
CHAPTER VII

THE NUMERICAL RANGE MD POLARBECOMPOSITIOH 

OF AH’ OPERATOR

While giving a new proof of the result 

2(T) *s C1(W(T)), for a hounded normal operator T,
'S. K* Berherian^^ raised the following question in his paper:

If T = UR is an invertible operator such that 

H is cramped, does it follow that 0 ft Cl(W(T)) ?

Moreover, he also showed that the answer to 

the above question is in the affirmative for a particular 

type of operators namely normal operators* In this chapter, 

we show by constructing an example that the answer to the 

above question, in general, is in the negative • However, 

we further show that for certain special types of operators 

and particularly, for hyponormal operators, the answer to 

the above question is in the affirmative. In fact, we prove 

the following three theorems:

THEOREM 7*1* If T = HE ig. gn invertible hyponormal operator 

such that H is cramped* then 0 t Gl(W(T)).

l) S. K. Berberian [d]

* As this thesis was taking the final form for being presented 

my attention was drawn to a paper of E. Burszt ^9} wherein he 

has also discussed the same question.



THEOREM 7.2. Lei T = UR be an invertible operator such ' 

that U is cramped. If 2(T) is a spectral set for T. then 

0 ft C1(W(T)).

THEOREM 7.3. If I is finite-dimensional, then there exists 

an invertible operator T = UR such that' U is cramped and

o e w(t).

PROOF 0F THEOREM 7. It1 Assume, to the contrary, that

0 S 01(W(T)). low 0 ft s(T) and © 6 OlCW(T)) = £(T) 

hy theorem 3.1 of chapter III implies that 0 lies in the 

convex hull of s(T). Hence there exists at least one line 

through 0 such that it has non-empty intersection L with £(T) 

If °C and p are the end-points of L, then < and p are boundary 

points of £(T) i.e. °C , p G a(T).

Since °C 6 a(T), there exists a sequence \xn\ 

of unit vectors such that

II(T* - <1)^1 < IICl - <I)xn\\ ~ 0 ■

i.e. HlXjJ «= llR^II •*> H| , (Tx^ , x^ ~

and consequently (R% , Xjj) ** HI •

Hence -
ICR- NCa^ , Tj - MCx* , Rx^+M2
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How the relation

T - °CI = HR ~ °CI = TJ(R - |«|l) |<|(-n t.Sj. i)

implies that

| ||(R - - |«C|||(U - </\<\DxJ | £ ||(T - <DxJ.

In other words,

f|(U - =C/|oC| 1)2^11 •* 0 or ®C/|°C| 6 a(W).

Similarly p/|p| 0 a(U).

Since 0 lies on the line segment joining °C and p, 
it follows that 0 also lies on the line segment joining 
°C/|°C| and p/|p| i.e. U is not cramped which leads to a 

contradiction. Hence.0 jg €1(W(T)).

PROOF OF THEOREM 7.2: Assume, to the contrary, that
0 0 C1(W(T)). Since E(T) is a spectral set for T,
2(T) s ei(W(T)) [24] and hence, as in the proof of theorem 7.1,
0 lies on the line segment joining two boundary points, say 

< and p of E(T) and therefore <=C , p 0 a(T). Since 2<T) is a 
spectral set for T, we hare, as in the proof of theorem 4.2 of 
chapter IF, ||(T - «=Cl):xn|| - 0 and ||(T* - -*■ 0 for a

sequence of unit vectors. Again, it can be shown as in
the proof of theorem 7.1, that °C/j0C| and p/|p| S s(®). This 

leads to a contradiction and the proof of theorem 7.2 is complete
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PROOF OF THEOREM 7>3* Consider tile operator
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T = 1 + i

2 + i
1 - i

2 - i

in a unitary space of dimension two with, basis 
el « (l , 0) and eg = (0 , 1).

Since |T| « 2i, T is invertible. Also ! 1*1

i*e* ^ ^-s no^ normal. If T = HR be its polardecomposition, then

\

R /VW2

and

3(1 - 2i)/Vl0
y3(l+2i)/VlO Vl©/2

R
2 - i/VlO 
1 + 2i/Vlf

Ihe proper values < and p of 0 are

2 + i/VlO 
1 - 2i/VlG

< a (3WlD + C-3-H/ll)i/2ViI 
P « (3-V51) - (3-H/ll)i/2^

Hence, if 6 is the angle such that

cose == 3- f a/11 / 2s/l0 and sine * -3 + Vll / 2^ , 

tane » -3 + V2T / 3 + Vll « 10 - 2/JTL i.e* 0 < 0 < w/4.then
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4Q 4 ^Q'H'/2*™»0^Also °C — e and p * e which, shows that ¥ is cramped.

Moreover, if we take the unit vector 

x = lA/2 e1 - 1/V2 e2 , then (Tx , x) = 0 i.e. 0 6 W(T).

This completes the proof of the theorem.


