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CHAPTER - VI

ELASTICITY OF SUBSTITUIION

1. Nature of the CES Production Function :

The constant elasticity of substitution (CES) or
SMAC production functianl is a definite imprevemenﬁ
over the Douglas type of production function examined
in the preceding chapter. This function allows the
elasticity of substitution to take any (constant) velue.
Since the function is no longer bound to unit elasticity,
it becomes suggestive of the direction of change in relative
shares of the factors of production.The assumption of |
constant elasticity of substitution in the  function, &l-
though, is a restriction on the form of production possi-
bilities, we have to have the precise nature cf the elas-
ticity of substitution to arrive at certain estimates,
particularly when the general formula of the elasticity
of substitution does not allow for its direct celculations.
The obvious advantage: in using this function lies in the
fact that, to explain the substitutability between different

inputs, the sconomists need not rely om theAextreme~produétion

1. K.J.Arrow 3 H.B.Chenery, B.Minhas and R.M.Selow :
"Capital Labor Substitution and Economic Efficiency",
Review of Econcmice end Statistics, August,1961. For
the generalisation of the production function, see V.
Mukerji, "A Generslised SHAC. Function with constant
ratios of Elasticity of Substitution", Review-of
Bconomic Studies, October, 1963.
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functions like Leon{ief'and Douglas types-where the values
of elasticity of substitution are tied up either with zero
or unity. The CES production function in fact includes both

" these functions as special cases.

The authors of the CES production funmgtion found
different degrees of substitutability in é;fferent types
of production. Because of numerouS'technological.alternaJ
tives available in different sectors, they argue that
the uniform substitutability in different industries is
most unlikely.Their study is primarily based oﬁ the
empirical observations that the value added per worﬁer
within a given industry varies across countries with
the wage rate. "A regression of the labour productivity
on the wage rate shows a highly significant correlation
in all industries and also & considerable variation in the

regression coefficients".2

SMAC tested two reletions @
Y=1¢+ dw ooo(i)
and Y = AW or log Y = log A +clog w ees(ii)

“ Where Y = product per worker, w = wage rate,. and ¢ is a \
constant equal to the elasticity of substitution,(for proof

see mathematicel note given in Appendix VI-2).

The authors fitted these relations to internatianél

date relating to 24 three-digit industries of 19 countries.

2.  SMAC, Ibid, p.225.
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. ed
Both the relations shongood fits. However, the logarithmic
(second) -relation, according to the authors, is found
better. The logarithmic relation is also tested in the

cese of the U.S. manufscturing industries by Solow.’

The CES production function (under constant returns

to scale assumption) is defined as :

-Jr

ve¥{st + (1-5) "}

where V = output; a2 and b are labour and cépital inputs
respectively; and 3, ~ &and Y are distribution, substi-
tution and efficiency paraméters}respeotively. The
production function defined in this way 'glives the value

of elasticity of substitution as 3

& =

I l > which also happens to be the value
of the exponent of the wage rate in the relation
Y=4aw (see Appendix VI-2)

2. Scope of the Present Analysis s

The authors of the CES production function, as
noted above, have tested the relation to different
industries spread over 19 cowntries. But, as Solow' points
out, the technologicel conditions are bound to differ

from country to country due to differences in industrial

3. ReM.Solow: "Capital, Labor and Income in Manufacturing"
in the Behaviour of Income Shares, Studies in Income
and Wealth, NBER,New York), Vol.Z27,1964.

4. R.M.Solow: Ibid, p.
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strategies followed by\different_countries. The technolo-
gical conditions between the raegions within a country,
however,'are definitely more homogeneous than beuiween
countries for & given industry.This section, thus, attempts
to estimate the relation on the basis of cross-section
datapf two-digit ASI manufacturing industries for the
year 1962 which has been found to be relatively normal
year. Incidenﬁﬁy, it falls exactly in the middle of the
period 1959-1965 for which the Annual Survey of Induastries
data are available.The following regions constitute the
observations of the study: Andhre Pradesh, Assam, Bihar,
Gujarat, Kerala, Madhya Pradesh, Madras (7Tamil Nadu),
Masharashtra,Mysore, Orissa, Punjab, Rajasthan, Uttar Pradesh,

West Bengal, Delhi end other regions.

By fitting the logarithmic relation to the above dats,
the elasticities of substitution and other parameters for
different industries are estimated. The hypothesis that
value added per worker and wages per worker are un-
correlated is being tested in séction 3+ The relative
share of labour in relation to whether the industry is
elastic (6>1) or inelastic (0< ¢ < 1) i.e. the distri-
butive aspeect of the SMAC production function, is examined
in Section 4.
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Value added is used as a measure of output.5 Lebour
input refers to the number of workers employeds. Wages to
workers include all payments made in cash as compensation

for work done -during the yesar.

3. Estimates of Elasticity of Substitution :

Table VI-1 shows the results of the regressions of
value added per worker on wage rate taken in the logarith-
mic forms. Column 4 of the table shows the estimates of the
elasticity of substitution between laboﬁr and capital in
different industries. To check the goodness .of the fit
the standard errors of the coefficients are presented in
column 5. It can be seen that there are eleven industries
neamely, food (including beverage), tobacco, textiles,
furniture and fixtures, paper and paper products, printing

and publishing, rubber products, chemicals, basic metal

5. For calculations that follow we have used output net of
depreciation. As long as depreciation remains a stable
proportion of output over the observations for & given
industry, the estimate of 6 obtained from logarithmic
relationship will not be affected even if we take out-
put gross of depreciation (as done in the preceding
chapter).

6 The number of workers is computed by taking the total
attendance of workers in all the shifts on all working
days and dividing it by the number of days worked. While
the number of man-hours worked during the year is cal-
culated by multiplying the number of workers employed
in each shift by the number of hours in the shift and
aggregating the products for all shifts on all the
working days in the year. This, so long as a working
day (or shift) has more or less & uniform number of
‘hours, it mekes no difference whether we consider men-
hours worked or total number of workers.
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Regressions of Value Added Per Worker on Wages per Worker; and

Rank Correlation Between Wage Share anduWage Rate.

I. Degrees TLog a b Sees Rank cor-
No. Industry of of b relation coefst
freedon between
wageshare
and wage
rate
1 2 % [
20- Tood(including 14 0.2537 1.11%36 0.1145 - 0705
21  Beverage)
22 Tobacco 5 0.8946 0.8027 0.1355 - 1785
2% Textiles 11 0.8478 1.9705 0.16%5 + ,2%08
24~ Viearing
29 Apvarel* 4 1.2084 0.7060 0.3082 + 3715
25 Yood and Cork 6 1.4579 0.6450 0.2892 + .83%34
26 Turniture and
Tfixtures 8 -0.3%620 1.1809 0.123%% - 3696
27 Paper 6 ~-0.3713 1.2845 0.1463% - 1904
28 Printing & .
30 Rubber
products 6 -0.5251 1.3%3685 0.0905 - .5952
31  Chemicals 9 1.7286 0.6456  0.1760 + .3546
%2~ Petroleum,Coal
33 & non-metvallic
mineral 12 3. 3862 0.0328 0.2728 - L4417
34 Basic metal
industries 9 ~0.9428 1.4209 0.0770 - 5727
35 Metal
products 8 ' 1.6259 0. 6005 0.2718 + .103%1
36  Machinery 11 -0.1227 1.1509 0.1220 - 1373

152,
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Regressions of Value Added Per Worker on Vages Per Worker; and

Rank Correlation Between Wage Share and Wage Rate. { eone Mydeid) .

I. Industry Degrees Log a Rank cor-
No. of relation coefft-
freedon between
wageshare
and wage
rate
i 2 3 6
37  Electrical
machinery 8 2.3700 + 3697
%8 Transport—-
equipment 14 -3%3.5215 - 5735
39 Miscellaneous 6 2.7956 - «33%3%3

* Vearing Apparel includes foot-wear, made up textile goods,

leather and Fur products.

dources Calculated on the basie of data given in Appendix VI-1.
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industries, machinery (excludiﬁgjelectrical machinery),
and transport equipment which show excellent fit. Wearing
apparel, wood & cork, and metal products show the
coefficient to be significant at 10 per cent level.This
leaves complete failure in the -case of petroleum, coal &
non-metellic mineral, eleetrical machinery and misceila-
neous industries. On the whole, therefore, the resﬁlts—are
quite satisfactory - the SMAC relation fits well to the
Indian manufacturing industries.Por the poor results in
some of theviﬁdustries it is enough to remember thét "The
hardy econometrician must lesrn to take his lickings in

the conscious realisation that you canﬂtéwin ‘em all".7

Out 6f the 17 two-digit industries examined,nine
industries namely, food (incluﬁing beverage), textiles,
furniture and fixtures, papers and paper products, printing
end publishing, rubber. products, basic metal, machinery,
and transport-equipment show the value of elasticity of
substitution greater then one.There are six industries
which give the estimates of elasticity of substitution to
be statistically different from one. These indusfries are
textileg, printing énd publishing, rubber products; petro-
leum, coal and non=-metallic mineral, basic metel, and
transport equipment. The values- of the elasticity of

substitution has ranged from as low as 0,033 in Petroleum,

7. R.M.Solow : Ibid, p.114.
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e

coel and non-metallic mineral to as high as 2.187 in
transport equipment. The simple average of the values of

the elasticity, however, has turned out to be 1.013, _iu

vedn T AT
T T e

4. Distributive Aspect of the Funetion 3

The estimates of the elasticity of substitution
between labour and capital enable us to relate the
observed labour's share with capital labour ratio and/or
relative prices of factors of production, and hence to
test the distributive aspect of the SMAC relation.
Assuming no technical change, the increase in the price
of labour relative to the cost of capital would mean
an increase in marginal rate of substitution between
labour and capital -~ the gpift in inputs would lead to
an increase in marginal product of lebour relative to
ma;ginal product of ecapital. But the increase in marginal
rate of substitution would make the capital/labour ratio
to rise more -than proportionately if the elasticity of
substitution vetween labour and capital is greater than
one.This implies that the relative share of labour would
decline with a relative increase in the wage rate.
Similarly, fhé relative share of labour will increase
with the increase in wage rate if the elasticity of

substitution is less than unity.e

"~ 8. c.f. C.E.Ferguson: "Cross—-section Production Functions
and the Elasticity of Substitution in American Manufa- -
cturing Industries", Review-of Economics and Statistics,
August, 1963.
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Aésuming the cost of capital to be uniform over the
regions, thus, we should find the wage rate and the
relative labour share to move in the opposite directions
in those industries where elasticity of substitution 1s
_ greater than one, end to move in the same direction where

the elasticity of substitution is less than one.

- Column 6 of Tabie VI-1 gives the estimates of
‘coefficients of rank correlation between wage rate and
the corresponding share of labour in value added in
different industries. It can be easily seen that out of
nine elastic industries (industries with elasticity
of substitution greater than unity) eight indusiries
show thé negativé signs before the coefficients. in the
case of remaining (eight) inelastic industries, five
show positive signs before the coefficients.Thus, out of
the total of seventeen industries, thirteen industries
‘ confirm the reletions; the SMAC production function fits
well to the Indian menufacturing industries so far es the

distributive espect is concerned.

5. Conclusion ¢

The index of substitutability of tne factors of
production is the elasticity of substitution between factors
of production. The formule of the elesticity of substitution,
however, does not allow for its direct celculation., It is

'the SMAC production fqnction that comes to our rescue. The



136

function, although restricted to the constant value of

elasticity of substitution, does provide a method of its
estimation in different industries.From the estimates of
elasticity of substitution, we are in a position to test

the distributive aspect of the function.

The estimated values of the elasticity of substitution
in different industries has ranged from &s low as 0.03 to
es high as 2.19. There ere nine industries which show the
velues of elasticity of substitution more than unity. ZTue
unweighted arithmetic mean of the values of the elasticity
turns out to be 1.013, slightly more than unity. There is,.
thus, an indication of wage share being inversely related
with the variables like capital/labour retio and wage

rate -~ the hypothesis to be tested in the following Chapter.
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APEONDIX VI-1

Worker, Wages Per Worker and Wages Share,

By Industry and Region, 1962,
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Indu~- Andhra- Assam Bihar Gujarat Ke’sla Hadhya Madras Mahare- Mysore Orissa Punjab Raja- Uttar West Delhi oth-
stry Pradesh ° Pradesh shira sthan Pradesh Bengul ers
No.

1 2 - 4 5 6 7 8 ] 10 19 17 13 i 15 i3 17
20& A 3641 4434 3099 3133 906 2040 8492 7160 2595 2146 30%4 ., 2715 3085 3579 5731 6439
et B 921 731 1084 1098 397 759 1063 1562 663 473 1173 652 1355 826 1191 1222

C 2529 1649 .3499  .3505 4378 L3722 L1251 L2172 2526 .2202  .2944 L2400  .4394 .2276 .2214 .1897
22 & 817 - - - - 1100 3206 2112 682 - - - - 1385 - 8216
B 453 - - - - 655 795 863 159 - - - - 723 - 2010
v 5549 ~ - - - -5951 ce4 {9 408 ¢339 - - - = | .5228 - 2445
23 A 1523 - - 30%2 2110 2384 3537 3428 2232 - 3120 1876 2494 2579 3977 2369
B 1063 - - 1786 1209 1504 1723 2035 1077 - 1152 1028 1397 - 1255 2107 1091
O .mmwma had - vmmwm oW.NN@ -mwcm .#W.NW .mox.u.m o%mNM - oﬂmww .WA...NNW ommom c#mmm ummwﬂ .A.mom
mmw A -~ - - -~ 1739 - 3367 3276 - - - - 1806 2014 - 2615
B - - - - 928 - 1135 1386 - - - - 1183 1043 - 1070
¢ - - - - 53757 - «3%571  .5E54 - - - - 6550 5178 -~ ,4092
25 A - 3844 - - 2100 - 1257% 2079 1901 - 2214 - - 2269 - 2506
B - 866 - - 757 - 414 1117 704 - 1011 - - 995 - 956
G - .225% . - . 3606 - . 5293 5372 3702 - 45773 - - L4376 - . 3813
26 A 94 - 768 2014 - - 717 5055 - - 913 - T 770 2659 3480 887
B ,“m@ - 1067 970 - - 205 2771 -, - 761 - 668 1148 1804 754
c 2.0103 ~  1.3350 ,4812 - - -2853 14691 - - .8320 - 8653 4314 .5186 8502
27 A - - - 2602 - - - 5608 5500 4916 7132 - 4009 5817 - 4372
B - ~ - 1065 - - - 1524 1336 1204 1570 - 1551 1752 -~ 1458
c - - - L4064 - - - .2717 .2520  .2449 2200 - .3868  .3176 - ,%335
28 4 1708 - 3717 3373 3214 1770 +283 3842 5711 1322 2600 2025 2211 2808 6046 2973
B 1229 - 1757 1536 1465 1379 1759 1597 1110 1140 1632 1614 1315 17%3 2213 1398
o c . 7191 - L4727 L4553 4557 L7791 JAT06 4417 .mmmo 8622 L6275 L7971 .5946 .4551 .3670.4702
29 A - - - 3470 4474 - 9108 5123 - - 9911 - - 9275 2739 11388
B -~ - - 1380 1123 - 2107 155% - - 2155 - - 2643 951 2341
Y - - - 3978 . 2509 - «231% L3031 - - . 2174 - - Vo849 3467 .2055
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APPENDIX VI-1 (Ccomeladed)
Value Added Per Worker, Wages Per Wurker ev* Wages Share, By Industry and Region, 1962 {ouwyaladadsy.

’

Indu- Andhra- Assam Bihar Guja- "Kerala Madhya- Madras Bahara- Mysore %ﬁpmmm Punj2b Raja- Uttar West Telhi Oth-
stry Pradesh rat Pradesh shtra b sthan Tradesh Bengal ers
No. ' : .
T 2 2 Z 5 £ 7 8 3 70 17 i 13 T 15 16 77
31 A 5763 - 4340 10175 9581 - 4345 14514 8916 - 2204 - 6122  720% - 9268
B. 1528 - 2021 - 1740 2619 - 0+ 1098 2517 829 R b V'Y 1005 1678 = 1892
G «2259 - L4655 L1710 2733 - » 2527 T34 .0929 - L5201 - 1614 ,2330  _ - . 2041
328 A 5014 - 5364 3286 1730 4679 6048 9191 1879 - 1236 4426 1343 2008 1913 5186
P s 1533 - 1229 950 850 1306 1378 1435 898 - 1057 734 886 903 938 1439
¢ . 3057 - L3652 .2908 L4913 2791 L2277 L1561 L4780 - L8517 | J16RA LG567 L4490 L4900 L2773
34 A - - 9879 2130 - - 2971 4798 2730 1093 2504 - 1860 4920 431 bu32
B - - %321% 1156 - - 1091 2044 1162 763 1245 - 1007 1738 982 1476
C - - L3952 5428 - - L3671 L4250 L4258 46983 L4971 - (5417 L3633 ,4039 L2446
35 A - - 3066 1820 4516 - 3916 4615 - - 3041 - 244% 4525 1990 3043
3 - - 620 977 1050 - 1451 1047 - - 1741 - 1200 1780 1044 1139
C - - L2021 L5370 .4321 - L3782 .4002 - - L5727 - L4910 L3934 L5247 ,3747
36 A - 5143 2069 3137 3169 - 3469 4915 7344 1687 27599 - 1774 5046 2150  453%8
B - 1819  16%% 1095 983 - 1497 1902 1725 1417 1378 - 1092 1821 1597 1855
c - .35%8 L5517 .3492 L3119 - 4316 V3865 L2348 L8402 ,4923 - L6156 L3609 7429 ,4087
37 . 3090 2176 - - 4256 - 3759 6235 - - 4211 - 5361 6016 3254 4401
B 795 1826 - - 159¢ - 1459 1851 - - 1077 - © 1312 1497 100% 1773
c L2569 L7391 - - LEI52 - 23301 L2544 - - L2554 - 23903 L2986 L3030 .4028
38 A 2093 2921 9762 1839 1693 1293 5473 5217 10475 1987 2217 2081 2204 4438 2563 3933
B 1539 1272 1160 1408 1424 1215 1939 2212 1569 1418 1372 1400 1353 1931 1467 1937
c ST351 L4703 L6583 L7655 L2414 L9433 L3543 L4240 L1497 L7121 L6216 LT0BE L6136 L4350 .5712 .4919
ER - - - 1248 799 - 1791 3552 - - 1675 - 1417 3928 - 5656
B - ~ - 427 535 - 1009 1345 - - 1499 - 884 1473 - 1576
%2 - - - 23422 L6693 - -5632 L3785 - - .3209 - L6P34 0 ,3749 0 - L4298
A = Value added per worker; B = VWages per worker; ¢ = ¥Weges* share in value addel.

Source® Calculated on the basis of data provided in Annual Survey of Industries,1962.



APPENDIX VI-2

Derivation and Properties of the CES Production

Function 3

Let the production function be @
V=7 (a,b)
where V = output, & and b inpuis.
Assuming conétant returns to scale,

vV = a f(b/a)
£, = £ (b/a)- 2 £ (b/a) = £(x) - x £'(x)

mathematical note of Chapter X.).

£y, = £'(v/a) = £'(x) (putting b/a = x)
£,,= - £''(b/a) b/a®

The elasticity of substitution is defined as ¢

(see also

£ f
6 = 722 (see R.G.D. Allen, Mathematical Analysis for

ab’  poonomists, 1960, p.343)

- {e(x)-x £ (x} £'(x)

-f"(x).% Y

o £(x) {e(x)-x £ (x)}
-~V {x) X.¥y ’

(x =1)

(i) Under competitive market s

i

f, = w = wage rate (a= labour input)

ice. £, =w= f(x) - x £'(x)
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aw _ ax dx _ ax
BRI e S AR C N - fr(x) T

1 =~x f'1(x) %%

ax _ax |y
Now, 3w = dy ° dw

- dx 4y
1=-x f''(x) i * aw
fre d, .
= - EETCE%El 5% Since y = f(x)
gl: ¥
ax £ (x)
. __£'&
dw X £''(x)
dy w__ L (x)w
Tdw T (x)xy
o) o) - x el L
- -f"(x)xy
. _ 4y sdw _ dlogy
LeCe € y / w d log w
or d logy = ¢d logw
. logy = é'iog w + log A

i

§
.y = AW where y = output per worker

|

w = wages per worker.

(ii) If €= 1 (Cobb-Douglas)

Then logy = log A + log w

- log A = leg w - log ¥y
. log I log ( X))
Jy
-1 aw

= % =+ Glabour's share.)

1o
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ice. 21- =  ( of Cobb-Douglas)

and property share = 1 - sz =

o 1 ,
and 5 T (in CES)

(iii) I1If€%*+1 ( e.g. CES)

log A +6log w

I

Then log y

]

log A + 6 log {f(x) - x f‘(x_)i

A ) - x £ ()

.y =
§
=4 fy -x &4
1/, %
Ly g &

- Aﬁ/{ (y~x %% )

1 -
.y/{A1A’=y~x%§

. d 1 -1
. .xa%=y-—y/(A /(

— -1 -—
dy e ) (g Ty
dx X X

- 1
If we put A k=°< and — -1 =

R P+
dy . y(=-<y) _ y-y' "«
Then s = =

Put u ==--;5-==y—/a i.e. y =u~14ﬂ
y

T e e 11
P



ey =~(Px"/o +L )

u=Fx-’p+o<

¥y = pxl 4
...1//)

il

o<

{F(b/a)~/o+ ocg'“v’o

vV = agﬁ (b/a) * s 4}4/’0

e A {?(b/a)‘ + °<§

= aa/op “b.?a/o +o(a-f

B b7 v¢a™f

il

dy _ _u < u
' dx X X
dy _ d du
Now, 3% = '&% ax
M R R -
X =-—/.: u dx
F+1
1 -(7-3
_6._113u$"//° u el
dx 1 (&
-XFU /o1 . .
(H=) -5 L=
u"1/f’/° ué‘-w(u F . P.u I
-X
=/"u—¢</d _ = Alu-=)
-X X
du _ -Pax
u=-o4 X
. [du - f——/’dx
o ju-el X
log (u~«d) = - Plog x + log
u -d = Fx”’a

142
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_.1/
LV = (‘bb”’o+ < a~) (aa(CES prod. f2 in its simple )
"t form

(iv) PuttingoGg’:X'f ?\fng

te. P= SYPF

and d\:Y‘-CF
LSy’
= (O-%)

Yo
Then V -—&wﬁ;t’w (\- S) §

- {4 (s r 19)E0) a
= (Y’F) /f %'SL +(l-—§) axlo_{ /f
= vis Kl 4 0-F) NENG

where ¥ = efficiency parameter
2 = distribution paremeter

and 2 = substitution parsmeter.

(v) To introduce the degree of scale @

. _po. =Y
= y{,\’f(glé"oa- (\»S)oi”a)} I {Y(/\P) Ao:Y)‘}

waere | = degree of scale.
p oy
Thus,v—zYigk » (-5) &0 v,
- -2y /f
M= v (Aa,a) = ¥ {3 (Ab) " (8) (A«)f}

=y %SAFLP ¥ (1—5);\ = i

-y [Affs6"r o—‘o‘)a’oﬂ
% -0 ~S)d %‘3/)/
'3\’(1\ {S\: + (1

_u
L Py iswt s 08)< "
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It is homogeneous of o:rder v : V=1 indiecates constant

returns to scale; U>»1, increasing réturns to scale; and

¥ <1, decreasing returns to scale.

(vi) Derivation of & given the CES production function :
-,
v = Y{8EC+ (1-5) <y r

v,
=Y (8.\?‘64-315‘&) 7 (putting 3=8%, and -$=9%, )

.. logV = logY'——‘;’; log (X,b"oa—&.‘f‘a)

Ll w =S
Vo9 r ) S,B‘o +$1.°‘-:f
R Y b”(é"L') vV =v(§5, s;f+s,_£.f)"%
)% | /
-5
j ;‘;’,——-.(r\\gﬂa‘,_o:f)/’k
= WS, ‘D“(P‘H) Q.!-.)f/l" - -
.\ -0 -
(,V;-) A, - g\gf_\_ 8o
W -~
b= oyl %,

i

\)’81Y~F/"- EC‘F‘H) V(\+I’/U) > o

i

Similarly £, = yS,y /& Z(P+) |, (1+%)

> o
'and £ S r+1
R T 3 (v/a)

{ f= marginal noke o8 substilution |

Now 6 = ?'/b d(b/a) =

d(b/a) R
dR  ° b/a
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< ] S y £+
y + = ==(Db
d(b/a) ' _S__‘_(b/a)f R g‘( a)
%;(P+3)(b/a)f.d(b/a) b/a .'.dR= %:(f+1)

- (b/a)p.a(b/g
1

S———

£+1




