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a-TIMES INTEGRATED
SEMIGROUPS AND COSINE
FUNCTIONS

7.1 Introduction

In this chapter, sufficient conditions for the controllability of two abstract singular
systems are obtained. First we consider an n-dimensional abstract singular system
described by the equation.

19— (@ — 1+ tA)Z + (o - 1)Az(t) =0
(7.1.1)

2(0) = 0; limg.o M)t *4x(t) = u

where, 0 < a < 1,t > 0,z(t) € R™ for each ¢ and A is a constant n X n matrix; u is
considered as a control applied to the system at initial time.
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Also, we consider an n-dimensional singular system described by the equation

tLT 4 (1 — @)% — tAz(t) — (1 — a)A [f2(r)dr = 0
T+ ( )5 () —( YA [g2(T) } (71.2)

z(0) = 0; limgo T(@)t " 4(t) = u,

where, 0 < a < 1,u € R" for each t and A is a constant n X n matrix, u is considered
as a control applied to the system at the initial time.

Recently, Yang [139] studied the solvability of the above equations and the solutions
have been obtained in terms of a- times integrated semigroups S,(t) and a- times

integrated cosine function C(t), respectively. That is, the solution of (7.1.1) is given
by

2(t) = Sa(t)u
and the solution of (7.1.2) is given by

z(t) = Ct)u

Here we provide the series solution and then sufficient condition for the controllability
of (7.1.1) and (7.1.2) by using fixed point theory.

7.2 Solution of Singular differential equation in
terms of Semigroup operator

In this section we obtain the solution of the singular differential equation in terms of
a -times integrated semigroup S,(t).

THEOREM 7.2.1 (Yang [189]) Let Sa(t) be the a -times integrated semigroup gen-
erated by A for some o € IR™ and t € R, we have

1.
AS,(t)u = Sa(t)Au (7.2.1)
2.
v tS Audr (7.2.2)
Sa(tyu = ot 1)u+fo o(T) | 2.

and
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3. Solution of (7.1.1) is given by

z(t) = Su(t)u

We have the following series representation of the solution of the equation (7.1.1).

THEOREM 7.2.2 The solution of the system (7.1.1) is given by

e At CA%2 " A%

ey | i T R P e R Ry R )

A4t4
ter D) @rd "

Proof :By Theorem (7.2.1), for u € R" we have

a

Tla+1)

8
\ﬁ
il

u+/ Sa(T)Audr

[ t
T Te+n"’ J [ ye + Sa(S)Auds| ddr

143

f i /ra 4 T
= m%%‘AL mﬂdT+AL/() SQ(S)AudsdT

t
I‘(a+1)u+A./ I‘a+1 “*”Af/ (a+1

+ ‘ /0 Sa (p)Aud.p] Adsdr

1« t o ) t T Soz
= Al dsd
ma+n“TAﬁ;ma+QMh+Améﬁ:Na+m“ST

+A2f / / a+1f“+/ Salv) Audv| Adpdsdr

b Ata+1 A‘Z ta+é
et ) TatDer ) T Ter)er D@ )"
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+ A3 ta+3 ' A4 t&+4 )
Mot Darer@rd) " TarDlar ). (ard”

o(t) te [I+ At + A2 A
= Ta+rn! "o+ T @rD+?) @ D@t 2)(at3)
At
+(a +1)....(a+4) e ]u

i) = ate! [I+ At A% + A%
T a4+ 1) (a+1)  (a+1)(a+2) (a+1){a+2)(a+3)
te A 2A%
]U+F(a+1){(a+l)+(a+l)(a+2)+
3A%2 4AY® }
@t D@+2@+3) @ Dolatrd "l

+

......

o) o oDt A AN A3
= Ia+D) U @+D)  @+@+2) (et D+t

]u + 2011 [ A N 2A% b 3A3¢?
Pla+1){a+1)  (a+1)(a+2) (a+1){a+2)(a+3)
N 4A%3 N te { 2A?
(a+1)..(a+4) Mo+ 1) Yo+ 1)(a+2)
+ 6A3 + 12 A%t? N ]u
(a+Dla+2)(a+3) (a+1..(la+d)

Hence,

t7(t) — (o — 1+ tA)a(t) + (o — 1) Az(t)

et 2A? 6A% + 12A%2

B I‘(a+l){(a+})(a+2)+(a+1)(a+2)(a+3) (a+1)...(a+4)
ta+1—At); A 2A%

o] Tat1) [a+1+(a+1)(a+2)
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3A3%2

+ +onfu— A¢ [+ At
(a+1)(a+2)(a+3) 77 I'(a+1) a+1
A%? A3
+ s O ]'u,
(a+D(a+2)  (a+1)(a+2){a+3)
= 0
Here, limy_oa(t) =0
and
tim ()2 L. 5(¢)
lim et
o GO R [+ 20y Ar Ju=u
T o T(a+ 1) a+l (a+1)(a+2) 77

7.3 Controllability Result via o-times Integrated
Semigroup

We now give the sufficient condition for controllability of the singular system (7.1.1).

THEOREM 7.3.1 Let S,(t) be the a-times integrated semigroup generated by A.
The system (7.1.1) is controllable to state & during [0,T) if

T(X

(1 3.1
IS ONAIT < s (73.1)
Further, the control u can be computed by using the iterative scheme
T 1 /T -
Upyy = ';1' - '1'5 A Sa(’T')AdT‘un ((32)
where k = "ng-T)'

Proof: By Theorem (7.2.2), the solution of (7.1.1) is given by

ia

2 t 7
z(t) = mu +/0 Sa(T)Audr; u€R
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For some fixed ¢ = T, a control u steers the system from z(0) = 0 to z(T) = z, if

T = T(a +1)u+/ 7)Audr

= 21 — [y Sa(T)Audr = ku; where k = t*/I'(a + 1)
= u= (2~ 1[5 (r)Audr]
Define an operator N : R® — R™ such that

Nu = 2108 (r)Audr
|
= ||2 /T Sa(r) Afuz = w)dr]|
< A [Sal)] 4] fua = wi]ar

- et 4] - ] 6 &

n—

il

{:% ~-1T T)Auld’r} {“‘ £ 03 Salr)Augdr | “

Thus,
[V = Vel < gl 4] T = ]
N is contraction if,| Nuy — Nug|| < llur — ua; 8 <1
Here,
§=ZISl IAIT < 1

TC!
Ma+1)

= ||Sall |AIT < k=

Hence. if ||S,lI|AlT < k, then N is a contraction and by the Banach contraction
principle (Joshi and Bose [78]), therc oxists a unique fixed point for N. This fixed
point is the steering control for (7.1.1), steering z(0) = 0 to 2(T) = x;. Moreover

by the Banach contraction principle, the control  can be computed by (Joshi and
George {79]).

Uppy = N Un

r 17T
Unpy = —1;1——-?5 A Sa(T)A dr u,
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Note: In the system (7.1.1), if A is a real number then (7.1.1) reduces to,
t#(t) — (@ — 1+ 6)&(t) — va(t) =vw; o,v€ER

which is called confluent hypergeometric equation and its solution is confluent hyper-
geometric series.

7.4 Solution of Singular Differential Equation in
Terms of Cosine Function

In this section we obtain the solution of the singular differential equation in terms of
the a— times integrated cosine function C(t).

THEOREM 7.4.1 (Yang [137]) Let C(t) be the a— times integrated cosine function
generated by A for some a > 0. Then for allu € R™ and t € R, we have,

(1)
AC(Hu = O(t)Au (7.4.1)
(5) t%u t
Clth = prgy * /0 (t — 7)C(r) Audr (7.4.2)

and,
(iii) Solution of (7.1.2) is given by

z(t) = C(t)u
We have the following series representation of the solution of the equation (7.1.2).

THEOREM 7.4.2 The solution of the system (7.1.2) is given by

tQ

(t) = At? A%t Al
= e+ D)

[I+(a+1)(a+2)+(a+ Do(a+d) @rDo(at 6
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Proof: By Theorem (7.4.1), for u € R® we have
z(t) = +1)u—§—f (t — 7)C(r)Audr

L4

A
= 'f,mu +/0 (t - 1)C(r)uAdr

[An i e " (
B o+ 1)u + fo (t =) {mu + /0 (1 — s)C(s)uAds| Adr

o .
= TarD" a+4y/““”7¢m

A? t T .
Tla+1) /0 /0 (t — 7)(1 — s)s%dsdru
+A3 /Ot /07 j:(t - 7)(7 — 8)(s - v)C(v)udvdsdr

e A p .
= ma+nd+ma+nL“ Trtdry

A2 t pr N
m'[oje(t-—f)(f—s)s ds dr u

A3 t rT S o
+m‘[0/0 fg(t——r)(f-—s)(s—v)v dvdsdru

+A* /Ot /OT ]03 f:(t — 7)1 = 8)(s — v)(v —~ p)C(p)udpdvdsdr

Therefore we have,

x(t) =

[, At? + A%t
Pla+1) [ + (@+1)(e+2)  (a+1)..(a+4)

A3 tﬁ
+ e
e (@t6) }”
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We now verify the solution.

#(t) =

Hence,

_atel I+ At? N A2t + A38 N u
Mla+1) (a+D(a+2) (¢+1)..la+4) (a+1..(a+6) 7

e { 2At 4A%3 6A3t° "
( )

Tar)|eiDer?)  GiD@sd T Gr(at6

afa —1jte-? I+ At? N At N A3¢8 N }u
[la+1) (a+D(a+2) (a+l)..la+4) (a+1)..(a+6)

atel { 2At 4A%3 6A3t5 "
)

et | et et  GiDnrd @l (a1t

S

+

# [ 2 4.34% 654% }
Tot D@t D@+  @rD(@+d)  @rD(ate) “

d*z(t) d
T+ (- ) () — tAa(t) A/

t

ala - 1)tet [ At? A%t A34S }u

—HI‘(a +1)

+F((\ +1)[(

T e+ GrD@td  @rD.(at0)

ate [ 2At N 4423 N 6435 ]u
(e+Da+2) (a+D..(a+4) (a+1)..(a+6)

Fla+1)

.....

fatl { 24 N 4.3A4%2 N 6.5A4%4 }u
'+ 1D)(a+2)  (a+1)..(a+4) (a+1)..(a+6)

o)at* ! N A%t + A3¢8 N ]u
Ma+1) a+1 a+2) (a+1)..(a+4) (a+1)..(a+6)

(1= o)t 4A%3 N 6A35 N ] .
MNa+1) [(a + l)(a +2) + (a+1)..(a+4) (a+1..(a+6)
Iza-H A'). ta+3 A3 ta+5
—[ Mo+ 1) Fla+ 1) (a+ 1) (e +2) + FNa+1)(a+1)..(a+4)

A4 f,a+7
+I“(a'+1)(a'+1)....(a+6)+"} —(-a A/[ a+1
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A ,ra+2 A2 7.&+4
Tt Der Dt  TerDerD @D
A3 7.&+6 p
TarD e+ D (are) |4
_ oot 2At N 4A%3 + 6A%5 + )
Fla+1) [(a+1)(a+2) (a+1)...(fa+4) (a+1).(la+6)
N o+l A 2 N 4.3At? N 6.5A%¢ }u
Fla+1) [(a+1)(ae+2) (e+1)..la+4) (a+1)..(a+6)
(1 —a)tet? 2 + 4A? 4 6A%¢ } "
Mo+ 1) (a+1)(a+2) (e+1)..(a+4) (a+1).(a+6)
tcH—l AIQ A2t4 A3t6
—_— AT X
NCES) { T et D+ GrD)atd T D(ate) }”
(- apet! [ 1 N At? + A2
Ma+1) |(a+1) (a+1)..(fa+3) (a+1)...(a+5)
A3t8

terD s } u

oy 2 + 4.3At% 4 6.54%* + } "
T DMa+1) e+ )(@+2)  (e@+l..(le+4) (e+1)..(a+6)
(1 + a)t>t? 2 N 4A1? + 6A%4 N ] "
[(a+1) (e+D(a+2) (a+1)..(a+4) (a+1)..(a+6)
o +1 A.{? A2 34 . A3t6 }
T ' + o
NCEE [” i De+)  GiD.ard T GIDfare) T
(A =ayett T N At? N A2
T(a+1) l(a'{- 1) (e+1)..(a+3) (a+1)..(a+5)

A3tS
+ (a+1)..(a+T) + ....}u , (7.44)



Chapter 7 91

By taking the sum of first terms in each expressions in the equation (7.4.4), we get

ta+1A 9 ta“"lA 2 ta-HA (0.' - l)Ata+1

et D e ) M e inerDeT9) Tetl) Ter@tD

t°+1A
= r(a+1)(a+1)(a+2)[2+2(a+1)—-(a+1)(a+2)+(a—-1)(a+2)} =0

By taking the sum of second terms in each expressions in the equation (7.4.4), we get

oA At? [ 4.3 da+l) . l-a } 1A
Ma+1) (a+ )(a+2) [(a+3){a+4) (a+3)(a+4) (a+3)| T(a+1)
At?

DT E e 2 et et et )+ - Dlat 4] =0

By taking the sum of third terms in each expressions in the equation (7.4.4), we get,

6ta+1A A2 r B
NCES TS (a+6)[6.5+6(a+1) ~(a+5)(a+6)+(a—1)(a+6)] =0
and so on.

Thus the equation (7.1.2) is satisfied for a > 0
As limg g x(t) = 0 and lim; .o %m(t) #0
If0 < a <1, we have

limy_yo T(a)t' =4 (x(t))

— Jm (@)t at* ! I+ Ai? + A%t
TR Tt T+ D@+?)  (atl)(ata)
. A3S N N L { 2At 4 4A%3
HCED T R YT et )\ @t D@+ @t Dolatd)

+ 6A3t° N u
(@+Do(a+6) 77
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COROLLARY 7.4.3 The Solution of
ti(t) — tAz(t) =0
with 4
x(0) = 0; 1152% I‘(l)tl“lazm(t) =
15 given by

]

= |t 445 + a2k 4 w0
a(t) = |t+ -3-§+ g!-}' ’—ﬁ.+ ......... U

Proof: Take @ =1 in (7.4.2)

t
a(t) = tu+ A /(; (t = 7)C(T)udr

= tu+A /:(t -7) ['ru + A/OT(T - s)C(s)uds] dr

t t T
= tu+A./O (t—'r)fudr—}-Az‘[o /0 (t — 7)(r — s)sudsdr

+A3 ./Ot ./OT ./Os(t — 7)1 — 8)(s — v)C(v)udvdsdr

14 9 t ,'T
= tut A fo (t — )rudr + A /O [ =) = s)sudsar

+A3 /(: /OT /Os(t — 1) = 8)(s — v)vudvdsdr

+A* /0 t [0 ’ ./o ) /:(t — 7)1 — 8)(s — v)(v — p)C(p)udpdudsdr

t t oT
— - 2 - -
= tu+ A/O (t—7)rudr+ A ./0 ]0 (t — 7)1 — s)sudsdr

+A® /Oi ./OT ./Os(t — 1) — s)(s — v)vududsdr

+A* /Ot /OT fgs /Ov(t ~ 7)(r = 8)(5 — v)(v — p)pudpdvdsdr +

Therefore we have,

?3

, A
3:(t)={t+A—-—+A2-+A-+ .......... U

3! 5! 7
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(7.4.5)

(7.4.6)

(7.4.7)

..........
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We now verify the solution.

. r t2 2t4 3t6
n;(t) - I+A§-‘-+AZ‘!‘+A€E+ .......... ]u

i i A3 A345
() = |At+ 3 + R } U (7.4.8)
Hence,
ti(t) — tAx(t)
=t[At+ 4L L &L lu—tAft+ AL+ 5+ AL+ u
=0
As, lim;o 2(f) = 0; and lim; o %m(t) =u#0 a=1 .

7.5 Controllability Result via a—times Integrated
Cosine Function

We now give the sufficient condition for controllability of the singular system
ti+ (1 - o)t —tAz — (1 — @)A ff2(r)dr =0
(7.5.1)
with #(0) = 0; lim_o [(a)t!*La(t) =u; 0 <a < 1,u € R"

where u is considered as a control applied to the system at the initial time.

THEOREM 7.5.1 Let C(t) be the a- times integrated cosine function generated by
A. The system (7.5.1) is controllable to state 2y during [0, T] if

ICON 14T < 27 (759

Further, the control u can be computed by using the iterative scheme

T

1 /T ‘
Uy = 2 [0 (T - 7)C(7) Adrun (7.5.3)

. . 12
where k = NEES))
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Proof: By Theorem 7.4.2, the solution of (7.5.1)is given by

o

# t
N o
z(t) Mot l)u + ‘/0 (t —1)C(7)Audr
For some fixed £ = T, a control u steers the system from z(0) = 0 to z(T) = =, if
T P(a+1)u' + [§(T ~ 7)C(r) Audr
= 1 — [§ (T — 7)C(r) Audr = ku; where k= F@Tfn’) = constant

=>u= [% - %f(;r(T - T)C(T)Aud'r]

Define an operator N : R* — R" such that

==-1—1- ]‘/ - 17)C(T)Audr

{7'; - T)C(T)Auldf} {-‘% - “(r- T)C(T)Augdf}

- H.kl. @ =m0 A, ~ w)ar

< 1[I = oA @ - w)ldn
= @I AN~ w)l [ @~ r)ir

1 T?
= ZICEI AN I w55

Thus, [|[Nu; — Nug|| < %HCH LAl 1'23 l|(ug ~— 1)
N is a contraction if

|Vas = Nugl < Bl —w)ll; B<1
where, )
g =lCllAR <1
T

= [CIIAIT? < 2k = 25— Mot 1)
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Hence, if ||C||||A|T? < 2k , then N is a contraction and by the Banach contraction
principle (Joshi and Bose [78]) there exits a unique fixed point for N. This fixed point
is the steering control for (7.5.1), steering 2(0) = 0 to x(T') = x;. Moreover, by the
Banach contraction principle, the control « can be computed by (Joshi and George

[79])

Ungy = Nu,
ie., i
o LT
U1 = k[u (T - 7)C(T)A dr ua



