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CHAPTER - VI

ELASTICITY Of SUBSTITUTION

1. nature of the CES Production function s

The constant elasticity of substitution (CIS) or
iS1AC production function., is a definite improvement 

over the Douglas type of production function examined 
in the preceding chapter. This function allows the 
elasticity of substitution to take any (constant) value.

Since the function is no longer bound to unit elasticity , 
it becomes suggestive of the direction of change in relative 
shares of the factors of production.The assumption of 
constant elasticity of substitution in the function, al
though, is a restriction on the form of production possi
bilities, we have to have the precise nature of the elas
ticity of substitution to arrive at certain estimates, 
particularly when the general formula of the elasticity 
of substitution does not allow for its direct calculations.
The obvious advantage in using this function lies in the 
fact that, to explain the substitutability oetween different 
inputs, the economists need not rely on the extreme production
1. K.J.Arrow $ H.B.Chenery, B.Minhas and R.M.Solow s

•'Capital Labor Substitution and Economic Efficiency”, 
Review of Economics and Statistics. August,1961. for 
the generalisation of the production function, see V. 
Makerji, "A Generalised SHAG function with constant 
ratios of Elasticity of Substitution”, Review of 
Economic Studies, October, 1963.
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functions like Leonti ef and Douglas types-where the values 

of elasticity of substitution are tied up either with zero 

or unity. She OES production function in fact includes both 

these functions as special eases*

The authors of the CIS production function found 

different degrees of substitutability in different types 

of production* Because of numerous technological alterna

tives available in different sectors, they argue that 

the uniform substitutability in different industries is 

most unlikely* Their study is primarily based on the 

empirical observations that the value added per worker 

within a given industry varies across countries with 

the wage rate. MA regression of the labour productivity 

on the wage rate shows a highly significant correlation

in all industries and also a considerable variation in the
2regression coefficients”.

SMAC tested two relations $

Where Y = product per worker, w * wage rate, and <s- is a 

constant equal to the elasticity of substitution,(for proof 

see mathematical note given in Appendix VI-2).

The authors fitted these relations to international 

data relating to 24 three-digit industries of 19 countries. 

2. SMAC, Ibid, p.225*

Y * c + dw

and Y = kvf or log Y * log A +clog w

..*(i)

#•*(ix)



&<L
Both the relations show^ good fits. However, the logarithmic
(second) relation, according to the authors, is found
better, ^he logarithmic relation is also tested in the

3case of the TJ.S. manufacturing industries by Solow.

She CIS production function (under constant returns 
to scale assumption) is defined as t

V xT? + (1- S ) eTr] ^

where V = output; a and b are labour and capital inputs 
respectively; and % , /° and Y are distribution, substi
tution and efficiency parameters respectively. The 
production function defined in this way gives the value 
of elasticity of substitution as :

<r » which also happens to be the value
of the exponent of the wage rate in the relation 

Y = A / (see Appendix VI-2)

2. Scope of the Present Analysis s
The authors of the CIS production function, as

noted above, have tested the relation to different
4industries spread over 19 countries. But, as Solow points

out, the technologyoal conditions are bound to differ
from country to country due to differences' in industrial
3« R.M.Solow: "Capital, Labor and Income in Manufacturing” in the Behaviour of Income Shares, Studies in Income 

and Wealth, NBER,Hew York), Vbi.27,1964.
. R.M.Solow: Ibid, p.4
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strategies followed by\ different, oountries. She technolo
gical conditions between the ragions within a country, 
however, are definitely more homogeneous than be^ween 
countries for a given industry.This section, thus, attempts 
to estimate the relation on the basis of cross-section 
datajaf two-digit ASI manufacturing industries for the 
year 1962 which has been found to be relatively normal

Old

year. Incidentjly, it falls exactly in the middle of the 
period 1959-1965 for which the Annual Survey of Industries 
data are available.The following regions constitute the 
observations of the study: Andhra Pradesh, Assam, Bihar, 
Gujarat, Kerala, Madhya Pradesh, Madras (Tamil Nadu), 
Maharashtra,Mysore, Orissa, Punjab, Rajasthan, Uttar Pradesh, 
West Bengal, Delhi and other regions.

By fitting the logarithmic relation to the above data, 
the elasticities of substitution and other parameters for 
different industries are estimated. The hypothesis that 
value added per worker and wages per worker are un
correlated is being tested in section 3* The relative 
share of labour in relation to whether the industry is 
elastic (6">1) or inelastic (0<c <r ^:1) i.e. the distri
butive aspect of toe SMAG production function, is examined 
in Section 4*
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e

Value aided is used as a measure of output. labour
6input refers to the number of workers employed • Wages to 

workers include all payments made in cash as compensation 

for work done during the year.

3. Estimates of Elasticity of Substitution s
fable VI-1 shows the results of the regressions of 

value added per worker on wage rate taken in the logarith
mic forms. Column 4 of the table shows the estimates of the 
elasticity of substitution between labour and capital in 
different industries* So check the goodness of the fit 
the standard errors of the coefficients are presented in 
column 5* It can be seen that there are eleven industries 
namely, food (including beverage5, tobacco, textiles, 

furniture and fixtures, paper and paper products, printing 
and publishing, rubber products, ehemieals, basic metal
5. I*or calculations that follow we have used output net of 

depreciation* As long as depreciation remains a stable 
proportion of output over the observations for a given 
industry, the estimate of ^obtained from logarithmic 
relationship will not be affected even if we take out
put gross of depredation (as done in the preceding 
chapter).

6. The number of workers is computed by taking the total 
attendance of workers in all the shifts on all working 
days and dividing it by the number of days worked* While 
the number of man-hours worked during the year is cal
culated by multiplying the number of workers employed 
in each shift by the number of hours in the shift and 
aggregating the products for all shifts on all the 
working days in the year. Thtt.s, so long as a working day (or shift) has more or less a uniform number of 
hours, it makes no difference whether we consider man
hours worked or total number of workers.
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Table VI-1
Regressions of Value Added Per Worker on Wages per Worker; and 
Rank Correlation Between Wage Share and Wage Rate.

I.
Wo. Industry Degrees

of
freedom

log a b S * 0 • 
of fc

Rank cor
relation <»tW 
between 
wageshare 
and wage 
rate

1 2 3 6
20-
21

Food(including 
Beverage) 14 0.2537 1.1136 0.1145 - .0705

22 Tobacco 5 0.9946 0.8027 0.1355 - .1785
23 Textiles 11 0.3478 1.9705 0.1635 + .2308
24-
29

Wearing
Apparel* 4 1.2084 0.7060 0.3082 + .3715

25 Wood'and Cork 6 1.4579 0.6450 0.2892 + .8334
26 Furniture and 

fixtures 8 -0.3620 1.1809 0.1233 - .3696
27 Paper 6 -0.3713 1.2845 0.1463 - .1904
28 Printing & 

Publishing 13 -1.4323 1.5392 0.0865 - .4071
30 Puibber

products 6 -0.5251 1.3685 0.0905 - .5952
31 Chemicals 9 1.7286 0.6456 0.1760 + .3546
32-
33

Petroleum,Coal 
& non-metallic 
mineral 12 3-3862 0.0328 0.2728 - .4417

34 Basic metal 
industries 9 -0.9428 1.4209 0.0770 - .5727

35 Metal
products 8 •1.6259 0.6005 0.2718 + .1031

36 Machinery 11 -0.1227 1.1509 0.1220 - .1373

tzz.



Table VI-1 £>=mcU<ui)

Regressions of Value Added Per Worker on Wages Per Worker; and 
Rank Correlation Between Wage Share and Wage Rate.

I.
Ho,

Industry Degrees
of
freedom

Log a b S. e.
of b

Rank cor
relation Co< 
between 
wageshare 
and wage 
rate

1 2 3 4 5 6
37 Electrical

machinery S 2.3700 0.3884 0.2884 + .3697
38 Transport-

equipment 14 >3-5215 2.1874 0.0610 - .5735
39 Miscellaneous 6 2.7956 0.1767 0.5123 - .3333

* Wearing Apparel includes foot-wear, made up textile goods, 
leather and Pur products.

Source: Calculated on the basis of data given in Appendix VI-1.
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industries, machinery (excluding electrical machinery), 

and transport equipment which show excellent fit. Wearing 

apparel, wood & cork, and metal products show the 

coefficient to he significant at 1G per cent level.This 

leaves complete failure in the case of petroleum, coal & 

non-metallic mineral, electrical machinery and miscella

neous industries. On the whole, therefore, the results are 

quite satisfactory - the SMA.C relation fits well to the 

Indian manufacturing industries,For the poor results in 

some of the industries it is enough to remember that "The

hardy econometrician must learn to take his lickidgs in
7the conscious realisation that you ean&ttwin * em all".

Out of the 17 two-digit industries examined^nine 
industries namely, food (including beverage), textiles, 

furniture and fixtures,papers and paper products, printing 

and publishing, rubber, products, basic metal, machineiy, 

and transport-equipment show the value of elasticity of 

substitution greater than one.There are six industries 

which give the estimates of elasticity of substitution to 

be statistically different from one. These industries are 

textiles, printing and publishing, rubber products, petro

leum^ coal and non-metallic mineral, basic metal, and 

transport equipment. The values- of the elasticity of 

substitution has ranged from as low as 0.033 in Petroleum,

7. l.M.Solow t Ibid, p.114.
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coal and non-metallic mineral to as high as 2.187 in 

transport equipment. The simple average of the values of 

the elasticity, however, has turned out to he 1.013.

i £? 0-. -.N «-* .

4. Distributive Aspect of the Function s
The estimates of the elasticity of substitution 

between labour and capital enable us to relate the 

observed labour's share with capital labour ratio and/or 

relative priees of factors of production, and hence to 

test the distributive aspect of the SMAC relation.

Assuming no technical change, the increase in the price 

of labour relative to the cost of capital would mean 

an increase in marginal rate of substitution between 

labour and capital - the shift in inputs would lead to 

an increase in marginal product of labour relative to 

marginal product of capital. But the increase in marginal 

rate of substitution would make the eapitai/labour ratio 

to rise more than proportionately if the elasticity of 

substitution between labour and capital is greater than 

one.This implies that the relative share of labour would 

decline with a relative increase in the wage rate.

Similarly, the relative share of labour will increase 

with the increase in wage rate if the elasticity of
Q

substitution is less than unity.

8. c.f. C.E.Ferguson* ’’Cross-section Broduction Functions 
and the Elasticity of Substitution in American Manufa- ; 
cturing Industries”, Review of Economics and Statistics, 
August,1963.
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Assuming the cost of capital to he uniform oyer the 

regions, thus, we should find the wage rate and the 

relative labour share to move in the opposite directions 

in those industries where elasticity of substitution is 

greater than one, and to move in the same direction where 

the elasticity of substitution is less than one.

Column 6 of Table VI-1 gives the estimates of 

coefficients of rank correlation between wage rate and 

the corresponding share of labour in value added in 

different industries. It can be easily seen that out of 

nine elastic industries (industries with elasticity 

of substitution greater than unity) eight industries
i

show the negative signs before the coefficients. In the 
case of remaining (eight) inelastic industries, five 

show positive signs before the coefficients.Ihus, out of 

the total of seventeen industries, thirteen industries 

confirm the relations; the SMAC production function fits 

well to the Indian manufacturing industries so far as the 

distributive'aspect is concerned.

5« Conclusion s

The index of substitutability of tne factors of 

production is the elasticity of substitution between factors 

of production. Ihe formula of the elasticity of substitution, 

however, does not allow for its direct calculation. It is 

the SMAC production function that comes to our rescue. The
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function, although restricted to the constant value of 

elasticity of substitution, does provide a method of its 

estimation in different industries.From the estimates of 

elasticity of substitution, we are in a position to test 

the distributive aspect of the function. .

The estimated values of the elasticity of substitution 

in different industries has ranged from as low as 0.03 to 

as high as 2.19. There are nine industries which Show the 

values of elasticity of substitution more than unity. Tne 

unweighted arithmetic mean of the values of the elasticity 

turns out to be 1.013, slightly more than unity. There is, 

thus, an indication of wage share being inversely related 

with the variables like capital/labour ratio and wage 

rate - the hypothesis to be tested in the following Chapter.
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APPENDIX VI-2

Derivation and Properties of the CES Production 

Function *

Let the production function he i

V = f (a,b)
where V = output, a and b inputs.

Assuming constant returns to scale,

Y = a f(b/a)

f = f (b/a)~ — f (b/a) = f(x) - x f'(x) (see also
CL £1

mathematical note of Chapter“31).

f^ = f'(b/a) = f'(x) (putting b/a = x)

fab= “ fI'(b/a) b/a2

The elasticity of substitution is defined as : 
ft

£ = £—y (see R.G.D. Allen, Mathematical Analysis for
Economists, 1960, p.343)

= jf(x)-x f*(x)l f'U) /
-f’(x).|.V

= f1 (x) if (x)-x f * (x)} /T _ Y \
_£Y'i,,(x).x.y ’ ' “ a '

(i) Under competitive market s
f = w = wage rate (a= labour input) 
f = w = f(x) - x f'(x)
ctl. e.



1*0

f'(x) dx
dw x f* *(x) - f»(x) dx

dw

. • . 1 X f’*(x) dx
dw

Now, dx _ dx d^ 
dw dy ’ dw

. • . 1 = X f’'(x)

X f'’(x) 
f‘(x)

dx 
dy 1
&L
dw

d£
dw

Since y = f(x)
dy. = 
dx f1 (x)

dy _ _ f* (x)
dw x f' ' (x)

* d£. w _ f1 (x) w
dw * y f* *(x)xy

_ i1 (x) jf(x) - x f1 (x)} _
., (x)x;y &

i. e <T dy. / dw
y w

d log y 
d log w

or d log y = C d log w

. ' . log y = 6” log w + log A
r*. '. y = AW where y = output per worker

w = wages per worker.

(ii) If 6= 1 (Oobb-Douglas)

Then log y = log A + log w

.'. - log A = log w - log y

*’• log A"1 = log ( 2 )
«y

. ' .A~^ = — = ^ (^labour' s share.)
y V \ '
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i. e. j- = °( ( of Cohb-Douglas)
•1and property share =1 - j = f 

and (In CES)

(iii) If 1 ( e.g. CES)

Shen log y = log A +6"log w

= log A + log |f(x) - x f'(x)|

.y = A ^f(x) - x f’(x)}

- - * £f
. •. y [A(y-x || f\

= ^ (y-x g )

y1 /* A "1/^ x dx

x = y - y1/^A“1/^dy<M-Sbwa

dx

at . y - . yfi-T1i~V1^)
* dx x x

If we put A-1//^ = «< and —= -1 = /s>

____ = _X
dx

Then a = = jrry.^
X

1 -/’ . -1/. 
-p~ = y i.e. y = u ''

&
du ;

Put u =



PM

1421

-1 /p -1y^(/e,+1)
Ay _ u - u. °< 
Ax x

.,//> -tey
u - u P . °c

low, A^ _ A^ Au 
Ax Au ’ Ax

u
"1/f "(W)

- u V 7.
X

Am _ u 
Ax

*-!f
(^4

>(£+!} 
1 K p )
f u

m
1 -(£±1)

-X 1- u ^ P }

^/r. r. u (^i)-Ku
-t^i)

/u - /
-X

-X

/^(u— )

Au
U-»t

/Ax
X

/- /* Ax

Au 
* Ax

• A u

(Ai)

log (u~®0 = - /’log x + log p

U — oC = x"*^°

U = /? X ' + <=<

y_/° = |3 XV + «<
( p x-/9 + *< ) •1//

|p(b/a)A<<^ P

1 = a[f (b/a) +
•1^.

y“/° = a"^ (f (b/a) °<^

-P -p p> -p
= a p b a + <a

= Wa
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7 = ( e> b”^ + < a~f) ' «/CES prod, f^ in its simple
r V * * ferny

f(iv) Putting oL.+ p = Y , ^Y =£
f - S Y*"^»•«..

~(>
ex**-A oiv — Y — J5

= YV- £ Y''”

- Y^C •-* )

Then
v = ^ Y_IV’ + Y'r(l-S ) ^ /e

-- W’^c ^ i
, jU-A ti-0 ^

-. + C'-f)

where V = efficiency parameter
c> = distribution parameter 

and f ~ substitution parameter.

(v) To introduce the degree of scale :

v = Y
croauce xne aegx-ee 01 scaie .Ur(Es-'\ (VC^J'^-y/

v. ^ ii^Le^iL\ uoU.e.nji-
(j> = degree of scale.

Thus, Y = Y
AV - V (A^ , AO r Uow'^ o-s) (M H 

--y(aO^(^c'-s^

Vr

>x-*/r
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It is homogeneous of order V- : V^=1 indicates constant

returns to scale; v>>1, increasing returns to scale; and 

l?- < 1, decreasing returns to scale.

(vi) Derivation of g given the CES production function : 
V = 6-S) ^^

- Y (£» ^ (putting S -S, and \-£ -£-j_ )

log T = logY --j log (S’.w'Vr^)

. 1_
* * ¥ 3b

-A

f ’ £,|j<’+sjc7'
.. fv--Y(U*r4^^//’

14)"%

= uS,t^?v«». y&

v_
T

, sy> ^
-C

•'• * v^.v
- C0’+,>. v6f^) °

Similarly f& = vSx.Y~^ > Q

and f„ <5:
E = rs-T (b/a)

xh

/* +1

low e = aA <*(*>/&> _ d(b/a)

R dR dR
a

• h7a



d(b/a) ________________
h=-( f +1) (b/a )'^Td (b/a)

|^(b/a/+1
— '~b7i------

H= •(b/a)
f+1

^. *. di= (r+i)

. (b/a)^.d(b/q
1


