CHAPTER II

SHADOWING PROPERTY ON G-SPACES

Studying the available literature, it appeared to us that the shadowing
property which is one of the very useful dynamical property of continuous
self-maps on metric spaces has not been defined and studied on metric
G —spaces. Analyzing the definition of shadt;wing property on metric spaces,
in this chapter we introduce and study this notion for continuous self maps on

metric G —spaces. Let X be a metric space with metric dand let f: X—>X
be a continuous map. Recall that for a positive real number &, a sequence of

points {x, :a<i<b} is said to be a J-pseudo orbit for f if for each i,
a<i<b-1, d(f(x,), x,,1) <& . If a topological group G acts trivially on X i.e.
g x=1x, foreach geG then this means for each i , there exists a g,eG such
that d (g, f(x,), x,,))<J (here g, f(x,) = f(x,)) i.e. x,,, may not be §—close to
f(x,) butitis 6—close to some point in the G-orbit of f(x,). Similarly for
&>0, J-pseudo orbit {x, :a<i<b}is said to be ¢—fraced by a point x of X
if for each i, a<i<b, d(f'(x), x,)<&, where —w<a<b<w, if f is bijective
otherwise 0<a<bd <o Under the trivial action of G on X this condition
means there exists g, G, such that d(f'(x), g,x)<¢ ie. f'(x) is e—close
to some point in the G-orbit of x,, for each i. The above observations

motivate us to define and study the above notions in G —setting.
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In 2003, Pilyguin and Tikhomirov [35] have studied the concept of
shadowing property of continuous actions of some abelian groups like Z7
and Z?” xR? on a metric space X . Their concept does not involve self-

maps on X whereas our notion of shadowing is defined and studied for

continuous self-maps on metric G —spaces.

In Section 1 we define the notion of shadowing property for a
continuous map f on a metric G—space X and term it as the G —shadowing
property for /. Under the trivial action of G on X the notions of shadowing
property and G-shadowing property for f coincide. However, examples
provided justify that both notions for f are independent under a non — trivial
action of G on X . It is also observed through examples that the notion of
G -shadowing property depends on the action of the group G. In Section 2,
we study several properties of maps possessing G -shadowing property and
give necessary examples to strengthen the hypothesis. In Section 3, we
obtain a characterization for the identity map on a compact metric G-space
to possess the G—shadowing property. In Section 4, we obtain conditions

under which G-shadowing property of a map f on a metric G—space X

implies the shadowing property of the induced map f" on the orbit space

X /G and vice versa.
Some results of this chapter are being published in the JP Jour.

Geometry & Topology 3(2), (2003), 101 — 112.
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1. G- shadowing property: Definitions and Examples.
In this section, we define the notion of G-shadowing property for a

continuous map f on a metric G—space and study various examples.

Definitions 2.1.1. Let (X,d) be a metric G-space and f:X—>X be a
continuous map.

(a) For a positive real number &, a sequence of points {x, :a<i<b}in X is
said to be -G pseudo orbit for f if for each i, a<i<b-1, there exists a
g,€G such that d (g, f(x,), x,,1)<8 .

(b) For a given £>0, a J—Gpseudo orbit {x :a<i<b} for f is said to
g~traced by a point x of X if foreach i, a<i<b, there exists a p,eG such
that d(f'(x), p, x,)<¢&.

Note that if f is bijective we take —w<a<b < 0, other wise 0<a<b< .

(c) Map 1 is said to have the G-shadowing properfy (termed as the

G —pseudo orbit tracing property in [42]) if for each ¢ > 0 there exists a § >0

such that every ¢ —G pseudo orbit for f is ¢—traced by a point of X .

Examples 2.1.2. (a) Consider the closed unit interval 1=[0, 1] of the real

numbers with the usual metric. Let G=Z%,, the additive group of integers

modulo 2, act on I by the action defined by 1x=x and ~1x=1-x, for each

xel. Then the map f:1—1 defined by f(x)=—;£ has the shadowing

property as well as Z,—shadowing property.
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2.1.2, (b)Consider the subspace X ={l,1—l:neN} of the usual metric
n n

space R of real numbers. Let G=Z, act on X by the action 1x=x and
—-1x=1~x, for each x € X . Then the natural left shift / on X fixing 0 and 1

has shadowing property as well as Z,—-shadowing property.

2.1.2. (c) Consider the subspace X = {i —1-,;*;(1—-—1—) 1ne N} of R. For xe X,
n n

let x, denote the element of X which is immediately right to x and x_ that
element of X which is immediately left to x. Suppose G=Z, acts on X by

the action Ix=x and —1x=-x, foreach xe X . Considerthemap f: X—>X

x, ifxe{-1,0,1}
defined by f(x)=<x,, ifx<0
x,ifx>0

We first observe that g, in the definition of § —G pseudo orbit for f need not

be the identity element of the group. For & :56, consider the sequence

6 ={x :220}={——}, %,—%,%,—é—, —é, ......... } Then @ is not a § —pseudo orbit

. 1 1 9 1 11

There is g, =—1€Z, such that |-17(x,)—x| = E«-—i—l = —2-% < 1—15 . Next, we show

that / does not have the shadowing property. Let £ be such that 0<¢ <-§~.

For 6 >0, choose the &-pseudo orbit & for f as follows: Choose
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Xgs Xypeererns ,X,.; such that -1<x <0, for each ie{0,]2,..n-1}, satisfying
|0-x|>¢ for some :. Take x,=0. Further, choose x,.,=20 for each

k €{12,.....} and satisfying |0-x,,,| > £, for some k. Then @ is not ¢-traced
by any point of X . For observe that every element in the f—orbit of a
negative point is negative whereas every element in the f—orbit of a positive

point is positive. But elements of # are both negative as well as positive.
Also there are elements in 8, both negative and positive which are at a
distance greater than ¢ from 0. Therefore & cannot be c—traced by any

pont of X. Further, we show that f has the Z,-shadowing property.

Observe that if X, z{l, l—-l ' ne N}. then Example 2.1.2(b) shows fIX has
n n
1

the shadowing property. Therefore for given ¢ >0 there is § >0 such that
every J-pseudo orbit in X, is s-traced by a point of X,. Let 6 be a

6 ~Z, pseudo orbit for . Then for each i >0, there exists g, €Z, such that
| ./ (%)= X,| <& . If for some j+1, x,,,, is such that ~1<x,,, <0, then we
replace x,,; by —1x,,; and obtain a new & —pseudo orbit @ ={x; :i 20} in X;.

Since jiX has the shadowing property o is g—traced by a point of X], say,
1

x. This implies for each i20, |f'(x)-x|<z. But this further implies

[ f '(x)-—(-lx,)f < ¢. Therefore @ is ¢—traced by the point x of X. Therefore

f has the Z,-shadowing property. Consider the homeomorphism A: X —» X
defined by
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x, fifxe{-1,01}
h(x)=4-x , ifx<0

(= %+ if x>0
and natural action of G, ={h":neZ} on X defined by #"x = #"(x). Then the
orbit space X/G; ={G(0), G(), G(-1).G(3), G} and f has the
G,—shadowing property. Thus a map may have the G-—shadowing property

with respect to more than one group.

2.1.2. (d) Consider the subspace X, ={i—1—,i(l~}-) ‘ne N} of R. Suppose
4] n

G=1Z, acts on X by the action Ix=x and —-1x=-x, forall xe X. Consider

the map f,: X;— X, defined by

x, fxe{-1,0,1}
fix)=3x,, ifx<0
x,ifx>0

let X,=X,f,=f,. Then by example 2.1.2(c) both f=f, has
Z,-shadowing prope@. But the product map fxf, does not have the
Z,~shadowing property. By Theorem 2.2.8, f,x f, has the Z, xZ, —shadowing
property.

2.1.2. (e) Consider the unit circle S' of the plane and suppose/group G=U,
of fourth roots of unity acts on S' by the usual action of complex
multiplication. Define map f:S' - S' by f(z)=2>=e", z=¢’ e S'. Then

we show that f does not have the G - shadowing property. Observe that for

1(g+X) 1643 k
z=¢e", G(e‘9)={e‘3,e 2 0 o 2 } and f*(z)=¢”?. Let £ be such
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that 0<eg<d(e”, e%). In order to show that f does not have the
G -shadowing property we show that for every J >0 there is a § — G pseudo

orbit {z, :i >0} which is not &-traced by any point of $'. Take p, =(, 0).

z,
Choose p, eU 6((1,0)) such that f*(p)eU 5(e2 ) for some k. Consider the

sequence {z,:1 20} ={py, Py, F(D\)serees S (D) Pos 15 S (D))}, L. fOr
each n20, z, =p, and z, ,, =f'(p,), 1<i<k-1. Then {z,:i>0} is a
d -G pseudo orbit for f. For when i=0, d(f(z,),2,)=d(f(p,), ) <6, for

1i<k-2, d(f(z)z.)=d(f' () f (p)=0<5 and for i=k-1,

@) ) = fro)zn) <6 a8 Fp)eU,Ed)  wil  imply

e%”'f"(pl) eU,(e"”). Thus for each i>0 there is g e€G such that
d(g,f(z,),z,)<6. Therefore {z,:i=0} is a § —Gpseudo orbit for . We
complete the proof by showing that {z, :i > 0} is not ¢ —traced by any point of
S'. Obviously, {z,|i=0}is not e-traced by any point of S'-U,((1,0)),
because if zeS'-U,((1,0), d((1,0),z)>¢, ie. d(f°(2),z,)>¢&. Now for

zeU,((1,0)) there exists m such that f"(z) is at a distance greater than ¢

z,
from ¢2 . But for any i, z, lies on the arc between (1,0) and (0,1). Therefore

{z,:i20} is £~traced by any point of S'. Therefore f does not have the
G - shadowing property. Since f is positi\}ely expansive open map, f has

the shadowing property by Theorem 1.13.
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2.1.2. (f) For each neN, let X, denote the circle centered at origin and of

radius l. Consider the subspace X =UX,,u{(O, 0)} of the plane and let
n

n=1
f:X — X be the identity map. Suppose the group G =S0(2) acts on X by
the usual action of matrix multiplication. For a given ¢ > 0, choose § such
that 0 <6 <min{£, i}. Let 6={z, :ieZ} be a §-G pseudo orbit for /. Then
by the choice of § either for each ieZ, z, € X,,, for some meN, m<6 or
z,e X, and z, € X, forsome m,keN, m=k,m k=26.Butineachcase 6 is
g -traced by the point xeX,,. Therefore f has the G -shadowing property.

Observe that space X is compact and the orbit space X /G of X is totally

disconnected.

Remark 2.1.3. (i) In each of the examples 2.1.2(a) and (b) the map has both,
shadowing property as well as the G —-shadowing property.

(ii) In example 2.1.2(c) the map has the G —shadowing property with respect
to two different groups. Also it does not have the shadowing property.

(iii) In example 2.1.2(d) the map has the G —shadowing property with respect
to one group but does not have with respect to another group. Thus the notion
of G -shadowing property depends on the action of G.

(iv) In example 2.1.2(e) the map has the shadowing property but does not
have the G —shadowing property.

(v) Example 2.1.2(c) and (e) justify that the notions of shadowing property

and G -shadowing property are independent of each other.
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(vi) In example 2.1.2(f) one can analyze conditions under which the identity

map has the G- shadowing property.

The following result gives a class of maps on a metric G—space X
having the G-—shadowing property.
Proposition 2.1.4. Let (X, d) be a metric G—space, where G is compact and
d is an invariant metric on X . Then a pseudoequivariant contraction map f

on X has the G —shadowing property.

Proof. Since s is a contraction map, there exists 0<c<1 such that

d(f(x), f(¥) <cd(x,y), forall x,ye X. Let £ >0 be given. Choose § such
that 0 < I—é-— < —;— We show that every § -G pseudo orbit 8 ={x, :i >0} for f
-C

is e—traced by a point of X . Infact, we show that ¢ is ¢—traced by the point
x, i.e.foreach i, i > 0, there exists p, € G such that

d(fl(x())’ px x1)< & (I)
For i=0, d(f°(x),x,)=0<e. Therefore (I) holds for p, =e e G, where ¢ is

the identity in G. Since 6 is a §—Gpseudo orbit for each i, i>0, there

exists g, € G such that

d(gt f(xz):« x}+l)< o (H)

For i=1 from (II), d(g, f(x,), x,)< & . Therefore by invariancy of metric d
there is p; = g;' € G such that d(f(x)), p, x)<J <% <. Therefore (I) holds

for i =1. By (II),

d(g, f(x1), %)< 3 = d(f(x), gx—l X)) <d
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=d(f(px), prx,) <6,

where p, = p, g! € G. Note that

d(fz(xo), Py %)< d(fz(xa), S x)+d(f(p, %), p, x,)

Scd(f(xy), prx) +d(f(p x), D> %)
<cd+6=8(c+)<e¢

Therefore (I) holds for i=2. Using (II) for i=2, we obtain
d(g, (%), %)< 8 = d(f(%), &' ;) <6 = d(f(1, %), pyx3) <8,  where

Ps=Dp, g5 €G. Therefore,

d(f* (), P31)< d(f* (%), f(p2 1)) + d(f (D, %), Py x3)

< e d(f(x), D2 %) +d(f(py %), P3%3)
<c(ed+8)+6=8(+c+D<e

Hence (I) holds for i=3. Assume that for some p,eG,
A(f (%), Pr ) <8 (F M4 F 2t 0 + D)<, Again by (1),

d(gy f(%), X4.)< 6 = d(f(Py X), Pt Xkq) <6 , Where p,., = p, g;l eG.

Consider,

A" (%), P X< d(f ), f(px %) +d(f (Pr %45 Pis1 Xer1)

<cd(f*(xy), De %) + d(f(Dr X4)s Prai Xpe1)
<c 8t + 2 +o.+c+D+<e

Therefore (I) holds for i =k +1, whenever it holds for i = k. Hence by the

Principle of Mathematical Induction (I) holds for each i,i>0. Since @ is an
arbitrary & -G pseudo orbit for f, it follows that every §—G pseudo orbit for
f is e~traced by a point of X . Therefore f has the G-shadowing

property
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We recall here that a contraction map on a metric space has the

shadowing property.

2. Properties of maps possessing the G-shadowing property .

We now observe some properties of the maps which are
G -shadowing maps and provide necessary examples to strengthen the
hypothesis. The following result shows that the notion of G-shadowing
property is independent of the choice of metric for X, compatible with the

topology of X if the space is compact.

Theorem 2.2.1. Let X be a compact metric G—space and let d and d, be
two equivalent metrics on X . If a continuous map f:X —> X has the
G -shadowing property with respect to metric d then f has the G-
shadowing property with respect to d, .

Proof. Let £ >0 be given. Since 4 and 4, are equivalent metrics, there is an
n>0 such that for each xe X, Uj(x) c U (x), where U (x) denotes the

open ball centered at x and of radius & under the metric d,. Note that
compactness of X guarantees that choice of 7 is independent of the choice
of x. G-shadowing property of f with respect to metric 4 implies there is
§ > 0 such that every 6 —G pseudo orbit for f 1s n—traced by a point of X .

Again, equivalency of metrics d and d, implies there is a > 0 such that for

each xe X, U?(x) cUj(x). In order to show that / has the G-shadowing
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property with respect to metric d, we show that every y —G pseudo orbit for
f with respect to metric d, is g~traced by a point of X . Let 8={x,:i>0} be
a y —Gpseudo orbit for f with respect to metric d,. Then for each i, i>20,

there exits g, € G such that

dl(gx f(xx)a x1+l)< ?’
= g, f(x) e UL (%) c Uj(x,,)
= d(g, f(xx): x:+l)< 5

Therefore 6 is a 6 —G pseudo orbit for f with respect to metric 4. But f has
the G —shadowing property with respect to metric 4. Hence @ is n—traced by
a point of X', say, x. This implies foreach i, i >0, there exists p, € G such

that

d(f‘(xo)’ pr xz)< 7]
= f'(x)eUs(p,x) UM (p,x,)
= dl(f'(x())s px x:) <é&

Therefore 6 is e-traced by the point x, of X. Thus, f has the

G —shadowing property with respect to metric 4.

Consider the map f defined on R, the usual space of real numbers,
by f(x)=§. Then f being contraction map, f has the Z,-shadowing

property. Also its inverse has the Z, —shadowing property. But the composition

of f with its inverse which is the identity on R does not have the

Z,—shadowing property. The following result gives condition under which self
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composition of maps possess the G—-shadowing property if the map has the

G -shadowing property.

Theorem 2.2.2. Let X be a metric G—space and f:X — X be a continuous

map. If f has the G-shadowing property then f* has the G-shadowing
property foreach k > 0.

Proof. Choose k>0 and fix it. Let £>0 be given. Since f has the
G —shadowing property, there exists a 6 >0 such that every §-Gpseudo
orbit for 7 is g-traced by a point of X . In order to show that f* has the
G —shadowing property we show that every 6 ~G pseudo orbit 8 ={x, :i > 0}
for f* is e-traced by a point of X . Since ¢ is a §—G pseudo orbit for f*,
for each i, i>0, there exists g eG such that d(g, f*(x), x,,,)<J.
Consider{y, :i = 0} = {Xg, £ (%p)seees f*7 C60); Xppovver FE e }i8 Vi, = F7 (),
0<j<k-1,n20.We showthat {y,:i>0} is a § —G pseudo orbit for . For
n20,0<j<k-2, i=kn+jand eeG,
(e f Dtrr s Vins o) = A5, [, ) =0<6.

If i=kn+k-1, then d(g,f (), Y1) =d(g, f¥(x,), %,,1) <6. Thus {y,:i20}
is a § —G pseudo orbit for £. But f has the G —shadowing property, therefore
{y,:i20} is e-traced by a point of X, say, x. This implies that for each i,
i 20, there exists p, e G such that d(f'(x), p,x,)<¢&. But y,, =x,, for each

n20. Therefore, for each »n>0, there is p,eG such that
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d(f*™(x), pi,x,) <&. Hence 6 is g-traced by the point x of X and thus f*

has the G-shadowing property.

In the following result we relate the G-shadowing property of a

homeomorphism f with its inverse.

Theorem 2.2.3. Let X be a metric G—space, where G is compact and d be
an invariant metric. If a uniformly continuous pseudoequivariant

homeomorphism f:X — X has the G-shadowing property then so does its
inverse 1.

Proof. Let £ >0 be given. Since f has the G-shadowing property, there is
a ¢ > 0 such that every 6 —G pseudo orbit for f is e-traced by a point of X .
Uniform continuity of f implies there is an #>0 such that
d(x, )<n=d(f®), fO))<5. In order to show that f' has the
G-shadowing property, we show that every n—Gpseudo orbit for /! is
g—traced by a point of X . Let 8={y, :ieZ} be an -G pseudo orbit for 1.

Then foreach i, ieZ, thereis a g, ¢ G such that

g, ') v <m
=d(g, (), Yaa)<n (replacing i by —i )

Put x, = y_,, foreach ieZ. Therefore, foreach i, ieZ,thereis g, =g/ eG

such that

d(g; f-1(x‘)’ xz—-l) < 77
=d(x, g f(x)<d
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Thus {x,:ieZ} is a -G pseudo orbit for 1. But f has the G-shadowing
property, therefore {x :ieZ} is e¢—traced by a point of X, say, x. This

implies thatforeach i, ieZ, thereis a p, € G such that

d( f'(x), px)<e
=>d{(f ")’(x), p.,y,)<e,forsome p_, G (byreplacing i by —i )

Thus @ is e-traced by the point x of X . Since 8 is an arbitrary -G pseudo
orbit for £7! it follows that every 5—G pseudo orbit for /! is g—traced by a

point of X . Therefore £~ has the G-shadowing property.

We now find some condition under which the map f has the

G-shadowing property whenever f* has the G-shadowing property, for

some k > 0. We first observe the following lemma.

Theorem 2.2.4. Let X be a metric G—space, where G is compact and d is

an invariant metric on X. ¥ f:X > X s a uniformly continuous

pseudoequivariant map and k N, then for every £ > 0, there is a § >0 such
that each finite &—G pseudo orbit 0 ={x,:0<i <k} for f is £-traced by x,
ie.foreachi, 0<i<k, thereisa p, e G such that

d( f'(x), %) <€ ")
Proof. Let 8 = {x, : 0 <i < k} be a finite 6§ ~G pseudo orbit for f. We prove the
result by applying the Principle of Mathematical Induction on k. Let k=1,

then i=0,1. Foragiven £ > 0, choose ¢ suchthat 0 <& <. Then
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o—-Gpseudo orbit 6={x, x,} satisfies (*) for i=0,1. Infact, for i=0,
d( (%) poxp) <&, where p,=e and for i=1 d(f(%), px) =

d(go f(xy), x;) <&<e, where p, =g;'. Next, using uniformly continuity of

f we find an >0 such that d(x, y)<n implies d(f(x), f(y))<—;-. We

assume the result to be true for k¥ -1. Thus there exists y >0 such that every

y— Gpseudo orbit {y,:0<i<k-1} for f is n—traced by y,. Consider a
——72:-Gpseudo orbit 6 ={x,:0<i<k} for f. Then {x,:0<i<k-1} is also a
%—-G pseudo orbit (hence y-Gpseudo orbit) for f. Thus for each
i,0<i<k-1,thereisa p, e G suchthat d( f’(x,), p,x) <n. In particular for
i=k=1, d(f*"(x), peaxes) <n which implies d( f*(x,), f(p,,_lxk_i))<§,
and therefore d( p,_,f*(x), f (1)) <-g~, where p}_; = p;%,. Again, 9 is a y—
G pseudo orbit for . Therefore for i =k -1, there exists g, € G such that
d( gpxe, f(x) < % . Finally observe that

d( Phaf* o) &%) < A pja S (50)s ) *A( g4, [()) <&
Therefore, (*) holds for all i,0<i<k. Thus result holds for & whenever it

holds for £ —1.
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Theorem 2.2.5. Let (X, d)be a metiic G-space, where G is compact and

d is an invariant metric on X and let f:X — X be a uniformly confinuous
pseudoequivariant map such that for each i>0, f' is uniformly continuous.
Suppose for some k >0, f* has the G—shadowing property, then f has the
G —shadowing property.

Proof. Let k>0 be such that f* has the G-shadowing property and let
£ >0 be given. Then there is an 7;, 0 < <£ such that every 7—G pseudo
orbit {x,:0<i<k}for f satisfies: for every i,0<i<fk, there exists g, G
sucﬁ that d(f'(x), p,x,)<%. Since each f', 0<i<k, is uniformly
continuous there is 7, >0 such that d(x,y)<m =d(f'(x), ') <%.
G -shadowing of f* implies there is a 7 >0 such that every -G pseudo

orbit for f* is p-traced by a point of X. Here n=min{n, n,}. Let
p =min{n, 7}. Then by Lemma 2.2.4 there is a & >0 such that every finite
o—Gpseudo orbit {z,:i>0}for f is f—traced by z,. In order to show that
f has the G-shadowing property we show that every & -G pseudo orbit for
f is e~traced by a pointof X .Let 8={x,:i>0}be a § -G pseudo orbit for
f.Forn=0, put y, =x,, and for fixed =, consider a finite § —G pseudo orbit

{x4,,:0<j<k}. Then by Lemma 2.2.4 for each j, 0<j<k, there is a
P, €G such that d(f’(x,), Dine, ¥ins,) <7. In particular, for j=k,
A Xt)s Proni ¥iner) <7 - Since n is arbitrary, this further implies that for

each n20, there is g,,, =p;,:+1 € G, such that d(g,., Fo) v <.
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Therefore {y,:n20} is a z—Gpseudo orbit for f*. But f* has the G-
shadowing property. Therefore {y, :n>0} is n-traced by a point of X, say,
y . Hence for each n> 0, there is ¢, € G such that .

d(f" D) taya) <7 @
Again, consider finite J§-Gpseudo orbit {x,, ,:0<j<k} Then
{xt., :0< j<k}is B-traced (hence is n—traced) by the point x,, of X . This

implies for that each j, 0< j <k, thereisa ¢, , € G such that

A ) ins Fers,) <1< 5 (m
Now, by (D d(f*(,).t,¥m)<n implies that for each j, 0<j<k,
i ), ! (B Vi) < g . Therefore for 0 < j <k, using invariancy of 4, we
get

A0y, S O S () < =, for SOME 13, € G (1)
Hence form (1), (II) and (I1I)

At 1 S O G Tins ) S Allpre, 7 ) 7 (i) +

y & £
A Cn)s ins) Xams)) <oty =¢

Thus for i>0, there is p, « G, such that d(f'(y), p,x,) <. Therefore 8 is

g—traced by the point y of X . Hence f has the G-shadowing property.

Following result gives the condition under with the conjugate maps has

the G-shadowing property.
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Theorem 2.2.6. Let X, Y be compact metric G—spaces with metric d and p
respectively and h: X — Y be a pseudoequivariant homeomorphism. Then a
continuous map f:X — X has the G-shadowing property if and only if the
f, ="' .Y > Y has the G—shadowing property.

Proof. Suppose f has the G-—shadowing property and let £ >0 be given.

Then by uniform continuity of 4 there is 6 > 0 such that
d(x, y) <6 = p(h(x), h(y)) <& @

By G-shadowing property of f, there is an 7 >0 such that every
n~G pseudo orbit for 7 is §-traced by a point of X . Also, & is uniformly

continuous. Therefore there is ¥ > 0 such that forall y,, y, €Y

P ) <y =AMl ), K\ () <7 (I

In order to show that £ has the G—shadowing property we show that every
7—G pseudo orbit for f, is e-traced by a pointof Y. Let 6={y,:i>0} bea

y—G pseudo orbit for f,. Then for each i > 0, there exists u, € G satisfying

P 1 () Vi) <7
= d(hml(uzfi(yl)x hnl (yx+l)) < 77
=dW f ), (3,.) <n, forsome ' € G

Let x, = h7(y,), for each i >0. Then from (II) it follows that {x, :i >0} is an

n~G pseudo orbit for /. Therefore {x,:i20} is §~traced by a point of X,
say, x. Hence for each i20, there is p, e G such that d(p,x, f'(x)) <6,

which implies  p(h(p,x,), ' (x))<e, by (). this further implies
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(P y,, F(h(x)) <&, for some p! e G. Therefore & is ¢~traced by the point
h(x). Since O is an arbitrary y—G pseudo orbit for f, it follows that every
y—G pseudo orbit for £, is ¢—traced by a point of Y. Therefore f has the

G —shadowing property.

We observe that in the above theorem pseudoequivariancy of 4 is not
a necessary condition.

Example 2.2.7. Consider the usual Z,—space 1 with the usual metric. Define

amap h:1->1by A(x)=+x. Suppose p ={h":nel} acts on 1 by the usual
action. Then the map defined on 1 by f(x):% has the Z,—shadowing

property. Also £, = kfi™ given by f,(x) = ——\% has the Z,-shadowing property.

Observe that # is not a pseudoequivariant map.

In the following theorem we obtain the condition for the product of two

maps possessing G-shadowing property to possess the G-shadowing
property.

Theorem 2.2.8. Let (X,d,) and (Y,d,) be metric G—spaces and X xY the
product space with metric d((x;, y,), (%, »)) = max{d,(x;, x,), dy(¥1, ¥2)}-
Suppose f:X — X and h:Y —> Y are continuous maps. Then the product
map fxh:XxY - XxY defined by (f xh)x, y)=(f(x), h(3)); (x,y) e X xY

has the G xG-shadowing property if and only if each of f and h has the
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G -shadowing property. Here GxG acis on XxYby the action

(g, k)(x, y) = (g%, ky).
Proof. Suppose f and 7 has the G-shadowing property. Let £¢>0 be

given Since f has the G-shadowing property, there is 8, >0 such that
every S§,—Gpseudo orbit for f is —‘;—traced by a point of X . Similarly
G-shadowing property of 4 implies there is a &, >0 such that every
6,—G pseudo orbit for 2 is %-—-traced by a point of Y. Let § = min{d,, 5,}

Then in order to show that fx & has the GxG-shadowing property we show
that every 6 -(GxG) pseudo orbit for fxh is g—traced by a point of X xY .
Let 6O ={z =(x,y):i=20}bea §—(GxG) pseudo orbit for fxhin XxY.

Then foreach i 20, there is (¢, g,) e Gx G such that

d((t,, &)X fxh)z), 2,,)) < 6
= d((t, g ) () h(¥), (%15 Y1) <6
= max{dy (4,1 (%), X,11), 42 (8, h(¥,), Y1)} <6

Therefore {x,:i>0} and {y,:i20} are §,—Gpseudo orbit for f and &,—

G pseudo orbit for 4 respectively. But each of fand k has the G—shadowing

property, therefore {x,:1>0} is g—-—traced by a point of X, say, x and

{y,:i20}is -;:--traced by a point of Y, say, y. Hence for each i >0, there
exist p,, g, € G such that
1 £ : £
dl(f (X), pxxi) < 5 and d2(h (y)’ QIyt) < '2"
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= max{d,(f' (), p.x,), dy(H (), 4,3,)} < g

H ! 3
= d((f (x)’ h (y)a (plx’ q:yx)} < '5
Therefore @ is g-traced by the point (x, y) of XxY Since 8 is an arbitrary

6 -G x G pseudo orbit for f x A, it follows that every § —Gx Gpseudo orbit for
fxh is g-traced by a point of XxY. Therefore fxh has the
G x G—shadowing property.

For the converse part, one can easily verify that

(@ If {x,:i=20} and {y,:i20} are §-Gpseudo orbits for f and #
respectively then 8 ={z, =(x,,y,):i20}is a § -(GxG) pseudo orbit for fxh
in XxY.

(i) If (x,y) e-traces O, then {x,:i20} is e-traced by x and {y,:i20} is
e-traced by y.

Therefore each of f and # has the G —shadowing property.

In example 2.1.2(d) recall that the map has the Z,xZ,-shadowing
property but does not have the Z,-shadowing property. Thus if a group acts

diagonally on the product of G—-spaces then the product map need not have

the G —~shadowing property.

3. Characterization for the identity map to possess the G-shadowing
property .

Recall the example 2.1.2(f) where the identity map has the

G-shadowing. Observe that in that example the orbit space X/G of the

space X is totally disconnected. This example helps us in finding the
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condition under which the identity map has the G-shadowing property. We

first observe the following lemmas. The first lemma is proved in [12].

Lemma:2.3.1.] Let X be a connected space, abe X and p= {U, axelA}

be a family of open sets whose union is X . Then there is a simple chain with

links form g that connects a and b.

Lemma2.3.2.] Let x, ye X, where X is a non—degenerate continuum. Then
for a continuous map f:X — X and a 6 >0, there exists a & -pseudo orbit
for f containing x,y in X .

Proof. Let o ={U,, U,,......... U,} be a finite subcover of X with diamU, <4,
for each ie{l....,n}. Since X is connected there is a simple chain which
connects x and y. Take x,=x and consider corresponding f(x). Then by
Lemma 3.3.1 there is a chain that connects x and f(x). Take x, € U,, where
U, is that member of the chain between x and f(x) for which f(x)eU,.
Consider corresponding f(x,). Again there exists a chain connecting x, and
f(x,). Continuing in this way we obtain a & —pseudo orbit containing x and
y. Since X is connected existence of sﬁch a J-pseudo orbit is always

guaranteed.

Theorem 2.3.3.. Let X be a compact metric G—-space, where G is compact.

Then the identity map f on X has the G-shadowing properly if and only if
the orbit space X /G of X is totally disconnected.
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Proof. Suppose X /G is totally disconnected. Then clopen sets form a basis
for topology of X . Since G is compact we can consider an invariant metric
d on X compatible with topology of X. Let £>0 be given and let

{U,, U,,......,U,} be a finite subcover of X/G consisting of clopen sets such
that U,nU,=¢ for i+ j and diamU, <¢, for each i in {,2,...,n}. Set
V,=n"'(U,) for each i,. Since U, is a closed subset of X/G and 7 is a
continuous map, ¥, =z7'(U,) is a closed subset of compact space X and
hence compact. Also, U,NU,=¢ =z U)Nn"'U,)=¢=>V,nV,=¢. Let
6, =d(,,V,) fori=j.Then V,, ¥, being compact implies 5, >0, for i = j.
Choose & such that 0 < <min{5, :1<i<n,1< j<n}. In order to show that

the identity map f has the G- shadowing property we show that every
6 —G pseudo orbit for f is ¢~traced by a pointof X .Llet ={x, :ieZ} bea
& ~Gpseudo orbit for /. Then for each ieZ , there exists a g, € G such
that d(g, f(x,), x,, ) <J i.e.
d(g X, %,41) <6 ")

Note that if x, eV, then x,eV;. Forif x, eV, j=k, then ¥, being
G-nvariant g,x, eV, and x,eV,=d(gx,x,)2dV,,V,)=6,>5 a
contradiction to (*). Similarly, if x, ¥, then x_ eV;. For, if x_ eV, j#k,
then V, being G-invariant g,_x_;e€V, and x,eV, implies

d(g,1%,1,%,)2d(Vy, V,)=6,, >5 a contradiction to (*). Therefore for each

iel, x, €V,. This further implies G(x,)eU,. But diamU, < ¢, therefore for
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any G(x)eU, and for any ieZ, d,(G(x),G(x,)) <&. Since G is compact
therefore for given ieZ, there exists a [/,meG such that

d(lx,mx)<e.Thus for each ieZ there exists a p eG such that

d(f*(x), p,x,) <e. Hence @ is e-traced by the point x of X . Since & is an
arbitrary & —G pseudo orbit for £, it follow that every § —G pseudo orbit for f
is £~traced by a point of X . Hence f has the G —shadowing property.
Conversely, suppose the identity map f on X has the G —shadowing
property. Since X /G is compadt, it is sufficient to show that dim(X/G)=0.If
possible suppose dim(X/G) = 0. Since dim(X/G) =1 therefore there exists a

closed connected subset F in X/G whose dimension is at least one. Since
X/G is compact, F is a compact subset of X/G. Therefore there exists

G(a) # G(b) e F such that diamF = d,(G(a), G(b)) =r, say. Compactness of
G implies there is y, € G(a) and y, € G(b) such that r =d(y,, ,). Let ¢ =§.
We obtain a contradiction by showing that for a given &6 >0 there is a
6 —G pseudo orbit for f which is not e—traced by any point of X . By
Lemma 3.3.2 there is a §~Gpseudo orbit {x,:ieZ} for f in X containing
» and y,. Such a § -G pseudo orbit can be obtained as follows: Since F is
a compact connected subset of X/G by Lemma 3.3.2. there is a § —pseudo
orbit {G(x,):ieZ} for f‘ containing G(a) and G(b). This implies for each
iel, d,(f'(G(x,)), G(x,+;))<§ . Compactness of G implies for each ieZ

there are [I,meG such that d(, f(x),mx,)<6 which implies
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d(g, f(x,),x,,) <5, for some g G and hence {x,:ielZ} is a 5—
G pseudo orbit for f. Now, {G(x,):1 e Z} contains G(a) and G(b). Therefore
for some k,peZ, G(x,)=G(a) and G(x,)=G(b). Also, y €G(a) and
Y, € G(b) implies g’y =x, and g"y, = x,, for some g, g" e G. We replace
x. by g’y and x, by g"y, in {x,:ieZ}and continue to denote the new & —
G pseudo orbit containing y, and y, by {x, :ieZ}. Suppose {x,:1eZ} is e—
traced by the point x of X . Therefore for each ieZ, there exists p,eqG,
such that

d(x, px)=d(f'(x), px) <& @)
Since {x,:ieZ} is a —Gpseudo orbit for f containing 3, and ¥,, there
exists k,ne Z suchthat x, = y; and x, = y, Therefore by (1),

d(x, px;)<e and d(x, p,x,) <€,
which implies

d(G(x), G(px,)) < & and dy(G(x), G(p,x,)) <&
and hence

d(G(a), GB)) < d1(G(a), G(x)) +dy (G(x), G(B))

2r
<E+E =
3

a contradiction. This proves dim(X/G)=0.
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4. Characterization for a map to have the G-shadowing property.

We obtain condition under which G-shadowing property of f on

metric G-space X implies the shadowing property of the induced map on
X /G and vice versa. We first recall the definition of a covering map. Let X

and Y be metrnc spaces. A continuous onto map f: X —>Y is called a

covering map , if for each y e Y, there exists an open neighborhood 7V, of y

in Y such that f ”I(Vy) = UU, (i#i=>UnU, =¢, where each U, is open in

X and f, :U, -V, is a homeomorphism.

Theorem 2.4.1. Let X be a compact metric G—-space and f:X - X be a

pseudoequivariant map. Suppose the orbit map »:X — X/G is a covering

map. Then f has the G-shadowing property if and only if the induced map
f‘ :X/G —> X /G has the shadowing property.

Proof. Suppose f' has the shadowing property. We show that f has the

G —shadowing property. Let ¢ >0 be given. Since r is a covering map and

X is compact, there exists a 6>0 such that for z(x)e X/G,

7' Us(r(x)) = | JU,, where each U, in X, acA, azf=>U,nU,=¢

aed

and ”i U, - Us(n(x)) is a homeomorphism. For g-neighborhood U, (x)

U

a

of x, consider U, which contains x If diamU,<¢, we have

n;’ Us(r(x)) cU, cU,(x). If diamU, £ ¢, then choose U', c U, such that
a
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diamU’, <& and xe U, we have ”ful Us(x(x)=U., cU,(x). Since f
[74

has the shadowing property there is an 7 > 0 such that every n—pseudo orbit
for f is & —traced by a point of X/G. Uniform continuity of » implies there is
y >0 such that d(x,y) <y = di(7(x), #(»)) <7n. In order to show that f has
the G—shadowing property we show that every y—G pseudo orbit for f is
g—traced by a pointof X.let{x :i20}bea y—G pseudo orbit for f. This
implies for each i>0, there is a g, € G such that d(g,f(x,), x,,;) <y which
implies d,(z(f(x,)),7(x,,1)) <n and hence we have d,(G(f(x,)), G(x,,1) <7
which proves that {G(x,):i > 0} is an n—pseudo orbit for 7. Since f has the
shadowing property, {G(x,):i2 0} is J~traced by a point of X /G, say, G(x)
and hence d,(G(f"(x)), G(x,)) < , for each i 2 0. But this gives

n(f'(x)) eUs(m(x,))
which implies

') en Us@e,) e Us(x)
and therefore d(f’(x), x,) <e. This proves {x, :i >0} is £-traced by the point
x of X .Hence f hasthe G-shadowing property.

Conversely, suppose f has the G —shadowing property. We show that

f" has the shadowing property. Let & >0 be given. Since x is uniformly
continuous, there exists y >0 such that d(x,y) <y = d;(=(x), #(3)) < . Also,

f has the G-shadowing property, therefore there is an 7 > 0 such that every

n—G pseudo orbit for 7 is y-traced by a point of X . Since z is a covering
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map on a compact space, there exists a § > 0 such that for each x in X we

find an a, satisfying (7, Y ' Us(x@) c U, (x). In order to show that £
has the shadowing property we show that every &—pseudo orbit for fis
e-traced by a point of X/G. Let {G(x,):i >0} be a & —pseudo orbit for 7.
Then there exists ,, such that x,,; € (my, Y Us(f () Uy (f (%))
which implies {x,:i>20} is an n—Gpseudo orbit for fand therefore is
y~traced by some point x of X. Hence, for each i 20, there is a. p,eCG
such that d(p,x,, f'(x)) <. Further, using uniform continuity of the covering
map = we get d,(G(f’ (x)), G(x,)) <& . This proves {G(x,):i 20} is &-traced

by G(x). Hence f has the shadowing property
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