CHAPTER 1I

COLOR HYDRODYNAMIC EQUATIONS

In order to to describe the evolution of QGP we need either
kinetic theory or hydrodynamié theory. Classical and quantum, kinetic
theories for QGP have already been formulated! Also the equations of
classical hydrodynamics have been obtained by taking appropriate
moments of the classical kinetic equationsz. As the classical kinetic
theory forms the basis of our discussion of the hydrodynamic equations
a brief introduction to the basic kinetic equations will be given in
section 2.1, and the color hydrodynamics (CHD) equations will be
obtained from them by taking the appropriate moments. These equations,
for a cold collisionless plasma, were first written by Kajantie and
Montonenzfrom the equation of motion of a classical colored
particle3by using heuristic arguments. Finally in the last section
2.2, a critical discussion of the derived color hydrodynamic (CHD)
equations will be presented.

2.1 KINETIC EQUATIONS AND DERIVATION OF THE HYDRODYNAMICAL
EQUATIONS FOR A CLASSICAL QUARK PLASMA :
There are two approaches that have been used to set up the

classical kinetic equations:

(1) In the first one, the single particle phase space is
augmented by including color degree of freedom for quarks.
Further, the single particle distribution function is an

invariant under the local gauge transformations. As a
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consequence of the augmented phase space, the kinetic equation
contains a dnft term in the color space, in addition to a

drift term in momentum space.

(1) In the second one, quantum transport equations are used to
arrive at the classical kinetic equation for the single
particle distribution function. The phase space in this case
is not augmented, but the distribution function is a 2x2
matrix in the color (SU(2)) space. The distribution function
transforms covariantly under local gauge transformations. The
kinetic equation for such a distribution function has a close

similarity with the Vlasov equation for a Coulomb plasma’

In this chapter, we consider both kinds of kinetic equations
to obtain the CHD equations. It ought to be mentioned that the CHD
equations are derived in cold collisionless approximation i.e. by
dropping collision terms from the kinetic equations and considering
the distribution functions as a product of delta functions in the
momentum (and also in color space). it will be shown that the
resulting CHD equations are the same for both the kinetic equations.
However, in the presence of collisions the form of CHD equations may
depend upon the nature of the collision terms( see Mrowczynski in
Ref.8).

A plasma may be called "cold" if the thermal motion of its
particles is negligible This requires a specification of some
reference quantity with respect to which the thermal motion may be

neglected. The usual way4 1s to compare mean thermal velocity V.. of
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plasma particles with the phase velocity Vq) of the linear plasma
waves. Thus, for a cold plasma V 0= w/k >> V. where @ is the frequency
and k the wave vector of the wave. This comparison is valid only for
weakly non-linear wavcs‘.‘

One can understand the cold plasma approximation in physical terms
as follows. Usually, in hydrodynamics, one introduces a length L and a
time T which characterize distance and time over which plasma
quantities can change significantly. For fluid description we consider
length scale associated with fluid element AV, satisfying (AV)U 3«
L. But (A\/)l/3 >> lc where }‘c is the mean free path. This implies
that particles in AV will have to undergo several collisions to leave
the volume AV. Therefore the fluid element can persist for several
time >> 1/v where v is the collision frequency. In general each fluid
element will have a random velocity @ and a flow velocity component U.
If U is the same for all particles (if the fields acting on them are
the same) and U >> @ then the concept of the fluid element is
meaningful. This is quite unlike a neutral gas where there is no long
"range self-consistent field, which can ‘hold’ the fluid elements
together 1n the cold collsionless limit and therefore in that case
hydrodynamics would be mc:aninglcf:ss‘.1

Let us first consider the kinetic equation with color scalar
distribution function. Starting from the the equations of motion for a
classical colored particle in external color fields, Heinz has
obtained the equation for the single particle (antiparticle)
distribution function f(x,p,Q) (f(x,p,Q)). In the absence of collision

terms, they can be written as,
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H b ~C 2 _
P [6 +8Q, Fuv p DB A, Q aQ]f(x,p,Q) =0 (2.1b)

where, gQa is the triplet color charge (a = 1,2,3 for SU(2) group) and

€abe is completely antisymmen:ic Levy-Civita tensor. Aﬁ

potentials with the Lorentz indices p (= 0,1,2,3) and color indices a

is the gauge

(=1,23 for SU(2). FrVis the field tensor of the gauge fields defined
as

v _ HV v
Fa = aAa aAa"'gEabc

The first two terms on r.h.s. of Egs. (2.1) are very similar to

TR
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electrodynamic plasma kinetic (Vlasov-Boltzmann) equation. The third
term gives drift in color space due to the color charge exchange
between the fields and particles and it is a characteristic of
non-abelian nature of the quark plasma. It should be noted that the
second and the third terms on the rhs. of Egs. (2.1) take into
account the mean field generated by all the plasma particles.

It is interesting to note that characteristics equations of
Eq.(2.1) give the equations of motion of a classical color particle

moving in an external color fields, given by
mt Mo = gQ, FRVE@E (22)

and

Q, = & £y LD A EmIQ, (2.3)

where T denotes the proper time and dot denotes the derivative with
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respect to it

Eq. (2.2) is the "Lorentz force" equation for the colored
particle. Eq. (2.3) describes evolution of the color charge Qa' The
equation shows that unlike electric charge the color charge Qa can be

exchanged with the gauge field potential A . Moreover, Eq. (2.3)

conserves QaQa (summation over a is impli::i) so that it describes
rotation of Qa in the color spalce. It ought to be mentioned that Egs.
(2.2)-(2.3) were obtained from the QCD Lagrangian, by writing down
Heisenberg’s equation of motion for a colored particle in an external
color field and then replacing the operators by the C—membcrs3
(expectation values).

For a self-consistent ‘theory, the dynamics of color fields Ag'

should be generated by the currents in the Yang-Mills field equations

o FHY oy AP RNV -, 1) '

poa abc "M ¢ 24)

where the color current J:(x) can be obtained by integrating the
distribution function (Eq.(2.1)) over the phase space measure defined

as dpdQ with

dp =2 O[po] S[pz-moz) d4p/ [27:113] (2.5a)

4Q = 8(Q'Q, - ¢} 4Q; dQ, g, (2.5b)

dp and dQ are invariant measures for momentum space and SU(2) color

2

space respectively. The condition 2 G[po}ﬁ[p -moz] selects particles
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with the positive energy on mass-shell. The condition S{QaQa -qz}
preserves the bilinear-Casimir invariant in SU(2) color space. Color

currents can then be defined as a Lorentz four vector

In  the the collisionless plasma approximation Egs.(2.1-2.6),
together with gauge fixing conditions, form a closed set of equations
which can provide a classical self consistent description of the quark
plasma.

One can write, using Eq.(2.5), four current as

e = ” M Q [fxp.Q) - Txp.Q) d°pdQ @n
m
0

where d3p = (271{-1{)3 dpldpzdp3.

In the cold plasma approximationsthe distribution  function
is

3 3 .
fxp.Q) = 000 T 8(Qu 0] Bprhinn) @)

where Q a is an component of the color field and f)'i is in component
of the "momentum field" . The momentum field is related to the
velocity field U(x,t) by the relation 5i = moU(x,t) where m is the
rest mass of the particle. Here we have assumed that the mean field
velocity does not have any color label. This assumption is necessary
to obtain the CHD equations of Kajantie and Montonen. However, without

this assumption hydrodynamic equations can be formulated, but the
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equations are too comphicated to study. Next we define moments of

f(x,p,Q). A colorless four flux is defined as

NH = ” pHf(x,p.Q) dpdQ (2.9)

and a colored four flux is defined by Eq.(2.6)

In the "cold plasma" approximation these will become

NH = n(x,t) U1 (2.10)

M= Q,(x.0 n(x,0) UM(x,t) (2.11)

To obtain moment equations for the colorless flux we

integrate Eq. (2.1a) over p and Q:

o [[[pH10ep.QapaQ] [ [Q F], P o) fixpQapaQ
-8 [eancP"Aup Q° 8Gf(x.p.Q)dpdQ = 0 (2.12)

One can show that, :
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Q, Fiyy ? anf = ap[Qa Fuvpf]

and

u C.a o .a M c
Eabe P Ay & 8t 8 Q[Eabc A ,Q f]

£
7

The integrals, in Eq. (2.12), containing these terms will
vanish if the volume integrals in momentum and color space are
converted to surface ones and if one assumes that as |p[,|Q] » e, f »

0. Then using Eq. (2.10), we obtain
9 [nv“] =0 (2.13)

This is a continuity equation for colorless flux and can be
identified as baryon number (of the quark-fluid) conservation, in the
absence of pair production or annihilation. However, a relativistic
treatment of the fluid in general does require the inclusion of pair
creaion and annihilaton The neglect of such effects may justified
on the physical situations being examined, e.g.,, when one considers
phenomena whose time scale is much shorter than annihilation and
creation rate of quarks then we can safely neglect these processes.

In order to get a differential equation for the color flux
(or color currents) we multiply equation (2.1a) by Qd and integrate

over p and Q, i.e.
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2y |[[Pegfeep @ dpaq] - & [[ 04Q, F, ey fxp.Q) dpdQ

8 [[ Qgeape PMApQ°8) fxP.Q) dqdQ = 0 2.14)

One also has the equation
K as _ .a ! i u c
Qufabe P Aup Aaf = 3g [Qdeabcp Aub ch] 8 ¢€abcP ApQf

As we have already argued the total divergence term in momentum or
in color space will vanish. Thus we obtain, (if one uses Eq.

(2.13))
H - W
o, T, = -gey VAL T, (2.15)

This equation describes precession of the color fluid charge in color

space.

To determine the dynamics of UMb, multiply Eq. (2.1a) by

pa and integrate over p and Q. Thus, -

8, mpap“ f( x,p,Q)dde] -g[[p%Q,Fj e fxp.QdpdQ -
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[ P pePA R 00 fxp.Q) dpdQ = 0
This can be written as
Ky ac i o
ap{monUU ] +gQaFu Un=0

Setting o = v and using Eq. (2.'13) we get

uMs UY =

" I%-. Q, Fﬁ" yt (2.16)
[¢]

Egs. (2.13), (2.15) and (2.16) form a closed set of momentum equations
which describe the hydrodynamics of the classical quark plasma.
However, it can be shown, in general, that when the

distribution function f(x,p,Q) is separable in p and Q i.e.

f(x,p.,Q = h(x,Q) F(x,p) 2.17)

then Egs. (2.13), (2.15) and (2.16) can be obtained by the moments of
Eq. (2.1a). In this case the macroscopic “color charge" Qa is defined

as,

£Qh(x,Q) |
Q = AR Qag @19

Before, we study Egs. (2.13), (2.15) and (2.16) further, a

derivation of these equation from the matrix kinetic equation will be
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discussed.

For simplicity we consider spinless quarks of one flavor
only. The quark (antiquark) distribution function f(x,p)(f(x,p)) is a
2x2 matrix (for SU(2)) in color space and transforms covariantly under

the local SU(2) gauge transformations i.e.

f(x,p) = UK) fx,p) U (x) (2.19)

where U(x) is a local gauge transformation matrix. f and T satisfy the
following transport equations in the collisionless case (see S.

Mrowczynski in Ref. 2)

Paufte) + iAo, foxp)] - 3 Hap{F 0} = 0 @200

. 1 v
o Fee) + ig[Alco, fep)] - 3 pFop{F 000} = 0 2200

where {,} denotes an anticommutator and [,] denotes a commutator.

It should be mentioned that these equations are obtained as

6 of the original quantum transport cquationl.

the semi classical limit
f(x,p) is a matrix whose trace is non-zero. A

F

" are gauge potential and

- avAp. + ig [Au’Av] are the chromo field tensors whose

traces are zero. Eqs. (2.20) transform gauge covariantly under the

e = Opfy

SU(2) local gauge transformation.
However, Egs. (2.1) and (2.20) are not quite independent.
The difference between f(x,p,Q) and f(x,p) is that f(x,p,Q) is a

function of the continuous color wvariable Qa(a:1,2,3 for SU@))
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whereas f(x,p) has a finite number of color components. We define

color components of f(x,p) as,

fo = tr f(x,p) (2.21a)

and .

f o=t [xaf(x,p)] (2.21b)
where }\a (a=1,2,3 for SU(2)) are the generators of the SU(2)
group. Then we can write ‘f(x,p) as

f(xp) = £, I+ £, Ay (2.22)

If we substitute these into Eq. (2.20a) we obtain

puaufo -g ', a;f =0 (2.23a)
and
TP W CoolEd Ve _
p aufa £€ahcP Aubf gp Fuv apf0 =0 (2.23b)

One can obtain Egs. (2.23) from Eq. (2.1a) if the color moments of the

distribution function in Eq. (2.1a) are taken as shown below.
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f = Jf(x,p,Q)dQ (2.24a)
f, = anf(x,p,Q)dQ (2.24b)

fab = [QQf(xp.QQ (2.24¢)

and other higher color moments can be defined quite similarly. Taking

corresponding moments of Eq. (2.}a)7, we get

K = optt Vv
p auf o(x,p) = gp va(x) apfa(x,p) (2.25a)

H

PHofe - EeaneP Al = gpu'FEV(x) o fap (2.25b)

Egs. (2.25) represent an infinite hierarchy of color moments of
the distribution function. From the view point of QCD, one may expect
that only color singlet and triplet (Eqs. (2.23a-b)) distribution
functions to play a role in the phase space evolution of the system.
The hierarchy, however, has all the higher color moments of the
distnbution  function f(x,p,Q). In quantum theory also a similar
hierarchy can arise, but one can truncate it by using color algebra of
ka-mam‘ces. The classical analog of such truncation condition is (Qa

> % ka)_]. We impose it classically (by hand) so that
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f ab(x,p) =9 ab fo(x,p) (2.26)

As a result, Eq. (2.25b) will become

K ; H = onHEd v
p aufa €41 P Aub fc = gp Fuv(x) ap f0 (2.27)

Thus, Egs. (2.25a) and (2.25b) are the same as Egs. (2.23a) and
(2.23b). In the cold plasma approximation the distribution function

(Eq. 2.8) will give

<Q, Q> = 8, (2.28)

After this long digression we return to the question of taking
moments of Eq. (2.20a). In the "cold plasma” approximation we can

write,

3
fp) = pou) 11 [prfyx0) (2.29)

where p(x,t) is 2x2 matrix in color space and f)i(x,t) are momentum
fields and p, are single particle momentum components and 'p'i are
assumed not to have any color label. This assumption is the same as
the one we have made in the case of color scalar distribution

function. We then define the following moments
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0 W
NH = ff(x,p)p dP/m_
using Eq.(2.29)
NH = p(x.t) UMx,0) (2.30)

and

o' = [pp"texp) dp
O

using Eq.(2.29)
oH = m pxHUHx.) UMD (2.31)

Taking cérresponding moments of Eq. (2.20a) we have

a N 4 ig [A

uj _
X N ] =0 (2.32)

B

and

8, 0" + ig [Au, e“"] -8 {FK,N“} =0 (2.33)

Next we expand p in terms of A-matrices,

px,) =nl+ n, A,
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=n(l + Q1) (2.34)
where

Qa =n_/n 2.35)

Thus we have, n = u(p(x,t)) and nQa = n'[lap(x,t)]. If we use
decompositions (2.30) and (2.31) then the moment equations (2.32) and

(2.33) will give us

au(nUu) =0 (2.36)
UMs Q = ge, 0 gt A, b (2.37)
m U”au u¥ = gQ, Fa" yh (2.38)
and
Mo ypV av i _
Qa m U BMU -g Fu U =0 (2.39)

By using Eq. (2.38) and the condition (2.28) we can
demonstrate that Eq. (2.39) is actually an identity.  Conditions like
(2.39) can also arise when one takes moments like eg" = ,rQapupv

f(x,p,Q)dp dQ of Eq. (2 la). Egs. (2.36)-(2.38) form a closed set of
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equations describing hydrodynamics of classical quark plasma and which
are the same as Egs. (2.13), (215) and (2.16). We will call them,

hereafter, equations of Chromohydrodynamics (CHD).

2.2 Chromohydrodynamic Equations : In the previous section we have
shown that two differnt kinetic lequations can give the same set of CHD
equations 1n the cold collisionless approximation so that Egs.
(2.37)-(2.39) are obtained for the quark distribution function. A
similar set of equations can be obtained for the antiparticles with Q
> -Q. Thus we give an extra label A to all the fluid variables i.c.
Ny Ui and Q Aa = I Aa’ ‘Label A, in general, denotes a ’specie’ in the
plasma. For example A could denote quarks of different flavors or

antiquarks. The four velocity is usually defined as

A (2.40)

where V A is three velocity vector of the specie A and Vi =V A.V A

denotes the scalar product of the 3 wvelocity vector. Under this
substitution and identifying n A/]l~V AZ > Ny i.e. density in laboratory

frame equations (2.36)-(2.38) can be written as:

8 —
N V.[nAVA] =0 (2.41)

) g a X pa a
(_.+v .V]VA-m ]x-vAZ Iy, (E + VX BLY,(V, E )](2.42)
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5 ~ 0
{51 +V A.v}x Aa = Eap [Ab-v A.Ab]l AC (2.43)

where m A is the rest mass of the specie A. E* and B? are a"
components of color electric and magnetic field three vectors

respectively and their components are defined below:
i_pgio oi _ 1 ik ik
E = Fa , Ba =-5€" F (2.44)

where 1j (= 1,2,3) are three space components and euk the
Levi-Civita tensor. CHD equations in this form were first obtained
using heuristic arguments by Kajantie and Momonen?‘. The color current

generated by the particles is then
o -
J,=8 ; 14,000 na (0,0 (2.45a)
I, = g); Ly, (0D 0DV, (x,0) (2.45b)

This current will act as a source term on right hand side of SU(2)

Yang-Mills equations

IAY Hy _ (Vv
8, Fh + g AFe =13 (2.46)
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Egs. (2.40)-(2.45) form a self-consistent set of CHD and
Yang-Mills equations for the QCD in cold-collisionless limit. In order
to  determine the effect of gauge-transformations on  Egs.
(2.41)-(2.43), we need to know gauge transformation properties of the
variables n A’V A and I Aa’ It is well-known in gauge theory that under

the ’local’ gauge transformations

Id

_ ol o el
AH =1 (x)ApU(x) ilfg U 6uU(x) (2.47)

where AH = Ag Xa, and a summation over a is implied.

We see that the left hand side of Eq. (2.46) transforms
covariantly. Since n A and V A do not have any color label, they are
invariant under the transformations (2.47). The color charge vector
Ly however, transforms covariantly under these transformations i.e.
I, » UL,U\. This can be deduced from Egs. (2.45) and (2.46), since
the that left hand side of Eq. (2.46) transforms covariantly.
Therefore, the four wvector current density must have the same
transformation property due to the requirement of covariance of the
equation of motion (Eq. (2.46)). In view of these arguments, Eqgs.
(2.41) and (2.42) are gauge invariant whereas Eq. (2.43) transforms
gauge covariantly.

It should, however, be mentioned that Egs. (2.41)-(2.43) are

incomplete in the following sense:

1. Since gluons do interact among themselves they would get
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thermalized among themselves and also with the quarks. Hence
there ought to be a set of equations to describe the
hydrodynamic evolution of the thermal gluons. The contribution
of such gluons is not considered in the present work. This is
because to date no hydrodynamical theory of thermal gluons has
been worked out. One of the difficulties may be in determining
the nature of the collision term in the corresponding kinetic

equation.

2. The effects due to the spin degree of freedom of quarks are
neglected. The spin degree of freedom comes naturally in the
quantal formalism of " the kinetic theory. To understand the
structure of quantum theory it may be useful to have a
classical theory which includes spin. The spin degree can be
neglected when the kinetic energy of quark is greater than the
spin  magnetic interaction amongst them in the Dirac

Hamiltonian (see H.Th. Elze et. al., in Ref. 1).

3. In the derivation of the moment equation we have made the
"cold plasma” approximation. This corresponds to a very
idealized situation, where the thermal, or random energies are
small enough for the pressure and heat tensors to be
neglected. The exhaustive treatment of the hydrodynamics at

finite temperature can be found in a beautiful paper by Hcinz‘?

We should note, however, that the earlier treatments of

hydrodynamics for the QGP discussed so far, assumes a particular model
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for the collision terms, in order to have local thermodynamic
equiibnum The resuling hydrodynamics depends on the form of
collision terms i.e. no unique hydrodynamics is available due to a
lack of informa_ation about these collision termss. In our view all
these hydrodynamic equations should have the same cold-collisionless
limit.

After considering ali these limitations, we should mention
that Egs. (2.41)-(2.43) clearly show how the color of the particles is
being exchanged with the field and vice versa. They are simple enough
to study the nonlinear non-abelian phenomena.

This completes our discussion of CHD equations and in the

subsequent chapters they ‘will be applied to study various nonlinear

physical situations.
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