 -1 _Bn/2s CinBn °|x| 2 4 C2lx| nBn e

— 1 —2—5 —1 ”^n/2
= IxI (CjnBn 4 C2nBn e )

= Cilxl"1 (nBn-2-5 4 o(nBn'2"5))

= CilxrinBn-2-^, for sufficiently large n. ...(3.4.30) 

Next we estimate J2(n,x). In view of (3.3.16), we find 

that

J2 (n,x)
n-2s

E
J= [n/2]+l (. 

n-2s

E
j= In/2]+1

rn X”|an(tBn"1,x) !n_J|/3n(tBn'1,x) IJdt

nJ'"|an(tBn"11x) l^dtfR! (|x|Bn) }

n-2s

, 2s

* (Rinx|Bn)}n/21 Bn l
j=tn/2]+l

rn j“lan(t,x) I2sdt

n-2s
Rx (|x|Bn) {Rx (|x|Bn) }n/2 Bn I

j=ln/2)+l

f "V

n
j

V. J

CBnR! ( Ix1Bn) {4 Rx(|x|Bn) } n/2

- C1 BnR]_ (I x | Bn) [ 4C2x~2Bn 2H(|x|Bn)]n/2, using (3.2.4)

« CBnRitBn) {4C2/n}n/2,

using (3.2.5) and the fact that H is slowly varying 

= o(nR1(Bn) ) . ... (3.4.31)
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Finally, we estimate J3(n,x). Using (3.3.17), we find, 
for sufficiently large but fixed s, that

J3(n-X> = Ej=n-2s+l
_ J'”|an(tBn'1,x) rj|£n(tBn'\x) I Jdt

n5 EJ=n-2s+l

rn J'00lan(tBn-1,x) |°IBn(tBn_1,x) lj_2s+2sdt

* E (nn”v (n-j ) !) {P (|X]J> |x|Bn)}
J=n —2s+l

J-2s

Bn_ riBn(t,x) |2sdt

^ Bn E (n"~J/(n-j) !) {P {| Xx 1 > Ix[Bn) }n_4s+1 C
j=n-2s+l

^ CBnn2s-1{P(|X1I> lx|Bn) }n-4s+1 (n-n+2s-l) 

s CBnn2s_1 {P (| Xx 1 > Bn) |n_4s+1

£ CBn n^fCxBn^HfBn) }r,-4s+1 using (3.2.4)

£ CBn n2s-1-(n-4s+15 {CinBn-2H (Bn) }n-4s+1

= o(nBn“2_S) . ... (3.4.32)

This fact can be sen by considering the logarithm of the 
expressions. Combining the results at (3.4.25), (3.4.30),
(3.4.31) and (3.4.32), we obtain,
|x|^|bn(x,x)| I; . . ;i(x)

fx:|x|>l)

s jxl*3 {j1(n,x) + J2 (n,x) + J3 (n,x) }

s Cx |xI^-1nBn~2+ C2 Ixi^nR^ (Bn) + C3 [x 1 ^nBn"2'5 

s CxIxl^nBn"2"5 + C2Ixl^nRi (Bn)

which proves (3.4.17). This completes the proof of the 
theorem.□
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CONCLUDING REMARKS:
In this chapter we have obtained uniform rates of 

convergence and non-uniform bounds in the local limit 
theorem when the limit law is normal. In Chapter 4 we 
shall assume the limit law to be a non-normal and non- 
Cauchy stable law and obtain uniform rate of convergence 
type results. It should be noted that we do not assume 
the d.f. of summands to be in the domain of normal 
attraction and hence uniform rate type results only are 
proved.
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