
CHAPTER-6

BASIC TRANSFORMATION FORMULAS

6.1 INTRODUCTION

In this chapter, the q-Beta integral and q-Gamma integral due to 

W.Hahn[l, Eq.(3.12) and (3.16)] will be considered in which the 

integrand will be modified by introducing the q-poiynomials 

Sn(l,m,a,p,x\q)and Mn{$,A,p,x\q) in turn, and then these integrals will

be simplified. The final expressions thus obtained, will be further 

exploited by means of the relation

eq(x)Eq(x) = \,

where (Hahn [2, Eq. (6.1), p. 361])

eq(x)= y x" - 1 (6.1.1)

and

Eq{x) = [0,0,?,*]= Q0Q {- ~\q,x} (6.1.2)

■ l h>Vn-0 [<?]« oo 1

This process finally leads us to the series transformation formulas. 

This will be taken up in the subsequent sections.
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6.2 BASIC TRANSFORMATION FORMULA (I):

Consider the q-Gamma integral (W.FIahn[l])
00

0 H H [q ] oo
(6.2.1)

Here introducing the basic Laguerre polynomial (D.S. Moak[l])

n Mn kt0 [vq]klq]k (6.2.2)

in the integrand of this integral then we have the following simplification 

towards its evaluation. Writing p for q“ (a*0),
001 tv 1 ep (-0 L^\tp I p)dpt

(mp)

(P',P)n k=0
(P ,P)y 00

(MP',P)k(P,P)k 0
k___itv+k-lep(_t)d^t

{PP^P\ n Mk + nk+k(k +1)/2 
(PiP)n k=0 P

(P n,P)kQ~P){p\P)aoP -(v + k)(v+k-\)l2

(mp)k (P,P)k (vpk;p)m

(MP’,P)n « f(M+n-v+\)k-v(v-m Q~P)(P’P)JP ">P)k

(p,p)n k=o (mp)k(p',p)k(vpk,p)00

0 P)(PPyP)^ (P»/?)0O — v(v—1)/2 ^ ^ ’p^k (p + w-v+l)A:
(P',P)n(v;p)oo P k=Q (jjp;p)k (p',p)k P

<\-p)(mp)n(jr,p)«i _v(v-i)/2 
(p-,p)n(v;p)a0 p

Now, in view o the Vandermond's theorem

-« // + M-V + 1
p ,%p,p

m
(6.2.3)
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(c/ a, q)
^Aa,q n;c,q,cqn/a) =--------~

1 (c,g)n

the function in (6.2.3) gives (/ip/v;p)n / (pp;p)n, consequently 

(6.2.3) further simplifies to

” ,v-> p-**-m

0 (p,p)n (v;p)
(6.2.4)

oo

which we call as the q-Laguerre integral formula. In Chapter-3, there 

was defined a polynomial

S = 1 (-1 rk mkm-2n+m xk
” W k

Let S*(],m,a,f];x\p) = Sri(i,m,a,j3-,x\pXfiql'~na;p)00 /(p-,p)n

then

_ . . [nlm\pmk{p n\P)mk°k k 
Sn(l,m,a,fi,x\p)= X --------;------- tM—Lxk

k=0 (j3ql~na;p)
(6.2.5)

Ik

When this polynomial is introduced into the integrand of (6.2.4), 

one gets

00J tv 1 eq(-t) L^\tp\p) S*(l,m,a,fi;xt\p) dpt 

0

^ ^ (p ;p)
= ' s ' xk Jtv+k~l ea(-t) L]f>(tp\p)dDt.

k=o (A1_m;p)„ *6 ^ *
r(p)^

7*

In view of the formula (6.2.4), this assumes the form
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l/l/ 1 ep(-t) L^\tp\p) S*(l,m,a,/l;xt\p) dpt

Jrlm] p(^(vA),2)-(k(k-l)/2)-vk+mk (l~P^P^JP ^P^mk^P)k ^1-

k=0 m 1 -ra ,p)lk(p,p)n^,p)m
lr,P)nPk*

Now by making use of the formulas (Slater [1, p.241])

(aiq)
(ayq)n

"~k {ql~a~n',q),
k -ak+k(k+l)/2-nk

and

M k = (-')* q-°k+KM)l2 _*-----
(ql~a,q)k

with a is replaced by pp/v(= p^~v), one finds

, \-k, t {PPl%P)n~k
^ /v’rt"=

(MPl%P)n {vlp\P)k 

(vp~n/ju;p)k Pnk

Hence

J tV~] «pH) L^{tp\p) S*(l,m,a,J3;xt\p) dpt

(1 -pXp:p)Jpp/%p)„ [rfai] m iP r.P)mt <y.P)k (y/KP)k ,

^tert„(r;^»a>^.v(v‘1),2 *=° UH'-ra-.P)lt(?p-nir.P)k k

(6.2.6)

Here, if the series on the right hand side is denoted by T™n(l,m,v,ft;x\p)

then one finds
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ooUv 1 ep(-t) L^\tp\p) S*(l,m,atp,xt\p) dpt

(1 - p)(p; p) (up / v; p)\ rj ^ \r~r , , \---------- T^(p,v,x\p),
ipr,p)n(y,p)v> Pv(v-l)/2 r,nx

which is the desired result.

In case when n and v are same and equal to b say then the q- 

Laguerre integral formula (6.2.4) would reduce to

" 4»> p-Kb~m
0 P P 0;,P)oo

and therefore

00J * ep(-t) I^\tp|p) S*(l,m,a,j3;xt\p) dpt

[rim] -b(b-\)l2~k(k-\)l2-bk+mk(X P^P'P^JP ’P^mk^ph Yk 
’ k=0 P (Pql~ra-,p)lk{b-,p)m -a, r‘ k

(1 -p)(p;p)
------------j-j-fTf(i,b,t>,Ap)‘

where

t^.ap)^ p-^-i)/2b 
r k = 0 (Pql~m-,p),

'Ik

The q-Beta integral is given by (W. Hahn[l])

\tX~lEq(tq)d(q,t) = (\~~q)-^-, k|<l, Re(2)>0. 
0 H [qA] oo

(6.2.8)

Consider now
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_ ^m/c mk{mk+1) /2- mnk (ftl^+k na+^',p)ao

k=0 {p'p)n-mk

)tUk~l E (tq)d(p,t) 

0 F

= ^nY^(-\)mk mk{mk+\)/2-mnk (Pqlk na+l,P)mQ-p)(P,P)
. ^ ' ’ * 0 I 1w

k=0
°2-cr xk

(pp) (pX+kp) k
KP,P)n~mkKP ,p)co

Q-P)(P,P)oo [”g»l l)mkFmk(mk+\)/2~mnk <&lk °k *k

(PX,P)n k=0 P (&P)n-mk

(6.2.9)

Now using the relation eq(x) Eq(x)=l in this formula, one can 

obtain a new result. In deed, applying the integral on the left hand side 

in (6.2.9) to this relation, one gets,

1 -ii| tA Ep(tq) ep{xtp) Ep(xtp) Sn(I,m,a,jB;xt\ p) d(p,t)

1
= J* 

0
2-1 Ep(tq)Sn(l,m,a,fi;xt\p) d(p,t). (6.2.10)

If R denotes the right hand side of (6.2.10) then in the light of

(6.2.9),

0~P)(PIP)oo (_Y^mkpmk(mk+l)/2-mnk
(PX',P) co k=0

i/3qlk-na+l.p)m

P)n-mk
(px-,p)k°k xk

Similarly, if L stands for the left hand member of (6.2.10), then in

view of the definitions (6.1.1) and (6.1.2),



,_ « » „ „ ..................JoySo--------(wWp;^-------- 1‘ EpVq)S„(l,m,a,fl,M\P)d(p,t)

which in view of (6.2.9) assumes the form 

l= » » (-p'+i+M-mxv+i{X_pXPip)a i
v=0y'=0 (p;p)v(p,p)y.(p'l+V+-,;p) oo

["4ml nm* mk(mk+m-mnk(fo'k~na*'’f’'>«>(-PimJ-rik<!kxk
'*> P {™\-mk

Using (px;p)oo = (px;p)v+j (px+”+J;p)oo, and replacing the series forms 

in L & R above in (6.2.10), one obtains the transformation formula

00 «, n)JpV+J+i(J-lV2XV+j<.p’-,P)v+i 

v=oy=o ip,p)v(p,p) jipA,p) oo

[n/^?] ^^ mk(mk+1) / 2-mnk
k=0 ^

(p;p)n~mk

n».Jt m*(mi+l)/2-m«t "a+',PMX-,P)kak*k 

k=0

(6.2.11)

It is interesting to note that specializing the sequence suitably, 

one can express the extended Jacobi polynomial ffl^f^[(ay,(b):x\p] in

a series of itself.

Therefore selecting
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^a2,^k "^f)k 
k (bvp)k... (bs\p)k{p;p)k

in (6.2.11), one arrives at

(-!)■'pH-J+XJ-W ^(pi-p) .
CO 00
E Z

v=0j=0 (P,P)v(p,P)j(p;i,P)oo
Eti ^af\a. ...,ar,b ,bs:x\p] 

n,Lm 1 1 r’ 1 J

'-^/JlPVa2- -ar'-br ’bs x\Ph

where ai = p^+”+j and pi = px, are the first numerator parameters in the 

extended Jacobi polynomial on the left hand and right hand sides 

respectively.

Another transformation formula is derived for the polynomial 

Sn(l,m,a,fi;x\ /?) using q-Gamma integral of W. Hahn sated in (6.2.1):

00

J tv—1 meqWdqt = (S-q)p2-q ~v(v-l)/2

For that consider,

00 r_i
1 ep(-t) sn(l,m,a,0;xt\p) dpt

[n/m] ^mk „ik{mk+\)l2-mnk
kto 1

(_^mk mk(mk+Y)/2-mnk 
k=0 ^

to^Ik—net'll. ,jKM ,P) caa/(x̂ k
\th+kA ep( t)dpt

(PIP)n-mk

(Pqlk-na+l. P)oo Q~P)(PIP)makxl

p-(h+k-Y)(h+k)f2
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00

\th 1 ep(~t) sn(l,m,a,xt|p) dpt

-h{h-\)!2 (1 -pXp,p)qq ^nl£\( ^mk pmk(mk+\)/2~k(k-\)/2-hk-mnk 

k=0iPh',P) 00

{Pqlk-na + \p)^ph,p)kakxk

(PIP) (6.2.12)
n-mk

The integral on the left hand side above when applied to the

relation eq(x) Eq(x)~ 1, one gets

00J t‘h 1 ep ( V) ep (xtp) Ep (xtp) S„ (l, m,a,fl;xt\p)dpt

- Tth-1]tn lep(rt)Sn(l,m,a,fi,xt\p)dpt
0

(6.2.13)

= I, say.

From (6.2.12) the right hand member I of (6.2.13) simplifies to

p-h(h-1)/2^ _ p^p. p^ [„/mj (_^mk pmk(mk+l)/2-k(k-\)I2-hk-mnk
U ‘ So tart '(PHIP) 00 n-mk

(Pqlk~na+l; p)w(ph;p)k <Jk xk.

If j denotes the integral on the left hand side in (6.2.13), then 

with the aid of the definitions (6.1.1) and (6.1.2) of q-exponential 

functions, one gets

» (-i)i =o h+v+J-1oo
J= I zv=0j=0 (P',P)v (P’P) J t

0
ep(~t) Sn (I, m, a,/3,xt\p)d pt
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•“O /=° (Krtvfep)/?^ '^;P\CO

^OT^(m^+iy2-A(A:-.l)/2-mnk-(h+v+j)k^ph+v+j ^
k=0 ’ ^

(Aft”"a+I;p)co _ i
(a p}n~mk akx

p-h(^m(l_p)(p.p)oo „ „ (_1}i pQ~-h)(v+j)-v(v-\)/2-vj

(ph',p)ao v=0 7=0 (p-,p)v(p;p)j(ph;p)
oo

v+-; A=0

mk mk(mk+l)/2-k(k-l)/2-(h+v + j)k-mnk

(AP)
n-mk

■ (Pq!k ”a+1;p)oo (ph+v+J',p)k °k xk

Since I=j, one gets the transformation formula given by:

00 00 (-1}Jp(^)(v+J>v(v^n-vj xv+j(ph
£ £ -------------------------------------------------------------v=0j=0 (p-,p)v(p',p)j(phip)oo

[nlm\ 
' k=0

(-1)“* pmk(mk+\)/2-k(k-l)/2-(h+v+j)k-mnk

(fiq,k-”a+',p) oo

mkl,mk-\])l2-k(k-])/2 hk-milk
k=0 '

(fklk-„a+l;p)no^ 

(P’P^ti~mk
'■phakx

(6.2.14)
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As it is mentioned in Chapter-3 that, the extended Jacobi 

polynomial M^J[(a),(b):x\q] is a special case of Sn(l,m,a,0,x\p), it can

be seen that from (6.2.14) a relation can be obtained wherein 

is expressed in a series of itself. For that take

^ pk(k {ar,p)k

k {p,p)k{bvp)r ...{bs\p)k

then from (6.2.14) we have,

oo oo (-1)Jp^h)(v+jy~v(v-m-vj xv+j(ph.p)v+j 

v=0j=0 (p-,p)v(p-,p)j{ph-,p) oo

2’-’ar’b\’—>bs XP ^+v+^ | p]

’ar’b\’- -A :xP~h\Pl

where ai = ph+v+J and c = ph.

6.3 BASIC TRANSFORMATION FORMULAS: (II)

In this section, the g-Beta and g-Gamma integrals due to W.Hahn 

which are already considered in the above section ((6.2.8) and (6.2.1) 

respectively), will be used once again as a tool, with reference to the 

polynomial Mn(s,A,fl;x\q) introduced in Chapter-5. The technique

adopted in deducing the formulas is same as that of the section-6.2.

The polynomial Mn(s,A,fi;x\q) defined by
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(6.3.1)Mn(s,A,fi;x \q) =
mis]^fkq-s"k(A<,sk+sk/1,/)n^

*=° t«W x
k

will be first used in the q-Beta integral (6.2.8). 

}'■*■' E Jtq)d(q,,) = (1-,)J^S_
o q [?■*]„

with qP =q2,

1 Eq2^)Mn(S’A’fi’xtlcl) d(q2,t)

Wf], ^Sk ~snk(AqSk+Sk^’Vl^n-sk , k 1 1+k 1 

= Zq i~* l) q -----pj---\tX+kA Eq2itq)<KqTt)
n-sk

'^(-1 )skq~snk — q ^,q2^n-skp Jc(1 q2){qTq2)a>

k-0 Mn-sk («f+*;?2)M

l"^]Hyk -sr,k (AqM^p\=sk(q2'‘<2>k , xk (63.2)

A new basic series transformation formula can now be obtained 

by using the indentity eq(x) Eq(x)=l in (6.3.2) above. In fact, applying 

the integral on the left hand side in (6.3.2) to the relation 

eq(x) Eq(x)=l, it gives

I * A~l Eq2 to) eq2 (xtq2 ) Eq^ (xtq2 ) Mn (5, AJ;xt\q)d(q2,t)

= \t^'~^E(. (tq)Mn(s,A,fl;xt\q)d(q2,t). (6.3.3)
0 l2 1
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Let us put

1 j_i1 = h Eq^(tq)eq^(xtq2)Eq^(xtq2)Mn(s,A,fi-,xt\q)d(q2J) 

and

R = UXA Eq^ (tq)Mn(s,A,fi;xt\q)d(q2,t).

Then using (6.3.2)

pJ'-cnXnmy-o (~1),yA:q snk{Aq ^»qiK~sk(q2]q2}khxk

whereas the definitions (6.1.1) and (6.1.2) at once put the left hand 

side of (6.3.3) in the form:

„ oo (-tf q'+j+M-W x»j
L= I Z ---------------------------- •

/'=0 j—0 (^2 ’ ^2 ^q2 ’ ^2

(2+7+7)-l f (tq)Mn(s,A,/3-xt |q)d(g-,t).
0 2

Now applying the integral formula (6.3.2) here, one gets

oo to (~\)jq*2-i+J(J xi+J (l-<7? )(<7?,<7?)« [«/•*] s,£
1= £ I------- ---- --------------- —?- ..2~- I (-1)*% ^

/=0y=0 (q2ig2^2^2h (qj+l+J-,q2U *=0

(Aqsk+SW;q0), (aX+i+J-ci ) £ xk 
2Jn~~sk™2 ’q2}kgk

Mn-sk

But since
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oo oo
£=E E 

;=0 7=0

X(rrXv+i+j „ , _ ^2,q2^
Kq2 ’q2)c0~r„A „ x '

(~l)J qi+J+jO-W X'+J (1 - ^2) (g2;qr2 )00 (<? ^ ),+J.

(?2;^2)/ (qVq2)j (q2’q2^

[nis]H)skq~snk (Aq ^;?2)n~5A: (t?2 J,q2)k ^

*=°

Thus L=R leads us to the desired result:

CX) 00

E E
i=0j=0

(-^AHy2^(^ , „jn4

E (-1) f^qTq2)i^q2,q2^ j k=0

Mn-sk

2%*k

[h/*] (-i)^g^(^/fcW;^2)^(^;g2)^ ^ **

*=0

Another basic transformation is obtained using

00

the q-Gamma integral of W. Hahn[l]. For that consider

0° __1\tp eq^(-t)Mn(s,A,fi,xt\q2)dq t

[«/■*] (-1) ■'Vs'*(V*+s*/*;?2)„_jt ** »
= z

k=0 telrisk
It
0

V^S'
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St xk

^n-sk

0-?2)(?2;?2)„?2(p+'i“'X'’+'t)/2

(«2+*;4,2)co

oo111 leq (-0Mn(s,A,fi;xt\q2)dq t
'*2 ^2

(i-g2)(g2;g2)oo q-p{pA)n 

[$2 5^2^°°

(~\)sk q^snkq~k^l^2~Pk ; ?2 )t (Aqsk+skP ■ i?2 )h_^ ^ ^

/c=0 Mn-sk

Here also, following the same method of using the identity

eq(x)Eq(x)=l, one finds at once 
0° -1

1 tF eq^(-t)eq^(xtq2)Eq^{xtq2)Mn{$,A,p,xt\q2)dq^t

00 n—1
eq2(-t)Mn(s,A,J3-xt\q2)dq^t. (6.3.5)

The integral on the right hand side is equal to

(I-q2\qYq1)„ql^)l2lnh]^\)skq-s"kq^MV2+pk(q^q2)k

(#2 ’^2^°°
E

£=0 fa]n-sk

2f n-sk ^k'
(V*+st/U)„ ^

whereas the integral on the left hand side becomes
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E E ----------7........,—...................r.................It*3 J ea (~t) Mn(s,A,j3,xt\qn) dn t
i=0 j=Q (32’q2h(qVq2*j 0 ?2 2

00 00 
= E E,=0j=0 (?2;?2),(«2;?2)_,- (gP+i+J^ 2

-(p+i+/x p+i+1-1)12
"" ,U'T_ ... /“

+1)/2+(P+/+7)t( ^+;. }
& —;------?—5#^'2U h *

n-sk

Hence from (6.3.5), one finally obtains

(..nJ J(MV2+j2+P(i+j)+U(ap. a \ 
g | 1 } q2{q2 ,q2 i+j

zA=0 M
i2'n-sk ^k

n-sk

ipisK-ir^g^12^ ^-,g2)k ^ **

E
&=0

t2Jn-sk *k'
Mn-sk
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