CHAPTER-6

BASIC TRANSFORMATION FORMULAS

6.1 INTRODUCTION

In this chapter, the g-Beta integral and g-Gamma integral due to
W.Hahn[1, Eq.(3.12) and (3.16)] will be considered in which the
integrand will be modified by introducing the g-polynomials
Sy(ma,B,x|g)and M, (s,4,8,x|q) in turn, and then these integrals will
be simplified. The final expressions thus obtained, will be further
exploited by means of the relation

eq(x)Eq(x):l,

where (Hahn [2, Eq. (6.1), p. 361])

0 n
V= b [0—gxl= S Fo_o_] 6.1.1
eq(l) 1¢0[ g, x] ngo e ( )
and
Eq(x) = 1¢1 [Oa():qax}: O¢0 [—;’“;an] (6'1'2)
=R g2 2 g
n=0 [9ln *

This process finally leads us to the series transformation formulas.

This will be taken up in the subsequent sections.
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6.2 BASIC TRANSFORMATION FORMULA (I):

Consider the g-Gamma integral (W.Hahn[1])

c;j: e eq(-H)dgt = Q-—Eqiv)—][g—]ﬂq“v(v"l)/z : (6.2.1)

Here introducing the basic Laguerre polynomial (D.S. Moak[1])

—ny Lk
_lvly, & vicrnkrh(k+1)/2 [47" 1 (6.2.2)

)
o= " 2 TIAOR

in the integrand of this integral then we have the following simplification

towards its evaluation. Writing p for g* (a=0),

z’ e (0Ll pd ot

. —H.
_wp), & ke nk+k(k+1)/2 (™% p), P k-l
(pip), k=0 (up,p) (PiP)

ep (1) d

WP, 0 hemksk(eaty2 PP A=) (), pT VRN

C(mp), K0 s P, (0:p), O0PF: p)

z(ﬂP;P)n 1 (u+n-v+Dk—w(v—1)/2 (I"P)(P;P)w(P_n;P)k
(p:p), k=0 wp,p), (7P, (pF:p)

:(lmp)(ppvp)n(pap)w ..v(v—l)/z 1 (p"n’p)k(v’p)k (ﬂ‘f‘?’l—v'*‘l)k

wp, v, ¢ k=0 pip), (i),
_=p)p:p), (PiP)eo  _y(v—1)/2 p p " ppt TV : (6.2.3)
(p;p)n (V;p)oo 271 )73

Now, in view o the Vandermond'’s theorem
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(c/a,q)n

¢.(a,g " c,q,cq" /a)=
2" ©q)

n

the function 2¢1 in (6.2.3) gives (wp/v,p), / (up;p),, consequently

(6.2.3) further simplifies to

T vlg op [ 4 1= =P PP (W1 D)y —u(v-1)/2
ét eq( t) n (tplp) pt (P,P)n (V;p)oo p (6'2'4)

which we call as the g-Laguerre integral formula. In Chapter-3, there

was defined a polynomial

[n/m) _ lk—no+l .
Sn([,m,a,ﬂ;xfp)= kgo (_l)mkpmk(mk 2n+1)/2 (ﬂq P)co o xk .

(p:p)n_mk k

Let SZ(Lm,a, ﬂ;xlp)=Sn(l,m,a,ﬁ;xfp)(ﬁql””“;p)oo 1{p; Py

then

k., —n.
« n/m} p"™(p™"p) o
S,fz(l,m,a,ﬂ,xlp)z[ h ] Bk "k <k (6.2.5)

K0 (8% p),

When this polynomial is introduced into the integrand of (6.2.4),

one gets

T v eq(-0) LI p\ p) S} (Um,a. fixt p) d
0

-r.
_lriml e PPy

k¥ vk-1 ()
P - o, x" [t e (=t L) (tp| p)d ,t .
k=0 g%y, * 7 d

0

In view of the formula (6.2.4), this assumes the form
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[+ 0]
(;)z""l ep(-) Lfp\p) Sy(m.cc.pixtp) d

k

[” é m] (~v(v-1)/2)~(k(k~1)/ 2)~vk-+mk (- P)(P>P) (r™ p)mk(v p)

k -k ..
(wp™ " Iv,p), o) x
k=0 BT ), (p.p), (D), "k

Now by making use of the formulas (Slater [1, p.241])

(@.9), Dk q—ak+k(k+})/2—nk

@ q)n k= (ql a— n,q)k

and
Nk —akvk(R)/2 1
(a>LI)~k*( D% q a o
(@79,
with a is replaced by up/v(= p**1™), one finds

(wp!lv.p),

-k yy gy ot Pk
P Phn (uplv:p)_,

(up/v P/ p)k

Gp™" i p), P
Hence
D -l (1) *
17 ep ) L plp) S(.ma. fixt|p) dpt

_ (1v"P)(P;P)OO(#PiV;P)n [riml i —k(k=1)/2 (P P)mk (A P)k v/ P)k N
(i) Py PP k=0 B %Py, p TP, i

(6.2.6)

Here, if the series on the right hand side is denoted by 7" (I.m,v, ;x| p)

then one finds
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Tvle 0 il p) S Uma, foxt|p) d. 1
[ eptn L rma,p.xi|p)d,

(= p)p;P), (up!v;p) '
- v(v-—l)72 T;Z’n(y,v,x}p),

P ,vip), P
which is the desired result.

In case when p and v are same and equal to b say then the g-

Laguerre integral formula (6.2.4) would reduce to

(1-pXp; Poo p-b(b—l)/z

o0
b1 (%) -
t“ e, Lyt d,t=
g) p n (p ‘ p) p (V, p)o;)

and therefore

thb-l e (1) LD p| p) 57m e, Bixt| p) d pt

M) oty 2kt 2-bkamk A PXBP 2T )
- kgo P 1-rea. . ka
= Bg™ "), Bip)
1-pXp;
e T )
&p),, P
where
/ 1/ (", b, p)
Tr,,,(b;xtp)___[rg] o kk=D/2= bk mk (7 1p)’-nk( pk"k e
k=0 B ")y,
The g-Beta integral is given by (W. Hahn[1])
1
1771 B ) d(g.0) = (- )-52-, |gl<l, Re(d)>0 (6.2.8)
0 (97 Joo :

Consider now
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1
(J)t’H Ep(tg) Sp(.m.a,f,xt|p) d(p.1)

_tnfm] "y ko 12k (Ba"* ”"”’I,p)oO
k=0 (p:p),_

1
S g gy d(p.n
0

J"’Z’"}( yymk k() 2-mnk g™ p)oy (= D)B: )y
. l+k k
®:P)y, i P oo
_(- p)(p,p)oo[ m]( rymk ,mk(mk1)/2-mnk B py o (F. ), 7 5
(p P k=0 (»; p)n—m
(6.2.9)

Now using the relation eq(x) Eq(x)=1 in this formula, one can
obtain a new result. In deed, applying the integral on the left hand side

in (6.2.9) to this relation, one gets,
1
(f)t’H E (1) e (xip) E p(xip) Sy m,a, B 31| p) d(p, 1)

A-1

=} 77 Ep(tq)Sp(l,ma, B, xt| p) d(p,1). (6.2.10)
0

If R denotes the right hand side of (6.2.10) then in the light of
(6.2.9),

R= L@S@Lﬂ ] _yymik mk(me+)/2-mnk (g

% P i (p:p)

’p)°°(p P, o) xk.
n—-mk

Similarly, if L stands for the left hand member of (6.2.10), then in

view of the definitions (6.1.1) and (6.1.2),
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- § % (_I)jpx1+j+j(j——1)/2 xv+j
v=0 j=0 (B p)y(PiP)

| i
ét“"ﬂ LE ,(19)S, (1, m.ct, B,xt| p) d(p,1)

which in view of (6.2.9) assumes the form

2@ g G PR pyp )
A+v+j,

v=0,=0 (7, P)y(p.p) (P s P)oo

lk—no+1. Ayt
_ [n/m] )mkpmk(mk+l)/2—mnk (Bq ;PP J; P)k Or*

-1
kéo ( PP,k

k

A+vt],

Using (p";p)e = (p*;P)v+; (P**"7;P), and replacing the series forms
in L & R above in (6.2.10), one obtains the transformation formula

o (_1)]pv+j+j(j-—1)/2xv+j(pl

P )v+ j [nézm} mk pmk(mk+1)/ 2—mnk

2 Z 2 (-1
v=0j=0 (2. Py P) j(P™5 Ploo k=0
(Bg'=na+l py (P p) 4 %k xk
(r.p )n-mk
le~no+1. A. k
- [ng"](_l)mk pmk(mk«s«l)/2——mnk (Pa P)eo (P ’p)k OpX .
=0 (r:p )n-mk
(6.2.11)
It is interesting to note that specializing the sequence aksuitab!y,

one can express the extended Jacobi polynomial 36’%"51) [(a);(B): x| p] In

a series of itself.

Therefore selecting
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(a2:p)k (ar)k
k" (b, )y (bs:p) (P2 P,

in (6.2.11), one arrives at

(_I)JPV+J+J(J““1)/2 wVHJ (p’l;p)

(o ¢ I o) -+
53 L9 a...a,.8,bg 51 )
v=0j=0 (p.p)y(p; ) J,-(19 D)oo

—qp(a.B) ) .

(%)nlm {pl,az...,ar,bl...,bs x| pl,

where a; = p*"* and p; = p*, are the first numerator parameters in the
extended Jacobi polynomial on the left hand and right hand sides
respectively.

Another transformation formula is derived for the polynomial

Sy(,m,a, B;x| p)using q-Gamma integral of W. Hahn sated in (6.2.1):

J ey (-0dg=(-q) [9lo_ —v(v-1)/2

[l

For that consider,

Tihle (s, (ma,B.xt|p)d i
(j.) ep n:naaaxp p

Ik—na+1’ Pes O i s

_ [”/Zm] (-l)mk pmk(mk+1)/ 2-mnk P4 | th+k'"l ep(-1) d
k=0

B:P), ok 0

] _ymk ,mik(mk-+1)/2-mnk (Ba™13L; p)y A= p)P; P)o & K |

= 2
k=0 &P,y (PP

kD k)/2
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o0

h-1 .
ét ep(—t) Sy,m,c, B;xt| p) dpt

W h—
D26 i o [nfzm] (1) k(e 1)/ 2(k=1)/ 2~ hke—mnik
" D)oo k=0 |
By ot ), o, 5
o (6.2.12)
PPy mk

The integral on the left hand side above when applied to the
relation eq(x) Eg(x)=1, one gets
S
(I)t ep(-t)ep (xtp) E y (xtp) Sp,m,c, f;xt| p)d i
Qb1
= (%t ep(——t)Sn(l,m,a,ﬁ,xt[p)dpt (6.2.13)

= I, say.
From (6.2.12) the right hand member I of (6.2.13) simplifies to

p-h(h—-l)/ 2 [n/m] (_yymk pmk(mk+1)/2—k(k-—1)/2~hk—mnk

(~pXP: P

I=
(Ph;P)oo k=0 (p.p )n——mk

B p)o (0" p) oy

If J denotes the integral on the left hand side in (6.2.13), then
with the aid of the definitions (6.1.1) and (6.1.2) of g-exponential
functions, one gets

e R (“l)jpv+j+j(j—l)/2 XV o th+v+j“l

J =
%o ,Eo (:p)y (P:P) 0

e, (S, (.ma, B3t p)d
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@2 (__])jpv+j+_/(j~l)/2xv+j pu(h+v+‘/-—1)(h+v+;)/2

(A=) (PP
ht )+v,

[n/m] I (E—1N/ D — il , ;
. k§0 (_1)mk pmk(mk+l)/2 k(k—1)/2—mnk—(h+v+))k (ph+v+ J’p)k .

(B by

PP ke

O'kxk

] p—h(h—l)/2(1_ DBy 2 ® (1)) pl-BEHN0-1/2-y

v+7, h. [n/m] (_l)mk pmk(mk+1)/2—k(k~1)/2~(h+v+j)k—mnk
x Y (p ’p)v+j 5 o .
k=0 PPl ik

hv+j k

(BgEnatl py (p 1P, o XE

Since 1=], one gets the transformation formula given by:

OZO: § (-1) jp(l-h)(v+ J-v(v-1)/2—y ey ( ph; )V+j
v=0 j=0 (p; Py (P P) j(ph;p)oo

["g"] (-1yk k(b 2-k(k-1)/ 2~ (v j)ke-mnk

k=0

B D)y v, k
PPy i
[n/m} _ . T Ik—na+l’p)
S (1ymk k(1) 2—k(e=1)/ 2hk-mnl (ﬁq(p;p) ©(ph: p), & 5.
= n—mk
(6.2.14)
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As it is mentioned in Chapter-3 that, the extended Jacobi

polynomial (f}é’%’ﬁ){(a),(b):x{q] is a special case of S,(/,ma,p,x|p), it can

be seen that from (6.2.14) a relation can be obtained wherein

(%’Sf‘]fi ){(a);(b):x[q]is expressed in a series of itself. For that take

B pk(k'l)/z(az,p)km- (a;p),,

N RS RN

then from (6.2.14) we have,

o o (D J p(i-h)(v+ Jrv(v-1)/2—vj M J (ph;p)

2 2

v+ j
v=0j=0 (2 p)y(p5P) j(ph;P)oo

.ﬂf(a’ﬁ)[a Ary,en b ...‘,bS:xp“(h“k"j)!p]

2d > ,a,,,bl,. by :xp"‘h | pl,

where a; = p"**and ¢ = p".

6.3 BASIC TRANSFORMATION FORMULAS: (II)

In this section, the g-Beta and g-Gamma integrals due to W.Hahn
which are already considered in the above section ((6.2.8) and (6.2.1)
respectively), will be used once again as a tool, with reference to the

polynomial M, (s, 4,8;x|q) introduced in Chapter-5. The technique

adopted in deducing the formulas is same as that of the section-6.2.

The polynomial M, (s, 4,8;x|q) defined by
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[n/’s](—-l)Sk —Snk(A sk+sk,3, g
Mp(s,4.B5x(q)=" % . sk £, = (6.3.1)
k=0 [q]n——sk

will be first used in the g-Beta integral (6.2.8).

[Q]oo

M VE, (tg)d(q.0)=1~9)
[q loo

with q'B =q,,

1
171 By (@) My (5,4,8;319) (a0

sk+skf

[n/s] k- k( q =42) —sk il
= 3 (~1)Skgsn H—S, Akl g g it
Z D ] 4, @D

sk+skf3 .
=3 (- Dskq——snk( 1 ’q2)n —sk k( 42)(q2 q2)°°

k=0 [q]YI"'Sk k (qﬂff‘k

>q2)w

sk+skf3 .

1-4,)a,, / ’ >
_( qz}z(q2 9o 0081 ke -omke (49 {q]Q)n k9339 ¢, 5 (6.3.2)
@534)e k=0 sk

A new basic series transformation formula can now be obtained
by using the indentity eq(x) Eq(x)=1 in (6.3.2) above. In fact, applying
the integral on the left hand side in (6.3.2) to the relation

eq(x) Eq(x)=1, it gives

L,
g):ﬂ LBy, (@)eq, (x1a,) By (x1gy) My (s, 4, 31| 9)d(a,.0)

—

= 147 By (1) My (s it ) .0)- (6.3.3)
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Let us put
L a1
L= (j)z qu(tq)eq2(xtqz)qu(xtqz)M,,(s,A,ﬁ;xtlq)d(qzaf)
and
L a-1
R:(j)t Eq, () My (s, 4 3t19)d(q,.0) -

Then using (6.3.2)

2o (m92)@2.42)0 151 (“I)Skqﬁsnk(AqSkﬂkﬂ’qz) (45:4), &, 5"

g ;/} q2)0 k=0 [q]n——sk

n—sk

whereas the definitions (6.1.1) and (6.1.2) at once put the left hand
side of (6.3.3) in the form:
Y q;+j+j(j—1)/2xi+j

I =
I'EOJEO (92:97);(49:97)

L (At )1

-(I) ! Eq, (@) My (s, 4, fxt19)d(g,,0)-

Now applying the integral formula (6.3.2) here, one gets

.- % OZO (“1)jq;+j+j(j—l)/2 xH‘f (1*(}2)((]2,‘]2)00 [nz/:S}(_.])Skq“S"k
k=0

i=0 j=0 (qz;qz ),(42;‘12 )J (q§+l+j;q2)oo

) k
an)ank (q2 ’qz)kgkx

( Aqsk+skﬂ, A+i+j
' [q]

n—sk

But since
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(qf,qz)oo

Av+it) _
(qz :Q2)oo "( /1 ) 7
q2,q2 i+y
i (-T2 i
L2 e 1! gHHHIUTD " (1-4,)04505)0 @5 24,),
=0 j=0 (,:9,); (4539,) @3395)0
sk+skf . Ati+j. k
.[nﬁs](ml)sk q—snk (4q ’q2)n~sk (qZ 1) )k (’ka .
k=0 {q]n-—sk
Thus L=R leads us to the desired result:
S D2 ity A
§ ?Vj ( 1) qz x (qz ’qz)i‘l’j [ﬂés](ml)skqﬂsnk
i=0 /=0 (45:9,);(95:9,) j k=0
sk+skpf . A+itj.
(4q 245),_ 95 ,qz)kg J
[q]n——sk k
sk —snk; 4. Sk+skp . . k
:[nz/:s}( D™ g™ (4q 245), 953990, 61 % .
k=0 4}, o

Another basic transformation is obtained using

(1-Plqleo q—;z(,u-—l)/2

T u- _
t (~t)dyt =
b eat gt ="

the g-Gamma integral of W. Hahn[1]. For that consider
o0 p—*l
(j)t eq2 (—-t)Mn(s,A,ﬂ;xthz) dqzt

s DR g™ g )

k=0 l4]

n-sk‘kak"f,mk—le o 1
0 i) q

n—sk
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0% kg gy g5t
k=0 lal,_ o

(1-0,)(0,:9,)0 0, 7 H P02

+k
@5:4,)e

N —p(p-1)/2
1-4,)(4,:9,)e 45 7F
~ . _ 0950452495 )0 4,

T A
0

_smk , ~k(k+1)/2—pk ko sk
[n/s1 (-1 g5k FEHDI2=Ph gD g ) (4g" S’B;qz)n_skkak_

2 - (6.3.4)

n-sk
Here also, following the same method of using the identity

eq(x)Eq(x)=1, one finds at once

e 8}
P,
(j; t eqz( t)eq2 (xtqz)qu (xtqz)Mn(s, A,ﬁ,xthz)dqzt

m —
- ézP ieqz ()M (5. 4. B:3110,)d g - (6.3.5)

The integral on the right hand side is equal to

(1-0,)4y3 8,00 45 PP D2 5] (- gmomk gy D24k o g
(qg 45 Joo k=0 [q]n——sk
sk+skp k
A ) sk Sk

whereas the integral on the left hand side becomes
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(_1)_] l+j+](_] -1)/2 I+_]

33 TPl oy A Bixt|qs) d
!=0j“—"0 (q2a42) (qz qz) ([) eqz( ) n(S ﬂ x ’qz) qzt

S I JG-DI2 i o
_2 -D'q, X (195045595 )oo q—(p+t+ Np+itj-12
l:0j= (qz’qz)l(q2’q2)j (q§+t+]

(ng
M8

395 )co

sk g sk k(k+1)/2+(p+t+1)k p+1+1
[n/s](-1) (q ’qz)k,A sk+skf

=0 4 99 sk

Hence from (6.3.5), one finally obtains

b z(1+1)/2+ 12+p(z+ J+HF
2 2 o D’q @539,),4
I-OJ—O (qZ’qQ.)i (q2’q2)

J

—snk k(k+l)/2+k(p+z+ j)( p+1+ 7. sk+skf .

{nz/:s]q 14,), (g 95) 0k

k
S X

k
Sp

k=0 {q} sk

sk —snk k(k+1)/2+pk , p. sk+skﬂ
=[nz/:s]( D B (95595) (4q ) sk

T

k=0 [4]

n—sk
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