CHAPTER-3

A GENERAL CLASS OF POLYNOMIALS AND ITS PROPERTIES-1I

3.1 INTRODUCTION

After having studied the properties of certain family of (ordinary)
polynomials, it is natural to ask that - what are their possible
g-analogues? In that context this chapter incorporates the g-analogues
of these properties which are studied in chapter-2. In fact, some more

g-integral formulas are also studied here.

.Just as the polynomials set {S,( meap;x), n = 0,1,2.} was

considered in chapter-2, here a g-analogue of this set of polynomials
will be defined and the following properties will be studied.

(i) g-integral representations.

(ii) e-form g-difference equations.

(iii) g-inverse series relations.

We define a q - analogue of S,,(I,m,a, 8,x) in explicit form as:

k _mk(mk+1)/2—mnk (Bq lo-na+l,

[n/m] q) k
S <y — -1 m o0
noma fix|p)=" 3 ()" p )

opx

n—mk
(3.1.1)

where p=¢%,0+0.
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(i)

(iii)

(iv)

(v)

This polynomial enables us to define the following g-polynomials.

g-analogue of the extended Jacobi polynomial:

M(aﬁ)[al‘ s, By S .xiq]~ Z ]( 1)mk mk(mle+1)/ 2-mnk

B pyglay), . lagl, 5k (3.1.2)
(Bg" "% q)0 1B, - B, (PP (Pp),
g-Brafman polynomial:
/
Bl asfy ﬁr,x!q]z{zzzg] (- 1y gkmk D/ 2=mnk
k
[ai]k - [aS]k X (3.1.3)

By B @0, @),

a- 2 (k)

‘ Dkj(kji~D)/2 , — ki
kj(n+o+DH-kj (k1) (@ gk ki

Z(a)(xkt 0= E;zq}/? {ngw]q o mj
q".9" ) J=0 (0797 )y [aq]kj

(3.1.4)

Basic analogue of L( ,2,(::)
D+j(j-H/2 , - ]
@ | ):{aq]n{n/m]q.!(mm HiG-1) (q n)mj < 5.15)
T ) (41, ]
g-analogue of W,ga ) (k) :
nk k)

_ [n/m]q
W% (k| g =—ln Ty
¢*:q%), 750 Calt! )j (0g.9)y,

5 .

(3.1.6)
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(vi) g-analogue of the Jacobi polynomial:

[ .lapBq]
Pum(x B *n,a;q)z[ng 1] mj Py

(xg™)/ . (3.1.7)
=0 11,188,

Amongst the properties which will be taken up here, the basic
integral formulas will be derived in section-3.2. The g-difference
equations in 6-form will be obtained in section-3.3. In sections-3.4 to
3.8, the basic inverse series relations will be proved. All these
properties will be particularized for the above cited g-polynomials

(3.1.2) to (3.1.7) in section-3.9.

3.2 g~INTEGRAL REPRESENTATIONS

The beta and gamma integrals are extended in the literature in
terms of basic analogue in more than one form. In fact, Gasper and
Rehman [1], Andrew and Askey [1] and W.Hahn [1] gave different
g-analogues of these well known integrals. In this section these
g-integrals are used as tools to obtain the g-integral forms of the
generalized polynomial S,,(I,m,x,B;x|q).

The g-integrals that will be used here to derive the g-integrals

are as follows:

1 .
Bglx.y) = M = !tJV-I (9:9) oo dgt,

Re(x)>0,y=0~-1-2,...
LG+ 0 @0 '

(3.2.1)

(Gasper and Rahman [1]),
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T TgB) ed  (~cld,q)o(~d/c,q)e0

“C(xq® le, Q) aP 1d:0) | Tg@+B) ctd (gBerd gy (-g%dic,gh
(3.2.2)

d  (~qx/c,q)ulqr/d,q)e

(Andrews and Askey [1]),
In the above integrals T'y(x) is the well known g-gamma function

defined as:
(3.2.3)

(@ Do 1-
= 2(l-q)

[, (x)=
1 @D

The g-polynomial S,,(ILm,a,B,x|q) defined by (3.1.1) when

replaced by S,(I,m,a,Bx1q9) (Bg""%; p)w, then it becomes

- k
S}?([ m.o ﬂ.x l q) :[né:‘m (_l)nfkpmk(mk+l)/2“‘mnk (ﬁqlk na+1,p)w O-k p
k=0 (ﬂq [-na i p)oo (p; p)n_mk
(3.2.4)

in which the ratio of the infinite products in view of (3.2.1), provides a

g-integral as shown below.

Tp(+B—na)(1-p)P %

Ba* 1 )y (BPe _
p) B-na+lk

(Bg""% p)y  (PiP)eo _rp(1+ﬂ—na+1/c)(i-

»

I'p(+ f-na) T p (k) (3.2.5)
Fp(+ B -na+Ik) (1-p)* Tptk)

1 p_ .
= ”: # "a—-(—ti?]’c—p—)ﬁ"—-dpt, (3.2.6)
(=p)" TpUk) O ™ P

where Re(l+ f-na)>0,lk#0~1,-2,... ...

On making use of (3.2.6) in the g-polynomial (3.2.4), one finds
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[n/m] (_I)mk pmk(mk+1)/ 2~mnk k
Sp(ma,B.x|q)=" % alljcx
0 (D) g Tyl (1)

. }tﬂ—na (tp; P)oo
0

dpt.
p

If

X

n/m] (1)K pmk('"k+1)/2~mnko.k k

= A(n,I,m,t,x)
0 (p.0) gy, T, @0 =2 @™, ),

then
1 p-no
Sn(l,nl,a,ﬁ;x!q)zjt (tp;P)oo A(nalzmat:x)dptl (3'2'7)
0

where Re(1+B-na)>0 and &=0,-1,-2,.....

For deriving another g-integral form of S,(,ma,B;x|q) a

particular case c¢=d=1 of (3.2.2) will be used which is given by the

formula

b Comdo@ne ,  Ta@TgB 1 Clot-Loe
1% D068 Do+ Ta@+B) 2 (P ) (-a% 0

(3.2.8)

The substitutions B for B/a, v for //a and a for 1/a will be used, in

the derivation of the formula.
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Now

(ﬁql“”a"’“]k,p)m i (qa(—n+(,8 /0:)-}-(Ik/{)z)+(l/cz)),p)00

(ﬂql—na;p)w - (qa((l/a)+(,6/a)~n);p)oo
B—n+vk.
m(pa+ n+v >p)w
(pa+B—n p)
_(Bp-pla B (parBonivk, gy

@B Py (1= ) (£ p)oo 1= p) 4B

Fp(a+B-—n)I"p(vk)

- _\VK _ .
1-p) I’p(a+B n+vk)lf‘p(vk)

_2=p B by, (P D)o
=Pk T, (k) (=1; p)og (=1 P)oo

(-Lp), (“Lp), T (@+B-n)T (%)

.2(Rpa+B—n’p)co (_pvk,p)oo I"p(a+B~?’l+"k)
On making use of the formula (3.2.8) with o is replaced by

a+B-n, p is replaced by vk, and (1-p)"* Fp(vk) is replaced by

(1= DX P)oo/ (»"F; P)eo , this further simplifies to

By, (0" P PP )
("% p)oo A=pXp:p) (=1 P) (=L D), '
1 (=17; P)eo (PY; P)oo
. : dpy. (3.2.9)
T =B, D)o 50" Peo
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By making an appeal to the formula

(X, D)o (—%; D)oo = (xz,Pz)oo 7

one finds
gtk gy PRt p T B )
T—na - 2.2 . )
(Ba” ", Po A-pXp=;p7) L p)
1 (=29, P)oo(2Y; Poo J
) a+B-n vk pr-
-1 (-yp PP P

Hence from (3.2.9),

[n/m] (“1)mk pmk(mk-2n+l)/2 ' (P2Vk;p2)oo(-—pa+ B—n;p)OO

Sn(l>maaaﬂ;x { Q) =

O, X
o PP, T a-pteh L),

1 (=¥ P)oo (PY; P doy.

S =™ B gy 507 oo

_ Loy, P

2 (B )

5”(1,”1)a9ﬂ9x7y;p) dp)’r (3'2'10)

where

[n/m) (_l)mk pmk(mk ~2n+1)/2
5}1(19”1>a:ﬁ:x7y;p)= Z Vk .
k=0 (PP (BiP), _ it

2v,
P00k
L

(- pa+B——n

A=) (-1 Pleo (%P %)

which is an integral representation of s,(/,m,c, 8;x|q).
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3.3 qg-DIFFERENCE EQUATION

This section aims at the derivation of the g-difference equation for
the polynomial S,(m,a,8;x|p) which is the special instance £=ma of the
polynomial S,(I,m,a,pB,x|p).

The useful tool for obtain the equation is that the function

Ay, 0n,.. .0y, Z
1°%22 > %r
y= r@{ , } (3.3.1)
- bl,bz,...,bs,
satisfies the equation~ )
- 1-5 _ a,+...+a —b, . ~b +s
{6(0+q g ~D@+q 2 —l)....(6+q1 bS—1)+zq 1 rol 5

O+q T1O+q2-1)..@+q 7 -Dly=0, (3.3.2)
wherein 8 is the g-difference operator defined by (x)= f(x)- f(xq) and
for the solution to exist one of the following conditions must hold.

i) r<s in which case |z|<w, |q]<1
i) r=s+1, |z]<1, |gl<1
i)  lgl>1, |zl< |by ba...bsl/|a; az...ar].

The verification of the equation (3.3.2) is a routine calculations
which is sketched below.

First consider

1-b 1-b o [a] ..Ja] 2"
O+q S-Dy=(@+q - ¥ L _rn
n=0 o1, 6] lg]

[4,1,- a1, 2" (-q"+q 5 -1)
0 (b1, 6] la],

o]
-z

n
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3 41, lal (@@ *-q
n=0 [blln [bsln [q}n
n n-«l+bs
:ql—bs E [al]n' [ar]n z"(1—¢q
n=0 [bl]n“"[bs I]n [bS]n [q}n
Next,
1-b ~1 1-b

@+q 5 -D@+q S-Dy

1-b 1-b ® [a] .[a] 2"
=q S(9+q s—1 _,1) ¥ l:n rn

n-sn
n n—-1+bs_1 | n—1+bs
:qz—tb&,wlvsm1 2 4,1, la,],z"(-q A-q )
n=0 {bl}n : '[bs—l]n [bS]n [q]n
Proceeding in this way, one gets
1-b 1-b 1-5
@+q '-D@+q 2-1. @+q9 -1y
n— +bs n-—1+b1 "
I R St S a1, a1l (-q ). (1-q )z
=q z
n=0 61,161 1al,
R/ PPN ]
:qs~b1~b2-—..—~bs o (g ..la] "(1-g"
n=1 [bl]n—l""[bs]n—l[q}n
A
=qu——bl—bz—..‘—bs ) [al]n+l’“[ar - (3.3.3)

n=o 1l .01 lal "
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Now

o . Zn
O+q  —ty=@rg T 5 a1l
wZo Tl 6] gl

n

2 (q), la),*" @ "-g"
S0 ) Bl la

n+a
-a, @ [al}n....{ar]n (1-g ™"
n=0 16,1,--b 1 lal

=q

[y, Lo, 11,0840 %"
o [ 1] lal

oo
=q " X

Likewise

@+q T1_D@+g T-Dy

:q—ar(9+q_ar ) § [4],- 3, 1,1 r]n"
n=1 41 161 ldal,

n a
Y O N e A

0 ] 151 lal

4,74 j::o [ai}n""[r Z]n[r 1}n+1[r]n+1~n
=0 41,161 gl

and in general,

—a —-a
@+q "-1)@+q 2-1)..(6+q -1y

M
—a-ay~ —a % gl 1ol 2

n=o bl 6] [q]

72



or

a,+a.+ .. +a - - —a
gl 2 F@+q T-1)(@+q 2-1).0+q '-Dy

[al}n+l La ]n+1 . (3.3.4)
o bl b [al

o0
-z

n
From (3.3.3) and (3.3.4) the g-difference equation (3.3.2) follows
readily.
In order to find the g-difference equation for the polynomial

Sp,m,a,B,x| p), first it is expressed in (§s-series form by replacing

l-noa
S (m,a, B,x| p)(Pg ;
Spl,ma,B;x| p) by n P Pl , Where £=ma p=q*, ax0,
: (p:p),

and using the formula

(_l)mk qu(mk—l)/Z—-mnk
=]

(qaq)n,___mk — [Q]n ]

lg

With all this, one finds

[n/m] P (p77 p) k(ﬁql —na+mak, Py O <k
Sy(mea,B.x|p)= % N e
k=0 (Bg "% p),
k., —n k
[(n/m] p"™ (p~"p) o, x
= 3 ko (3.3.5)
k=0 (Pq 2P) ok
Now consider a particular case o, = 1 of Sy(m,a,pB,x|p),
k (pp),

which is denoted by Ri'(x| p), that is,
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] w"p),, o™k
k=0 (Bg' "% p)

m

Ry'(x| p)= (3.3.6)

2 (PP .

It is to be noted here that & which was chosen as 1/(p;p)x, can

H(a,.,p)k

also be taken as , that by introducing finite number of
nw ey

numerator and denominator parameters.

Here the g-factorial functions (p‘”;p)mfc and (,qu "a,p)mk

occurring in the series of RI(x|p)are expressed in the form of the

factorial functions in which mk is replaced by k.

In fact, in view of the formula:

(@), = @™, @g.q™), ... (g™ g™, (3.3.7)
where,
(a’qm)k - (czl/m,q)k(al/m wg),. ‘(aI/m w2;q)k (alfm Wm—l’q)k ,
(th;qm)k (@ l/m 1/m )k(al/m I/qu)k (al/m 1/m m~1’q)k’
(aqm-—l;qm)k :(allm (m-/m, q) (allmq(m-l)/mmq)kW(al/mq(m—d)/mwnz-I;q)k,

(3.3.8)
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w is m™ roots of unity, the g-factorial functions (p_n,p)mk and

(ﬁql*”“;p)mk give rise to r=m™ numerator parameters and same

number of denominator parameters.

Thus,
B0 e = (PP (T ™ (T M (3.3.9)

and further each of the products on the right side is expressed in k

number of factors as follows. They are:

—-nlm _m-1

M2 gy (P WD)

~nlm

("™ = ) ™ ), (p

(~n+D)/m W2;P

(p~ n+ l,pm)k - (p(—n+1)/m;_p)k(p(-—nﬂ)/m

W>P)k (p )k

""" (p(*n+ 1/ m wm"'l;p)

k?

(p~H+m- 1; pm)k —( p(~n+m-1)/m; P)( p(——n+m—1)/m wp),.

'(p(—-n+m--l)/m wz;p)k... (p(-n+ m-1)/m Wm—l;p)k (3.3.10)
Similarly,
(Bg""% p) e = (Bg % ™) (Bg " s p™) (Ba T D2 p™)

(Bg =" p" =L M, (3.3.11)

where
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1+ p-na W+ f-na +f-na

(5q1~—na;pm)k:(q m ;p)k(q m w’p)k(q m Wz’p)k

. . 4p-na U 4+ f-na y +f-na Um 2
Ba "p.p™y =@ ™ pMip @ ™ p Mm@ T P )
I+ f-na
Vm  m-1

1+f-na M1 1+f-na M-l

Bg' e pmLipMy, =@ ™ p ™ .p)@ ™ p™owp),

m-—1 m-—1

+f8-na , +f-na
g ™ pm wz,p)k_, (g ™ pm wm'l,p)k (3.3.12)

Here w is as before, the m™ roots of unity.
Now, in the light of the equation (3.3.2), the q-difference
equation satisfied by RI(x|p) (eq. (3.3.6)), is obtained with the aid of

the formulas (3.3.8), (3.3.10) & (3.3.12), which is given by

- (tf—nat jor)

(0 nﬁ—l nﬁl @+ p - W D+ x pm(nq~n—~ﬂ Hm(m+3)/2 .
J=0 k=0
~1 m-1 n_s
-(mH mH [8+q™m My' 1)} R (x| p)=0. (3.3.13)
s=0 r=0 n
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3.4 q-INVERSE SERIES RELATIONS

It will be interesting to examine the g-extensions of the inversion

pairs proved in Chapter-2; for the special cases of such g-versions may

provide g-analogues of the special instances of the theorems 1, 2 and

3. In fact, the g-analogues of the coefficients a(n,k,m) and c(n,k,m)

will be first constructed; the coefficient b(n,k,m;q) and d(n,k,m;qg) will

be so designed that the inverse series relations would be “two sided”. If

a polynomial in x is known in the explicit form then there is a natural

question “what is its inverse series ?”. The following results are proved

with a view to obtain the inverse series of (3.1.1).

As before p stands for g*. To begin with, a g-analogue of

theorem-~1 which is the g-inverse series relation may be stated as:

Theorem-4.

Form = 1,2,... and a positive integer / < m, if

[n/m]

F(ny= % a(nk,mq)f(k)

and
L) ="3" b(n, ke, m, q)F (k)
k=0

then

a(n,k,m,q)=(-1

P:P) sk

implies

k(-2 (1 pyln-omn-1y
( ﬁqln~a’k~1.

b(n,k,m,q)=p

e ,mk(mk—2m+1)/2 (B q)

3D oo (P p)mn_k

(3.4.1)

(3.4.2)

(3.4.3)

(3.4.4)
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The proof of this theorem is given in section-3.5. The following

inversion pair stated as theorem-5 provides “two sided” inverse series

relation.

Theorem-5.
Forn =0,1,2,... if

[n/m]
Gnmy= 3 a(nk,mq)g(k)

and
mn

gn)= 3 b(nk,mq)Gk)
k=0

then

a(n, k, m,q) = (~1)"k pmk(mk+l)/ 2-mnk (Bq

implies and is implied by

mka—na+1 O

P.P),,_ e

KkDI2(_ g 1ty

Wk
b(n,k,m;,q) = D" p

(ﬁqﬂ?na“ka'*”l"a .

and

n
Y b(n,k,1,q)G(k)=0 if n = mj, jeN.
k=0

Po(0;0),

(3.4.5)

(3.4.6)

(3.4.7)

(3.4.8)

(3.4.9)

Section-3.6 contains the proof of this theorem. The inversion pair

proved as theorem-3 in chapter-2 is extended in the form of
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Theorem-6.

If
n/m)
Anmy= Y c(nk,m,q)B(k) (3.4.10)
and
mn
B(n)= 3d(nk,m;q)A(k) (3.4.11)
k=0
then,
_h—mk  mk(mk=1)/2 ., -«
o(n,k,m,q) =" I)mﬁmfaﬂ*a A=Ay 7) (3.4.12)
(Pq ;D)oo (P>P),_
implies and is implied by
koa—mna+1
d(n k. m,q) = p kDI 2-mnk (Bq »Plo (3.4.13)
®.P),,, 1
and
gd(n,k,l;q)A(/c)zo when n # ms, seN. (3.4.14)
k=0

The proof is given in section-3.8.

3.5 PROOF OF THEOREM-4

In order to prove the theorem, let us denote the right hand

member of (3.4.2) by Q, then substituting for F(k) from (3.4.1) where
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the coefficient a(n,k,m;qg) and b(n,k,m;q) are as defined in (3.1.3) and
(3.1.4), we get
=¥ X

lj—k
k=0 /50 (pm)mn“k(p,p)k_,,y. [g”” “1«3 [ﬁq”” ko llw

This in view of the relation

mn [k/m] mn--my

Z 20 Ak, j) = Z Z Ak +mj, ) (3.5.1)

may further be written as

o Z nimJ'( v (k+myj)(k+mj-1)/2 ny(mj+1)/2~ny(1’c+ny)

(=gl gk ey p)
(51, (P ) Lg" ke

mn—k—nij 0

- In—amn—1
PR Y Vi 0))

J""O (p7 p) lfl*mj

gl ka-micy

Mmoo k(k-1)/2 [mn—mj
’ ,20 =D%p k In—ka—mja-1

a[fq Jo
Noticing that

[ ﬁqu-—ka~mja ]””‘(l“ k ]

-7 rg Hr g

Joo s li-ka-mjor .

[ ﬂqln-ka~mja—1] ? Q)ln

(o]

we further have

/ 1 -
Q=fm+'s L (1 pgln—omn=1y ¢ iy mn mj 1y k(lc—l)/?_[mn m]:}
o

J=0 PPy i k—O k

In—lj—1 B
> pq
r=0
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La- g rgy

= f(n)+ Z
(P, P) g

In—lj-1  mn—mj - mn—mj -
S TSk phk 1)/2{ J} o
F=0 k=0 k o

M e D2 | g i
k k(k-1) p kr _ M (-gq Fti 1)

which vanishes for r = 0,1,2,....., In-[j-1 provided that /<m, is a positive
integer.
Thus, Q = f(n) when /<m. This completes the proof of the

theorem.

3.6 PROOF OF THEOREM~5
In order to prove the ‘only if’ part, consider the series

°§(~1)n pn(n—l)/z

Gny" =S, say.
n=0

Substituting for G(n) from (3.4.5) and using (3.4.7) for the

coefficient a(n,k,m;qg), one gets

n n(n-1)/2 n[”/zm]( l)mk mk(mk-+1)/2—- mnk(ﬂ mka—~no+1

n

© k
=3 (-)p ;oo &( ).
n=0 k=0 (Pap)n—-mk

Using the double series identity,

w [n/m]
> 3 Ank)= Z ZA(n+mk k),
n=0 k=0 n=0 k=0
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one arrives at, after some simplification

5o 2 2 "R gy
n=0k=0 (p;P)n
2 VR e
n—O (p;P)n k=0
but since
l-na
B2 po = (B, phog LA D)0
= (B2 D) (Bap” " D)y »
and
(ag ") = (0" ¢ "D 2410.),,
one gets
(B2 "% p)oo = (Ba D)o (D" (8" "D 2 (p1 B p),
Therefore,
S= (g, P 5 LLPLPI (1t oy Zg(k)tmk .
n=0 (Pap)n

Now, using the basic binomial theorem [Gasper and Rehman]

3 @Dn n_@50x | (3.6.1)
n=0(4.9)p (z: 9w

with a and z replaced by p/Bg and ¢Bq/p respectively, one finally

obtains,

T pD12G0, B P)o (D)o R
n=0 (tPq/ p; Pl k o°

a(k) 1"k

which can also be written as
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Wha!p.Plo Rk k=112 G ke

mn _
Z &n)! (B2, P (6 P)oo k=0

Again, making use of (3.6.1) in

thq/! p; Pl
& Poo
one gets
(PP, D) _ ® (Bg/ P, D)y g
t.Pw  n0 Py
Hence,
2 e 2 2 0 PR gl pyy G
n=0 . n=0k=0 (69, P (P> Py

which on making use of the double series relation

oo o0 o0 n
2 X Alkn)= Y Y Alk.n—k) (3.6.2)
n=0k=0 n=0k=0
reduces to
-0k p k(k=1)/2

/p, Gk
Z g(n)tmn_ Z z (Bq Pp)n_k (k) P
0lk=0 (P9.P) (PP _ i,

nim

If /" =y then " =4"'™, and thus from above,

n 0P 2y G
>

uhim (3.6.3)
0 (g, p) (PP,

0 0
> gmu" =3
n=0 n=01p

If n/m is a positive integer i.e. n=mr, then the comparison of the

coefficients of integral powers of u on both the sides of (3.6.3) gives,
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k k(k-1)/2

mr( " p (ﬂq/P p)mr k G(k)

(n)= %
&Y k=0 (P, DYoo (25 D) sy~
As since

(B! PP mr—k _ (1-pg"~%)
B2 P)eo (ﬁqurcx ~ko— a’p)w

one arrives at

a0k pFED 20 gy Gy

._0 (P, p))nnwk (ﬂqunQ ~ka-c

gn)=
Do

whlch is (3. 4 6).

Ay
S

Thus, it is proved that (3.4. 7):>(3 4.8).

If n/m is not an integer then right hand member of (3.6.3) does

not contain positive integral powers of u, so the coefficient of «"/"on

the right hand side vanishes, therefore

n (- 1)k k(k— 1)/2( s Iﬁa)G(k)

no—karl-a. =0 where nzms, s = 1,2,3,.....
k 0 (p;P)p—i (Pa D)oo

which is the condition (3.4.9).
Thus, it is proved that (3.4.7)=(3.4.9), which completes the proof
of the first part.

For proving the converse, the following notations are used
n
gnl)= ¥ b(nklq) G(k.1), (3.6.4)
k=0

where
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G(n)) = f; aln,k1,q) g(k.]). (3.6.5)
k=0

Now,

K k(k=1)/2

S gnn=5 § VP (- g %) Gk ) 1"
n=0

n=0k=0 ﬁq”““k““ “Po(Pip),

o (- l)k k(k-1)/2 (1- Bg l“a)G(kl)t”*”k

-3 ¥
== Ba™ T DYy (2P
I~a, o oo -, n
- lﬂi ) Z -k pk(k~—1)/2 Gy i n(ﬁl — s P)ao ¢
(ﬁ P k=0 n= G(ﬁq :Pleo (P> P)n

o la n
1 Z 1 p k(k-1)/2 Gl ik $ (Ba~".plyt

“ (B P k=0 =0 (.P)y

Now using the basic binomial theorem (3.6.1) for the last series

we get

kW1 p)ey

K k(k=1)/2
Vp &P

Z g(nl)t" > (-

7. )w o G(k,1)¢

Therefore, we have

(. P)oo (B4, P> $ gkl =k0§0(g"1)

k  k(k-1)/2
=, ) k=0 g
(tﬂq ap)w -

G i* (3.6.6)

but
a-1-f. l-a B
EPw 9 b1 _ 2 @ p)y (187"
@B p)y 1O : n=0 (P Py

from the basic binomial theorem. Hence, left hand side L of (3.6.6) gets

simplified to
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nﬂ+n—~na( a+f.

q
0 (p, )y,

K=
[ g gl kB P, (BL.P)eo g(kl)]

97340 (B2, Pl 8, 1)

M8

ims

MS

n_o p.p),_

Here,

a+p.

(- 1)n—k pk(k—l)/ 2+n(n+1)/2—-nk q—(n—«k)(l+ﬂ) |

Cad P)_(hp) = P

’p)n—k = (q
p)k—-

Thus, L reduces to

k k(k+1)/2-nk
L=% { g CU°p

;ﬂq, Ploo g(k,l)} (-t 1 pDI2

n=0| k=0 (2. Pyt (q' Dk—n
but since
BP0 _ (PP _ (Bg:P)o (B2 P " p)eo
@+ Dy PEPV—n (Pg, P)oo
N e GO Py ()| P e VEY
n=0 k 0 2. PIp—k

Therefore (3.6.6) can now be written as;

. {f (_I)kpk(lwl)/Z—_nk(lﬁ,q;’coz--nocﬂul;p)OO g(k,l)}( N p n(n-1)/2 n

n§-—;0 k=0 (P, p) n—k

— Z (- 1)” n(n-1)/2 Gnl) " .

n~0

Comparing the coefficients of t" on both the sides we get,

_wk _k(k+1)/2-nk , , ka-na+]
G(n)= § CDh7p (Bq D)oo g(k,l)_
k=0 (p:p)n—k
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Thus, it is proved that

ok k(k=1)/2 -
gonn= & D'p a-p3""%)
=0(p,p)_,

G(k,1)

(ﬁqna~ka+l-a )p)w

_wk  k(k+1)/2-nk o ka-no+]
Gnl)= ¢ D"p ' (Pq
k=0 (PP -k

» Poo g(k1).

But, in the hypothesis of the second part (converse)

g vk pREDIZ 4 gal=ay g

— =0 if nems, s=1,2,3,....... .
k=0 (p.p), (Pl eI by o

- ._Thus, from (3.6.7) it is clear that
3
g(n,1)=0 for n#ms, s=1,2,3,......... .

And for n=ms,

0k pMED2 - gy G

glm= 2
K=0(pp),  (Bg™nekeRa )

L]

(__‘ l)nzk plnk(’nk‘*‘l)/Z“'n!nk (ﬂqnlka—na+l . p)w g(k)

Gmy= ¥

mk=0 (P, p)n~—mk

(3.6.7)

Thus, it is proved that (3.4.8) and (3.4.9) together imply (3.4.7)

which completes the proof of the theérem.

3.7 AN AUXILIARY q-INVERSION PAIR

We shall require the following inverse pair in this chapter. This

pair is actually a g-analogue of the series relations stated in (2.3.1) and

(2.3.2).
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ka—na+l

T(n) = }"; pk(k+1)/2—nk (Pq »Poo () (3.7.1)
k=0 (P:P)n_k
<o
n—k k(k 1)/2 l-a
smy= 5 Y A )T (3.7.2)

k=0 (5 p)yg (B™ e ;D)oo
Proof

In order to prove the first part that is (3.7.1)=(3.7.2), let the
right hand member of (3.7.2) be denoted by ¢(n), then substituting for
T(k) from (3.7.1) one gets

na—ka+l-a

—~0'”-0 (B:P),,_t (P, D)y, (Pa ; P)oo

In view of the double series (identity) relation

k
S Atk p= % 5 z ACk + j, /) with N=n-r,

n
2
k=0 j=0 Jj=0k=0

this further simplifies to

) g Nl Nk HE=DI2 _ pl-ay gil=ke. s sy
b(n)= o i . Na—-ko+1—a.
=0k=0 (g p)N_ (B:P)i (P 3P
- 1-ko
LN a- gl %) se) N [ } k=12 (A1 %P
_St)+' % z (-1)
) r=0 (BN k=0 (ﬂqNa“ka“H”a;p)oo

Once again writing

-k
Ba P . ka N-T
(pg Ve RartI-a. =g PN = Z “Jr

s P)eo
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one finds

p(n)=S(n)+ ¥

nl )N a-p' ) se) N km K2 N g
-1 Ik
r=0 (P P)N ;Eo( ark 2 ¢jP

J=0

Now, observing that

N N N-1 )
k k(k=1)/2 ~jk
-1 .
kEO( ) [k}p 2 ¢jp

Jj=0

N N _ B
=kZO(—*1)kL€iipk(k DIZ. g7k (s=0,1,2,....,N-1)

=0,
for s=0,1,2,...N-1 and her;céh ¢(n)=S(n). Thus, it is proved that
(3.7.1)=(3.7.2). To prove the converse, it is sufficient to show that the
diagonal elements, say tan and s,, of the matrix representations of the
series (3.7.1) and (3.7.2) respectively in the above pair are non-zero.

Clearly,

= p D2 e e 20

and
pn(n——l)/Z

Syp =———— %0
(B Peo

Thus, (3.7.2)=(3.7.1) as the inverse series is unique.
Hence, (3.7.1)(3.7.2) which completes the proof of the auxiliary

g-inversion pair.
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3.8 PROOF OF THEOREM-6
The proof of theorem-6 will be given in this section. To prove the
‘only if’ part, consider the right hand side of (3.4.11) denoted by say

f(n) then in view of (3.4.10) and (3.4.13) one gets

mp Lk/m] /2= (B E=mnaL, py ek, r,m;q)

f(n):k‘l:o r§0 (pp) B(r)

mn—k

_ [kégm] (pyfermr =1/ 2 +k(ke+1)/2 ~mnk
k=0 r=0
(l_ﬂql-og)(ﬁqka~mna+1;p)oo B(r)
(ﬁqka—m’;aﬂaa,mm (2: PYmn—k (P> P k—mr

Here on makfng use of the double series identity,

mn [k /m) mn—mj
S O% Ak, j)= z Zp Arma)
k=0 j=0

and putting mn-mr=M after some simplification, one arrives at

o= \E AX/{ - l)k k(k+1)/2—-Mk— nnvM(1 ﬂql_a)B(f')(ﬂqka_MaH;p)w
0 k=0 (P P) bkt (23 PV (BT % p)eg
=1 ' k k(k+1)/2-Mk , , ka—Ma+],
B+ S p M gy By S P L
r=0 k=0 (p; p) gy (25 P (P s P)oo
As before,
ka—-Ma+l1 :
(Bq — P _ pgteMatl
M-1 ,
= 2 ¢ pjk say.
j=0
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2 c.p

n—l p,-mrM o _ pl-a M MM M- i
_3 p -S4~ %)Br) M b k(k+1)/2-Mk ik
fm=sen 3, (D), TP g 05

n=1 ,=mrM o _ g l-cy gy M~1 M
B P M (- pgl=%) B(r »
(n)+r§0 7Py, jgo kéo(

— "M — e
e ph=1)/2 M e b (M=j-Dk
LY X

Here we see that the inner series

Y e fE-D2[ M ~(M~j-Dk _
kgo( Dp L Lcjp =0

because of the fact that
M - M . i . = . = .
L DN o p Mk I Dy p D))
k=0 o .
Thus, F(n)=B(n) which proves that (3.4.12)=(3.4.13).
Now, it will be proved that (3.4.12) also implies (3.4.14). For this
consider the left member say F(n) of (3.4.14) and use (3.4.13) with

m=1, in place of the coefficient, then
n
Fn)y= Y d(nk,l,q)A(k) (3.8.1)
k=0

n [k/m] (Ml)k-wzj pmj(ny'u—l)/2+k(k+1)/2--nk(1“ ﬂql“a ) B(j)
== PoP)yy (PP

-,

(’qum—na-f-l : p)oo

( '&Ika+nya+l~a; )

fr o]

Now using the double series relation:
n [k/m] [n/m] n—mj

X X Akp= X X Alk+mj))
k=0 j=0 j=0 k=0
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one obtains after some simplifications,

F(n):[ném] n—mj (—I)k pk(k+1)/2--(k+mj)(n-.ny') (- 5ql~a) B(j),
=0 k=0 P2P)y it P Py

ko .
(B (o4 na+mja+1; Yoo

’ (ﬁqka+mja+1~a;p)

[v¢]

A routine observation with n-mj=M, is

kar-nor+mjcr+]
Bg T D) _ g k- Mar,

(‘ﬂqkamzjaﬂ—a ) PIM-1

o0
M-1 .
Y e, p*, say.

r=0

Therefore,

Fm) = [ngn] M _ gal-ary gy 1% 1y pRe=1)2 [ M} Mi—lcr - (M=r-Dk
=0 (PP)yy k=0 3 e

Here the series

M - M= —(Mepe
kgo(_l)kpk(k /2 [M} L1, (Mr-Dk

k ir=0

M-1 - -
zkgo(wl)kpk(k 1)/2 LM}) ke

=0
for s=0,1,2, ... M-1, hence F(n)=0, showing that (3.4.12)=(3.4.14),
which completes the proof of the first part.
To prove the converse part it is assumed that the relations

(3.4.13) and (3.4.14) namely,
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k(k+1)/2—mnk(ﬂqka-mna+l p)
2 w

d(n,k,m,q) = )
»Plmn—k

and

n

>d(nkl,q)A(k)=0, when n=ms, seN,
k=0

respectively hold true.
Now, in view of (3.8.1) and (3.4.14) one readily gets
F(n)=0, nzsm, s=1,2,3,.... (3.8.2)
and also by comparing (3.8.1) and (3.4.13) one finds that
F(nm)=F(mn)=B(n). (3.8.3)
Thus, in view of (3.8.3) the auxiliary g-inversion pair (3.7.1) and
(3.7.2) takes the form (where T(n)=F(n) and S(n)=G{(n)):

ko—mno+1

mn pk(k+1)/2-mnk (B

Finy="3 Pl
k=0 (p:p)mn-—-k

implies

G(n) = {"g’ 1] (ryrk pmkmk=D/2; _ g l-at
k=0 (p;p),_ i Pa

F(k)

na—mka+l—a'; Peo

which completes the proof of the ‘if' part and hence that of the
theorem.

3.9 PARTICULAR CASES
In this section the g-polynomials contained in the general class
{Sp,me,p,x|p),n=0,1,2,....} are obtained. In particular g-analogues

of the extended Jacobi polynomial 36’%'5; )[(a);(b):x], the Brafman
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polynomial  BI*[(a);(b).x], the well-known Laguerre and Jacobi
polynomials, as well as those of the biorthogonal polynomials Z,(,a)(x;k)

and W,gaﬁ)(x;k) are obtained from S,(,m,a,B8,x|p) by choosing the

parameters suitably. Next, the properties namely the g-integrals
discussed in section-3.2, the qg-difference equation derived in
section-3.3 and the g-inverse series relations proved in the subsequent
sections will be particularized for the above mentioned polynomials.

Ii’\ the beginning, the g-polynomials menﬁoned above are now

obtained from

/
S, (l,ma, B;x| p):f”zm] (1 pk(mk +1) /2= mnk

k=0

( ﬂq1~—na+lk.

o) :Ploo o, 3k, (3.9.1)

n-mk

by proper choice of the parameters involved.

For that, a slightly modified form of (3.9.1) is used, which is
obtained as follows.

On making use of the formula,

(__l)mk qu(mk+l)/ 2-mnk [y

(@ Dp—mk = -
e lg n]mk

and replacing S,(,ma,B.x|p) by S,(maBx|p)(Bg'~"%p) in

[o¢]

(3.9.1) one gets,
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mk(p-——n k

[n/m]p ;p)mk o, ¥

Spl,m,a, B;x| p)= -y :
k=0 (Bg" ""5p)y (P,

(3.9.2)

The g-extended Jacobi polynomial can be obtained from (3.9.2)

just by choosing

= 7 d lacing S I’ o, B, b
kTR By o replacng Sn(m.a. f.x1 p) by

Sp(l,m,a, B,x| p)(p.p),, -
Thus,

- k
9 @B a8y =5 D )l el ep™)

nlm

. (3.9.3)

By taking /=0, a=1 and o, =1
y taking a=1and o, VARSI AREN

, and using the same

replacement for S, (I,m,a, B;x| p), one gets

[n/m] lq~"]_, [2,], .{a_], (xg™*
M B, m - mk VT 1k s k
n [051, g ﬁl 'Br xq 4] k=0 [ﬂl]k. [,Br]k {q]k

. (3.9.4)

If 1=0, a=k, keN, x is replaced by (xq")%, and then

Sp(,m,a, B;x|q)is replaced by Sy(l,m,a, B;x | q) /{aq]n and

(@+ Dl +ki(ki—1)/ 2 mkj
o, = 9 T then (3.9.2) yields,
@%:9%) p; [ogly,

ki(n+a+D)+ki(k-1)/2 (q“k”' qk) xkj

[n/m] q mj

(@), .. _ logly
Zpm(xk|q)= _
b %45y, /70 (q*;q* Dy gl

. (3.9.5)
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This is an extension of the q-Konhauser polynomial
Z,(f‘)(x,qu) which occurs when m is unity (Al-salam and Verma [1]),

ki(nra+Dki(ki-D72 , — ki
el qJ( Hki(kj-1) (q ”k;qk)j o
(qk ;qk

Z9 (3 k| g) = (3.9.6)

= k. k
n/ 0 4" ;q )j[aq]kj
Setting k=1 in (3.9.5), an extension of the g-Laguerre polynomial
is obtained in the form:
] D+j(j-D/2 ]
St =012 (on oy

[agl, [n/m] q g 9y
[9ln  j=0 (4:9) (29.9)

le)

nm(x1q)= (3.9.7)

and the well-known g-Laguerre polynomial Lﬁ,“)(x;q) can be obtained

from (3.9.7) by choosing m=1.
Thus,

i(n+a+ D+ j(j-12, —~ i
C]‘](n )+J(J ) (C] n;q) x.f

l__ (3.9.8)

() _|oqly, 1
L =
n (x19) [q1n j5=30 (@.9) j(eg:9) ;

The polynomial (3.9.2) again with the substitution /=0, a=k, keN

yields an extension of the biorthogonal polynomial W,ga"g)(x;k]q) when

Nk
X is replaced by [}:2-31) . Sy(,ma,B,x|q) is replaced by

(aBg,q) ki

Sp(l.m.a,B;x|q)/aq],, and ¢ ,= T
(aq;q),q(q 29 )j

J

Thus,
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mkj . —-nk k )
W(O"”B‘n)(xk]q): lagl, [/m]4 (O )mj(aﬂqaéﬂkj (l—x]kj
(¢%:q%), 70 (a*:4%) j(ag.9);; 2

n,m

(3.9.9)
Taking m=1, this polynomial gives the g-biorthogonal polynomial,

(@.f-n) logl, =n 7 a™*:q%) jePa D)y
AP gy = §
@950 /=0 (@".4") jaga)y

(];xjkj. (3.9.10)

The polynomial in (3.9.9) for k=1 reduces to

e o Lol 170 " @™".4) y; @P.0), (1—;;) j
n.n > -

lgln j=0 (@) ; (og;9) 2

" _logln m(l-x _
Tl mm[" ( 2 )’“”3 "’q)

in which the g-polynomial

o .
m l—x _ ﬁ[n/m] {q ]?ﬂ][aﬁq}] m 1—x J
pmm(“’ ("z‘“‘]’“’ﬁ "’qj" 2o @i, (T]} - 394D

is an extension of the little g-Jacobi polynomial in the sense that setting

m=1 it yields the little g-Jacobi polynomial:

_ [ "1 L] J
p [q(l:i);a,ﬂ—-n;q}: § U— {q[lmx} (3.9.12)
n(\ 2 j=o [l faq] 2

The remaining portion of this section is further divided into three

parts for convenience. These three parts are:
(A) Special cases of g-integrals
(B) Special cases of the general g-difference equation (8-form)

(C) Special cases of the general inverse series relations.
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Now to begin with

(A) Special cases of g-integrals.

The g-integrals (3.2.7) and (3.2.10) derived in section-3.2, will
now be particularized for the above mentioned specialized polynomials.
First the special cases of the g-integral (3.2.7) will be illustrated.

In the light of the reducibility of S, (I,m,a,B,x|p) to the g-extended

Jacobi polynomial given by (3.9.3), the corresponding particularization

of (3.2.7) follows in the form

1 5.
I i @B) ™ 1 51= [ 7% . pYeo pm(m. 0™ 1) dpt  (3:9.13)

where

(n/m]  (p~".p) (1, ... [ers ], Gp™)F
pn(ma, Bap™ . t,p)=" % n mk }kk k
k=0 @".p) ,(pip)y, 0= P 181y 16,1, T )

and Re( 1+B-na)>0, k=0,-1,-2,.... .
In the light of the g-integral (3.2.10) some of the particular cases

of S,(I,ma,p;x{q) are written in g-integral forms as follows.

1 (~t.p)_(iq;p)
¥ fif‘fﬁ)[(ax(ﬁ) Lap™ | pl= ! = =
—t=ip

2-¢, (ma. fix 1, p) d f(3.9:14)

B_
A= Py,

where
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S ARENOW n/m] (P31, (P

(1-—p)(pz;102)00(--1;;))0O k=0 (7P

2vk 2)

o0

gn(L”@a:,B;xJ, p) =

. [al}k" .{as}k(xpm )k
@"*:p) 18], 18,1,

(B) Special cases of the general g-difference equation (6-form)

In section-3.3 a general g-difference equation in 6-form is derived

for a particular case o, = 1 of S, (I,m,a,B,x|p). This particular case

k (p,p)k

of Sy(,ma p.x|p) is denoted by RJ'(x|p). When the parameters

involved in this g-difference equation, (3.3.13) are specialized, it gets

v
+

particularized to the respective polynomials. These particular

g-difference equations are listed below.

1+ -na+ja
=1 1= = | r -5,
61 1 I1 @+p " =By n@+p ')
j=0k=0 i=1

—mn+ i ag+2m+s—I(1+f-na)+H({{+1)/ 2~ Z Bi+r
,’ +xp a=1 i=]

e e ™ Wl @ p )96 Py, 8). 5™ | p1=0,

u=0v=0 a=1 ol

(3.9.15)

]th

where §is /™ and o is the m™ roots of unity.
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& r
1 2m-mn+ Y a - Y B.+r
- a i

r B.
6I1@+p '-D+xgq a=l = =l
i=0

n-—1u

m-1 m-1 ) v s waa m m
[T IT @+p ™ w - [T@+p =D} By (@), (B):x™ | pl=0
u=0v=0 a=1

(3.9.16)
where o is the m'" root of unity.
- k+u - 1m1+a+7
m—1 m—1 - k-1k-1 i /-
{11 JI @+p o =D I1 T1 @+g A =D+
u=0v=0 i=0/=0
1 l n N
—lm- .
+xp—mn+2m—mk—-ak mH 1 @+p™ ™w -1 21(31)2("51“‘1)201 (3.9.17)
s=0r=0
where A is the k™ root of unity, and p=qg“.
{9(9 +q7% - D+xg O +q7" - l)}L%a)(x [g)=0. (3.9.18)
_I+a+i k
0 kﬁi kﬁl O+q P i ) +(u} p2m+2-ﬂm+/3
i=0 j=0 2
n-r _l+a+ B4y
m-1m-1 . B k-1 k-1 k \ (a,ﬂ""n) -k =0
M I @+p "o’y Il I1 @+q AT =D, (x:klq)
r=0s5=0 u=0v=0 ’
(3.9.19)
where p=g*.
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7
s 0f
L,

f)
'y
\\fﬁ
X

{g(mqwa—1)+(k5{}q2+ﬁ—n(9+qwlmaﬂl)}pn[q(lgx)=a,ﬁ an\"\ }?J JE

N \JY\
\\‘-~.:t- ...-f/

(3.9.20)

(C) Special cases of the general inverse series relations

For deriving the inverse series relations of the polynomial special

cases of the general class of polynomials Sn(l,m,a,ﬂ,xiq), first take
gk)=0, x¥ in (3.4.5) so that G(n)= S (lma,p;x|p); and there by
(3.4.6) will give the inverse series of Sn(!,m,a,ﬂ,x[p).

For convenience the polynomial S (bma,pB;x|p) is replaced by

l-na
S (Ima,B,x B :
n Fix| XAy Pho and the formula

(; PIn
(- 1)mk pmk(mk~1)/ 2-mnk e
P:P) ke = T
is applied, then one gets
ok

/ mk :
s, (Lm.a,B; x| py=Tem P PPy : (3.9.21)

-nc.
k=0 (Ba ,p)lk

The inverse series (3.4.6) then takes the form

y pRC-D/2

mn (-1 (1-B2"%)(Bg" "% p) . S, (Lm.t, B x| p)

k=0 PP,y ke (Bt hatina py (p p) i

n_
O'nx =

(3.9.22)
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The inversion pair (3.9.21) and (3.9.22) is utilized now for
obtaining various polynomials and their respective inverse series. It is
to be noted here that ma=/, /eN for the property of inverse series

relation.

Choosing o, = 1]"

VAT AR YR in (3.9.21) it gets reduced to

the extended Jacobi polynomial, where as (3.9.22) gives its inverse
series relation.
The pair is given by

-n. k
%(%’ﬁ)[(a)'(ﬂ)'xpm lp]=[n/2m} (p n,P)mk {allk"" -{as}k (xpm)
nlm 2N

; (3.9.23)
k=0 (Bg "% pyg 181 [Br]y (3p),

n_Bdn BIne.p)y mn () M2 gyl gl )
{al] no %l k=0 ( ﬂql—ka+ln—a; Pos (P, p)mn—k

IR (@) w™ 5] (3.9.24)

subject to

kK12, 5 1-a [-nex.

K0 (pgRernatpy (ip)

if n=ms, seN. (3.9.25)

In order to obtain the g-Brafman polynomial, and the extended

versions of the biorthogonal polynomials Z,(,la)(x;k{q)‘ and W,ga’ﬂ)(x,k{q)
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together with their inverses, the parameter B—« is considered so that
the product(ﬂql"”a;p),k —1. Then a is taken to be 1 for the g-Brafman

polynomial and a=k, keN, for the rest of the two cases.

Since 0<g<1, letting > (i.e. g® ->0) (3.9.21) and (3.9.22) take

the form:
tim S, (I, me, f,x] )~Wm] mk(p=h py o ik (3.9.26)
ﬂ'l—x—l;l(x) n( SO G X\ P)= kgo P V4 > P mk kx e

and its inverse is

kK2 g g
- xnznén D" p k(’m a:ﬁﬂfip)‘ (3.9.27)
n k=0 7:p),, . (PP

This pair is used now to obtain the polynomials

B @:(Byxq™ 1ql, 28 xklg) and W &P (xk[q) together with their

o], [as] _
inverse as follows. Putting a=1 and o, = Ik *k__ in the above

kB B, @),

pair, one gets
—R m k
m | z["/m} lg }mk {al]k {as}k(*\q )

(3.9.28)
k=0 [q]k {ﬂl]k [ﬂr]k

BR'la,.. @i By - Br *q

if and only if

By 1Byl (~1yk gFk=1)72 BYa . sy By 3" )
le ]y-lasl, k=0 @:9), 4:9)

mn—k

(3.9.29)

103



q(a+1)kj+lg'(lg—l)/ 2—mbkj

Taking a=k, keN, and o .= and replacing x

(a%,45),,, loa,

S, Ama.f,x19Xq".q")n
{a‘ﬂnk

by (xg")* and S (lma.B;x|q), by in (3.9.26)

and (3.9.27), the pair of inverse series relations of Z,gfx,,),(x;kzq) is

obtained in the form:

(a+nsDkjki-1)/2 , — kj
@ g, [/ gl (g-1)/2  —nk. qk)mj o
Zyy (5, k @) = L (3.9.30)
i (459, J0 @%9%), lodly; ‘
<
k. k _nJ SU-D2 @),
kn___ (q >4 )mn [aq]kl‘l mn ( 1) 9 Zj’m(x’qu) (3 9 31)
kn(a+D+kn(kn-1)12—mnk = k. k ) -
ghrestntinDi2-mk o (qkiqh),,, ; laal;
Setting m=1 in this pair one gets
k(a+nmDkj(kji-1)/2 |, —nk k by
q (g7".q%); x
2D (xkg)= gj""];: 5 — J (3.9.32)
(99", J=0 @97 [aq],g-
&
k _k 1y U112 ()
n (@79 )y logly, n D'q Z5; (xklq) (3.9.33)

ey hn(kn=1)2kr 2 (qk;qk)n_j log]

where (3.9.32) is the g-Konhauser polynomial (Al-Salam and Verma

[1D.
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The inversion pair of an extension L(naf,%(x}q) of the g-Laguerre

polynomial is obtained from (3.9.30) and (3.9.31) by choosing k=1.

/ qj(a+n+1)+j(j~1)/2(q-n;q) )
149 (x1 gy = Ll m (3.9.34)
l9ln ;=0 (%‘I)mj {QQ]J'
<
_yJ gJUD/2 (@)
n_ [9)mnlagly mp “D7q Lkam(”q)_ (3.9.35)

B qn(a+l)+n(n—1)/2~mn =0 (, q)mn—-j [aq]j

Further taking m=1 in this pair it reduces to the well known pair
of inverse series relation of the g-lLaguerre polynomial (Gasper and
Rehman [17).

. ieV2 . :
qf(a+n+l}+1(j 1/ (q n,q)j 5/

(@) lagl, 2
K _ 3.9.36
n (1) lg]ln j=0 (q;CI)j [a'q}j ( )
L=

J J-DI2 (@)
no_ lalylea, n D by 9 (3.9.37)

= . nla+D+n(n-1)/2-n j=0 (g q)nwj [O[q]j
(@fig.9)y,;

. k. k
(aq,q)kj q":q

Now if one puts a=k, keN, o .= and replaces x by

)j

S,d.m.e.f.x|q) (qk ;qk ),
{aq]n

1-x

k
(_.2_] and S,(l,m,a,B;x|q) by

in (3.9.26) and

(3.9.27), then one gets the pair of inverse series relations of an

extension W,gff,;ﬂ'")(x;k{q) of the  biorthogonal polynomial
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W,ﬁ“ﬁ””)(x,mq). As above taking m=1 it gives the inversion pair of

W,ga’ﬁ””)(x,qu), whereas with k=1 it reduces to the pair of inverse

series relations of an extension pn7n1(qm(-1—-;—£);a,ﬂ——n,qJ of the little

g-Jacobi polynomial. And next with m=1 this new pair reduces to the

inversion pair of pn(q(}—éﬁ};a, ﬂ—n,q]. All these inverse series relations

are listed below.

onf 1k g%y lapql, ki
mj kj

/m] 4
ol b [1;fo (3.9.38)

w %P (5 k| ) =

i @b, 20 ol @hdb),
&~
P KG-1)/2 e f-))
(1—xjn"__[aq}/m(qk;qk)n m D7 770 Wj,amﬂ Pkl a) (3.9.39)
2 @Al j=0 *.4"),,,_ ; lod)
K, —nk. k i
OB o) [aq], § 7°(q a7, [aﬁq]kj 1—x VW (3.9.40)
n D= & Kk )
@97, j=0 legl;(@".q7);
=
CHG-DI2 @ B-)), .
kel @gb), n D TSP k) (3.941)
(2}“ [afq] z k k P
kn _]=O (q -4 )n___j [aq]J

_.n .
m(1=x) . ) In/ml 1 7], [aﬂq]j{ m(1—x }J 3.9.42
Pn,m[q ( 3 ),a,ﬂ n,q] JEO T, q ( 5 ) ( )
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(1—~x)”= laql, [q], mn -1/ ¢/U~D/2

m{l=x} o .
2 [a'ﬂ‘ﬂn ]:O [q]m pj)m[q (T):waﬁ j,C]}, (3-9-43)

n—jldl;

[¢7"] . [afy] . J
-x - 5 J f{ 1‘“} 3.9.44
Pn(C]( > )a B-n q) J}:O [“q}j [q}j q[ 5 ) ( )

g

(1—~x)"=[aq]n[q]n n (1) g/U-D2

1-x
. 3.9.45
2) Tl Sy (4, ] pf(q(z)“ﬂ ”J (3.9.45)

J
3.10 LIMITING CASE

When g—1 is taken then the polynomial S,(/,ma,p;x|q) reduces
to S,(,ma,p;x), which is already considered in chapter-2.

For doing this, replacing Sp,m,a, B;x|q) by

Sp(m,a, B;x|9) (Bg"%, p)e, ONE gets

mk mk(mk+1)/2 mnk(ﬂl na +1lk £k

[n/m](-1)
Sy(ma,Bx|lg)= ¥
k=0 (o), o (Pa

3Py

1“"0‘;;9)00

so that

fim

q_)lSn(l,m,a,ﬂ,x!q)

mk mk(mk+1)/ 2—mnk ( ﬁql —-na+lk. £k

Jlim [n/m] (1) 2P,

q‘”k:O (p;p)

(Bg' "%, p)

nmk oo

Since

lim (Bg7"E Dy (0. P)eo (1-p) "k
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_lim Fp(1+/3—na)(1—p)ﬁ“”‘a |
q_)l Fp(Hﬂ_na+[k)(1_p),6'—na+1k (n__.mk)!

_ 1 lim I‘p(1+ﬁ-na) plk
(n—mk) g1 Fp(i+ﬂ~na+lk) (1__p)lk

_ T{d+f~-na)
T TA+f-na+lk)’

as Fq(x)—ar(x) when g->1. Therefore
i [n/m) (D™ T(1+ g -na) z, x*

um
S ]’ 5a7 7‘ =
g1 n PN Y S R B e+ )

e [n/m] (“l)mk oy xk
=I(+p-na) %
k=0 [(+B-na+lk)(n—mk)

=I'(l+f-na) Sn(l,m,a,,B;x) .
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