4. Transformation Technique

4.1. Introduction:

In this chapter, we focus on transformation technique i.e., Fuzzy Laplace Transform (FLT) to
solve a system of fuzzy differential equations. Most of the articles solved the linear differential
equation with fuzzy initial condition as %(0) = X, by fuzzy Laplace transform under
generalized Hukuhara derivative as in [18]. We initiated our work [64] using the transform
technique for linear homogeneous system i.e., X=4 ®X; X(0) =X, as well as
nonhomogeneous system i.e., X = 4 ® X @ B; X(0) = X,, involving fuzzy parameters and
fuzzy initial conditions, as in [18].

And following it, we solved semi-linear dynamical systems with fuzzy parameters and initial
conditions involved in the system, using Fuzzy Laplace Transform.

For the rigorous development of solution, for fully fuzzy dynamical system using the Laplace
Transform technique, we afresh define Modified Hukuhara derivative (mH-derivative) [65]
which is later explained in Section 4.3.1. Under this new derivative, we have redefined the FLT

with existence condition and other results. All results are proposed and proved in this chapter.

In the next section, we establish the theory for the fuzzy non-homogeneous linear dynamical
system and give result for fuzzy homogeneous linear dynamical system considering a special

case of it.
4.2. Fuzzy Nonhomogeneous Linear Dynamical Systems

Consider a fuzzy nonhomogeneous system as follows,
X=AQX1t)®B (4.1)
with fuzzy initial condition, X(0) = X,,

and Bpx1 = kNt
by,

We propose, the following lemma as a result of fuzzy Laplace Transform which is useful in

) Ay - Qip
where, Apun = | ¢
a

ap, - nn

proving further results for equation (4.1).
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4.2.1. Lemma

Let F be a continuous fuzzy valued function and its fuzzy Laplace transform, L{F (t)} = F(s)
then,

L{Z X F(t)} =4 Q F(s),
if it satisfies two conditions given below,
e AF<A,FVace(01]

o a<PB A F <PBAPF<BASF < F

(4.2)
Proof: By fuzzy Laplace Transform, we have
LA @FD) = f =t (I @ F(t)}dt
0
Taking @ — cut of L.H.S,
“AQ “F(t)=[AA]®[FF]
Using these notations, 4; = min(é Z), A, = max(é Z).
L{A ® “FO} = f e St[AF, A, F]dt
0
L{ “A® “F(t)} = U e~ st Alﬂdt,f e St A, thl
0 0
LT @ “F(t)} = [L{A, F(5)}, L{A F(5))] 43)

Now by the first decomposition theorem, as in [70], if equation (4.3) satisfies the two
conditions as given in (4.2), then we can write,

LA @FW®)} =4 ®F(s)
In the next lemma, we propose and prove results related to the fuzzy solution of fuzzy non-
homogeneous linear dynamical system using the decoupling method. In this method, we
diagonalize the system represented as in parametric form with diagonal matrix D such that

“D = [Dl'Du]-
4.2.2. Lemma

A nonhomogeneous fuzzy dynamical system X=4 ® X @ B with initial condition

X(0) =X, is diagonalizable.
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Proof: Consider a fuzzy nonhomogeneous linear dynamical system as in equation (4.1).

The parametric form of equation (4.1), using fuzzy multiplication and addition,
[£.X] = [4, X, 4, %] ® [B, BJ: [X,, Ko (“44)
Now comparing the components of equation (4.4),
X(t) =A, X +B
X(t) = 4, X + B,
with initial condition, “Xo = [X,, Xo].

The matrix form of the above equations is given below,

ol [t 2B LR

If the system is nonhomogeneous so first, we use the decoupling method to diagonalize
equation (4.5). For decoupling, put X = P U and X = P U , here P and P are corresponding
orthogonal matrices of matrix A; and 4,,.

Equation (4.5) gets converted as,

-

with initial condition [P Uy, P U]

Now using diagonalization, we have,
lQ(t)l_[Dl ” ] [P le
U(t) 0 D

with initial condition, [P Uy, P U]

If A; and A,, contains some negative elements then to obtain a fuzzy solution, for such system
after taking an alpha cut, interchange parameters a;; with a;; Vi,j = 1,2 ... ... as in [30] and
[72]. Similarly, for D; and D,,.

In the next section, we give a fuzzy solution of the nonhomogeneous linear system.
4.2.3. Theorem

A fuzzy nonhomogeneous dynamical system given by equation (4.1) is diagonalizable then

using FLT, solution of the above system is,
X =P {[sI =D, 17 [P~ X(0) + P1LIB,]|}
X =PLY[s] — D )" [P 1 X(0) + P "1L[B,]}
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Proof: Using lemma 4.2.2, a fuzzy nonhomogeneous linear dynamical system in equation

(4.1) gets converted to diagonalized form as,

l%ﬁgH'?f |5 Bll 46

with initial condition, [P Uy, P Up).
Taking FLT on both sides of (4.6),
L[o®)] = £[ D] + £[P~" B, ]
|| = [0 +£[P~* B, ]
Taking the first equation, we get,
SL[U (O] = Uy = Dy L[U] + P LIB)]
[sI — D1 L[U] = Uy + PL[B|]
[sI — D1 L[U] = Uy + PL[B,]

L[u] = Uy + £‘1£[Bu]] 4.7)

(SI—Dz)

Taking inverse fuzzy Laplace Transform of equation (4.7),

U =L {2 Uy + P LB}

(s1-Dp)
Similarly,
[s] — D,]L[U] = U, +F—11:[Bu ]

L[U] = [UO + PTLIB,| (48)

Taking inverse fuzzy Laplace Transform of equation (4.8),
U =L7{[s] = Du]™"[Uo + L[B,]}
Using the solution U, U of diagonalized system the solution of original system with initial
condition [ﬂ Qo,ﬁﬁo] can be given as,
X =P {[sI = D] [P~ X(0) + PL[B,]]}
X =PL{[sl — D] [P 1 X(0) + P £[8,]]}
Similarly, if equation (4.1) does not contain the non-homogeneous term i.e., B = 0, then the

fuzzy dynamical system is given as follows,

F=AQX%X, (4.9)
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The fuzzy solution of equation (4.9) in parametric form is given below, using Sections 4.2.1

and 4.2.2.

X(t) = Xpeltt,
Y(t) = YOeDut.

In the next section, we solved one example using proposed theory.
4.2.4. Real life example

There are two countries in an arms race where x(t) is the yearly rate of armament expenditures
for country X and y(t) is that expenditure of country Y as in [71]. These expenditures on
armament depend on other countries' war strategy so this model is more appropriate in fuzzy
setup.

So, the dynamical system in a fuzzy scenario,

A=13 Z6+[ 10

with initial conditions,*%, = *J, = “100 = [70 + 30a, 130 — 30«].
where, 3 = (2,3,4),2 = (1,2,3),4 = (3,4,5),100 = (70,100,130), and
B=R+a,d4—a),2=0A+a,3—-a), “4=0CB+a5-0a), “1=(a,2 —a).
But in this problem, parameters are negative fuzzy numbers. In this case, to obtain a fuzzy
solution, for such system after taking alpha cut interchange parameters a;; with a;; V i,j =
1,2, ...asin [30] and [72].
Now applying the technique mentioned in Section 4.2.3, that is obtaining the solution by first
obtaining the solution of diagonalized system, we get,

x = [(70 + 30a)]e~t + a’+4a+1D)(1—-e™) (1+a)

(1 _ e—(2a—3)t)’

(18 + 12q) " (9 — 4a?2)
- _ —6t _ (m12a+17+2a%) . gy (a=3) _ _—(Qa-1t
x = (130 — 30a)e o (1—e%) ey (1-e ),

Ra?+4a+1)(1—-e% Q2+a)

_ -6t _ ,—(a-3)t
y = [(70 + 30a)]e ™% + 181 120) + O =42 (1-e ),
- _ —6t _ (m12a+17+2a%) . gy (4-a) _ —Qa-Dt
y = (130 — 30a)e e (1—e75) ErTery (1-e ).

On plotting the solutions graphically with respect to time, we get the evolution as in figures 4.1

and 4.2.
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Figure 4.2: Expenditure for country Y

It is observed that as time increases, the solution becomes nonfuzzy for large times, so here we
have taken evolution on a very small-time interval. From the fig. 4.1 and fig. 4.2, this fuzzy
setup gives a range for the yearly armaments for both countries. As time increases, the range
shifts left side from the initial condition for both countries.

In next section, we have developed a theory for the fuzzy solution of fully fuzzy Semi-Linear

dynamical System.
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4.3. Fully Fuzzy Semi-Linear Dynamical System:

This section aims to obtain a fuzzy solution of the fully fuzzy semi-linear dynamical system,
given as in (4.11), by redefining fuzzy Laplace Transform under a new fuzzy derivative i.e.,

Modified Hukuhara derivative (mH-derivative).

X=AQXDF(tX); X(0) =X, (4.11)

where, f:1 X E™ = E™ is continuous fuzzy valued mapping.

Initially, people started work on fuzzy differential equations under Hukuhara derivative but
this derivative has a drawback that if time increases then support becomes unbounded. This
drawback has been taken care of by the generalized Hukuhara derivative. But when one uses
generalized Hukuhara derivative to obtain the solution of differential equation, it gives the list
of possible solutions from which one is supposed to pick the best possible solution. This
limitation of manually selecting the solution is overcome by our proposed method. Our
proposed derivative is as shown in [65] has the advantage, that it gives a unique solution with
bounded support for fuzzy dynamical system automatically.

In the next section, we have given the existence condition for the modified Hukuhara

derivative.
4.3.1. Existence of Modified Hukuhara Derivative:

The motivation to propose the mH- derivative is to get the derivative of the function of the
form f(t) = ¢ ® g(t) for any g(t). It was shown in [9] that the fuzzy Hukuhara derivative is,
f(t) =¢Q g(t)if g(t) > 0 but does not exist if g(t) < 0.For g(t) < 0 using Generalized
Hukuhara differentiability, the solution was obtained, but as mentioned earlier its limitation is

that it is not unique refer [9]. Following gives the definition of proposed mH-derivative.

Modified Hukuhara Derivative:

A function f:I — E is said to be mH-differentiable if, at t, € I, 3 an element f (ty) € E such
that for all h > 0 sufficiently small, there exists f(t, +h) © f(t,), f(ty) © f(t, —h) and

the limits,

i flto+h)© fte) | flt) © flto—h)
im = lim

h—0+ h h—0— h

= f(to)

The equivalent parametric representation is given as,
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. “flto+h) © “f(ty)
1im =

h—0+ h

[min {Hln (£t +m = £20) - (feo+ = Feeo) o Forw-Tw) (Feeo + ) = £(2) }

h h—>0 h h—0 h h—0 h

max {uln (£ 41~ 1e0) i (o + 0 -Fw) RGCELE D) (Feo+10- ﬂm)”

h h—0 h h—0 h h—0 h

I ft) © Flto—h) _
im =

h—0— h
[ { (fe-fw-m)  (fe)-TFto-m)  (Fed=ft=P)  (Fee) ~Feto - h))}
min< lim ,lim ,lim ,lim
h—0 h h—0 h h—0 h h—0 h
{ (fe-fw-n)  (fe-Feo-m)  (Fed-fto=m)  (Fee) - Feto - h))}
max-< lim ,lim ,lim ,lim .
h—0 h h—0 h h—0 h h-0 h

Now by using the proposed mH-differentiability, we obtain the derivative of f(t) = é ®
g(®).If, g(t) < 0 and “¢ = [&E], then, the equivalent parametric form of right-hand side limit

for the derivative is given as,

lim F(to+h)© *f(te)
h—-0+ h

cg(to+h) —cg(ty) cg(to+h) —cg(ty) - =z cg(ty + h) — cg(ty)
lmin{}li_lg( = = ),lim( =0 ° ) Hm(Cg(to+h) cg(to))'lim( 0 9 (to )},

h h—0 h " h>0 h h—0 h

{ (cototm o))  (cgtto+W=T9C)) (50t + 1) —5(t) . (9t + 1) —ca(to) H
max- lim ,lim ,lim ,lim
h-0 h h-0 h h-0 h h-0 h

Since, g(t) < 0 = g(ty + h) — g(t,) is a negative quantity so min (—c g(t),—c g(t) ) and
max (—c g(t), —c g(t)) value of the right-hand side limit is —c g(t) and —c g(t) respectively.
Similarly, for the left-hand side limit,

I flte) © “flty—h) _
im =

h—-0-— h

cg(t) —cg(to—h) cg(te) —cgto —h) TG (t)) — TGty — cg(t)) —cg(to—h)
[min{lim( = = ),lim( =0 ° )lim(Cg(tO) cg(to h)),]im( ° Z40 )}

h—0 h h—0 h " h>0 h h—0 h
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(cot)—cato-m)  (cot) -0 -0) (g5 -5 —h) . () —cglto =)
,lim ,lim ,lim
h h—0 h h—0 h h—0 h

max < lim
h—0

Now, g(ty) — g(ty — h) < 0 is a negative quantity so again min (—c g(t), —¢ g(t)) and max
(—c g(t),—c g(t)) value of the right-hand side limit is —¢ g(t) and —c g(t) respectively.
Hence, the left-hand and right-hand limit exists and are equal.

So, f (t) = ¢ @ g(t) differentiable function under modified Hukuhara derivative.

Under the proposed new derivative, we solve the following fuzzy initial value problem in

example.
4.3.2. Example:

Consider the fuzzy initial value problem (FIVP).

§ =—9; $(0) = (0.96,1,1.01), *5(0) = (0.96 + 0.04a,1.01 — 0.01a)
An attempt to solve such an example was done by [14], which was corrected by [50] using gH-
derivative involving human intervene to pick the best solution. Using mH-derivative, it can be
solved as follows,

Taking a — cut on both sides of the given example,
ie., Y = — %5
3] == [z.3].ve >0

Comparing both the sides, we get,

1e.,
and

Solving these equations, we get,
y(@®) = ciet +cet
y() = —ciet + et
After putting initial condition, they become,
y(@) = (0.025a — 0.025)e’ + (0.985 + 0.015a)e ™"
y(t) = —(0.025a — 0.025)et + (0.985 + 0.015a)e™"

which is the same for « = 0 as in [50].
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In the next section, we redefine fuzzy Laplace transform under Modified Hukuhara derivative.
We also, give the results for the existence condition of FLT, FLT of derivative and convolution

theorem.

4.3.3. Fuzzy Laplace Transform under mH-derivative

4.3.3.1. Fuzzy Laplace Transform

The fuzzy Laplace Transform technique is very useful in solving FDEs and their corresponding
initial and boundary value problems. In this section, we redefine the Fuzzy Laplace Transform
(FLT) under the new proposed fuzzy derivative along with other properties.

Definition:

Consider a bounded and piecewise continuous fuzzy valued function whose parametric form
is *f(t) = [f, }_‘] and let f(t) ® e™st is improper fuzzy Riemann integrable, then F(s)

denotes fuzzy Laplace Transform and it is defined as,

Fo) = (7o) = | “et @ ot

0
Fs)=L(f(v) = lim f st ® f(0)dt
0
Taking alpha cut on both sides,
£(“f®) = lim fo e @[r.F®) d
—_ i t —st t _ t_
c([fw.7®]) = lim I fO e~Hf (1) dt, fO e f(t)dtl

w |Lf @, LF©] = [F@), F(s)]

where,
t

t
F(s) = L|f(®)] = min {ggg [ [ et | e-stf(wdtl}
0 0

t

F(s) = L[f(®)] = max {tlim I f te‘“f (t) dt, j e‘“?(t)dtl}
~®1Jo - 0

And the Fuzzy inverse Laplace Transform is denoted by £™1 [F(s)] and its parametric form is

defined as,
L7 [E@)] = min|£(0,7(0)]
L‘l[F(s)] = max [i(t),f(t)].
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4.3.3.2. Existence of Fuzzy Laplace Transform:

We know that for crisp function if f(t) is piecewise continuous in a given closed interval and is
of exponential order then its Laplace transform exist. The existence condition for fuzzy Laplace

transform in parametric form is defined as,

“ft) = [f(t) f(t)] should be exponential order p i.c., llm —( = 0 and llm 1o _ =0

tco ePt

for some constants M and M, |f(t)| < MePt, |7(t)| <M ePt,

Let f(t) be fuzzy valued function and exponential bounded with constant M = min(M , M)

Now, in the next section, we prove the existence condition for the fuzzy Laplace transform.
4.3.3.3. Theorem

Let “f(t) = [ £ (t),]_‘(t)] be piecewise continuous on every finite interval t = 0 and satisfies
the condition as in definition 4.3.3.2 then £ ( “f(t)) = ( L [Z(t)] ,L[?(t)]) exist for s > p,

lim £[£(®)] = 0 and lim L[F(©)] = 0.

Nmdeel

Proof: From this inequality,

0] < e
fo e~st i(t)| dt < Of e St MePtdt
o] s 2L
Ass > oo, L [i(t)] -0
Similarly,
[f®©)| <M ert
fooe‘“ |f()|dt < f e St MePtdt
0 0
LIf®] < M

As, s — o, L[]_C(t)] - 0.

Hence, L ( f (t)) exist when it is of exponential order p with constant M = min(M, M).
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In the next section, the result for the Laplace transform of fuzzy derivative is given in theorem

form.

4.3.3.4. Theorem
If %f(t) = [f(t),j_‘(t)] be continuous fuzzy valued function, tlim e Stf(t) > 0 and

tlim e'Stj_‘(t) — 0 for large value of s and f (t) is piecewise continuous thenl (f (t)) exist,
and is given by,

t(fw)=sc(fw)of

Proof: In theorem 4.3.3.3, we already proved L ( f (t)) exist because f(t) is of exponential

order p and continuous and f(t) is piecewise continuous. So fuzzy Laplace derivative is given

as,
L (f(t)) - fo “emst i (0de

t .
L(f(t)) = lim f =St f(6)dt
—00 0
Taking alpha cut on both sides,

c([foF@) = tim [ e [fo.F0)a

c([fw.f0]) = lim l fo te‘“i(t)dt, fo te-st?(t)dtl
Now using integration by parts, we get,
£(f®) = min{s£(£®)) - 70,5 (£®) = FO),5£ (F®) - £0), 5 (F©)) - F )}
L <?(t)> = max{s£ (£(0)) - £O),s£ (£®©) = F(O), 5 (F®©) - £, (F©) - F(©)}

Then, by the first decomposition theorem as in [70].

.

t(f©)=st(fw)of
4.3.3.5. Example

We solve the illustrative example,

J==9,0<t<T; 5, =[-a(l—-a),a(l—a)]
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The solution of above problem [18] is given by FLT under generalized differentiability in such
amanner if § is (i)- differentiable then support §(t) = 2ae’ becomes unbounded as t — oo and
¥ is (ii)- differentiable then support §(t) = 2ae~¢ becomes bounded as t — . Now, we solve
this problem using FLT under modified Hukuhara differentiability and obtain a unique solution

with bounded support.
L[(©®)] = —LIF®)]

Taking a — cut on both sides of the above equation, we get,
LI@®)] = L[ “F@®)],
which gives,
£]py] = -£]y3]
Comparing component-wise,
Lly®] =L@
Lly®]=-£[y®)
Now, using Laplace transform of a fuzzy derivative under mH-derivative as in 4.3.3.4, on

above equations, we have,

£(3(®) = min{s£ (y(®)) - y©0),5£ (y(©)) = F(0), sLF®) - y(0),LF®) -
7(0)} = —L(F®),

£(59) = max{st (y®) = y(©),5£ (y(0)) - 70, 5£F®) - y(0),5£F®) -
7} =—£(y®).

After solving above equations using fuzzy Laplace transform and its inverse, fuzzy solution of
a problem is,

y(@®) =—a(l—a)e™,

y(@t) =a(l—a)et.
In the following section, we propose and prove the fuzzy Laplace transform for the product of

two fuzzy functions.
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4.3.3.6. Fuzzy Convolution Theorem

Let f(s) and §(s) denote the fuzzy inverse Laplace transforms of f(t) and §(t) respectively.
Then the Laplace transform of f(t) * §(t), is given by,

£(f&)+ g(©) = f(s) = 4(s)

Proof:

£(f©+50) = o f©) @ go]at

0
c([f®,7w|«|g@®.50]) = jo o lro.70]® [90),50)]at
From fuzzy multiplication, we can write,
Lf@©) * g(®] = min fJ e~ [f(D)g(t — ), f(DF (¢t = 1), F(D)g(t — 1), F ()G (t — )] dtar
L[F(®) + F(®)] = max [ e~ [f()g(t — 1), ()T (t = ), F(D)g(t = 1), F(1)G (t — 7)] dedr

For solving the above integration, we use substitution, t =7 =u, T =v

L[f®) * g(®] = min [} e~ [f@)gw), f @) (), F(v)g (), F ()G ()| dudv
L[F(®) * 5] = max [ e~ [f()g (W), f )T (), F(v)g (), F(v)g ()| dudv

Then, by the first decomposition theorem as in Klir [70],
£(f@©) +§(®) = F(s) * g(s).
Now we give the main result pertaining to the existence and uniqueness solution for the semi-

linear system such as in equation (4.11) by using Fuzzy Laplace Transform under mH-

derivative.

4.3.4. Main Theorem

The solution of the system X=AQX® f(t, X); X(0) =X, as in equation (4.11) exists
and is unique if f: I X E™ — E™is a fuzzy valued continuous function and Lipschitz.

Before proving the above theorem, in the most generalized form, we take up particular cases

and prove them as lemmas.
4.3.4.1. Lemma

Suppose f (t, X ) = 0 in equation (4.11), then the solution of equation (4.11) is given by
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X = Xpet*
X =X, elut

where, 4, = min(4, 4), A, = max(4,4 ), and X < X.

Proof: If f (t, X ) = 0 in equation (4.11) then the parametric form is obtained as,

X =min (4 X, AX, A%, A X)

X =max (4 X, AX, AX, 4 X)
with initial conditions *X, = [X,, Xo]-
Now using, A; = min(4, A), A, = max(é,Z),
X=4X
X=4,%
with initial condition, “X, = [Xo, Xo]-
Now using Laplace Transform of fuzzy derivative on X = A; X and X= Ay X asin 4.3.3.4,
we get,
SL[X] - Xo = A, £[ X]
SLIX | — Xo = A L[X]
Thus, applying inverse fuzzy Laplace Transform and we obtain the solution as,
X = Xpett
X =X, elut,
In the next section, we linearize the nonlinear term involved in equation (4.11) around the

equilibrium point by using Taylor’s theorem and find the solution for the system. The result

for the same is as follows.
4.3.4.2. Lemma

f(t, X ) # 0 and f in the system (4.11) isn times differentiable at a point then it can be

linearized around equilibrium point by Taylor's expansion.

Proof: System (4.11) is given as,

~

X=AQXDF(tX)
with initial condition, X(0) = X,
First taking a —cut of the above system,

X = min (4 X, AX, AX, A X)+ f(t, X, X)
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X =max (A X, AX, AX. A X)+ f(t.X,X)
where, f(t,X,X)=minf (t,X,X)and f(t X,X)=maxf(t,X,X)
Put X =0, X = 0 and we get (Ke, Ye) equilibrium point then applying Taylor's expansion

and we have,

_ = —— af(tXX)
X =min (A X, AX, AX, A X)+

(X - X.) + (X —Xe)

af (tXX)
(X, Xe) + ‘55

I\h

>

X = max (AX, Z )+ f(&e,X )+(X Xe )af(tX_)_l_(X _e)af(tXX)

I:t>
:kl

Since, using these notations,

A; X =min (A X, AX, AX, A X) and A, X = max(4 X, AX, AX,A X).

We get,

_ — . or — = \Of(txX
X = A X +7(0,T) + (0~ 1) + (R - Fe) LD

%= A P, %) + L (X - 1,) + (F—Te) L0220

Now, using the following notations,

o v 72 of of =
AuXy=MX +32 X+X 52 Bu = [(XX.) =57 Xo — 55X

Ay Xy = Aui+— X + fx and By, =f(X.Xe) - L X, -Lx,.

We have,
X =AyXy+ By and X = Ap X1 +Buy
Thus, by first decomposition theorem as in [70], using the parametric form of
“A, = [Ap Ap] and “By = By, By, we get,
X = AL ® XL @ BL'

The solution of the above linearized system can be obtained as given in Section 4.3.4.1.
In the next section, we give result that is useful for the fuzzy solution of equation (4.11)
involving nonlinear term. For this, we extend the result refer [25] in a fuzzy environment. We

apply fuzzy Laplace transform to the system (4.11) and converted this system into the Volterra

Integral equation.

4.3.4.3. Lemma

System (4.11) can be converted into Volterra integral equation as given below,

‘
X = eMtX, + eAltf e f (t,X,X) dr,
. U
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t
X = eMutX, + eAutf e 4Tf(7,X,X) dr.
0

And,
X = lim X;
{—o0
11— 00
where,

X; = X(0)et + g~k f(fe““lff (7, Xi-1, X;_1) dr,

t
X; = X(0)eAut + e_Autj e M f (7, X, 1, Xi-q) dr.
0

Then equation (4.11) has a fuzzy solution if its integral equations have a fuzzy solution
i.e., & < Yl"
Proof: Taking o — cut and apply Fuzzy Laplace Transform on both sides of equation (4.11),

we get,

X

=
I><
I~
I5<
N
>l
+
\'S
Y
A
>
St
N—r

min (

X =max (A X, AX, AX, A X + f(t, X, X)

—

where,
f= minf(t,&,Y),f = maxf(t,&,Y)
Now the equation (4.11) becomes,

X=AX+f(tXX) (4.12-a)

X=4,X +7(t,XX) (4.12-b)
Taking Fuzzy Laplace Transform on equation (4.12-a), we get
sc[X] = Xo + AL[X]+ L[f(6.%X)]

Using derivative of fuzzy Laplace transform, we get

sX] - AL[X] = Xo +£[f(£X.%)]

(s— IADLIX] = Xo + L|f(tXX)]

% ElfexD)

(s— 14) (s — 14D

Now by fuzzy convolution theorem and inverse fuzzy Laplace transform, we get,

L[x] =
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) (G 23]
G-I1A) " TG-1Ia)
t

X = Xpedt + e“‘ltf e A f (7,X,X) dr
. I

X=r"

Similarly,

t
X = etulX, + eAutf e 4 f(7,X,X) dt
0

Now applying iterative scheme, we get,

t
X; = X(0)eMt + e“‘ltf e f (1,X_1,Xi_1)dt Vi=012,..
. I

t
X; = X(0)eAut + e“‘utf e Mf(1,X; 4, Xi1)dt Vi=01.2,..
0

Thus, X; < X, , equation (4.11) has a fuzzy solution.

We prove the convergence result for the proposed scheme in 4.3.4.3 as follows.

4.3.4.4. Theorem

If “f = [f, ]_‘] is Lipschitz then proposed numerical technique in 4.3.4.3 is convergent.

Proof: Let “X = [X ,ﬂ is the exact solution of system (4.11) and *X; = [&,yi] be the
numerical solution of the system (4.11).
Consider error in it" term,
e=X-X.e=X-X
Considering the first term,

les| = |x; — X|

t t
|e:| = ‘{(O)e“‘lt + e“‘ltf e~ Mf (1,X-1,Xi-1) dt — XoeAtt + e“‘ltf e™f (1,X,X)dt
0 - 0 -

les| < |X(0)eAt — Xoe it +

t
et f (@A £ (2, X;1, Kror) — e=A7F (1,X, X))dr
e f f

Since, X(0) = X,.

t
< e [ e (00 i) = e (27
0

t
|€L| < eAltf eAl‘L'
0

f_(T'&—Lyiﬂ) —L(T,LY)| dr.
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~ f is Lipschitz with Lipschitz constant L , which gives,

e < e fF e dr

At
_ oAt ettt —1

eZAlt _ eAlt
=L|—
- < Ay )

Now, using the Ratio test, the right-hand side expression converges for all t.

Thus, |g;| is bounded.
Similarly, using Lipschitz constant L for function f , |&;| is bounded.
Hence, *f = [f , j_"] is Lipschitz continuous with constant L = min(L, Z)

So, the proposed technique in Section 4.3.4.3 is convergent.

4.3.4.5. Proof of Main Theorem:

The solution of the system (4.11) is obtained using Sections 4.3.4.1, 4.3.4.2 and 4.3.4.3.
4.4. Example:

Now we apply these 3 cases to solve the fuzzy Prey- Predator model [73],
¥=01®%00.005Q%Q j
7=004R700008QFQ® J

—_—

with initial conditions, %, = 130 and J, = 40

(4.13)

where, the value of parameters is given as,

0.1 = (0.05,0.1,0.15),0.005 = (0.004,0.005,0.006),
0.4 = (0.3,0.4,0.5),0.008 = (0.007,0.008,0.009),
130 = (120,130, 150), 40 = (20, 40,50)

*0.1 =[0.05 + 0.05 a, 0.15 — 0.05 a],

“0.005 = [0.004 + 0.001a,0.006 — 0.001a],
*0.4 = [0.3 + 0.1, 0.5 — 0.1«],

*(.008 = [0.007 + 0.001, 0.009 — 0.001a],

*130 = [120 + 10a, 150 — 20a] and “40 = [20 + 20a, 50 — 10«]
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Solution:

The solution of above problem is given by considering the following three cases.

Case 1:
Neglecting the nonlinear term in equation (4.13) that is considering the homogeneous system
only.
¥x=01Q%
~ (4.14)
y=004Q 7Y

with initial condition, %, = 130 and 7, = 40

After applying the proposed scheme as, in Section 4.3.4.1, graphs are obtained as follows,
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—#— Lower alpha-cut of prey at t=0.1
02r * —#— Upper alpha-cut of prey at t=0.1 1
0 + L L )
1] 50 100 150

Prey Population

Figure 4.3: Fuzzy Number representation of Prey populationatt = 0& 0.1
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Figure 4.4: Fuzzy number representation of Predator populationatt = 0& 0.1

The number of Prey-Predator at different time is given in Table 4.1.
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Table -4.1: Number of prey and predator in first approach

Time Number of Prey Number of Predator
0 (120,130,150) (20,40,50)

0.1 (12.61,14.36,17.42) (1.21,2.68,3.704)
0.2 (25.23,28.73,34.85) (2.426,5.36, 7.408)
0.3 (37.84,43.10,52.28) (3.63,8.04,11.11)
0.4 (50.46,57.46,69.71) (4.85,10.72,14.81)
0.5 (63.07,71.83,87.13) | (6.06, 13.4, 18.52)
1 (126.15,143.67,174.27) | (12.13,26.81,37.04)

Case 2:

First, linearize the eq. (4.13) around equilibrium point by Taylor's expansion, we obtain the

linearized form as below,
¥=0025Q% @
y=06® 7O
with initial conditions, #(0) = 130, 7(0) = 40

5 (4.15)
8

where, the value of parameters in fuzzy triangular form is given as,
0.25 = (0.20,0.25,0.30),5 = (4,5,6),
0.16 = (0.15,0.16,0.17),8 = (6,8,10).

The parametric form of parameters is given below,
*0.25 = [0.20 + 0.05a,0.30 — 0.05«],
#0.16 = [0.15+ 0.01¢,0.17 — 0.01«],
“S=[4+a,6—al, “8=1[6+2a,10—2a].

Applying the proposed scheme as, in Section 4.3.4.2, graphs are obtained as follows,
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Figure 4.5: Fuzzy Number representation of Prey population at 7= 0 & 0.1
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Figure 4.6: Fuzzy Number representation of Predator population at 7=0 & 0.1

The number of Prey-Predator at a different time is given in Table 4.2.
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Table 4.2. Number of prey and predator in second approach

Time Number of Prey Number of Predator
0 (120,130,150) (20,40,50)

0.1 (118.66,127.10,147.54) (24.45,46.28,59.152)
0.2 (119.54,128.93,149.12) (21.79,42.54,53.68)
0.3 (119.27,128.35,148.63) (22.68,43.80,55.51)
0.4 (118.98,127.74,148.10) (23.57,45.05,57.33)
0.5 (118.66,127.10,147.54) (24.45,46.28,59.56)
1.0 (116.67,123.43,144.177) | (28.78,53.31,68.05)

Case 3:

Applying technique as given in Section 4.3.4.3, we obtain following graphs for fuzzy solution,
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Figure 4.7: Fuzzy Number representation of Prey population at r=0 & 0.1
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Figure 4.8: Fuzzy Number representation of Predator population at 7=0 & 0.1

The number of Prey and Predator for different time is given in below Table 4.3.

Table 4.3. Number of prey and predator in third approach

Time Number of Prey Number of Predator
0 130 40

0.1 118.49 60.56

0.2 114.774 66.2506

0.3 114.19 65.18

0.4 116.41 65.229

0.5 117.199 60.27

4.5. Conclusion

In this chapter, first we have solved fuzzy linear dynamical system using the existing fuzzy
Laplace transform. We then redefined Fuzzy Laplace Transform under new derivative i.e.,
Modified Hukuhara derivative along with its existence condition. We also revised all results
related to Fuzzy Laplace Transform under this new derivative. Lastly, we have solved fully
fuzzy Prey-Predator model by considering three cases and results in all cases are compared at

the core.
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