Chapter 5

Exact' Controllability of Nonlinear

Impulsive System
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In this chapter we study the exact controllability of a nonlinear impulsive control
system governed by the integro-differential equation of the form

:i’(t) = Am(t)—# f(t,z(t), Tx(t), Sz(t)) + Bu(t), O‘<>t<T, it
z(0) = mp, -
Az(ty) = Ip(z(ty))

in a Banach space X, where f € C([0, T]|x X x X x X, X),0<t1 <ta < ... <ty <T
and Iy € C(X,X), k = 1,2,...,m. Under Lipschitz condition on the nonlinear
function f, we obtain the controllability results using fixed point theorem. In Section
5.1, we discuss the problem considered. Section 5.2 deals with the main results.
Sumrhary is given in Section 5.3. |
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Jaita P Sharma : 5,1. INTRODUCTION

5.1 Introduction

In the dynamics of many practical systems, there are an abrupt change in the states
such as impulse or shock experienced in a short duration of time. Such systems
are modeled in terms of impulsive differential equations ([52],[39]). The theory of
impulsive differential equations is a new and important branch of differential equa-
tion theory, which has an extensive physical background and realistic mathematical
model and hence has been emerging as an important area of investigation in recent
years (refer, Lakshmikantham et. al[52]).

The existence of solution to impulsive integro-differential equations in Banach spaces
has been studied by several authors([37],{40],{56] - [59],[72]). However, the control-
lability properties of such systems are yet to be investigated.

In [54], Leela studied the controllability aspect of a linear finite dimensional time
invariant impulsive system. George et. al. [32] generalized the controllability result
to nonlinear system with impulses. Recently Boukhamla and Mazouzi [13], obtained
the controllability result for impulsive linear systems in infinite dimensional settings.

In this chapter, we investigate the controllability property of a impulsive control
system governed by the nonlinear integro-differential equation:

() = Az(t) + f(t,2(2), To(t), So(t)) + BOu(), 0<t<T, t £t )
z(0) = o, (5.1.1)
A.’E(tk) = Ik(a:(tk)), k= 1,2, . uz

in a Banach space X,

where, f € C([0,T] x X x X x X, X), A is infinitesimal generator of a Cy semigroup
{G(t)}sz0} with impulsive condition (refer Pazy, [64]) and B(%) is a bounded linear
operator from U to X and the control function u(-) is in L2([0,T]; U), U is another
Banach space. T and S are operators defined by

Tx(t) = /t K(t,s)z(s)ds, K € C[D,R*]

Sz(t) = [o " H(t,5)u(s)ds, H € C[Do, R']
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Jaita P Sharma 5.1. INTRODUCTION

where
D={(ts)€eR:0<s<t<T}

Dy={(t,s) € R*:0<t,s<T}

T € X is the initial condition. 0 < 1 <<tz < .. <ty < T, Ix : X — X is an
impulsive function, k = 1,2, ...,m. Az(t;) denotes the jump of z(t) at t = ¢, that
is,

Az(ty) = z(t]) — =(t;)
where z(t]) and z(t;; ) represent the right and left limits of z(£) at ¢ = ¢ respectively.

Anguraj and Arjunan [3] obtained existence and uniqueness of the solution of the
impulsive evolution system(5.1.1) without control term. The purpose of this chapter
is to investigate the controllability property of system(5.1.1) under suitable assump-
tion on the nonlinear function f. '

Let [0,7] be the time interval and ¢y,%s,...,t, be m time pointé on [0,7]. Let
PC([0,T],X) = {z : [0,T] — X such that z(t) is continuous at t # t; and left
continuous at t = # and the right limit z(t;) exists for k = 1,2, ......,m}.
Evidently, PC([0,T], X) is a Banach space with norm (refer Guo and Liu [40})

llzllpe = sup [[z(B)][-
tefo, 7]
A functiqn z(-) € PC([0,T}, X) is a mild solution of equations (5.1.1) if it satisfies

z(t) = G(t)zo -{—/0 G(t — s)f(s,z(s), Tz(s), Sz(s))ds+

¢ .
S Gt — t) Iu(a(te)) + / G(t— 9)B(s)yu(s)ds, 0<t<T  (5.1.2)
0<ti<t 0
Definition 5.1.1. Controllability
- We say that the system (5.1.1) is ezactly controllable in an interval [0, T}, if for every
initial state zo € X and final state z, € X, there is a control u(-) € L*([0,T};U),
for which the solution z(-) satisfies ©(0) = zg and (T) = z,.

Now, we obtain the controllability result using fixed point theorem, under the fol-
lowing hypotheses:
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(HDA is a general unbounded operator, which generates a strongly continuous
semigroup G(-).

(H2)For each t € [0,T] B(t) is a bounded linear operator with
b= sup ||B(t)|| <o
t€[0,1]
TH3)f [0, T x X x XXX~ XandI: X — X,k =1,2,...,m are continuous

mapping and there exist constants Ly, L2, Lz > 0, by > 0,k = 1,2,3,...,m
such that

|1 £ (¢, 21, T2, 23) — f(t Y1, 92, 93) || < Lallz1 — w1|] + Lallze — yof| + La||zs — ys]|
fort e IO?T]) T1,%2,T3,Y1,Y2,Y3 € Xa and
(He() = Ll < hlle — o], zyeX

Let M = tg%gg(,}HG(t)HB(x).: max, IG"@)llseoy, L =maz{Ly, Ly, Ls}

¢ T
K* = sup f | K (s,¢)]|dt < o0, H*z/ |H(s,t)|dt < 00
tefo,7] Jo 0

5.2 Main Result

For obtaining the controllability result of (5.1.1), we assume that the corresponding
linear system:

z'(t) = Az(t) + B(t)u(t), 0<t<T, ts#t
-z(0) = xo, (5.2.1)
Ax(tk) = Ik(w(tk))

is controllable and hence the controllability Grammian W(0,T") defined by:
T
W(0,T) = / G(T — $)B(s)B(s)*G*(T — s)ds (5.2.2)
0 ,

is invertible.
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The nonlinear impulsive system (5.1.1) is controllable on [0, 77] if and only if there
exists a control u which steers a given initial state zo of the system to a desired final
state z;. That is, there exists control function u such that

T
czy=z(T) = G(T)mq +/0 G(T — s)f(s,z(s), Tz(s), Sz(s))ds+

Z G(T — ti)Ix((te)) + /OT G(T - s)B(s)u(s)d.é

O<tp<T

Let us define a control u{t) by

u(t) = B*®)G*(T — W10, T)[z1 — G(T)zo—

/0 G(T — s)f(s,z(s), Tz(s), Sz(s))ds — z G(T — ty) In(z(tx))] (6.2.3)

0<tp,<T

where z(-) satisfies the nonlinear system (5.1.2). Now substituting the control u(t)
as defined in (5.2.3) into the nonlinear integral equation (5.1.2), we get

z(t) = G(t)zo + /ot G(t — s)f(s,z(s), T'z(s), Sz(s))ds+

S Gt - o) Iu(alty) + /0 Gt — 5)B(s) B*(5)G* (T — ) W10, T — G(T) 20—

O<tr <t

/T G(T —r)f(r,z(r), Tz(r), Sz(r))dr — Z G(T — tp) I (z(tr))]ds  (5.2.4)
0 0<ty<T - .

If the equation (5.2.4) is solvable then z(t) satisfies z(0) = zp and z(T') = ;. This
implies that the system (5.1.2) is controllable with control u as given by (5.2.3).
Hence the controllability of the nonlinear impulsive system (5.1.1) is equivalent to
the solvability of the equation (5.2.4).

We now obtain the controllability result by invoking Banach contraction principle
to establish solvability of (5.2.4).

Theorem 5.2.1. Suppose that

(i) The assumptions (H1) — (H3) are satisfied.

(i) The linear system is ezactly controllable and w = ||W~1(0,T)|.
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(ii) M(1 + M20?wT)(LT(1 4+ K* + H) + Y hy) < 1.
Then the nonlinear tmpulsive system (5.1.1) is controllable on [0, T]. ' O
Proof. Defining an operator F' on PC([0,T}; X) by

(Fz)(t) = G{t)zo + /Dt G(t - 8)f(s, w(.;),Tx(s), Sa:(s)jds+

3 Gt~ te) (o (t)) + /0 t G(t — 5)B(s)B(s)*G*(T — s)W (0, T)|z1 — G(T)z0—

O<t<t

T
/0 G(T 1) f(r,a(r), Tz(r), Sz(r))dr — > G(T —ty)Ix(z(te))lds  (5.2.5)

0<tp<T

It is clear that F : PC([0,T}; X) — PC([0,T]; X). Now we show that F is a con-
traction. For any z,y € PC([0,T]; X)

(P20 - FDEI
< [ 16— 170,567, S5(6)) — (695 Tol), Sulells +
5> 166 ~ )lHs(o(e) ~ Btwtell+ [ 166~ B B

0<tp <t . .
lG*(T - )l HW“I(O,T)H[/O NG(T —nIIlf ¢, 2(r), Tz(r), Sz(r)) —
F(&y(@), Ty(r), Sy@)lldr+ Y (|G = ta)l| |1 Tu((tr)) — Iu(y(t))|1ds

Ot <T

M| (Lalle ~ 9ll + Lal{ T — Tl + LellS — Sll)ds + Milz ol 3 b

IA

t T '
M2 ] [ / M(Lyllz ~ yl| + Lel| T — Ty|| + Ls||Sz — Sy|l)dr

+MJz — yl| S helds
MT(Ly + LoK* + LsH*)|j@ — yl| + Mllz — ]| b + M*bPw)

IA

/0 t(MT(Ll + LK + LyH) o — gl + Mz — ]| S hy)ds

63



Jaita P Sharma 5.2. MAIN RESULT

< MT(Ly + LK™ + LsH*) |z — yl| + Mz — yl| (O be + M)
WT?(Ly + LyK* + LsH*) |z — y|| + M36w||z — yl| > he
= MQ+MBPWI){LTQA+ K"+ H)+>  hi}lz—yl|

Now using the assumption (¢:%), we have
[(Fz)(t) — (Fy)|| < oflz — yll, Yo,y € PC([0,T]; X), where o <1

Therefore, F is a contraction on PC([0,77], X). Hence by the Banach contraction
principle, F has a unique fixed point in X. Let z be the fixed point in X. Therefore,

z(t) = G(t)zo + fot G(t — 8)f(s,z(s), Tz(s), Sz(s))ds+

3 Gt t)Iu(a(te)) + /; G(t — 5)B(s)B*(s)C* (T = )W (0, T)[z1 — G(T)zo—

/ T =) r,0(0), Tolr), Sa()dr = 3 (T — ) u(a(t)lds
0 0<ty<T :

Obviously, z(0) = zo and z(T") = z;. Hence the impulsive system (5.1.1) is control-
lable. o

i

Corollary 5.2.1. In case of I s are constant, we have hy = 0,k = 1,2,'...,m. So
the condition (iii) in the Theorem 8.1 becomes '

M1+ MPuT)LT(1+ K*+ H*) < 1
and thus the nonlinear impulsive system (5.1.1) is controllable.

Further, an algorithm for the computation of steering control and traj ectory is given
by the following corollary:

Corollary 5.2.2. A computational algorithm for the computation of steering control
and trajectory is given by:

un(t) = BXE)G* (T — W10, T)[z1 — G(T)zo—

[ O~ 5)5(5,20(6) Ton(s), Son)ds = 3 (T~ )tan(t))]

0<t<T
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ZTnt1(t) = G(t)zo + /t Gt —s)f(s, mn(s),Ta:n(s), Swn(s))ds—}— A

3 G- Wh(an(t)+ / G(t —5)B(s) B*(s)C* (T — 8)W (0, T) [, — G(T)z0—

—/0 G(T — 1) f(ry2nlr), Tz (1), Szpn(r))dr — Z G(T — tp) zn(tr)]ds
o<ty<T :

forn=0,1,2,... with arbitrary zo(t).

In case, the nonlinear function f is uniformly bounded, we can relax the inequality
constraint (iii) in Theorem 5.2.1.

Theorem 5.2.2. Let the nonlinear function f is Lipschitz and uniformly bounded.
That is, ||f(t,z,y,2)]] < K V z,y,2 € X. Then the nonlinear impulsive system
(5.1.1) is exactly controllable on X under the assumption (H;) — (Hs). O

Proof. Let us consider the Banach space PC([0,T];X). Defining an opera,tor F:
PC([0,T]; X) — PC([0,T}; X) by

(Fz)(t) = G(t):co + /Ot Gt — 3)f(s, x(s),T&:(s), Sz(s))ds+

3 Gt —to)I(a(ty) + f Gt — 8)B(s)B(s)*G*(T — 8)W=1(0, T) [ — G(T)zo—

0<tp <t

/ G(T = ) f(r, (), To(r), Sa(r))dr — 3 G(T - tu)la(t)lds  (5.26)

O<t, <T

Since f is uniformly bounded, we have

IE) @l
< NGO lloll+ [ 116 = ) 17(5,(6), T(s), S5(6)) s +
S llet =l i+ [ 66— 9l IBE 1B )

O0<ty, <T
NGH(T = )W 0, D lllzal| — NG [loll - /0 G(T —7)]
l1£(r, 2(r), Ta(r), Sz(r)lldr — Y NG )l 11 ll llz(te)l1ds

0t <T
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IA

<

Mizol| +MK/0tds+Mth +M2b2w/:(ll$1ﬂ + Mag +MK/0Tdr
+M ) hi)ds |

M|zol| + MET + M hy + M*6*w(||z1|| + M||zo|| + MKT + M > h)T
M(|zoll + KT + > hi) + M*Pw(||zol| + KT + ) k)T + M?bPw||z4|

(M + M) (ool | + KT+ S hy) + MPulfes]]

p (say)

This implies F mabs the whole space into the sphere of radius p. Let, £ = {z €
PC([0,T]; X); ||z|| < p} and Q = {Fz : z € E}. We observe that Q is uniformly
bounded. Using the uniform continuity of G(t), we have

[Fa)(t) - (Fa) @)

<

(G (&) - Glt2))oll + | /0 Gty — 5)f(s,2(s), Tn(s), S(s))ds

+ Otz G(t2 . s)f(S,z(s)7T$(8)’ Sa:(s))dSH

| H Y Gl —t)(zte) — Y G(t;—tk)fk(x(tk))“

IA

O<tr <ty O<tp<ta

Hi otz G(tr — 8)B(s)B*(s)G*(T — )W (0, T) [z ~ G(T)o —

/OT G(T — r)f(r,z(r), Tz(r), Sz(r))dr — Z G(T — ti) Iz (t)]ds
) : : 0<t, <T
— [ Gty — 5)B(s)B*(5)G*(T — 8)W-1(0, )y — G(T)zo
0

- [ 6@ i3, T, 5500~ T G - t)ls(unls]

O<tp<T

1G(t:) — Gl |10l + /0 ot —5) - Gt —5)l|
11F(s, 2(s), T(s), 5(5)) | ds + / 116tz — )il (s, 2(s), Ta(s), Sa(s))] ds
+ 3 116t~ t) - Gl — )l L@+ 3 116Gt - tll L)

<t <t 1<t <ia

+ Otl 1G(t1 = 5) = Gt = ) IBGI IB*) IGHT = ) W0, T ][
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—G(T)zo — /OT G(T —r)f(r,z(r), Tz(r), Sz(r))dr — Z G(T — tg)Ixz(te)]||ds

0<tp<T

-I—/t2 1G(t2 = )| 1B IB* ()] 1G*(T = ) W0, T)]| {[1 — G(T)o

- /0 G(T — 1) (r,a(r), Ta(r), So(r))dr — 3 G(T — t)Luo(ty)]l|ds

0<tp<T

< h+L+L+L+L+L+1;

where,
I
I
I3
I
Is
- Now

il Al IN

1A IA

fl

IA

lG(t) — G| ol

;, for |t1 —ta] <6y
0 N1G(t - 5) — Gtz — 9)|] 11/(s, 2(s), T(s), Sx(s))]ds
KT T 0T |
(11662 = 5)1 117520, (), Sa(s) s

MK(t; ~ty), for ﬁl“hlﬁ%"—‘mik“ '

fO?" 'tl - tzl < 52

€

7
> G — t) — Gtz — )l (@@

O<te <ty

€
mzhk, for |ti—ta| <64

%, f()’f‘ 1t1 —_ tzl _<_ (54
> Gt — tl] (= ()]
MY Ik

<<ty

; (By assgzmingz hy, is very small for [t — t3] < 85)

H[xl—G(T)mg—/o G(T—r)f(r,z(r),Tx(r),S:v(r))dr;— Z G(T —ti) Iex(t)]||ds

0Lt <T
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, ‘
< Azl + G Hwoleo IG(T — )| I (r, 2(r), Tz(r), Sz(r))||dr
+ Y NG~ t)ll [ Zez(ts)l|ds]

0<itp<T

< lmall + Mllzol| + MET + M
= D (say)

Therefore we have,

Is

= [ 116t~ 9 = Gt 1B 1B G 1G@ = )l WD e
—~G(T)zo — / G(T —r)f(r,z(r), Tz(r), Sz(r))dr — Z G(T — t) Lz(te)]||ds
0 0<ty<T
< szme ={r;- for |t —ta] < 5
Finally,
Iy

=/ llet - o)l 1B IB*E)HIGT = s)ll W0, )]l [z — G(T)ao

._/0 G(T —r)f(r,z(r), Tz(r), Sz(r))dr — Z G(T — tk)ka(tk)]!.lds

0t <T
252 ——
< MYwD(t, —t1) for [t —ta| < 07 = TM2b2wD
< £
.—’ 7 -

Now taking § = min{é1, b2, 83, 04, 05, b6, 67}, we have

|(Fz)(t1) — (Fz)(ta)]| < -;+-;-+;+§+—;+—;+;

That is,
[I(Fz)(t) — (Fz)(t)l| < €
It implies @ is equicontinuous. Therefore by Arzola-Ascoli theorem @) is relatively

compact. From Theorem 5.2.1 we have proved that F' js Lipschitz continuous and
hence F is continuous from E onto E. Thus applying Schauder’s fixed point theorem
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F has a fixed point and thus, the equation (5.2.6) is solvable. And hence the
nonlinear impulsive system (5.1.1) is exactly controllable. 0O

5.3 Summary

In this chapter, we have discussed the exact controllability of nonlinear impulsive
system. Here, we have proved the controllability result of a nonlinear impulsive evo-
lution sysfem by reducing the system into solvability problem. Fixed point theorem
has been used for this purpose by imposing sufficient conditions on the nonlinear
function f. Further, we have proved controllability results by using Schauder’s fixed
point theorem, in case of the nonlinear function f is uniformly bounded.
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