
CHAPTER-3
INVERSE SERIES RELATION II

3.1 INTRODUCTION
As mentioned in chapter-1.Carlitz [3] gave a basic inversion 

pair in the form :

f

(3.1.1) -

f (n)

gCn)

n= Ek=o
n= Ek=o

, ,,k kX (k-2n+i )/z r n(-1) q l ^

,, .k kX (k-i )/z , n ,
K q 1 k J X

] x v/(-k.n.qX) g(k), 

kX(ak+l+ q bk+l)-

f (k)_______
y {-n,k+l,qX )

with r n i 1 k J X

and

r. nX - (n-1 )X. , (n-k-fl)X .Cl-q j Cl-q )...Cl-q }
Cl-<^ ) Cl-q (k~1)X > - --Cl-q X) (X*0)

—vx¥>(k,n,q) * n (a.+q b. ). i=l 1

When X=-br-l, a^«l. and bi=-qp ar+i the products
V'(-k.n,qX) and y<(-n,k+l,qX) get particularized respectively, to

,p-ar-brk-k-^
r D-ar-brk+n-k. iq J,

and
rD-ar-brn-n.[q_____________ 3od

, p-ar-brn-n+k+1,3 CD

and consequently, the above pair (3.1.1) gets reduced to
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jk k(k-zn+i}/2 , n 
*• v . p-ar-brk+n-k. '

00

(3.1.2) -

k=o

where, q^=q

The inverse pair (3.1.2) provides a useful tool in obtaining 
a basic analogue of theorem-1 which is proved in section-2 of 
this chapter.

An investigation of this theorem for obtaining various
particular cases, leads to certain seemingly new basic analogues
of the polynomials ff(x,y,r,m), P (m,x,y,p,C), fL „(x), P (m,x)

n n ,,n.m n
pn(x), C^(x), and the Legendre polynomial Pn(x) along with their 

inverse series relations.

A complete list of the basic analogues of polynomials cited 
above, is given in the following table together with, the 
notations used for them.
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Table-13 : Basic polynomials

Ordinary 
polynomial 
(Name)

Basic analogue Relations with their 
particular polynomials

(x.y.r,m) n
(of Singhal & 
S.Kumari)

f°(x,y,r,m|q) *

Pn(m,x,y,p,C)
(Generalized 
Humbert) Pn(m,x,y,p,C|q) f PCx, .y,l,m|q)

1-q

n (x)* *n ,m
v , i ,n (x q) f^(x,l.l,m|q),Pn(m,x,l.-v,lJq)

(Humbert)
Pn(m,x) Pn(m,xjq) f*/m(x,l, 1 ,mjq). nj/jVjq). 

n 1 n,m 1
(Kinney) P (m,x„1^ ,11q) 

n m 1

Pn(x)
(Pincherle)

Vq<x) f‘/2(x.l.l.3|q). n*/2(x|q),
n 1 n.a 1

Pn(3,x,l,~2 *l|q)

c£(x) C^(x|q) f”(x.l.l.2jq), nn,2(xlq)'

(Gegenbauer) Pn(2,x,l,-i> ,l|q)

Pn(x) Pn(x|q) f‘/2 (x,1,1,2j q), IT1/2 (x|q).
n 1 n ,2 • ’

(Legendre) Pn(2,x,1^ , 11 q), Pn(2,x|q)

The explicit representations and the inverse series relation
of these polynomials are given below.
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(3.1.3) -

■S'
nanx

r -c-nr+1,[q 3— fc (x.y ,r ,m| q) ; .-c-nr+k, n-mk Jtq h00

(3.1.4) -

[n/m) d-qCjP-n+mk-k yk
Pn(i».x.y.p.C|q) - E p-„4k«:''-%-l m-1, ■'

k=0 [qF (q ;q K tq3__n-mk

(l-q)-p+K ((q^Dxl^,

am-l n xn tn/ml k (m-i) (k-i )k/2 1-a p“n+mk C3—I) t£t “ E (-y)K q<m-*)(k^)k/2 1_3^--l-qC [q3n k«=0 (<f_1 .-q”*"1 )k

[qp-ntl]_
j.^p-n+kj

lza_
l-q

C -p-k P n-mk£in'x'y'p'Clq);
CD

(3.1.5) «

"f;.m'*iq> - e,
[n/m] [q-P-nMnk-k+l (x<q"»-i)/(l-q) l"-”*

m ,
l-q - tq]

k-0 [q—n+mk+ljm ^-1.^-1^ [qW

q(m-±)k(k-i)/a (1~q
n k=0 [qlJ”n+k]

CD

tq 3 00 nn-mJc ,m(xlq)
.m-1 m-1.(q ;q ),
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(3.1.6)

Pn(m.x|q)= £
[n/m] [q-(1/m)-n+rok-k+1]a5(x(qra-l)/(l-q))n-m3c

k=Q [q (l/^-n^.l^ [Qln^

qm~^ xn =s[n^m3(_1)lt q(m-i )k(k-i )/z (1-q ( B*)
1-q ' [q) n k=0 r -(l/m)-n+k, [q J CD

[q •( 1/m) -n+1 ] P , (m.xlq) jqd n-mk 1M
, m-1 m-1.(q # q )i

(3.1.7) -

[n/3] [q{l/2)-n+2k]^ (q2+q+i)n"3k (-X)n 3k
pn,q(x) k£0 [ql/2-n+3k (q2.q2) [q]

00 'n-3k
-(l/2)-n+3k2 n n [n/3] k vfV—* \ (l~q )(q2+q+l)n<~3^P * [q] E C-l)k qk(k^} ----------------

k=0 r -(l/2)-n+k.[q
, (l/2)-n. p (Joo n-3k,qiXJ

Cqz ;q2)k

‘3CD

C£(x|q)

(3.1.8) •

(~x)
[q]

n
n

[n/2] [q-U-n+k+1l (l+q)n_21< (-x)"-2*
V1k*0 [q—"+2*+!^ [qjn.2k [q]k

U-q-^ tq—^ 

X_° [q^"+!X [q]k (1+q)"

• <?-2klxiq> :
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(3.1.9) •

[n/2] [q<1/2>-'>+*](ij u+q^Vx)"-2*

'n,X|,,'A t,'1'”-*],. !,]„_* U,k
(l+q)n(-x)n _ln£2], , ,k Jt(k-*)/z
<Hn "k-o

(1_q-(l/2)-n+2k,

HI*

[q(l/2)-nj^ Pn2k(xjq) ;

(cf. (1.2.26) to (1.2.30))

3.2 MAIN RESULT
The proposed basic analogue of theorem-1, in terms of the 

notations of section-1.4, may be stated in the form of 
THEOREM-2. If br *-l, then

(3.2.1) F(a) M )
E y
k=0

[q
(q

p-ar-brk-X+i n
OP-br-l -br-1. ;q }k

G(a+bk)

if, and only if

(3.2.2) G(a)= £ (-y)kq Hk-i )k/2
k=0

(1.qP-»r-trt) F(a+bk)
r D-or+k. , -br-1 -br-1.’tq ]«(q ;q }k

where

M
[-a/b], if 'a* is non negative integer and 'b' is a 

< negative integer
oo, if 'a' and ’b‘ are positive integers.

If br « -1, then the following relations hold true.
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(3.2.3) f(a)
M
E
k=0

ky
[qp~ar+l

(q;q)k tat g(a+bk)

if, and only if

(3.2.4) g(a) _ , . k (k-i)k/zE (-y) q
k=0

f(a+bk)
^-ar+k+1 Wq;q} k

wherein M is same as above.
The proofs of theorem-2 corresponding to the two separate 

cases : M = oo and M « a positive integer, are as given below.
When both a and b are positive intergers. i.e. when M * oo, 

the proof of 'if' part uses the method due to Carlitz[33. wherein 
the following well known relation will be employed.

(3.2.5) £ qk(k-*}/2 [ J ] xk . (l+xqk X). n-1.2.3___
k=0 k=l

Denoting the right hand side of (3.2.1) by F , and using 
(3.2.2) for G(a+bk), one gets

oo 00F =
. p-ar-brk-k+1.

E E (-l)k yk+j qj{j_l)/2 —_____________lito j5o ^ [qp-«r-br*+j
00

, p-ar-brk-bri 1—q _
"Wj (q,;q,>k

-br-i.q )

F(a+bk+bj)

This may be put in the form :
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F(a+bj) .(3.2.6) F -
cd ., . . . , p-ar-brj, _ , ,1 i(i-*)/2 1-qF(a) + £ (-y) % (q.7q.j---

E (-D Ck=0

f p-ar-brk-k+11i , k(ki2j-H)/2 Joo
k Ur-* qi p-ar-brk-k+j,[qH J]0D

Since,

r p-ai—brk-k+1.tq^ 1
fqp-ar-brk-k+j

j-1
n ., p-ar-(1-q^ -brk-k+m^

m=l

=
j-1
Ei=0

Ai ^

in q* of degree (j-1), the
(3.2.6) transforms to

E1 *t E t i 3.^ <3|“k-*)''il .i=0 1 k=0 K br 1 ( % > 2

which by means of the result (3.2.5) simplifies to the form

J~1 3 i-i+k£ A n (1-q1 3+K)
i=0 1 k=l

j-1 A. (1-q1 3'H) (l-q1"^) .= £ A. (1-q; - } (1-q,
i=0

(l-q^Hl-qJ)

As this last expression vanishes for all i=0,l,2....,j-1. 

it follows from (3.2.6) that F * F(a) ; which proves that 

(3.2.2) implies (3.2.1).
In establishing the ’only if' part, when M = oo. the method 

employed here runs parallel to that of Gould [4],
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In fact, writing (3.2,1) and (3.2.2) in the forms

00 00 
F(a) = £ C . G(a+bk) ; G(a) = £ D v F(a+bk) ,k-0 a'k k=0 ®'k

it is easy to observe that the validity of the ’only if’ part 
is established if the following orthogonal relation holds true :

(3.2.7) <5 . = £ Djo k=0 a,k a+bk,j-k { 1. j-0
0, jpQ

Here, the expression corresponding to the series in (3.2.7) 
is equal to

E (-U q
k=0

k k(k-i)/2 t i J -k,-,
p-ar-brj-j+k+1,. p-ar-brk. 14 Joo(1-q^ ) — r p-ar+k,[q 3oo

wherein replacing l/[q^ by and then denoting the series
by Aj, one gets

(3.2.8) A. * £ <-!)* qk(k_l)/2 j ..p-ar-brk.
J k«0 1 k 1 -br-i K1 q } •

tqp-ar-brj-j+k+l^ ^

The inverse series of (3.2.8) is easily obtainable from the 
pair (3.1.2) in the form ;

(3 .2.9) B. - £ <-Dk j
k=0 [ k3 -bi—i" [q P-^-brk-k+j3

to

On making substitution Ajj = [ ] in (3.2.9), one gets
B„ - i/Up-“rtN ]. .
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while (3.2.8), with these and leads to the above mentioned 
orthogonality relation (3.2.7), which completes the proof of the 
'only if' part and hence, the proof of the theorem for M = a>.

If 'a' is a non-negative integer: n, and ’b' is a negative 
integer : -m (m=1.2.3 ...), in which case M * [n/m], the proof of 
the theorem, which runs on the same lines as the proof for the 
case M= oo, is summarized as below.

In order to prove the 'if' part, put
fn/ml , p-nr+mrk-k+1.f* = [n^m3 __k Cq
E yk=0 , mr-1 mr-1,(q : q ),

G(n-mk)

Then in view of (3.2.2), this becomes
*- [n/m] [n/m]-k . , w. , [qP-nr+mrk-k+lf = r r _(mr-i){j-Oj/2kto j-0 [qp-nr*nrk+j

CO
i~qpnr+InrJ+mrJt

F(n-mk-mj) ,

wherein using the known relation (see Gould [6]):

[n/m] [n/m]-k
(3.2.10) £ E A(k.j)

k=0 j=0
[n/m] j

= E E A(k,j-k)j=0 k=0

one obtains
* [n/m] . i_qP~nr+!Br:i w

(3.2.11) f » F(n) + E (-y)J -----------
j=l (Wj % F(n-mj)

. E (-U* [ J )
r „ p-nr+mrk-k+1,[q J00

k=0 k J mr-i. jqP-nr+mrk+j-k ^
co

where mr~l
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Evidently,
p-nr-fmrk-k+1, . .

tq qo i"1 n ^^p-nr+inrk-k+jj ~ ^ Bi k̂i

with which. (3.2.11) gets transformed to 
[n/m) , 1-qP_nr+inr j

f* = F(n) +‘ E ' (-y)3 
j=l 3j

_j( j~*)/2 
H2

j~l j
L B E q 1=0 1 k=0

k(k-2 j+i )/2 , j , f i-j-J1 k J mr-i V q2 J

This, with an apeal to the formula (3.2.5), assumes the
form :

r _ -i , __p-nr+mr j* [n/m] . 1 q i(i—*)/af - F(n) + E (-y)J ---------- q, J v
3=1 {% ■’% 3j FCn-mj) .

J_1 3 i-i+kE B n Cl-q" 3 * ) •
i=0 1 k=l

It is obvious that the inner series in this last experesion
vanishes for all i=0.1,2,....j-1, and therefore, one finally gets 
*f * F(n)j thus, (3.2.2) implies (3.2.1).

Conversely, in view of (3.2.1), the right hand member of
★(3.2.2) denoted for brevity by g , can be expressed as

[n/m] [n/m]-k . ... ,, ...E E (-1 )k yk3
k=0 j«=0 ’

[qP-nr«rkM.rj]
00

[qp-nr+k]
00

p-ar+brk

(q,;q_)v (q„,-q,,) -2 2 K 2 2 J
G(n-mk-mj)
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[n/m]
j=Q (q2 'j k=0_ „ G(n-mj) £ , „4k _k(k-i)/2 r j , , 1 _„p-nr+mrk^“ *. 7^77^17 v 1 X} % L k J mr-i 1 q ’ *

- p-nr+mrj-j+k+11 LQ -*ao
p-nr+k,[ a ]

a>

If Vj denotes the inner series in the last expression given
above, then it can be easily seen that, with l/[q 
replaced by W^. it reads as

p-nr+k.
co

(3.2.12) V. « £ (-l)k qk(k_l)/2 [ -J ] (l-qP nr+mrk) .
J k=0 2 k ”"'-1

[qp-nr+mrj-j+k+l3

The inverse series of this follows readily from (3.1.2) in 
the form :

w. = £ (-i)k qk<k^:i+‘>/2 E l jk=0 k mi—1
V,

[<f -nr+mrk-k+j , ' •*00

which with

gives
vk -1; i

U. = l/[qP nr+ilm

and consequently the series in (3.2.12) 
orthogonality relation :

leads to the

(3.2.13) [ 0 ] = 6 ,n « £ (-1 )k qktk-i)/z ^ j j ilial
J JO ’ ^2 1 k 1 mr-l r jp-k=0

, p-nr+mrk, l-qK ).
i«r nr+k

CD
p-nr+mrj-j+k+1 JQD *
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thus.

g
[n£"3 G(n-mi) .
fio <Wj J°

✓ G(n). if j=0

v 0. if j^O

which completes the proof of the 'only if' part, and the proof of 

the theorem for M » [n/m].

The proofs of the relations (3.2.3) and (3.2.4) 

corresponding to the cases M = co and M = [n/m] as outlined below, 

make use of the formula (3.2.5) :

” ^ktk-O/a 
k=o

kx
n

= f[ (l+x 
k=0

k-1q ).

It may be noted here that if. in (3.2.3) and (3.2.4), f(a) 
Dl*aA!T<f> Xis replaced by [qF ] f(a). then one obtains an elegant (and

convenient) form :

(3.2.14) f(a)
M

- £
k=0

k g(a-t-bk)Y g(a) = £ <-y>k qk(k-,/2 
k=0

f(a+bk)
[q]x

take

In order to prove the inverse series relations when M = oo.

® k g(a+bk)
E 7 [q] “ p ■k=0 iqjk

Then with the aid of the second relation in (3.2.14) one

gets,

P = f(.) + E yj E q1"15-11/2 [ J ] (VJ)k.
j=l lqJ j k=0 K
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this in view of the formula (3,2,5) further simplifies to

P = f(a) 00+ E y
j=i

qj( jl)/2 f(a+bj)
tq) j n a-qx h,k=l

which readily gives p <* f(a) and thus the second relation in 
(3.2.14) implies the first.

Likewise, with

„ / _.,k _k(k-*)/2 f(a+bk)L i Yl Q rn1 =:=0 iqj k

and making an appeal to the first relation in (3.2.14) one 
arrives at

oo g(a+bj) j k(k-i)/z i
o - g(a) + E yJ .....rSr- E (-D <1 ‘ ' [ £ ]

j**l j k=0 *

Here, the formula (3.2.5) gives

oo g (a+bj) j^ = g(a) + E yJ  foi  n ti-<i >
j=l Lqjj k*=l

which ultimately reduces to tr=g(a) as the product term in the 
last expression vanishes for j > 1. Hence, the second part and, 
the proof for M = oo .

For M * [n/m], the inverse relations may be justified with 
the help of the formulas (3.2.10) and (3.2.5) ,

In fact, if oo denotes the right hand side of (3.2.3), then 
making an appeal to (3.2.4) and the relation in (3.2.10), one 
finds
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o>
[n/m]
E <-y)j=0

j qj( j“4)/2 f (n-mj) 2 k(k-a )/z
Zrf '»k=0

j
k

1-j ,k -q J) ,

which may be written as

co f (n)
[n/m]
+ Ej«l (_y) J qJC J-* >/* f(n-mj) n n-qK j)

k«=l

= f(n) .
since the product term vanishes for j>l. Thus. (3.2.4) implies 

(3.2.3).
Similarly, denoting by y> the right hand side of (3.2.4) and 

making use of (3.2.3) and (3.2.10), one arrives at

V * g(n)
[n/m]

+ E
g(n-mj) E qk(k-i)/2 £ J ] (_i)k

k=0 K

= g(n)
[n/m] g(n-mj)

+j5i “W J V — 1n d-q ) .k=0

= g(n),

which completes the proof of the inverse relations when M = [n/m].

3.3 PARTICULAR CASES : P0LYN0MINALS
In this section, theorem-2 is particularized first, so as 

to yield a basic analogue of the class of polynomials 
<f'(*.y.r.n)> together with its inverse reletions. The feet thet 
f°(x.y.r.n) includes e lsrge number of polynomiels es discussed 

in ' section-3.1 leads to the basic analogues of all those 
polynomials and their corresponding inverse relations which are
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also discussed in this section. It also includes a basic analogue 

of the Gould-Hopper polynominal.
In order to obtain a basic analogue of the polynomial 

f^(x.y.r.m), it may be seen that when a = n (n = o,l,2,...) and b 

=-m (m =1.2.3...) then, theorem-2 assumes the form

(3.3.1) •

r . , r p-nr+mrk-k+1,[n/m] [q^ ]
Ffn) = E y ---rr-i---=35—k=0 (q^1; qmr~1)]

if. and only if

G(n) .InEml(-y)k X*-'*/* .

k=0

00 G(n-mk)

(l-qp'nr+mr1') FCn-mk) 
r p-nr+k. . mr-1 mr-I ’’[qF ]a(q .*q >]

This inverse pair, with the aid of the substitutions p =-c,
ft _ —inyU. 1

and G = a x /[ q ] , defines a (seemingly new) basicn n co
analogue of the polynomial fn(x.y,r.m) which is denoted by 

fn(x.y.r.mjq). and mentioned in (3.1.3) along with its inverse 

series relation. This basic pair (i.e.(3.1.3)) with an appeal to 
the formula :

(l-qa)(l-qa *) ,, a-k+1.(1-q ) = r a 11 k J *(l-qk)(l-qk X) (1-q)

admits an alternative form:

t [n/m]f°(x.y,r.m|q) = E y“ E
k=0

(3.3.2) -

k r -c-nr+mrk, ^3k an-mk n-mk

mr-1 mr-1,(q ; q ),

(mr-1)(k-l}k/z ,, -c-nr+mrk . q (1-q )n [n/ml k
x = V (—v) ——..........................-...n v_n y -c-nr+k mr-1 mr-1k=u (1-q ) (q ;q 1^

• 1 k 3 fn-mk(x'y'r'mlq)'
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Which is more convenient in examining its limiting case q-+l.
In fact, if y is replaced by (mr-1)y in (3.3.2) and then 

limit q -*-l is taken. it would lead to the corresponding ordinary 

form :
n-mk

(3.3.35 -

c, , tn/m] -c-nr+mrk - -f (x.y.r.m) = E < k 5 Y x
x=o

n [n/m]
Y x n

, ,k -c-nr+mrk ,-c-nr+k ^ * c ,, ^E (-y) -c-nr+iT C ^ --v(x.y.r.m).
K-0 "n-mk

In an analogous manner, it can be shown that under the 
process of replacing G(a) by (1-q) 'p+arG(a). y by (q-1) (br+1 )y,

byr p-ai—brk-k+1,[q 3 oo
(1-q)-p+ar+brlt+*[q]m

r (p-ai—brk-k+1) q
and, [qp-artk+1]0) by

(l-q)-p+ar-k [q]
00

rq{p-ar+l)

and then on letting q -+1, theorem-2 gets transformed to theorem-1 
(Chapter-2).

In view of the fact that the class (f°£x.y,r,m)} of 
polynomials defined explicitly by (3.3.3) above admits a large 
number of polynomials, it would be interesting to take note of 
the corresponding particular cases obtainable from the set of 
polymomials (f°£x,y,r,mjq)).

When r=l, c=-p, an= ((q^D/d-q^P/tq)^ and y is replaced
Qby {(1-q)/(1-q )}y, then the pair in (3.1.3) defines a basic
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analogue of the class of polymomials -{pn(m,x,y,p,C)} together 
with its inverse series relations as given in (3.1.4). Some 
further reducibi1ities of this basic pair, i.e. (3.1.4) give 
rise to the basic analogues of several other polynomials as 
discussed below.

The special case p = —1>, C = 1. and y - 1, of the polynomial 
P (m.x,y,p,C|q) defines a basic analogue of the Humbert 
polynomial m(x|q) whose explicit form and inverse relation are 
stated in (3.1.5). A basic analogue of the kinney polynomial 
(1.2.27) is obtainable from the particular case 
Pn(m.x,l,-l/m,ljq), an inverse series of which follows readily 
from (3.1.4) (see (3.1.6)). On the other hand, if m = 3, p =-1/2 
and y = C = 1, then the pair (3.1.4) yields a basic Pincherle 
polynomials (denoted by Pn ^(x)), along with it's inverse series 
relation which are stated in (3.1.7). Yet another specialization 
viz. Pn(2,x,l,-u,l|q) of Pn(m,x„y,p,C|q) defines a basic analogue 
of the Gegenbauer polynomial which is mentioned together with its 
inverse series, in (3.1.8).

Lastly, the substitutions y = 1, C = 1, m=2, and p=-l/2 in 
(3.1.4) yields the pair of a basic Legendre polynomial and its 
inverse series relation (see (3.1.9)).

It is interesting to point out that -the pair of inverse 
relation of basic Kinney polynomial Pn(m.x|q). when written 
alternatively as
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[n/m] , [q].

(3.3.4) •

_ . . . - r-1/m , r -k-Cl/m), '■'* kP"‘m-X|q’ = x5o 1 * H — 3 if-'.'Th,
m , q -1 n-mk

•C -*--- x )v 1-q '

[ -^t£=ix j" Jn£nVi)V"«><1‘-‘»''* 1-qmk-n-(1/m)

n 1-q k=0 1-qk-n-(1/m)

t-n+k-<l/m>, p^tm.xjq)

transforms to the ordinary form (Gould [6,p. 707}) :

Cn/m]

(3.3.5) <

Pn(m.x) - E C 1^m> < <-**> n-mk
k=0

C1/m)

n (-mx) n
Cn/m] ,

! E (-1)
k=0

-d/m)-n+mk -.-n+k-( 1/mk -(l/m)-n+k k k 3

'VW”-X)-

as q -*■!.
Coming to the particular cases of (3.2.3) and (3.2.4) or 

equivalently those of (3.2.14), it is to be noted that when 
a=n(n*=0,1.2,.. .), b«-l, and y=l, so that M=n, one gets the pair

f<n) = £
k=0 lqJk

n„ , , *k _k(k-i)/2 f(n-k)g(n) * E (-D Q —fTTl— *k=0 iqjk
which, by reversing the series and writing g (n) for 
(-l)nqn*n~*^2g(n). takes the form :

n n*/_% _ , , *n-k _k(k-i)/2 9 _*,_x _ ^ _k(k-2n+i)/2 f(k)f(n) - E (-1) Q 7—7--- ;g (n) * E q y—^----k=*0 iq,n-k k=0 iqjn-k
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This inversion pair is essentially the same pair as given in 
(1.5.12), whose particular cases are given by (1.5.13), (1.5.14) 
and (1.5.15). However, it is to be mentioned here that the pair 
(3.2.14) is capable of yielding a basic analogue of the 
Gould-Hopper polynomial (Gould and Hopper [1]) ;

gm(x,A) Mn
[n/m]
E
k=0

. . k n-mk n! X x
k! (n-mk)!

together with its inverse series relation.
In fact, setting a=n (n=0,1,2,... ) as before, b=-m

(m=l,2,3___ ), y = (l-q)1-mA and g(n) = xn/[q]nin (3.2.14), and
denoting by g®(x,A|q) the polynomial thus obtained, one gets the 

following basic Gould-Hopper polynomial :

[n/m] [q] (1-q)(3.3.6) g“(x,Xjq) * £ n
k-mk

. k n-mk X x
k“° ^k [qVmk

along with its inverse relation :

(3.3.7) xn [n/m]
[q]n E (-1)

k=0
qk(k-l)/2

xk (1_q)Jc-mk 

[q3k Iq3n-mk
m9n-mk (x.Xjq).

3.4 PARTICULAR CASES RIORDAN'S INVERSE RELATIONS
Besides giving rise to the various basic polynomials, the 

inverse series relations given in (3.2.1) and (3.2.2); as well as 
those given by (3.2.3) and (3.2.4), also furnish the basic 
analogues of_the inversion pairs belonging to the Riordan's
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classification (see tables 1 to 6).
With a view to obtain the basic analogues of the simplest 

inverse relations which are listed in Table-1, the following 
transformed version of the pair of relations (3.2.3) and (3.2.4) 
will be used here with a=n (a non-negative integer) and y=l (see 
(3.2.14)).

M g(n+bk)
(3.4.1) f(n) - £ --- ; g(n)k=0 Lqjk E <-nk qk!k"‘,/!

k=0
f(n+bk)

[q]k

In this, putting b=-l and then reversing the series, one
finds

(3.4.2)
f f(n)

H

” k(k-i)/2 gk
k=0 lq] n-k

gn
nE <■

k=0
•1) n+k gk(k-2n+i)/2 f (k)

n-k
where gn . qn(IW)/2 g(n).

Now, if f(n) is replaced by f(n)/[q]n and, gn by gn /Eq3n, 
then (3.4.2) results in the pair

(3.4.3)

nf(n) = £ q*<k-i>/2 [ J ] g -
k=0 K

3n - E (-Dn+k qk‘k^"«>^ t nk] f<k).
k=0

which provides a basic analogue of the pair (Table-1, No.(l)): 

n ntin) = £Cj>gk ; gn - E <-l)n+k C £ ) f CJO.
k=0 K K n k=0 K
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In a similar manner, the basic analogues of the other 
simplest type pairs can also be deduced. The following table 
embodies the basic analogues of those pairs which appear in 
Table-1.

Table-14 : Basic simplest inverse relations

, *1. kfk-D/2 II k+n k(k-2n+i>/2
f<n> = E q C , g,; g = E <-i> q D , f(k), n.k k n , n.kk=0 k=0

b C . n.k Dn,k Basic analogue 
of class (No.) 
in Table-1

Inverse -1 rnilkJ lkJ (1)
series
relations 1 k rk. k ,k,'n1 (2)
given
in
(3.4.1)

-1 [p~k3
p-nJ (P-kjp-nJ (3)

-1 rP+nLp+kJ O (4)

1 qk [P+k] O (5)

-1
tq3n n-1
tq]k Lk-lJ

[q]^ n rn-l,£q]k lk-lJ (6)

In order to obtain the basic analogues of the other C1QSS6S 

namely, the Gould classes, simpler Chebyshev classes, Chebyshev 
classes, simpler Legendre classes, and the Legendre-Chebyshev 
classes, the following inverse pairs which are deduced from 
theorem-2, will be used.
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First note that theorem-2 when r is replaced by -r, 'a' is 
replaced by a non-negative integers, and G(n) by [q]p+rnGn/[q3CD. 

assumes the form :

F(n)

(3.4.4) ■

G(n)

V.

* yk ^p+rn+rbk 6(n+bk) 

k=0 ^^p+rn+rbk-k

E (-y)
k=0

k (k-i) /2qi
^ p+rn+rbk
^_qP+rn+k

^Wn+k F(n+b*?
t q ] p+rn ^ k

wherein qi=qbr 1. and M is finite or infinite according as b is a 

negative or a positive integer.
Further, if F(n) and G(n) are replaced by F(n)/l-q*>+rn, and 

G(n)/l-q**+rn respectively then (3.4.4) gets transformed to the 

pair

(3.4.5)

M k ^gp+rn+l
F("’ k?0 y j^P+rn+rbk-k+l (q.

M

[<>W+rbk Gtn4~bkl
p+rn+rbk-k ,<?i ^k

GO) - E (-y>* a*1*-*1'2 I?iE-tC!a.^-F(.n!bX-) .
k=0 [q] (q ;q ).

Next, if the base q is inverted, then theorem-2 with a=n as 
before, results in the form as given below.

r M jg-p+rn+rbk+k-l.q-ljF(n) = E yK ---------------------- 22 G(n+bk) ,

(3.4.6) -
k=0 ((Wk

G(n)
” (_y)k k(k-i)/z 1-q-P+rn+rbk F(n+bx,
k=0 1-,-P+rn-k (02.02)k •
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in which br+i
% ■ <1

A little simplification in (3.4.6) leads to the pair

F(n)

(3.4.7) ■

G(n)

M -p+rnM ^ 1-qJo 7 j.q-P+rn+rbktk
[q] A ^ G(n+bk)*•H J -p+rn+rbk+k
[q]-p+rn+rbk {qz ; qz 5 k

E (-y)k q^(k_l)/2
k=0

tq3-p+rn F(ntbk) , 
tq3-p+rn-k (q2iq2}k

which on replacing F(n) by (1-q p+rn) F(n) and, G(n) by 
(l-q~P+rn) G(n), gives

* F(n)

(3.4.8) -

G(n)
V

M
E
k=0

t q 3 ~p+rn+rbk+k-1
t q 3-p+rn+rbk-1

G(n+bk)
(q, ; q„ ) 2 2 k

E (-y)
k=0

k(k-i )/2
%

^_g-p+rn+rbk
!_q_p+rn_k •

tq3-P4rn-l F(n+bk)

[ q ] -p+rn-k-i ( %, - q* 3 k

By appropriately specializing the parameters involved in 
these inverse series relations, one gets the seemingly new basic 
analogues of the aforementioned classes. For example, to get a 
basic analogue of the pair(2) of Table-2, put b=-l. and y=l in 
(3.4.5) so that M*n. In this case, by reversing the series, one 
finds
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(3.4.9) •

n 1-qp+rn+1
F(n) = E

[qWk S(k)
kto 1.qP«k-ntk + l [q]p+rk+k.n (q-r-1,q-r-1)n_k

M. -(r+i) (n-i )n/z _ , ,,n+k -(r+i ) (k-an+i )/atG(n) = q E (-1) q
k=0

[q] p+rn+n-k F(k)
r _i , -r-1 -r-1.Cq3p+rn (q 'q n-k

Here, the substitution G(n) = q (r+1^n-1^n/2 g(n) transforms 

the above pair in the form :
, p+rn+1 r ,rfri, _ 5 “(r+i )(k-*)k/z 1_q LqJp+rk

rin; - E q

(3.4.10)-

k=0 „ p+rk+k-n+1 1-q [q]p+rk+k-n

g(k)
-r-1 -r-1.(q ; q ) n-k

n
3(n) = E (-Dk+n g-Cr+i) (k-zn+i)/2

k=0
^q^p+rn+n-k _____
CqIp+rn

which with r=m-l, provides a basic analogue of Gould class(2) in 
Table-2.

Analogously, taking b=l, y=l and, replacing p by -p in 
(3.4.7). one readily gets the pair

(3.4.11)-

.« l-qp+rn 
F(n) = £ -

[qlp+m+rK+k G(ntk>
v-n 1 _P+J"n+rk+k r . , r+1 r+11, 0 1_q [qIptrn+rk (q :q >k

00G(n) - E C-l)* qC-«)k(k-«)/2 tqlptrn----
*«°- Iqlp+m-k lq =q >1
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in which on replacing k by k-n, one gets

(3.4.12)-

F(n) = E
„ p+rn l-qp

k=n 1-qp+rk+k-n
HUH 6(10

fq] p+rk
, r+1 r+1,(q ;q )k_n

, .k+n (r-H) (n(n+i)+k(k-2n-i) )/z G(n) — E v-U qk=n
[q) , F(k) ______p+rn_______

£q3p+rn+n-k
. r+1 r+1.(q ;q }k-n

In this pair, on putting G(n) ** g(r+i)n(n+i )/* g^nj^ one 

arrives at the inverse relations

(3.4.13)-

F(n) = £
(l-q^rn) q(r+Q<k+n>/« Cq3wk+k_n gO)

k=n (l-qP+rk+k-n) tQ]
p+r

, r+1 r+1.(q ;q )k-n

g(n) = E (-l)k+n q(r+i)k(k-an-*)/at 
k*n

[q] p+rn F(k)
[q] , r+1 r+1.fa :a 1.

which on replacing r by m-1, serves as a basic analogue of the 
Gould class (3) of Table-2.

Likewise, the other basic pairs may be obtained from (3.4.4) 
to (3.4.8) with the aid of the substitutions as indicated in the 
following tables.
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Table-15 Sasic analogues of Sotild Classes

F(n) « 2 ,““,WI/! c,.i ilk) : ,1,1 ■ X HI1*' I*'”*-11'2 mi

Inversion pair 
(citation 1 
lith y=l,r=a-l

b P

!I

* *”8.1 Dn,k

Basic
analogue of 
Class (Ho.) 
in Table-2

(3.4.4) -1 P
Wptuk-k <* hVhi uw-k-i

(1!

Nlp+ak-n ^ ;9 )n-k fqlp+*n-n (9 >;9 \-k

(3.4.5) -1 P
i»w-»

-ik . ,9 Nlptm-k
(2)

Wptak-fltl *9 *)n-l {qlp+an-n *9 ;9 >n-k

(3.4.7) 1 B

^[iW-,-1 i iV"”t (Qlptan-n
(3)"P

tqlp+ik-It !<3BA-n f9lp4in-k (9 :9 )k-n

(3.4.8) 1 -p-1
9 l<l] p+ai-n (1-9P+Bk'kfl) [qlptan-n

(4)B
Iqjp+rt-k (9B;qB)k-n fqJp+nn-ktl (9B9B)k-n
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Table-16 : Sasic analogues of si spier Chebyshev clams

F(n) = Z 7* Vk fia+bki ; 6(o) - H(-y)k qfttk"I,/2 F(ndk)

Inversion pair 
[citation) 
fitk r*l

b P * y cn,k h,t

Basic analogue 
of Class (lo.) 

in
Table-3

(3.4.7) -2 0 -1 -1
(Oln-k-1 (Hn> (4)o

(1)(4)n-2k tl1*1)* (4J«-k (4‘1.’4”1)k

(3.4.8) -2 -1 -1 -1
(4)n-k rni it _n-2k+l.f4Jo )

(2)l4lo-2k <4 *)k (4)o-ktl (4 *;4 l)\

(3.4.4) 2 0 1 1 m
Hnt2k |-o*k-|
iV*‘ Li j (3)

(3.4.5) 2 0 1 1
l-q°*k p042k-|

L J Cl (4)

(3.4.4) -i o -2 1
Utk (4lofk-l »-4D'k)

(5)l4fc-2k <4 2 >‘4 2*1 tik (4 2;4 2)t

(3.4.5) -1 0 -2 1
(4)D-k »-4Ml) (4)atk

(6)(4)o-2kfl (4~V2)k (8)o (4"2:4‘2)k
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Table-17 : Basic analogues of Cbebysbev classes

P(n) * £ Vi
[q)k

«q“:Dk
6(n+bk); 6(n) = I(-I)kq‘k(W,/2DB,t Ml

- - - - - F(nrtk)
tq :q )i

Inversion pair 
(citation) 
litb r*l P at ca.k V*

Basic
analope of 
Class (Do.) 
in Table-4

l-q“ rn+bk+k * rnT(3.4.7) 0 btl . n+bk+k 1 [,] (1)
1-q L t *» Ik J

rntbk4k - i nrtl+1 i-q r B*r0.4.8} -1 btl [.] U (2)

n , n+bkH |- art-.
0.4.4) 0 b-1

i-,'“ 1. k J 0)

. ntli-q j- D+bk-i rttk *i(3.4.5)

'

0 b-1 l-qn+i>k-k*l [ J
[.j (4)
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Table-18 : Basic analogues of siapler Legendre classes 

Ftn) « I ,HkSll/2cuWk) . 6(n) , ^ (.„k+B qtk«k-2Bfl)/2

Inversion pair 
(citation) 
lith y=l,r=2

b P 0C ^n.k ®a.k

Basic
analogue of 
Class (Bo.) 
in Table-5

(3,4.8) -1 -p-1 -1
Nlptntk (I-^*21+1» lq]p+2n

(i)
Ifllp+2k <9 1 1 >o-k fdlptn+k+1 Id •'? ln-k

(3.4.7) -1 -P -1

i9lp«rt-l d-qP+2D) ldlp+2n
(2)

ldlp+2k Idlp+ntk (d ;d ) n-Jc

(3.4.5) 1 P 1
rP*2k *j rp+B+k *r

‘-k-B “*
(3)

(3.4.4) 1 P 1
rp*2k *i
U-n J

l-dP+2* rptntk -j
LwJ (4)

Table-18(a) : Basic analogues of simpler Legendre classes

[n/21 4 Id}| 6(o-2k)
F(i) » £ (-1) q, | —r—5— : 8(b) 

k*0 (d :d )k

l|-2} q-3k(k-l)/2 

k=8

Idlk F(B-2k)

, -3 -3.(d !d )k

Basic
Inversion pair analogue of
(citation) b P cn,k ®n,k Class (Mo.)
Kith y*-l,r*2 in Table-5

_ I'd*^ ^28-3^ rpt2n*|
(3.4.7) -2 -P HP«>*-3k L » J -k -

(5)

p p*2n-3k -] lqp*2B-4k*l rp+2nn
(3.4.8) -2 -p-1

. k - j-qP^n-kfl - k -*
(6)
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