
CHAPTER-3

A GENERAL CLASS OF POLYNOMIALS AND ITS PROPERTIES-II

3.1 INTRODUCTION

After having studied the properties of certain family of (ordinary) 

polynomials, it is natural to ask that - what are their possible 

q-analogues? In that context this chapter incorporates the q-analogues 

of these properties which are studied in chapter-2. In fact, some more 

q-integral formulas are also studied here.

.Just as the polynomials set {Sn(l,m,a,P;x), n = 0,1,2...} was

considered in chapter-2, here a q-analogue of this set of polynomials 

will be defined and the following properties will be studied.

(i) q-integral representations.

(ii) 0-form q-difference equations.

(iii) q-inverse series relations.

We define a q - analogue of Sn(J,m,a,p,x) in explicit form as:

Sn(!,m,a,j3;x\p) =
[nhii] ^ £ tnk(mk+\)l2-mnk

k=0

Wqlk-"a+
xk

f

(3.1.1)
where p = qa0.
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This polynomial enables us to define the following q-polynomials.

(i) q-analogue of the extended Jacobi polynomial:

M^2\av. ,asJ.,..A.x\g]Jnz\-\f*Pmk(-mk+')l2-mnk
nj,m L 1 A=0

na+l,P)aola{]k- las\ %k 

^na-.^Wx\^ Wr\iP,P)^mk(P,P)k

(ii) q-Brafman polynomial:

Pr’A^nlT!\-\)mk<rk(mM)n-mnk

1 1 Jfc=0

(3.1.2)

ta]]^.... \.as^k xk
h.....h^q,q \~k (q’qh

(3.1.3)

(iii) q-Z(fy(x,k):

r „ nhi(n+a+lh-kj(kj-4)/2 {-kn k kj,(«),„ n.i N. (? •q)mjx
^njn\x^\H)----- t. r L. z t(qk,qk)n J=° (/;?%■ Mkj

(3.1.4)

(iv) Basic analogue of L^J„(x):

j\n+a+l)+j{j-\)l2 (n~n \ vJ
4?„Wi 9)='“'k[t'1<r (q~n) . xJ -1

[?]/? j=0

(v) q-analogue of wj%f\x;k):

(3.1.5)

Mn I"'™!"h qk)mj (\-x'k)

(qk,qk)n (qk',qk)j (aq,q)y ^ 2

(3.1.6)
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(vi) q-analogue of the Jacobi polynomial:

Pn,m{X’fi-n^q) = (3.1.7)

Amongst the properties which will be taken up here, the basic 

integral formulas will be derived in section-3.2. The q-difference 

equations in 0-form will be obtained in section-3.3. In sections-3.4 to 

3.8, the basic inverse series relations will be proved. All these 

properties will be particularized for the above cited q-polynomials 

(3.1.2) to (3.1.7) in section-3.9.

3.2 q-INTEGRAL REPRESENTATIONS

The beta and gamma integrals are extended in the literature in 

terms of basic analogue in more than one form. In fact, Gasper and 

Rehman [1], Andrew and Askey [1] and W.Hahn [1] gave different 

q-analogues of these well known integrals. In this section these 

q-integrals are used as tools to obtain the q-integral forms of the 

generalized polynomial Sn(l,m,a,J3;x\q).

The q-integrals that will be used here to derive the q-integrals 

are as follows:

0q(x,y)
Tq(x)rq(y) 1 y_i (tq;q)

Tq(x + y) o (tqy\q)<x, ** Re(x) >0,y* 0-1-2,...

(3.2.1)

(Gasper and Rahman [1]),
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d (~qxIc,q)co(qx/d,q)co ^ x_Tq^Tq^ cd (-c/d,q)w(-d1 c^q)^ 
~~c{-xqa Ic,q)!Xj(xqP /d',q)m ^ Tq{a + fi) c + d (-qP c / d,q)00(-qa d /

(3.2.2)

(Andrews and Askey [1]),

In the above integrals rq(x) is the well known q-gamma function 

defined as:

rw =(3.2.3)
(?;?)«,

The q-polynomial Sn(l,m,a,j3,x\q) defined by (3.1.1) when

replaced by Sn{l,m,a,p-,x\q)(Pql na;p)then it becomes

S„(l,m,aJ-x\q)Jnz\-nmkpmKmk+')/2~mnk{liqlk, "a+1;P)”------------

^ (Pql~"a,p)a (P’P)
akx

n-mk

(3.2.4)

in which the ratio of the infinite products in view of (3.2.1), provides a 

q-integral as shown below.

(pipU rp(l + /3-na)(t-p/ "a

(Pql~na;p)oo (AP)oo rp(\ + p-na + Ik)(\-p)^~na+Ik

Tp(\ + P~na) Tp(lk)
rp(l + p-na + lk)(l-p)lk rp(lk)

(3.2.5)

1
Jk(i-rrp(tt)0

\tP-na dpt, (3.2.6)
(tptk',p) 00

where Re(l + p-na)>o,lk* 0-1-2,.......

On making use of (3.2.6) in the q-polynomial (3.2.4), one finds
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[nlm](~\)mk pmk{mUm-mnka %k 
Sn(l,m,aJ,x\q)= S - k

k=°

y-™ ^ d„t.
0 (>Pk,P)oo

If

[nhn] {-\)mk pmk(mk+X)!2~mnka^ %k 

k=0 (P>P)n-mk r (&)(1 -p)lk (tplk,p) ■■ A (n,l,m,t;x)

then

1 0_Y\()i
Sn(l,m,a,fi;x\q) = (tp\p) 00 A(nj,m,t,x)dpt,

0 F
(3.2.7)

where Re(l+p-na)>0 and /M),-l,-2,....

For deriving another q-integral form of Sn(l,m,a,fi;x\q) a

particular case c=d=l of (3.2.2) will be used which is given by the 

formula

J (~qx,q)co (qx,q)w^ ( xq , q )qo {xq^, q )qq
'dqx: lyfooryd) i ( ff)oo(~i;?)oo (3.2.8)

The substitutions B for p/a, v for //a and a for 1/a will be used, in 

the derivation of the formula.
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Now

(A1-^^p)co_(^+^/a)+(tt/a)+(I/a))^)o0

(&-na-,PU " (/(0/«)+(^/«)-«);p)oo

jpa + B-n+vk.pl*

(P-, p\o (1 ~ P)1 'g~ B+n (pa+B~n+vk; p)w

{pa+B-n-,p)^\-p)vHp-,P)^P)x~a-B+n-^

rp(a+B-n)rp(vk)

(1 -p)vk Tp(a+B-n+vk)Tp(vk)

2 (-Pa+B~n-,PU(-Pvk,P)ao 

(1 ~P)vk f p(vA)(-l;p)CX) (.l;p)OT

On making use of the formula (3.2.8) with a is replaced by 

a+B-n, p is replaced by vk, and (1 -p)vk r (v&) is replaced by

(l~ p)(p;p)ca/(pvk',p)oo / this further simplifies to

^~na,pU (i-pXp-,p)j-p-,p)a0(-y.p)'O

f (-Py',P)orj(P)r,P)co
'l {-ypa+B-“,pU<.yp''k-,p)m dpy (3.2.9)
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By making an appeal to the formula 

(*; P) oo (-X-, p)m=(x2,P2)ao'

one finds

,pU (p1'’k,p2)„(-pa*B~",p)K

<\-PtP2;p\i-t;p)C0

) (~py>p)c*(.py-p)co , 
-n-ypa+B~n,P)a,(ypvk-,P)„ ” '

Hence from (3.2.9),

[n/m] / nmk mk(mk~2n+l)/2 (p2vk;p2) (-pa+B n;p)
Sn(l,m,aJ;x\q) = T L-.-L-, E ---------------- G xk--------------- -------------------

*=0 (P’P>n-mk (1-P)(P2,P2)A-IP)
00

oo oo

} (~py>p)«>(py>p)ao d

-i (-ypa+B~"-,PU(yp'’k-,P)„ ” '

1 (py,p)m(-py,p)co s n „ . ,I------- a^B-n-------- 5n(l,m,a,fJ,x,y,p) dpy,
-1 (-yp ;/?)oo

(3.2.10)

where

[n / m) /_ yjnk mk(mk - 2n +1) / 2 
8n{l,m,ct,f},x,y,p)= £ -

i = 0 (ypvk,p)a,(.p.p)n_mk

/ /„2v/c.m2x( /**P)oo\P ->P )qo

0-p)H;/»)oo (p2;/j2)od *

which is an integral representation of £„(/,»*,a,
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3.3 q-DIFFERENCE EQUATION

This section aims at the derivation of the q-difference equation for 

the polynomial Sn(m,a,/3;x\p) which is the special instance l=ma of the

polynomial Sn(l,m,a,P\x\p).

The useful tool for obtain the equation is that the function

y~ rh ax,a2,.. ,ar;q,z 
’^2’’"’^’

(3.3.1)

satisfies the equation-

1 -h l-b„ a, +.. , + a -b. . ~b +5{0(0 + q l-\)(0 + q 2 -\)....(0 + qs-l) + zq 1 r 1 s .

.(0 + q ^ -Y)(0 + q2 -l)...(0 + q -\)}y = 0, (3.3.2)

wherein 8 is the q-difference operator defined by ty(x) = f(x)-f(xq) and

for the solution to exist one of the following conditions must hold.

i) r<s in which case )z|<oo, |q|<l

ii) r=s+l, |z|<l, |q|< 1

iii) 1 q 1 > 1, Iz|< |bi b2...bs|/|ai a2...arI.

The verification of the equation (3.3.2) is a routine calculations 
which is sketched below.
First consider

1 -b l-b
(0 + q s - l)y = (0 + q s

00

-1) £ 
n =

[,or,] ....[a ] zn 
In r*n

n &] -lb ] [q]u 1 n s n n

„ „ l-b« {al]n..{ar-\nzn(l-qn+q *-1)
„?0 EM lb 1 M
«- u 1jh 1 s n
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I_^
y [aA, {arVn^~

~* = 0 {hs]n[q]n

1 -b co
= q s I

« = 0

„ n-1+6
[a,] • [a ] zn{\-q s)

[L] ....[b ,] [b ] [q]Vn s~Vn s n 1 n

Next,

1 -b -1 1-b
(0 + q s -1 )(0 + q 5-l)^

-b 1-b ,q s (0 + q s ^
» [a.) [a ] zn

1\ y ____ l./j /n
„_1 [bA [b ,] lb ] [q]n~ 1 L Vn s-rnL s n Jn

2-b oo

zn = 0

[a A . Vn [a ]L r1n
„ n-\+b . n-\+b:n(\-q s~l)Q~q s

[bA \b ] [6] [q]I n 5-1 n s n 1 n

Proceeding in this way, one gets

1 -b \-b 1 - b(0 + q l-l)(0 + q 2-l(0 + q s-l)y

= q
s-brb2 -b oo [aA .[a ] (1 -q s £ 1 n L r*n K ‘

n-\ + b n-l + b,S).Q~q l)=H

n = 0 [bA -.[b ] [q]L Vn L s*n

* = 1

s-h-K-...~b co [a,] ,r..[a]-rq 12 5 y 1 n + \ r n +1
n-0 [bA -4b ] [q] ”n-u Yn s n n

(3.3.3)
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Now

-a -a « ft,] .ft]0B + q r-l)y = (9 + q r-1) E ln rn
n

■=0t*A -PAWM

= E
00 r“*")

“0 [6.] ....[b ] ft]rt-v r«

n + a-a a) [a ] ....[a ] (l-<y rft” 
r y L 1b l rJn ^y

„r0 ft] -ft] ft]n~(} \n sn^n

Likewise

-a oo [aA .[a , ] ft 1 , zn
r y L Vn 1 r~lJnL rJn + \
-0 pA-»AM,

ft + g r“1-l )(0 + q r-l )y

-a -a , co [a.] .. ft .] ft ]= q r(9 + q r“] -1) E 1 ”... .r 1 n .O
„-1 ft] -ft] ft]« -1 L $ n n

n+ar 1 17-a -a ,oo [a.] ....[a ,] [a ] (1r r-l y 1 rn L r-rnl rJ» +1 1 
„-0 ft,] ■•■[* ] ft]«- u r« L s n n

n
a-\-ar-\ t ^y-iVzyviWi^A+i- 

„Z0 ft] ....[ft ] ft]n-u L 1 5 « «

and in general,

{6 + q °r-\)(9 + q °2-\ + q °r-\)y

- <x - a~ - - a12 r £
? t°iUi KUft 

-0 BlWWd,.
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or

a.+a~+ .. + a -a -a0 -aqX 2 r(B + q r-l)(0 + q 2-l )..(0 + q r-l )y

<x> [a,] ,..[«] , zn
= y ...o±L..x»ti___ (3.3.4)

[6J ...[* ] [q] n~v iJn L s n n

From (3.3.3) and (3.3.4) the q-difference equation (3.3.2) follows 

readily.

In order to find the q-difference equation for the polynomial 

Sn(l,m,a,fi,x\ p), first it is expressed in ^-series form by replacing

5 (m,a,0-x\p)(fiql~na-p)
Sn(l,m,a,fi;x\p) by -22----------- ----- 1--------------—, where l=ma p=qa, a*0,

(P’,P).
n

and using the formula

(a,q)n-mk

(rjnk mk(mk-\) / 2-mnk r , 
v v q vim

[q~n\
mk

With all this, one finds

Sn(m,aJ,x\p) = y
[nlm] pmk(p-",p)mkWi-'a+mak-,p)a> ok xk

k=0 VHl-na;p).
QO

=[wm] P^k(p-n,p)mk vk xk

k = 0 (Pql na',p)
mk

Now consider a particular case ak (P’P)k

(3.3.5)

of Sn(m,a,f},x\ p),

which is denoted by R™{x\ p), that is,
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(3.3.6)*nW)= Z
[njm] (p n;p)mk(xpm)k

k = 0 (fiql~na,p)mk(p,p)k

It is to be noted here that £k which was chosen as l/(p;p)k, can

numerator and denominator parameters.

Here the q-factorial functions (/T”;p) ^ and (fiq^~na;p)mk

occurring in the series of R™(x\p)are expressed in the form of the

factorial functions in which mk is replaced by k.

In fact, in view of the formula:

n( “rp)k
ialso be taken as that by introducing finite number of

j

(3.3.7)

where,

(3.3.8)
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w is mth roots of unity, the q-factorial functions (p n,p)mk and

{pq^ 9ive rise to r=mm

number of denominator parameters. 

Thus,

numerator parameters and same

(P~n-.Plmk=(p-n,Pm)k<.p-n+1'.Pm)t (p-n*mA,Pm)k, (3-3.9)

and further each of the products on the right side is expressed in k 

number of factors as follows. They are:

{p-",pm)k={p-nlm,p\(p-nlm y.p\. (p-nlm *m-'.P)k.

(p-"+',Pm)kHp^'i)lmvp)k(.P{-^)lm *,p)k (P(-"+1)/m ^,P-)k....

(p(~n + l)lm wm ,P)
k’

a ■ ■ ■ ■ ■ a ■ ■ aaa aaa ■ ■ ■ aaa a ■ a a a a a a a a a a

(p(-™-l)/m w2.ph (p(-n + m-I)/m W°-\p)k (3.3.10)

Similarly,

(A'-na;P)mk=(fr'-na,Pm)kml~"aP,Pm)k(Pp'-naP1,Pm)t-■

(hx-na Pm~\pm\, (3.3.11)

where
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1+0-na 1+0-na \+0~na
(/Sl'-"a-,pm)k=(q m ;p)k(q m m “"2w,p)k(q m w >p)k

\+0-na 
- (? m

1+0-na 1+0-na 1+0-na
1 -na„jn^ m nl/m.n^ (n m J/m w ,q m pl/mw2;p)

K /c
(0ql-nup,pm)k=(q m pum;p)k(q m pum *,p)tiq

1+0-na
to »

■ ■ « ■ ■ 1

• ^ 1+0-na m * \+0-na ”L_!
m n nt n\ („ m „ m(0ql-napm-l-pm)k=(q

1+0-na *L=i

P .P^te P

W“1

^>P)i

(q » p ” W2,p)r. .(9^“ “ mP m «’"'■>>* (3.3.12)

Here w is as before, the mth roots of unity.

Now, in the light of the equation (3.3.2), the q-difference 

equation satisfied by R™(x\p) (eq. (3.3.6)), is obtained with the aid of 

the formulas (3.3.8), (3.3.10) & (3.3.12), which is given by

, m-1 m-1 1 ■
{*n ri(0+p

jz=o k=0

(1+0~na+ja)
m \vk — j) + x pm(na~n~P)+n<m+2)/2,

Jfl \ tfl~\ 2L —fcL
■(II n [0 + qm mwr-l])}R”1(x\p) = 0, 

s-0 r=0 n
(3.3.13)
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3.4 q-INVERSE SERIES RELATIONS

It will be interesting to examine the q-extensions of the inversion 

pairs proved in Chapter-2; for the special cases of such q-versions may 

provide q-analogues of the special instances of the theorems 1, 2 and 

3. In fact, the q-analogues of the coefficients a(n,k,m) and c(n,k,m) 

will be first constructed; the coefficient b(n,k,m;q) and d(n,k,m;q) will 

be so designed that the inverse series relations would be "two sided". If 

a polynomial in x is known in the explicit form then there is a natural 

question "what is its inverse series ?". The following results are proved 

with a view to obtain the inverse series of (3.1.1).

As before p stands for qa. To begin with, a q-analogue of 

theorem-1 which is the q-inverse series relation may be stated as: 

Theorem-4.

For m = 1,2,... and a positive integer / < m, if

[n/m\
F(n)= 2 a(n,k,m,q)f(k) (3.4.1)

k=0

and
mnf{n)= I b(n,k,m,q)F(k) (3.4.2)
k-0

then

a(n^,m-,q) = (~\rkpmk(mk~2"+'V2^k

(p’p)n-mk
(3.4.3)

implies

b(n,k, m,q)~ pk{k-1)/2 (1 ~Pqln-amn-l )
(/*?/” ^ h><l)oo(P,P)

mn-k
(3.4.4)
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The proof of this theorem is given in section-3.5. The following 

inversion pair stated as theorem-5 provides "two sided" inverse series 

relation.

Theorem-5.

For n = 0,1,2,... if 

[n! m\
G{n)~ X a(n,k,m;q)g(k) 

k=0

and

g(n)= I b(nXm-q)G{k) 
k=0

then

{p'p)n-mk

implies and is implied by

b(n,k,m;q)
(-l)k pk(k~V12 (l-]3ql~a)

iPqmna-ka+X-a.-,p)<o(p;p)m^k

and

(3.4.5)

(3.4.6)

(3.4.7)

(3.4.8)

T,b(n,k,l,q)G(k) = 0 if n * mj, jeN. (3.4.9)
k=0

Section-3.6 contains the proof of this theorem. The inversion pair 

proved as theorem-3 in chapter-2 is extended in the form of
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Theorem-6.

If

[n/m]
A(n)= £ c{n,k,m,q)B{k) 

k=0

and

(3.4.10)

mn
B(n) - 'Zd(n,k,m;q)A(k) 

k=0

then,

(3.4.11)

c(n,k,m,q)------------—:---------- ----- 2-----W"a-mka+'~a,pMp,p)n„mk

implies and is implied by

(3.4.12)

,, , , <Afa-mTO+1./>)„
d(n,k,m,q) = p v ' -----—-------------{p’p)m„-k

and

(3.4.13)

nY1d(n,k,l,q)A(k) - 0 when n * ms, seN. 
k=0

The proof is given in section-3.8.

(3.4.14)

3.5 PROOF OF THEOREM-4

In order to prove the theorem, let us denote the right hand 

member of (3.4.2) by Q, then substituting for F(k) from (3.4.1) where
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the coefficient a(n,k,m;q) and b(n,k,m;q) are as defined in (3.1.3) and 

(3.1.4), we get

mn [klm] pk(k-l)/2pmj(mj+\)/2-kmj (] _ ^In-amn-1 jyy
y?0 <J>,P)mn.k(PlP)k_mJ lfaIJ *“]«

This in view of the relation

W/J [A:/zw] n mn-mj
Z I 4(£J) = I Z A(k + mj,j) 

k=0 y=0 7=0 k=0
(*5* 5* 1)

may further be written as

a = g m^jy^k p(k+mj)(k+mj--\)/2pmj(mj+l)/2-~mj(k+mj) 

7=0 £=0

_ pqln-amn-\)fy)
( r% rA=/(«)+ I -- y...,

/_0 ( o, p)7~'J mn-mj

mnim\-x )kpk(k-\)/2 
k=0

mn-mj
k

w

a [Pq

Jj-ka-mja j

In-ka-mia-1 •,

Noticing that

loo

WqJj-ka-mja y

A J KAJlPq\n-ka-mjay
--W

we further have

7=0 (PIP)mn-mj k^O
mn-mj

k a

r=0
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In-lj— 1 mn-mj k k(k-l)/2 mn-mj ^kr
Z Mr Z (-irp 

r=0 &=0

But

mn~mj kpk{k-1)/2 »«-»?/■ p-^=WnWJ(1_^+*-l
I (-l)V/t=0

which vanishes for r = 0,1,2,.... , ln-lj-1 provided that /<m, is a positive

integer.

Thus, Q = f(n) when /<m. This completes the proof of the 

theorem.

3.6 PROOF OF THEOREM-5

In order to prove the 'only if part, consider the series

Substituting for G(n) from (3.4.5) and using (3.4.7) for the 

coefficient a(n,k,m;q), one gets

I(-l)npn(jl X)l2G{n)tn =S, say. 
n=0

00 n
S= ZH fPnpn{n-\)I2G{n)tn

Using the double series identity,

00 [n/m] oo oo
1 Z A(n,k)= Z I,A(n + mk,k),

n=0 k=0 n=0 k=0
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one arrives at, after some simplification

but since

s= g g (-l)>"(”~1)/2(/ii?1-"a,p)oog«C)>"+'"* 

n=0k=0 (P,P)n
= I n)nP<n-l)/2(fr'-na',P)«,tn g (k)ln,k 

n=0 (P,P)n k=0

,n 1 ~na s ,« •> (Pq^ nCC,P)oo
(Pq ,P)aO =(Pq,P)ao ------

(Pq,p) oo 

= (Pq,p)m(Pqp~n,p)„,

and

one gets

(m n(jl+V)l2i,qia,q)n>

(pql naip)ao =(Pq,p)ao (-Vn(Pqfp "(M+1>/2(P/pq-,P)n.

Therefore,

00 MkV to. ^ ® (piPq,P)nf.o , V’ ,n/™
s = (Pq,p)oo I ——-—(f#/p) Ig(*)f

n=0 (p;p)„ k=0

Now, using the basic binomial theorem [Gasper and Rehman]

(3.6.1)? i^q)n _n (az->q)co , ,,, 
L --------2 =---------- ,|z|<I

n=0(q,q)n &q) oo

with a and z replaced by p!0q and /$?//? respectively, one finally 

obtains,

I (-1)" pn(n~Vf2G(n)tn f g{k)tmk,
n=0 (tflq/p;p)m k=0

which can also be written as
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Z g(n)tmn = 
n-0

(tfiqlp,p) 00 jJfc Jfc(Jfc-l)/2 
($?> P)oo (^’ P)oo /c=0

G{k)t^ .

Again, making use of (3.6.1) in

(tPq! F,p) a,
(*;p) oo

one gets

(t0qlp,p)op _ » {Pqf p, p)n tn 
(A/Ooo n=0 (P>P)rt

Hence,

« , w/»/i « ?
= Z Z --------------- —----—-----:-----------------

«=0 • n=0k=0 ($l,P)ao(P,P)n

which on making use of the double series relation

00 oo co n1 Z A{k,n)= z Z A(k,n-k) (3.6.2)
tj=0£=0 n=0k=0

reduces to

Z
n=0

OO
z ■

H=0

« (~l)*/(/c~1)/2 (Pq/p,p)n_kG(k) 

k = 0 (P<PP)oo(P>P)n-k
> t

If =« then = unlm, and thus from above,

co „ 00Z £(«)«" = z
n-0 n=0

„ (-l)Ap*(Ar lV2{Pq/p-,p) ,G(k)
” K

k = 0 U*r.p)Jr.p)„_k
>11 n/m (3.6.3)

If n/m is a positive integer i.e. n=mr, then the comparison of the 

coefficients of integral powers of u on both the sides of (3.6.3) gives,
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{n) = ™r (-1 )kpk(k l)/2(fa/p,p)mr-k

k-0 (Pq,P)ao(P,P)mr-Jc
G(k).

As since

(fig/p;p)mr^k ^ (1 -fig1 a)

(A;P)« (Pqi+mra~ka~C‘;p)a> '

one arrives at

g(«): mn
- I
k=0 (p,p)

(~l)k pk^k~^/2(l- ■PqX~a)G(k)
{p l+mna-ka-a } 

mn~k w

which is (3.4.6).

Thus, it is proved that (3.4.7)=^(3.4.8).

If n/m is not an integer then right hand member of (3.6.3) does

not contain positive integral powers of u, so the coefficient of nnlmon 

the right hand side vanishes, therefore

" (~\)kp^-V12 (\-/3ql~a)Q(k) 
k=° <.p-,P)„-kW"a-ka+'-a-.P)* = 0 where n^ms, s = 1,2,3,.

which is the condition (3.4.9).

Thus, it is proved that (3.4.7)=>(3.4.9), which completes the proof 

of the first part.

For proving the converse, the following notations are used

g(n,\)= I b(n,kXq) G(k,\), (3.6.4)
jfc=0

where
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(3.6.5)G(n, 1)= E a(n,k,l,q) g(k,l). 
k=0

Now,

SgW),„. | g
n=0 n^0k=0 (fiqna ka+l a,p);x>{p-,p)n_k

= « « (-1)* pk(k~])12 (1 - fiql~a) G(k,Y) tn+k 

n=0k=0 (fiqnaM~-a, p)m (p;p)n

=.Q'-p------ -- I (~l)k pk(k~l)/1 G(k,\)tk E ------ --------------------------

(V^/O00 ^0 n^m-^,p)ca{p,p)n

l £ H)V<*-»/2GOy)<4 |
(#»/Ooo /c=0 w=0 (AP)b

Now using the basic binomial theorem (3.6.1) for the last series

we get

00
n=0 \Pci'P)co k=0

1 |(„1)t/(W)/2GW)(4('/*J1-a./’)»
(<;p)

oo

Therefore, we have

(t,P)vo(Pq,P)a) 
(tpqx~a',p)ca

oo .Eg(*,nr
k=0

EC-l)^ p*(/c~^/2 
&=0

G(/c,l)^ , (3.6.6)

but

(J*P') (X)
a- 'l-P-p,tPqh ■a £ 1 ^\P)n{tfktX

«=0 (P’P)n

from the basic binomial theorem. Hence, left hand side L of (3.6.6) gets 

simplified to
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oo
L= Z

oo q
z —n=0

oII

00 n q
= z z -n=0 k-0

Here,

' (<? (Pq,p)oo ^W) ^
(p,p)n

ip,p)n-k

a+p a+p./ u \ / WT/y x(9 ••?>„-* =(?
j- j^-Zc pk(k-\)/2+n(n+\)/2-nk ^-(n-k)(\+P)

’Ph-n

Thus, L reduces to

£= Z
n=0

f (~l)*/(*+1)/2 nk(Pq,p)oog(k,l) 

k=0 (P,P)n-k^U^ >P)k-n
K-lf tn pn{n~ l)/2

but since

{flq,p)ao _ (Pq',p)m r=(Pqip)oo(PQ-pk~n',p)<xs 

(q]+P',p)k_n iP<PP)k-n (PKP)ao

L= I n=0 £=0 (p*p)n-k
(-if f pn(n-\)f2'

Therefore (3.6.6) can now be written as;

oo <

zn=0

T (-\)kpkm)n nk(Pqka~na+l-,p)oo g(*,l) 

A:=0
(_1)« «(«-l)/2 ;tt

= Z (-1)” pn<Jl V)!1 G(«,l) f.
n=0

Comparing the coefficients of tn on both the sides we get,

0-(w,l)= L ----------------------------------------------------------------
k=0 (P>P)n-k
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Thus, it is proved that

, n » (-l)kpk(k~l)/2(\-0ql~a)
g(«,l)= £ -v- L. £-------r-;,-2-,,——G(k,\)

*=°(p;p)n-k
^na-ka+l-a _p)a

(3.6.7)

<Z>

n (_nk k(k+l)/2~nk(n ka-na+\ ,
C(»,0 = 2 {-^-E------------------------------------^g(k, 1).

k=0 (PIP) n-k

But, in the hypothesis of the second part (converse) 

n (-1 )kpW-1)12 (l-J3ql-<x)G(k,\) '

s^=0 (p-p)n_k(j3q!na-ka+\-a ,Pl
-0 if n*ms, s=l,2,3,.

00

■ .^Thus, from (3.6.7).it is clear that
''X

g(n,l)=0 for n*ms, s=l,2,3,...........

And for n=ms,

?(«>= "f H>V(*~I)/2o-*1_“)G(t)
k=0(p-p)m„^mna-ka+'-a-,P)Co

<=>

G(«)= X --------------------- ----- ----------------------------- .mk=0 {p’p)n-mk

Thus, it is proved that (3.4.8) and (3.4.9) together imply (3.4.7) 

which completes the proof of the theorem.

3.7 AN AUXILIARY q-INVERSION PAIR

We shall require the following inverse pair in this chapter. This 

pair is actually a q-analogue of the series relations stated in (2.3.1) and 

(2.3.2).
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(3.7.1)
m= i pk(k+\)l2-nk "a.+l;P)co S(k) 

k=0 (P’P)n-k

«>

S(n) = y nf~kpk^k 1)12 {l~Pgl~a)T{k)

lr-n fr.-r,'* rf,na-ka+\-a. . k-v KP>P)n~k (a*7 >Woo
(3.7.2)

Proof

In order to prove the first part that is (3.7.1)=>(3.7.2), let the 

right hand member of (3.7.2) be denoted by ^(n), then substituting for 

T(k) from (3.7.1) one gets

^ k (-Xf~k pKk-m^<r+l)/2--rk(fjgra-ka+\. } (] _ [jqX~-a) s(r)

k=0r=0 (p,p)„_k(p,p)k_r (Pqna~ka+X~a-,PU

In view of the double series (identity) relation

Z E A{k,j)= z V A(k + jJ) with N=n-r,
£=0/=0 j=0k=0

this further simplifies to

| H)*'"* pkjk-\)/2 (i -Pq^Xpq^-.pU S(r) 

r=0 (p;p)M~k (P’P)k (fiqNa~ka+l~a;p)oo

n-1 (-1)^(1
= 5(»)+ Z L-2-J-——

r=0 (p;p)iV

A1_“ )S(r) l el)t

Jfc=0
Af
A:

1 -ka.
P

k{k-\)i2 iPq ;p).oo
f n„Na-ka+l-a.\Pq > Woo

Once again writing

U3ql-ka-pU
{^Na-ka+l-a.p)oo

(Pql ka,P)N-\ N-\
Z cj P j=0 ^

■y*
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one finds

^0) = S(«) + V-.-..-(1,..~......I (-1/
r=0 (p;/%

Now, observing that

£=0
AT
*

k(k-\)/2 N^] -jk 
P x ' I c; p J

7=0
c j P

N l I (-1)/ 
k=0

N

k

pk(k-1)/2 ^ c 

7=0
JP

-J'k

N k = E (-1)*
6=0

iV

k
k(k—\)l2 -sk 

P °s C1 (s=0,l,2,......,N-1)

= 0,
for s=0,l,2,....N-l and hence <j>(n)=S(n). Thus, it is proved that 

(3.7.1)=>(3.7.2). To prove the converse, it is sufficient to show that the 

diagonal elements, say tnn and snn of the matrix representations of the 

series (3.7.1) and (3.7.2) respectively in the above pair are non-zero. 

Clearly,

trn = p~~n^n~1')/2 (J3q-,p)00 * 0

and
pn{n~X)12

$nn = 1 ^ 0 •
(MP)oo

Thus, (3.7.2)=>(3.7.1) as the inverse series is unique.

Hence, (3.7.1)«=>(3.7.2) which completes the proof of the auxiliary 

q-inversion pair.
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3.8 PROOF OF THEOREM-6

The proof of theorem-6 will be given in this section. To prove the 

'only if part, consider the right hand side of (3.4.11) denoted by say 

f(n) then in view of (3.4.10) and (3.4.13) one gets

/(„)= "f [k!^] rk{k+\)!2-mnk U3gka~mna+\p)c(k,r,m;g) 

k=0 r=0 (P^mn-k

= If [k^\--\)k-mrpmr(mr-l)/2+k(k+\)/2-mnk 

k=0 r=0

' Wka-mra^a,P)m(e,P)mn^(.P,P)k-mr'

Here on making use of the double series identity,

mn [k / m] n mn-mj
Z Z A(k,j)= Z Z A(k + mjJ) 

k=0 j=0 j=0 k=0

and putting mn-mr=M after some simplification, one arrives at

Z -------------------------------------------- t—;----------------------------
,•=0 k=0 (P; (p; p)jt (/?? + -or; P)oo

h-1 , Mt k(k+])/2-Mk f „ka-Ma+l. ,
% , V -mrM n „ l-a, D, H) P in \P)oo#(«) + Z P (1 ~Pq )B{r) Z ----------------------- r-—r—--------

f-° *=° ip\p)M-k(P'’PhiPcik ;p)oo

As before,

(/S7fa-*fe+l;,p)oo fa-Ma+1. , '
..=<A

M-l jlr

= Z Cj PJK, say. 
7=0 7
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/(«) = £(«)+ I
r-0

p-mrM(\-pql~a) B{r) M ^ k[k+\)l2-Mk

(PIP)M k=0
M
k

M~\ jk 
I C;PJ 

a 7=0 ■’

■B{n) + \ 
r=0 (P>P)M y=o &=o

M
k Mx

cjP
-(M~j-\)k

Here we see that the inner series

f {_X)kpk{k~\)l2 

£=0
M
k \a

c . p
-{M-j-l)k.

because of the fact that

% (-i)*/(^1)/2 
k=0

CjP
-(M-j-l)k

= 0, 7 = 0,1,2,....M-1.

Thus, F(n)=B(n) which proves that (3.4.12)=^(3,4.13).

Now, it will be proved that (3.4.12) also implies (3.4.14). For this 

consider the left member say F(n) of (3.4.14) and use (3.4.13) with 

m=l, in place of the coefficient, then

F{n)= I d(nJcXq)A(k) 
k=0

= £ f^»](.\)k~"V
/io 7=0

pnij(mj-l)/2+k(k+l)/2-nk^ _p^-a^

fjjqkc.-na+X.^

^ka+mja* 1-or.p^

(3.8.1)

Now using the double series relation:

« [&//w] [n!m\ n-mj
2 s 4(*,7) = £ 2 A{k + mjJ)

k~0 7-0 /=0 &=0
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one obtains after some simplifications,

F(n) =
[n/m] n-mj(_^/cpk(k+l)/2-(k+mj)(n-mj)^_ )B(J)

Ut,ta~na*mJa+';p)„

■ {pqka+mja+ '

A routine observation with n-mj=M, is

,,, ka-na+rnjcx+\. . 
KPq>P)<x
(mia+mja+'~a-,ru m \+ka-Ma ’P)M-1

M-1
^ s

r=0 cr p
rk

say.

Therefore,

J.(H) - [/7g;]-Pql~a) BU) M { ])kpk{k-A)l2 
h 0 ip;p)M k=°

Here the series

M
k r=0

f (-l)*/(W)/2 

k=0
M
k

M-lI
r=0

cr p
-{M-r-\)k

Pk{k-'}n 
k=0

M
k P-skcs

= 0

for s=0,l,2, .... M-l, hence F(n)=0, showing that (3.4.12)=s>(3.4.14),

which completes the proof of the first part.

To prove the converse part it is assumed that the relations 

(3.4.13) and (3.4.14) namely,
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d(n,k,m,q) =

and

k(k+Y)/2-mnk, Rr1ka-mna+\ .
P_\PHyP) 00

(P>P)mn-k

n
Zd(n,k,l;q)A(k) = 0, when n^ms, seN, 

k=0

respectively hold true.

Now, in view of (3.8.1) and (3.4.14) one readily gets

F(n)=0, n*sm, s=l,2,3,.... (3.8.2)

and also by comparing (3.8.1) and (3.4.13) one finds that

F(nm)=F(mn)=B(n). (3.8.3)

Thus, in view of (3.8.3) the auxiliary q-inversion pair (3.7.1) and 

(3.7.2) takes the form (where T(n)=F(n) and S(n)=G(n)):

F(n)= y* k(k+\)/2-mnk mna+l,p)oo c„

k=0 C P>P)mn-k

implies

[n/m] (^xf-mk pmk{mk-\)l2^_pq\-a^
G(n)= Sk=0 ^PP)n^nk(.Pcin<X mka+l a*P)00

F(k)

which completes the proof of the 'if' part and hence that of the 
theorem.

3.9 PARTICULAR CASES

In this section the q-polynomials contained in the general class 

iSn(l,m,a,p,jc|p),n=0,l,2, > are obtained. In particular q-analogues

of the extended Jacobi polynomial 3£^j^[(a);(b) : x], the Brafman
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polynomial Bf[(a)Xb).x], the well-known Laguerre and Jacobi

polynomials, as well as those of the biorthogonal polynomials Z^(x,k)

and w(a,P\x;k) are obtained from Sn(l,m,a,fi,x\ p) by choosing the

parameters suitably. Next, the properties namely the q-integrals 

discussed in section-3.2, the q-difference equation derived in 

section-3.3 and the q-inverse series relations proved in the subsequent 

sections will be particularized for the above mentioned polynomials.

In the beginning, the q-polynomials mentioned above are now 

obtained from
[in/m]

Sn(l,m,a,fi;x\p)= X 
k=0

(-\)mk mkimk+1) / 2 - mnk

(Pq\~na+lk.p)^ 

^n-mk
(3.9.1)

by proper choice of the parameters involved.

For that, a slightly modified form of (3.9.1) is used, which is 

obtained as follows.

On making use of the formula,

, ,pnk mk(mk+1)/2-mnk,■ n , . ( m 4 win
W? 9)n-mk =--

fa W
and replacing Sn(l,m,a,0;x\p) by S„(l,m,a,fi;x\p)(0ql~na->p)oo in

(3.9.1) one gets,
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[nlm]pmk(p n;p) , <r x* 
Sn(I,m,a,/3;x\p)= £ ----------------- ”*.. k

k = 0 (fiql~na',p)Ik(p,p)n
(3.9.2)

The q-extended Jacobi polynomial can be obtained from (3.9.2) 

just by choosing

[a.]......[ag.
°kss[p{[k \PA (P P) ' and replacing Sn(l,m,a,0,x\p) by

Sn(l,m,a,j3,x\p)/(p-,p)n.

Thus,
(rr R\ [nhn] (p n,p) AaA, [a ],{xpm)k

2 -  —^ 1 *-------^----------- • (3.9.3)
k = 0(fiq1-na-,p)Jk[fil]k [Pr}k{p,p)k

] [cc JBy taking 1=0, a=l and a, — ........k..-....i.., and using the same

replacement for Sn(l,m,a,P\x\p), one gets

[nlm}[q n] , [aA, ...[a ]Axqm)k 
xqm\q] = £ -------^^^--------- .(3.9.4)

" 1 41 r kt 0 \fix\. ■■■ lfirlk

If 1=0, a=k, keN, * is replaced by (xqn)k, and then

Sn(I,m,a,j3;x\q)\s replaced by Sn(l,m,a,fi;x\q)/[aq] and

a q
(a+1 )kj+kj{kj—1) / 2 -mkj

k AA)mJlm]kJ then (3.9.2) yields,

(/;/)„ y=o

kj(n+a+\)+kj(kj~\)/2 ^~kn ,qk^ Jg

(qk>vk)mj &*% . (3.9.5)
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This is an extension of the q-Konhauser polynomial

(x,k | q) which occurs when m is unity (Al-salam and Verma [1]),

kj(n+a+l}±kj(kj-\)/2 ( -nk.k, kj
(ry\ \<XQ\n fl Q W 5? ) j X

Z„(x,k\ q) = -4% - I ----------------r-r---------------- J------. (3.9.6)
(? .? )„ J=°

Setting k=l in (3.9.5), an extension of the q-Laguerre polynomial 

is obtained in the form:

J(n+a+\}±j(j-\)/2 („-n. J0? ,q)mj xJ

[q\n j=o (cM)mj (aq,q)j
(3.9.7)

and the well-known q-Laguerre polynomial L^\x\q) can be obtained

from (3.9.7) by choosing m=l.

Thus,

i(n+a+l)+jU-l)/2, -n, . J
4B)(*i»)=^ l-

Mn J=0

'{q ;q)j xJ

(q;q) j(aq;q) j
(3.9.8)

The polynomial (3.9.2) again with the substitution 1=0, a=k, k<=N 

yields an extension of the biorthogonal polynomial M^a,^\x;k\q) when

x is replaced by
fl-x^

, Sn{l,m,a,/3,x\q) is replaced by
V z y

S„(l,m,a,fi’,x\q)/[aq] and cr .=
iapq,q) fq

1 (aq;q)kj(qk-,qk)j

Thus,
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w,{a,p-n)fv
n,m (x,k\q) =

{qk',qk)n >° (qk-,qk)j(aq,q)kj

\kj

(3.9.9)

Taking m=l, this polynomial gives the q-biorthogonal polynomial,

W^P n){x,k\q) = Z
qkj(q nk',qk)j(apq,q)kj ^..x\kj

(qk;qk)nJ=° (qk ,qk)j(aq;q)kJ (3.9.10)
\ ^ j

The polynomial in (3.9.9) for k=l reduces to

[„/_»,] lm<A „_xf 1 _
[q\n J=0 (q;q)j (aq\q)j \ ^ J

{agin
[q]n n’m

r f\-x'm ,a,p-n,q
\ ^ J

in which the q-polynomial

Pn,m

(
mq

a-jO \
,a,fi-n,q

\ ^ 2 ) 7

\nlni\[q niaM ■

Y _____jt 0 Mjfrqlj q m(hi
l 2

7
(3.9.11)

is an extension of the little q-Jacobi polynomial in the sense that setting 

m=l it yields the little q-Jacobi polynomial:

Pn

(\ — x \ia,fl-n;q
n Wn\j{<xPq\j 

7 = 0 MyMy
(3.9.12)

The remaining portion of this section is further divided into three 

parts for convenience. These three parts are:

(A) Special cases of q-integrals

(B) Special cases of the general q-difference equation (0-form)

(C) Special cases of the general inverse series relations.
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Now to begin with 

(A) Special cases of q-inteqrais.

The q-integrais (3.2.7) and (3.2.10) derived in section-3.2, will 

now be particularized for the above mentioned specialized polynomials.

First the special cases of the q-integrai (3.2.7) will be illustrated. 

In the light of the reducibility of Sn(l,m,a,p,x\p) to the q-extended

Jacobi polynomial given by (3.9.3), the corresponding particularization 

of (3.2.7) follows in the form

xptn \p} = U^~~na (tp,p)oo pn(m,aj-,xpm,t,p)dpt, (3.9.13)

where

pn{m,a,P,xpm ,t,p)
[n^] ip n,p)mk [ai] 

k = o (tpIk\p)JP;p)k (i-P)lk -I\PAk rpm

and Re( l+p-na)>0, ft^0,-l,-2,.......

In the light of the q-integral (3.2.10) some of the particular cases 

of Sn(lpn,a,j3-,x\q) are written in q-integral forms as follows.

>(«,/?) r 1 (-tp,p)Atq\p)
oo oo

-1 (-tpa + B-n. P)
£n(I,m,aJ;x,t,p)

00

d t (3.9.14) 
P

where
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£n(l,m,a,P;xJ,p) =
(-Pa + B~n[nhp\ {p-";p)mk(p2vk,pX '

(i - p)(/»2; p2 >00 (—i; p)^ * = o (p’ph

[ccx]k.. .[as]k(xpm)k

'(tpvk,p)JPx]k..WAk

(B) Special cases of the general q-difference equation (e-form)

In section-3.3 a general q-difference equation in 0-form is derived

for a particular case ak =—JL— of Sn(l,m,a,p,x\p). This particular case
k,

of Sn(l,m,a,p,x\p) is denoted by R™(x\p). When the parameters

involved in this q-difference equation, (3.3.13) are specialized, it gets 

particularized to the respective polynomials. These particular 

q-difference equations are listed below.

d
l-l 1-1
n n (0+p

j=0k=0

1+ft-na+ja 
■ - Sk-1) r \-p.

nc^+p '-i)
1=1

+x p

-mn+ jF 0CQ+2in+s—l(]+P~/jqt)+/(/+1)/2- 
o=l

S Pj+r 
/=!

n-um -1 m -1 s -aFt n (0 + P m wv-l) n(0+T

ii o ll o 0 = 1
wfjPJmm *pm\p]=o,

(3.9.15)

where 6 is /th and to is the mth roots of unity.
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s r
r \_p 2m-mn+ I ctq - I fi.+r

0 Yl (0 + p 1 ~l) + xq a = 1 ; = 1

/ = 0

n-um-1 m-1 5 -a
n n (*+p wv-i> n (P+P a-i>o

II

o
IIs

a~ 1
B?[(aU0):xm \p] = 0,

(3.9.16)

where co is the mth root of unity.

. . k + u * 1 + GT H"7
0■

m 1 m-1 1
n n (0+p m ®v-i) > <

£-l/c-l 1 , ,
n n (0+q k x-\)

u—Qv = 0

o
11

o
II

+xp- mn+2 m-mk- ah
n s

m-1 m-1 „
n n (e+pm mwr-i)s=0r=0

zW(x;t|?)=0, (3.9.17)

where X is the kth root of unity, and psqk.

{0(0 + q~a -1) + xq~n~a(0 + q~n -1 )}l^\x \ q) = 0. (3.9.18)

0
k~\ k-\ l'

l+a+i

n n {o+q k ^-i)
i=0j=0

+1 1—A'j 2m+2-mn+P

n-r
m-1 m-1
n n (0+p m ®s-1)f=0i=0

l+a + B + v
k~ 1 £-1------- 7-----  v
n n (&+q k av-d

« = 0 v = 0
^(a,^ «)(*;£ | g)=0

(3.9.19)

where p=qk.
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0(0 + q -a .\) + \l_JLjq2+P n(0 + q 1 a -Y^Pt^~^,a,P-n,q

// - - * - LjQs1VtAA X-\\
; A ' Av1 X

1 . i: 1‘/ •{£ «?,»> —- ; \N ^<k #0T'\ *:* • ^ A'-.,-,r .> tiV 'Jv ^ . sVV '.-ft //^ A J'6y>-: a 'W

(3.9.20)

(C) Special cases of the general inverse series relations

For deriving the inverse series relations of the polynomial special 

cases of the general class of polynomials S (I,m,a,p,x\q), first take

g(k)=a in (3.4.5) so that G(n)= Sn(lm,a,P\x\p); and there by 

(3.4.6) will give the inverse series of S (I,m,a,P,x\p).

For convenience the polynomial S (I,m,a,P;x\p) is replaced by

Sn (lm,a,p;x\ p){pql na; p)m

(PIP)n

(P,P)

and the formula

(~X)mk pMk(mk-l)! 2-mnk IP],
n-mk [P~nl

mk

is applied, then one gets

[/?/»?] pmk (p n ',p) ,cr, xk
S (l.m,a, fi-x\p)j £  ----- ^ *

*=0 (ft1 ,p)lk
(3.9.21)

The inverse series (3.4.6) then takes the form

a Tn _ H) V(*~1)/2 (1 -Pql~a)(pql~na;p)^ Sk(l,m,a,p-,x\p)
a"X AO (P;p)mn__k(%[l-ka+l™,P)ao(p,p)k

(3.9.22)
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The inversion pair (3.9.21) and (3.9.22) is utilized now for 

obtaining various polynomials and their respective inverse series. It is 

to be noted here that ma=/, /eN for the property of inverse series 

relation.

Choosing a .....
i=[P{ik.-Wr\(p,p)k in (3.9.21) it gets reduced to

the extended Jacobi polynomial, where as (3.9.22) gives its inverse 

series relation.

The pair is given by

(p n’p)mk[a\]k......foljfc (V”)*

k=0 (pq^-p)^^... [/3r]k{p-p)k
(3.9.23)

xn _{P\]n \WP>P)n mn (-1)*/(*~1)/2 (1 )(,Bql-na;p)^

^a\^n t as^n k=0 i.Pq^~ka^na \p)co{p,p)
win k

l(aUj3)' *Pm I Pi (3-9-24)

subject to

& (-l)kfk(k~m(l-Pcil~aml~na-,P)oo nf{a,P) 

k=0 (fiq1 -k<*+na~a. p)^ {p. p)^ ki\^a)m-xp\p}^

if n*ms, seN. (3.9.25)

In order to obtain the q-Brafman polynomial, and the extended

versions of the biorthogonal polynomials Z^c\x;k\q) and W^^\x,k\q)
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together with their inverses, the parameter p-^oo is considered so that 

the productO3q^~na;p)uc -»1. Then a is taken to be 1 for the q-Brafman

polynomial and a=k, keN, for the rest of the two cases.

Since 0<q<l, letting p-*x> (i.e. qp->0) (3.9.21) and (3.9.22) take 

the form:

lim Sn{l,m,a,p;x\p)-
p—>00

^ I Pmk(p
k=0

"’^mk^k

and its inverse is

(3.9.26)

an x

tm (-1 )k Pk(<k Sk(l,m,a,p,x\p)
(3.9.27)

This pair is used now to obtain the polynomials 

B%[(a);(m;xqm \ql Z^(x;k\q) and w{ia,/~n\x,k\q) together with their

inverse as follows. Putting a=l and
\.al\ \-as1k

in the above

pair, one gets

as Jv... f}r xqm \q] =
Km^~%k&ih -

k=0

[as]Axqm)k

■Wr\
(3.9.28)

if and only if

m _
[Px]n ~WAnMn mn H)kqKk m B”[ay.....a„/3v...pr:xqm\q]

taj ]«■ ,[as]
in mn

- s •k=0

(3.9.29)
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{a+\)kj+kj(kj-\) / 2-mkj
Taking a=k, keN, and a =2.-----—-----------------  and replacing x

J (qk>qk)mjW\jg

by (xq )k and S (l,m,a,P\x\q), by ---------------- in (3.9.26)

and (3.9.27), the pair of inverse series relations of Z^{r,k\q) is

obtained in the form:

= - X ----------------- ^-------------------------------  (3.9.30)
(9*,«*)„ )=0

^An(a+l)ffci(rt»-l)/2-m** i<lk Ak)mn_j [ag] •
(3.9.31)

Setting m=l in this pair one gets

kj{a+n+Xyrkj{kj-\)l2 ^-nk qk^ %kj

(q ,q )n y=o (<? nk',qk)j [aq]kj-
(3.9.32)

<=»

qkn(a+l)+kn(kn-\)/2-kn y=0 (qk,qk)n [ag]
(3.9.33)

where (3.9.32) is the q-Konhauser polynomial (Al-Salam and Verma

[13).
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The inversion pair of an extension L^(x\q) of the q-Laguerre

polynomial is obtained from (3.9.30) and (3.9.31) by choosing k=l.

(3.9.34)
r , in/m] aj(a+n+l^j{hl)l2(a n a ) . xj

{q]ri j—0 (9,9) mj Mj

<=>

r„i [ryr,] mn hl)j qj(j 1)72 4^ (x|g)
ji _ ^ v 7 ^

n(ar+l)+«(«-l)/2-»in y=0 foqr)
mn-j

(3.9.35)

Further taking m=l in this pair it reduces to the well known pair 

of inverse series relation of the q-Laguerre polynomial (Gasper and 

Rehman [1]).

nj{a+n+\}+j(j-\)!2n n , J
f q {q ,q)J

Hi kk)
[<?]« y=o (9',9)j lm)j

(3.9.36)

<=>

xn = Mn Mo
qn{a+\ym{n~\)l2-n . = 0

« h)V0 1)72

(9^9)„_j My

(3.9.37)

(aflq,q)kj
Now if one puts a=k, keN, <r . =-------------M—— and replaces a- by

J (aqMkj(qkM)j

(\-x\k . . S(l,m,a,fi;x\q)(qk;qk)
—- and 5„(/,/n,a,^;je|gr) by -5-----------—------------- -- in (3.9.26) and
UJ

(3.9.27), then one gets the pair of inverse series relations of an 

extension wffyfi~n\x,k\q) of the biorthogonal polynomial
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wff’fi n^(x,k\q). As above taking m=l it gives the inversion pair of 

W&’P n}(x,k\q), whereas with k=l it reduces to the pair of inverse

series relations of an extension pnm
r rx_r\

m ;a,fi-n,q\ of the little
V. V 2 J

q-Jacobi polynomial. And next with m=l this new pair reduces to the

inversion pair of pn 

are listed below.

r
q
(i- X

V 2
\a,fi-n,q . All these inverse series relations

laq)n {n!m\ (3_g_38)
,/=0 \aq\k] (Clk.qkl j

<=>

V z J

nk [«?]/ (<qk\qk)n mn (-1)7 qkj(<J 1)72 J\x,k\q)

[amkn
E

7=0
J,m

(qk,qk) . [aq] . 
^ 1 Jmn-j L

,(3.9.39)

w%*’p n){x,k\qY-
„ qkj(q^nk-,qk)i [apq]hi 

E -------- J kj (l-x
(qk,qk)nj = 0 [aq]kj{qk,qk)j

AkJ
(3.9.40)

<=>

l-x
nk [aq].(qk;qk)„ n H )J qkJU 1)12 j){x,k\q)

1kn
Y*m

kn j = 0
________ J
(qk>qk)n_j Wlj

, (3.9.41)

Pn,m qm\^-zr-la’P~n>q
[n/m] [q-n]mJ[aMj

j=o [m\j[q]j
(3.9.42)

<=>
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1-jc' [aq}nMn ™ (-1 )j qjU~l)l2 

\aPq\n /-n [q] ■ [q] - P ■J,m
( ( m q
\ v

“X 
2~ (3.9.43)

Pn
1-x
~2~

\
,a,p~n,q

J
= I 
j = o

icfn] . [apq].

{aq]j [q]j
(3.9.44)

<=>

fl-x n

v 2

[«?]«bln H)J qj(j 1)72
[a*]„ jt0

1 —JC

~T \a,p-j\q
)

(3.9.45)

3.10 LIMITING CASE

When q-»l is taken then the polynomial Sn(l,m,a,P;x\q) reduces 

to Sn(J,m,a,/J;x), which is already considered in chapter-2.

For doing this, replacing Sn{l,m,a,P\x\q) by

Sn(hm,a,P;x\q) (Pql~na, p)a, one gets

Sn(l,m,a,p;x\q)= £ 
k = 0

[nIn^\)mkpmk{mk+l)/2-m"k(Pql~n*+rk.p) /
oO /(

GO

so that 

lint

1
S„(l,m,a,P,x\q)

= 0 i-p'-p)„~Mk{Pql~n<X-p)«'

Since

//W (/fo1 na+lk,p)oo (p,jQoo (I-P)”

(p;p)«> {pql-na-p)m (P>P)„-mk
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lim rp(l + /3-na)(l-p/-na j

?“>I rp(l+/3-na + Ik)(\-p)P~~tia+lk (n-mk)\

1 lim Tp(\ + J3-na) plk 

(n~mk)l q~> 1 Tp(l + p-na + lk) ^_pylk

TQ+0-na)
T(l+fi-na+lk) ’

as r„(x)-^F(x) when q-»l. Therefore 
*2

lim
S

q-> 1 n
S (l,m,a,fi,x\q) = £

[«//n] T(1+ £-*«) <7, ^
v1 Ky* /v

A: = 0 T(1 + fi-na + lk)

= t(l+fi-na)

= f(l+P~na) S (l,m,a,P',x).
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