Chapter 3

Tests of Some Aspects of
Spectral Averaging Theory in
Large Shell Model Spaces for
State, Spin-Cutoff and
Occupancy Densities

3.1 Introduction

Extensions of the CLT results given in Chapter 2 to indefinitely large shell
model spaces, enlarge the scope of spectral averaging theory as this will enable
one to address problems in statistical nuclear physics, 1.e. calculation of level
densities and spin-cutoff factors, construction of strength functions of various
kinds etc. However in doing so one faces two serious problems — as French and
Kota [Fr-83b] state: “A problem of form, however, arises, with spectral averaging,
from the initial restriction of the s.p. spectrum to a finite set of s.p. states. This
leads to the level density as a superposition of configuration densities valid only for

a restricted part of the spectrum. The consequence is that one loses contact with
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the essentially combinatorial NIP form. Moreover, as we extend the s.p. spectrum
in order to proceed to higher energies we encounter a problem of substance, namely
that the variances of all the configuration distributions increase indefiritely; this, on
the face of it, generates ever larger orbital admixings and spreadings, destroying the
shell model stability. We shall dispose of both of these problems.” The problem of
form is cured by employing unitary group decompositions of the hamiltonian
(and other operators) from the beginning together with the use of a moment
method for constructing NIP densities. The problem of substance is cured by
introducing the so called s - quantum number to catalog configurations so that
distant configurations can be identified and the admixing among them are then
treated separately or ignored. With this one has the subject of SAT-LSS and
as stated in Chapter 1, the present thesis undertakes to study some aspects of
SAT-LSS and apply the theory to problems of interest in nuclear physics and

nuclear astrophysics.

3.1.1 S - decomposition

Starting with the decomposition of m-particle spaces into unitary and spherical
configurations given by (2.43), a further decomposition is possible by attaching
a 84 label to each spherical orbit @ where s, for lighter nuclei denotes shw exci-
tation value; for heavy nuclei the definition of s has to be somewhat modified.
The purpose of the s quantum number is to catalog distant configurations.
Fig. 3.1 gives an example. Given s” values for the spherical orbits «, one can
define the unitary orbits o such that all the spherical orbits with the same
s" values belong to a (in Fig. 3.1, the unitary orbits o’ do not satisfy this
criterion). Then the corresponding unitary configurations [m] define uniquely

the S-subspaces of the m-particle space. With this, the m-particle space can
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Figure 3.1

Classification of (ds, fp,ge/2) spherical orbits in pn case in terms of unitary
orbits and the corresponding s labels. The parity and all other quantum
numbers for the orbits are shown. For example 1ds/, implies n = 0, £ = 2,
7 = 5/2 and the major oscillator number N = 2n + £ = 2 and similarly
2pyy2 correspond ton =1,£ =1, j = 1/2, N = 3 etc. Given the s™ quantum
numbers for the spherical orbits, the largest possible unitary orbits correspond
to a in the figure. The unitary orbits «’ are finer than a. For the pn case

shown in the figure, the conventions defined in Sect. 3.1.4 are followed.
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be decomposed into S-subspaces as follows:
m-—57; §*— Lm}; [m] - T m; 5 =3 msq (3.1)

A similar decomposition of the hamiltonian H = h(1) + V(2) is possible.
The NIP hamiltonian h = €, nq, by definition is S - preserving. The interac-
tion V can be decomposed into a part (Vs_pre,) that preserves S and a part
(Vs—miz) that mixes different S-subspaces. For example with the s.p. spec-
trum shown in Fig. 3.1, the V) ; matrix elements that belong to Vs_pre; are
V:ii Jadajads 291 27 Vd‘: A Vf': PR 0 and those belong to Y./S*m;x
are Vd‘: jadagatugafase? Vi j2dajafrpapage €5C With the S - decomposition of the m-
particle space, there is a similar decomposition for the state densities (also for
other densities as mentioned in Sect. 2.4); I™(E) = L5 I™®(E) and the mo-
ments M, (S) of I°(E) are [Lpmjes d([m])] Z[mles((H”)){m}. It is important
to recognize that the fixed-S variance 0*(S) = 0*(S — S) + Lszs 0*(S — 5')
just as in (2.46, 2.47). The partial variance o*(§ — S’), which is due to Vs_miz,
represents admixing between distant configurations (at least 2w away from
each other) and this leads to multimodal forms for densities unlike the uni-
modal forms given by the CLT results in Sect. 2.3. A schematic model to
understand the origin of the multimodal forms was introduced in [Fr-83b, Fr-
84] and tests of some of the results of this model are given in Appendix A.
Therefore in large shell model spaces either one should derive a method for
incorporating the o(S — §’) partial variance corrections (i.e. Vg_m,; effects)
to the CLT results given in Sect. 2.3 or to the extent they are not harmful,
just ignore them. The later is what is done in the remainder of the thesis and
we will return to the former in Chapter 7. Thus by ignoring the Vs_yn,, part

of the interaction H — h(1)}+ Vs_,.es = h+V and in the thesis, from now on-

wards V stands for Vs_pres unless otherwise specified. Thus H is S preserving
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and I(E) decomposes into non-interacting partial I™*(E) densities,

e = S SE) =Y Y 1)

s S [mjes
-1

IS o My(S) = [ > d([m])} Y. d(m)M(m])  (3.2)

[m]es lmjes
Before going further, three points are worth mentioning and they are: (i) un-
like the case with unitary configurations [m] which are defined by a group as
described in Sect. 2.5, the s quantum number is not defined by a group and
hence direct trace propagation for calculating M,(S) is not possible. How-
ever, as described in Sect. 2.6 M,([m]) given in (3.2) can be calculated using
trace propagation equations; (ii) the Vs_prs in general admixes different uni-
tary configurations [m) belonging to a given § and this admixing must be
included while constructing the ™™ densities appearing in (3.2); (iii) Eq.
(3.2) extends directly to the case of expectation value densities. With the S
- decomposition of the densities, we are in a position to describe the convolu-
tion results for state, spin-cutoff and occupancy densities in large shell model
spaces. In the following section the state density results are described in some

detail and only the final results for the last two densities are given.

3.1.2 Convolution form for state densities

In the absence of interactions, H = h will produce spikes corresponding to each
N

spherical configuration m at energies Y €,m, with degeneracy [] m
o

Now, under spherical configuration group decomposition, V(= Vs_,re,) splits
into two parts, V = V19 + V as given in Sect. 2.5.2; h — Al under spherical
configurations. When the interction V is turned on, the spikes will shift (due

to V%) and spread and admix (due to V). Leaving aside V, the VI part only

61



moves the NIP spikes without spreading or admixing. The nature of the mo-
tion due to V1 is understood by decomposing V% with respect to the unitary
configuration group that defines the S quantum number. Then VI decom-
poses into three parts as given by (2.58): (i) a scalar VI ; (ii) an effective
one-body part VIO and (jii) an irreducible two-body part VP2, Similarly
R decomposes into h%® and AU, The VIOl 4 VIO part of VIO just
renormalizes the s.p. spectrum produced by & = A% and the renormalization
is a simple function, as given explicitly by (2.58), of the unitary configuration

2] part will produce motion of NIP spikes

one is dealing with. However the V%I
that are not NIP type. Thus, to the extent that one can ig;lore the VIO part
of VI one has H = h + V with h (= AT 4 Rl 4 y0N0 ¢ YOIy ang
V being orthogonal to each other ((3.13) ahead gives an example). Now the

normalized density p(F) for fixed-S can be written as

P(E) = (§(H - E))™ = (6(h+V — E))™

= [d(m)]™! gd(m)w(h +V-E)*

CLT for

—
each m
subspace

[d(m)]™! £ d(m){e(m) + V — E)™

= [d(m)]"' ¥ d(m) / (h — 2)™(V + 2 — E)®dz

= [dm)]* T 1™ @ g™ (E]
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spreading variances

- -1 h,m v,m
produced by V are d (m){%[ } ® pg™ [E]

independent of m
=" @ py [E) (3.3)

= I"(E) = 1™ @pg °[E]
S

- { & o,

S \[m]es

oy & oy(m) = {(v2m}”

-1 1/2
pg” & ov(S) = [{ > d({ml)} {Z d([m])(V”){m]} (3.4)

fmjes mles
The first two equations in (3.3) just define p™(E) taking into account that
VIO part is negligible. The third equality follows easily from (2.44). The
fourth equality in (3.3) follows from the fact that h and V are orthogonal to
each other and in the CLT limit the pP*V™(E) will be a Gaussian with all
the moments defined in terms of the centroid (h + V)™ = (h)™ = ¢(m) and
variance {(h+ V)™ = (h?)™ 4 (V)™ which are additive with no cross term
between h and V; thus the CLT result given in (2.28) is applied locally. Then
the local convolution form given by the fifth and sixth equalities is immediate.
The seventh equality follows from the assumption of constancy of fixed-m
variances. This leads to the result that I is a convolution of the NIP density
I® with the spreading Gaussian produced by V (m each S-subspace). Now
carrying (3.3) over each S-subspace, one has the final convolution result given
by (3.4); note that the S-subspaces are non-interacting. An additional fact,

not mentioned before but is used in (3.3) is the feature of constancy of fixed-m
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widths. This is a well known result in SAT ([Pa-78, Wo-86] give examples)
and in [Fr-83b, Fr-89a, Fr-94] it is explicitly verified that the spreading widths
for m’s that belong to fixed-S subspaces fluctuate very little from each other
(the fluctuation is < 3%) and its origin lies in an ensemble representation of
V [Fr-89a, Fr-94]. Table 3.1 gives the average fixed-S spreading widths ov
((3.4) gives the definition of oy (S)) in various parts of the periodic table. The
results show that the widths are ~ 6 — 8 MeV for lighter nuclei (A < 60) and
~ 2 MeV for rare earth and actinide nuclei; the numbers are obtained using

(2.71).

The convolution result given by (3.3) and (3.4) tacitly assumes that the
internal structure of V does not play any role in generating smoothed state
densities. All it does is to produce a scale which is the average spreading
variance. If this is so, then all realistic interactions (in a given shell) should
be highly correlated. This led us to calculate (v, v, for various ds-shell
interactions. The results are given in the Table 3.2. As can be seen from
Table 3.2, except for BARE-G and MSDI interactions, which are exceptional
(BARE-G has no renormalization and MSDI is phenomenological), rest of the
intearctions are highly correlated. The mass dependent UNIV-SD and BONN-
J interactions are somewhat different from the rest of the interactions (PW,
CW, KB, KLS-R, VY, K+12FP). Thus the results in the table indirectly justify
the assumption that V produces a constant spreading width. This conclusion
which is based on correlation coeflicients, is consistent with the recent claim
of Zucker and collaborators [Ab-91] who argued that as long as V% is taken
care of properly, the saturation properties of nuclei can be described by any

realistic interaction.
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Table 3.1 Spreading widths oy (in MeV) for state densities in various parts of the
periodic table. Given also in the table are also the centroid shifts ey, 72 (in MeV)
and spreading widths oy, 2 (in MeV) for spin-cutoff densities.

Space | Interaction (m,,,mn,S')f Ov evaz | ovre
{(ds) | KUO-67 (2:4,0) 6.687 | —0.644 | 6.146
(4,4,0) 8.442 | —0.837 | 7.800
(6,6,0) 9.570 | —0.942 | 8.840
UNIV-SD* (2,4,0) 6.701 | —0.681 | 6.171
(4,4,0) 8.242 | —0.861 | 7.627
(6,6,0) 8.923 | —0.921 | 8.254

(fp) MWH2* (3,7,0) 5.905 | —0.213 | 5.582
(6,10,0) 7.846 | —0.315 | 7.435
(10,10,0) | 8.565 | —0.344 | 8.136
FPM13™ (3,7,0) 5.725 | —0.282 | 5.419
(6,10,0) 7.309 | —0.391 | 6.928
(10,10,0) | 7.788 | —0.417 | 7.399

(ds, fp) | KUO-7* (4,4,0) 7.567 | —1.077 | 6.993
(4,4,1) 8.624 | —1.107 | 8.212
(4,4,2) 9.318 | —0.995 | 8.993
(6,6,0) 8.560 | —1.222 | 7.933
(6,6,1) 10.107 | —1.219 | 9.583
(6,6,2) 11.325 | —1.253 | 10.866
(8,8,0) 7.567 | —1.007 | 6.993
(8,8,1) 9.606 | —1.134 | 9.006
(8,8,2) 11.318 | —1.237 | 10.809

#1 SDI (10,10,0) | 2.005 | 0.043 | 1.946
(16,17,0) | 2.071 | 0.030 | 2.013
P+ QQ” | (10,10,0) 2.079 | 0.068 | 2.016
(16,17,0) | 2.022 | 0.072 | 1.965

#2 SDI* | (10,16,0) | 1.835 | 0.038 | 1.790
(11,19,0) | 1.905 | 0.040 | 1.861
P+ Q.Q¥ | (10,16,0) 1.594 | 0.054 | 1.553
(11,19,0) | 1.640 | 0.058 | 1.598

[Ku-67); ¥[Wi-84]; *[Mc-70}; “*[Ri-91]; *[Ku-71]; ** Appendix B
#1 (2d5/21hy11722d3/335172)™ & (Lhgyy1isas23paa2fs/23p172)™";
#2 (1h9/21i13/22f7/2)m’ ® (299/21]'15,21:'11/23d5/2)mﬂ; 1‘ see Table 3 3.
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Table 3.2 Correlation coefficients between V part of different ds-shell interactions

interaction (vi-v, interaction (vy-Vy
#1 #2 #1 #2
BARE-G KB* 0.88 CW KLS-R 0.98
pPwit 0.87 VY 0.97
CwWiv 0.89 UNIV-SD 0.94
KLS-R? 0.86 BONN-J 0.94
vVYY 0.84 MSDI 0.81
UNIV-SDv# 0.87 K-+12FP 0.98
BONN-Jvi 0.85 KLS-R VY 0.98
MSDI® 0.73 UNIV-SD 0.98
K + 12FP° 0.87 BONN-J 0.98
KB PW 0.99 MSDI 0.80
CwW 0.98 K +12FP 0.97
KLS-R 0.99 VY UNIV-SD 0.93
VY 0.97 BONN-J 0.93
UNIV-SD 0.92 MSDI 0.80
BONN-J 0.92 K + 12FP 0.96
MSDI 0.81 [ UNIV-SD BONN-J 0.96
K+12FP 0.98 MSDI 0.81
PW CwW 0.99 K+12FP - 0.92
KLS-R 0.98 BONN-J MSDI 0.92
VY 0.97 K+12FP 0.92
UNIV-SD 0.92 MSDI K+12FP 0.81
BONN-J 0.92
MSDI 0.81
K+12FP 0.98

All the calculations are carried out in five (;m,,,m,) spaces. The V parts of various inter-
actions are obtained using (2.56, 2.57). The correlation coefficient (Vl ~V, is defined by

(v, V., = (V1 Vg)memn [{{V15)memn (Vo T)memn}/2 apd all the traces are calculated

using (2.71). The values of (m,, m,) are not shown in the table as ¢ is found to be essentially
independent of (m,, m,).

i[ds-shell part of bare G-matrix elements of Hamada - Johnston potential obtained with
hw = 12.5 MeV [Ku-65]} ; **[the 3p — 1k renormalized interaction from Hamada - Johnston
potential with hw = 12.5 MeV [Ku-65]] ; **[Pr-72] ; **[Va-77] ; *[Ka-69] ; **[Va-77] ; v**[Wi-

84] ; »#[3i-92] ; #[Br-77] ; *[Ha-71).
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3.1.3 Convolution forms for spin-cutoff and occupancy
densities

The convolution form (given by 3.3, 3.4) for state densities extended to spin-

cutoff and occupancy densities I 5% (E) and I (E) respectively [Fr-89b, Fr-94],

I{(E) = ((K§(H - E)™

Zlhs prSIE); K =J% or n,

_ gy
i (x) = (K&((‘;)m,s)) ;

ev.k(S) = {Z d([m))(KV)m } { d([m lml}
(mjes

[mjes

Prig(E) & ovk(S) = H 2 ml) I{V2>Im]}/{
[m]es

]1/2

d([m)){K) ml}

[m] €S

y —{evi($)Y
(3.5)

The K - centroids ev.x(S) (in fact centroid shifts with respect to the pg
centroid ey = (V) = 0) and widths ov.x(S) define the pr.s(E) spreading
Gaussian densities. One can rewrite (3.5) in a slightly different form by using

the unitary configurations [m] from the beginning,

IXE) = ;{[Z I""““(E}

mjes

8

= Z{{Z h‘“’@p}"m’[E}},

o™ y) = (K6(V — y))eml (5
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1/2

Viml { eva(im)) = (KV)ml/(K)
- ovae(m]) = [(KVA)E/CH)R ~ {evise(im)]

(3.6)

The form given in (3.6) for I} is employed in Chapter 4 for reasons that are
explained there. Modifications of the results given in (3.5, 3.6) in the cases
(K)™ = 0 is straightforward. For the occupancy densities i = n, it is easily
seen that the centroid shifts ev.,, are zero and in addition the widths ov.,, are
very close to oy; (2.72) enables one to calculate oy, ([m]) and oy, (S). For
the spin-cutoff densities I 52 (E), the centroid shifts ey ;2 -are not zero and they
can be calculated using (2.71). Similarly the spin-cutofl spreading variances
can be calculated using (2.71 - 2.73). Table 3.1 gives the average fixed-S spin-
cutoff centroid shifts ev.;2 and spreading widths ov.;2. One striking result
that follows from Table 3.1 is that the spin-cutoff variances are consistently
smaller than the state density variances and the difference is ~ 10%. This

result is used in Chapter 4.

3.1.4 Moment methods and convolution forms for NIP
state, spin-cutoff and occupancy densities

In order to apply (3.3) - (3.6), it is essential to have good methods for con-
structing NIP densities /*(E) and their S - decompositions; methods for cal-
culating the centroids and variances of the spreading functions are already
given. In principle one can construct NIP densities exactly by using spherical
orbits and spherical configurations, i.e. by employing the well known direct
counting method [Hi-69]. However this method suffers from several problems:

(i) the method becomes very slow with increasing number of spherical orbits,
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typically, say the number of orbits > 6; (ii) the method will not yield infor-
mation about the underlying structures that generate the NIP densities; (iii)
it will not give any explanation to the connection between the CLT Gaussian
form and Bethe’s exponential ezpv/aFE form for the densities. Moment meth-
ods (based on calculating the moments of the distributions and then using
Edgeworth expansion (2.8)) cure these problems and enables one to construct
the NIP densities rapidly and produce smoothed forms for the densities. The
moment methods are easy to apply since NIP densities defined over a par-
ticular unitary configuration can be written as a multiple convolution of the
densities defined over each unitary orbit. From now onwards, in this section,

without loss of generality, & = h.

With the decomposition (3.1) of the spectroscopic space, the NIP state
density I*(E) and its decompositions are (assuming that there are L unitary

orbits) [Fr-89a, Fr-94],

"™ (E) = ((6(h — E))™ = d(m)(8(h — E)™ = 3 ({6(h — E)))!™

[m]

_ {Zzhv{mm

{m]

= ):{ > 1"’{"‘](1‘3)} =>_I"(E) (3.7)
[mjes S

N

h
I"(E) = [ @ INg Qe ® If:,i [E] (3.8)

In deriving (3.8), the following decomposition of the NIP hamiltonian is used:

h=Y eng = Z ho = Z ha = Z { z ha}. The first four central moments
p» a

a \aceX
M, of single unitary orbit densities kag can be obtained using (2.63, 2.64,

2.67). The convolution form in (3.8) implies that the cumulants of I*™ are

sum of the cumulants of 11}:% Applying the CLT, the Edgeworth corrected
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Gaussian representation for I™I(E) can be constructed and hence I"5(E)
and I"™(E). Egs. (3.7, 3.8) extend to the more complicated expectation value
densities I%(E). For example the occupancy density and its decompositons

are [I'r-89b, Fr-94]

() = (a8 = B = St~ B = 120

_ z:{ 5 z::;,fmum} SRS (E) (9)
S \[m]es

() = Nana@],\,’g@) ..... ®IN ® ... ® INE [E] for € e (3.10)

In applying the convolution result (3.10) for orbit 7 € ¢, the suflix n, in the
R.H.S. of (3.10) should be attached to I;:,tt, ie. II,:;:_ - I;,‘;;nr and I,’:,g’na —
Iy ha The moments of I]}tyg.n (E) follow by the parametric differentiation of
the moments of I o (E) as given by (2.34). Thus once again applying CLT,
Edgeworth corrected Gaussian representation for I%f "" ml(F) can be constructed
and hence I%(E) and I»™(E). Extension of (3.9) to JZ operator is immedi-
ate,

B = s - B =S = 5| £ )] o)

s

h[m (E) follow from the convolution result given in (3.8)

The moments of I,
with A — A+ Jz and carrying out double parametric differention of resulting
moments as given by (2.35). Alternatively noting that Jz = ¥, Jz{«) and
(J2) = T o(J%(c)), one can apply the convolution result (3.10) for J3(a) (in

place of n,) and this then will yield the moments of Ig‘;[m](E).
z
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3.1.5 Summary of convolution results and conventions
for pn systems

To summarize, in SAT-LSS as given by (3.3) - (3.6) the state, spin-cutoff and
occupancy densities are sum of partial non-interacting fixed-S densities with
density for each S taking a convolution form. Given H = h 4 V, the fixed-S
densities are convolution of NIP densities produced by h with the spreading
Gaussulan produced by V. The spreading Gaussians are determined by first
two moments viz. by centroids and variances. In addition the moment method
also allows to construct NIP densities as there are further convolution forms
for partial NIP densities as given by (3.7 - 3.11). Our purpose in this chapter
is to test (in a comprehensive manner) two important aspects of SAT-LSS and
they are: (i) establishing that VIl is small for intearctions all across the
periodic table; (ii) test of moment methods for constructing the NIP densities
and their S - decompositions. The results of these studies are given in Sects.
3.2 and 3.3 respectively. In the examples given in Sects 3.2 and 3.3 as well as in
Chapters 3 - 6 pn systems are dealt with or in other words the pn formalism
(but not the isospin formalism) is used. All the results given in Chapter 2
and in Sect. 3.1 apply directly to the pn case with the following conventions.
The conventions given below are used throughout the thesis unless otherwise

specified.

For pn systems, with protons and neutrons occupying spherical orbits «
with angular momentum j,, the following conventions are used. Let us assume
that there are k, number of proton orbits and k, number of neutron orbits.
Then the orbit label o takes values o = 1,2,.....,k, + k, with o = 1,2,...k,

being protron orbits a(p) and a = k, + 1, k, + 2,...k, + k, being neutron
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orbits a(n) as shown for example in Fig. 3.1. A pn configuration (mp, my)
= (m!, m%, .., mk, ml, m2, .. mk) then corresponds to the configuration m
= (my, My,...Mp k) With mq = m}, my =m?, ...,my, = mbr, my, 41 = my,
Mtz = My corey My = m¥n where mg(”) and m&( are proton and neutron
numbers in orbits a(p) and a(n) respectively and m, is number of particles in
the orbit a. Similarly defined are the SPE ¢, the orbit degeneracies N,, N,
Vo, Vi B etc. In the pn case, the eigenstates of h are given by the spherical
configurations m = (mp,my) with energies e(mp,my) = e¢(m) = Y m,e€,
and dimensionalities d(mp,my) = d(m) = I;[ jn\iz . Let us consider the
example of 4 protons and 6 neutrons in the space defined by the spherical orbits
1dssa, 25172, 1daa, 1f272, 2p3j2, 2p1y2, 1fs2. With the conventions defined
above, . =1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14 correspond to 1ds/z, 2512,
1d3/2, 1f7/2, 2173/2, 2171/2, 1f5/2, 1d5/2, 2-91/2, 1d3/2, 1f7/2, 2P3/2, 2P1/2 and 1fs/2
orbits respectively; the first seven orbits are for protons and the next seven
are for neutrons. The configuration (4,0,0,0,0,0,0,6,0,0,0,0,0,0) correspond to
(1ds/2)*(1ds/2)®" and similarly (3,0,1,0,0,0,0,4,0,0,2,0,0,0) correspond to
(1ds/2)% (1ds/2) P (1ds2) ™™ (1 fr2)* etc. Also Ny = 6,2, 4, 8, 4,2, 6, 6, 2, 4,
8, 4,2, 6 for a =1,2,3,....,14. Finally it should be added that for the case
of unitary orbits in pn case, the unitary orbits should be chosen such that
the spherical orbits belong to a unitary orbit are all either proton orbits or
neutron orbits; Fig. 3.1 and the footnotes to Table 3.3 ahead give examples.
In the example considered above, choosing ds and fp orbits to be unitary
orbits, @ = 1, 2, 3, 4 correspond to ds, fp, ds and fp with No = 12, 20, 12,
20 respectively; the first two orbits are for protons and the next two are for

neutrons. The unitary configuration [4,0,6,0] corresponds to (ds)*"(ds)®" and

similarly [3,1,4,2] corresponds to (ds)*(fp)'?(ds)**(fp)*" etc.
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3.2 Test of the smallness of VI part of var-
ious interactions

In this section, a large variety of nuclear hamiltonians (H = h(1l) + V(2))
are considered in spectroscopic spaces relevant for nuclei in various parts of
the periodic table (ds, fp, ds-fp, ds-fp-sdg etc.) and employing a norm
that defines sizes of operators (footnote #3 in Chapter 1), it is shown that
V92l the non-NIP like part of V% is indeed small in all cases considered.
Similar results are obtained in [Fr-83b, Fr-89a] by considering some limited
examples and the present exercise aims at completeness; results of this section
are first reported in [Ko-92b]. Given the one plus two-body hamiltonian H =
k(1) + V(2) defined by the SPE €, and TBME V. s, using (2.56, 2.57) the
decomposition H = {h(l) + Vfo}} + V is carried out with VI defined by
Vap matrix elements (2.50). As described in Sect. 3.1, H — h+V; k(1) +
VO — b= [AlO10) 4 OO 4[RO 4 O] provided V2! is neglected. The
decompositon of A(1) + V1% into unitary tensor parts follows from (2.58) with
the transcription £, — €4, Copg = Vap, Ea — €ar, Caﬂ — Vaﬂ’ D
and AN — o],

In order to establish that the V2 part of {h 4+ VI is small compared
to the {RIO 1 YOI} part ({AON0] 4 YIIO} part of h behaves as a scalar
(number) with respect to unitary configurations and hence this part need not
be considered in the calculation of norms), the unitary norm [Fr-72, Fr-83b]
which gives the measure of the size of an operator is employed. In the present
case, the fixed unitary configuration norm |O|gy; of an operator O (which do
not have [0] tensor part) is defined simply by |O|f; = (OTO)[”‘}; the unitary

configuration trace on the R.H.S. follows from the results given in Sect. 2.6.
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The explicit propagation equations for the squares of norms of A VI

ool = po - vl and VIO ace given by,

! h[om]!{?m] =3 mamg SN, {Egl}”
[4 4

Naa o
fojrai]® mame [ :
lV ’{m] % Naa ;Na{ca ([m])}
o _ yMama 1 ([m))}?
[, = T SN (e}
m, gm>
v _ 3 M[1+5 "ty (VOEOHZ])ZNM
! feo] a>B Naﬂa,ﬂ *h a€a ’
pep
(3.12)

It is essential to recognize that the different [1] tensor parts of h + VI are
orthogonal to each other with respect to the fixed-[m] norm defined above. In

general for one plus two-body operators A = Z.A{V] and B = B,
i Lg

(AB)M] (_A(O]B[Ox){m} + <A[1}B{1}){m} + (AIZJBIZ})UHL (3.13)

Applying (3.13), gives the important result that in k4 V19 — FPOI 4 y0l2]
VIR is orthogonal to HMM and therefore the smallness of V2! can be es-
tablished by comparing the norm of HIM 4 V12l with that of VIM2, Finally,

fixed-S norms are defined in terms of fixed-Jm] norms as follows,

|K|§ = LE}: d({m])} [{ };Sd((m})lfﬁ’ lfm]} (3.14)

where K = RUOIL | IOl fll] op yolz],

The unitary decomposition and calculation of norms are carried out for the

following cases and they span the entire periodic table:
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(é) The ds-shell interactions :

(a) Chung Wildenthal interaction (given in [Va-77]) (CW) with 7O
energies (—4.15, 0.93, —3.28) MeV for (1ds2, 1ds)2, 251/2) orbits.

(b) Preedom Wildenthal interaction [Pr-72] (PW) with O energies
(—4.15, 0.93, —3.28) MeV for (1ds/z, 1dsja, 2s1/2) orbits.

(c) Universal—sd interaction (UNIV-SD) of Wildenthal [Wi-84] where

the two-body matrix elements have A-dependence (18/A4)°3 and
the SPE are (—3.948, 1.647, —3.164) MeV for (1dssa, 1d3s2, 2s172)

orbits.

(d) Interaction (BONN-J) derived from Bonn-A potential by Jiang et
al [Ji-92]. The SPE are (0.000, 5.080, 0.870) MeV for (1ds/,, 1d3)2,
2517) orbits.

(e) Pairing plus quadrupole - quadrupole (P + Q.Q) interaction (given
in Appendix B) with 7O energies (—4.15, 0.93, —3.28) MeV for
(1dss2, 1d3/2, 2312) orbits.

(i) fp-shell interactions :

(a) The McGrory, Wildenthal and Halbert interaction as modified by
Sharma and Bhatt (MWH2) [Mc-70] with Ca energies (—8.364,
—6.264, ~1.864, —4.464) MeV for (1f72, 2p3/2, 1f5/2, 2p1/2) orbits.

(b) FPM13 interaction of Richter et al [Ri-91] where TBME have the
scale factor (42/A)%% and SPE are (—8.364, —6.333, —2.154, —4.407)
MeV for (1f7/2, 2p3/2, ].fs/g, 2})1/2) orbits.

(#1) (2p3s2y 1fs/2, 2Py, lgg/z) space interaction KBB which is a modified
version of the KUO interaction [Ku-69]; the SPE are (0.669¢, 0.%80, 1.080,
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3.000) MeV respectively.

(i) (Lfz72, 1fs/2, 2P32, 2P1/2, 1dsja, 1daja, 25172) space with Kuo interac-
tion KUO-T; the 7(ds — fp) - orbit part of the KUO-10 orbit interac-
tion defined in the 10-orbit (1f72, 1fs72, 2P3/25 2P1/25 1dsy2y 1d3pa, 25142,
1pas2, 1p1j2, 181/2) space [Ku-71]. The SPE (in MeV) are (9.380, 15.570,
11.400, 13.410, —4.150, 0.930, —3.280) respectively for the above seven
fp and ds orbits. They derive from the p-h spectrum of °0 as given in
[Sp-65]; see also the discussion following KUO-12 interaction.

(v) (1dss2, 28172, dsp2, 1f772, 2paja, 1fsj2, 2paj2, 19972, 2dsj2, 19772, 38172,
2d3/,) space with KUO interaction KUO-12; 12-orbit (ds, fp, sdg) part of
the KUO-15 orbit interaction defined in the 15-orbit (1sy/2, 1ps/2, 1p1/2,
1dss2, 25172, Ydasa, 1fr72, 2psse, 1fsi2, 2p1j2, 19972, 2dsj2, 1g772, 3s1/2,
2d3/5) space [Ku-71]. The SPE (in MeV) are (—4.150, —3.820, 0.930,
7.210, 9.230, 13.400, 11.240, 17.780, 22.460, 21.780, 23.780, 24.380). The
energies of the first 7-orbits derive from the energies of the p-h spectrum
of 1°0 as given in [Sp-65]. The go/; orbit is put 1 MeV above fs/, orbit,
(9772 — gos2) separation is chosen to be 4 MeV and the energies of
2ds/3, 35172 and 2dg;; orbits are chosen to be that of 1165y as given in
[Bo-85]. In addition the ds — fp separalion is increased by Ay MeV
and fp — sdg separation by Ay MeV where the origin and the values of

(A4, A;) are given in the footnote below .

!While dealing with ds-shell nuclei with KUO-10 orbit interaction and ds and fp-shell
nuclei with KUO-15 orbit interaction, for many purposes one can eliminate the closed (for
S = 0 configurations) s and p shells. However this introduces renormalization of the resulting
7 and 12 orbit interaction hamiltonians. The one of consequence in the present exercise is
the renormalization of h. Let us consider the 10 to 7 orbit reduction with s, p, ds and fp
defining the unitary orbits a = 1,2, 3 and 4 respectively (for both protons and neutrons).
By eliminating s and p orbits, one should take into account the ds — fp splitting produced
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(vi) Rare-earth nuclei with Surface Delta Interaction (SDI) and P 4 Q.Q
interaction; definitions of these interactions are given in Appendix B. The
SPE are from zero deformation Nilsson energies (Bo-75]. For example,
the SPE for the rare-earth nucleus }§° Eryo are (41.523, 42.194, 43.100,
44.554, 44.841) MeV and (48.475, 49.137, 49.910, 51.410, 51.778, 52.826)
MeV for (1g7/2, 2d5/2, 1h11/2, 2d3/2, 35172) proton orbits and (272, 1hg/2,
li13/2, 3p3/2, 2fs72, 3pis2) neutron orbits respectively. Formulas for the

strengths of SDI and P + Q.Q interactions are given in Appendix B.

(vif) Actinide nuclei with SDI and P + Q.Q interactions. The SPE are from
zero deformation Nilsson energies [Bo-75]. For example, the SPE for
the actinide nucleus 23°U, 4y are (42.745, 43.555, 43.786, 46.445, 47.023,
48.163) MeV and (48.825, 50.362, 50.445, 51.569, 52.601, 53.225, 53.667)
MeV for (1hoya, 1irapa, 2f7/2, 2f5/2, 2D372, 2p172) proton orbits and (2gg2,

by interactions of valence (ds, fp) particles with s'p'? core and also the single particle
splittings produced by this interaction Both these quantities follow easily [Fr-94] from Vg
and Vi, g by using (2.58). The ds — fp separation A is given by A = 2(Vq,4, — V1,3,) +
6(Vapa, — V2p3,) + 2(Vind, — V1a3,) + 6(V2,.4, — V2,3,). Similarly the s.p. energies

e,[all produced by the interaction of valence particles with sip!? core are given by A1) =

P eE,l]ng; eg} = 26%11'&(['13) + 66},1}"’(1’1’) + 265,1]” (pn) + Segll‘p(pn). With KUO -10 orbit

interaction A = 7.83 MeV and el = ~1.73, 3.31, —1.43, —0.55, 4.30, —4.01, —2.68 MeV’
for the orbits ds;2, daja, 5172, f172, fsr2, Paja, P1y2 respectively. Similarly by extending
the above results for the 15-orbit case give ds — fp separation Ay = 5.66 MeV and fp-
sdg separation Ay = 3.38 MeV. The 6}31] for (dss3, 5172, diy2) orbits are (—0.75, —1.35,
1.80) MeV, for (f7/2, pas2, fs72, pij2) orbits are (0.24, —3.25, 2.70, —2.59) MeV and for
(9972, dsy2, 9772, 5172, day2) orbits are (1.12, —3.45, 3.12, —3.77, —1.98) MeV. The SPE
produced by the interaction should be added to the primary energy which, in oscillator
shell n, should be (n + 3/2)hw/2. However the resulting SPE which become ¢, for 7 and
12-orbit interactions are not close to the 17O energies given in [Sp-65]. Therefore in the
present calculations these energies are replaced by 7O energies and the A’s produced by
the interaction. These then give the e[al} in Table 3.5 for KUO-T7 and KUO-12 interactions.
It is useful to note that the A’s play no role in the norms calculations presented in Table
3.6.
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11572, 14112, 3ds)2, 297/2, 45172, 3dsj2) neutron orbits respectively. lor-
mulas for the strengths of SDI and P + Q.Q interactions are given in
Appendix B.

Results of the unitary decompositions (carried out in pn spaces) are cata-
loged in Tables 3.3 - 3.5 and Figs. 3.2a - 3.2c. In Tables 3.3, 3.4 the SPE ¢n
and TBME V,, 3 respectively that shifts the location of unitary configurations
[m] (the unitary orbits are defined in the footnote of Table 3.3) are given.
Although they play no role in the present investigation (i.e. establishing that
V2 part is negligible), it is useful to point out that they contribute to the
backshifting of the state density. Table 3.5 gives the primary traceless SPE
1l and the renormalized (due to V(2)) energies (111 ; the later depend on [m]
and examples for some selected [m] are shown in the table. It is striking to
note that in almost all cases (exceptions being P + Q.Q interaction and in
other cases those with j = 1/2 orbit) the renormalized energies are obtained
essentially by shifting the primary energies, i.e. the elll and the induced en-
ergies given by £1([m]) are highly correlated. In Figs. 3.2a - 3.2¢, the Vp
matrix elements of V1% and VI are compared for the pp and pn parts of
various interactions (the results for SDI and P + Q.Q interactions are given

in Appendix B; here VB[Z} is negligible by definition). It is seen from the

figures that Vo{(gm fluctuates around zero and most strikingly VCE%}[Z] are seen

to follow closely V,g. Thus one can conclude that Vgg[zl are essentially zero
(hence VU2l can be neglected) in general. In order to quantify the above
observations, norms (3.12, 3.14) of various parts of h + V¥ are calculated and
the results are given in Table 3.6. It is seen from the last column of Table 3.6

that irrespective of the space and the interaction, in all the cases considered,

the error in the norm of the operator (AN VIO 4 yOI2)) is negligible 2%
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Table 3.3 The unitary orbit ¢, the number of states N in the unitary orbit a and
the mean single particle energy eq with respect to each unitary orbit are listed! .

Space Interaction | o | N | €a (MeV)
(ds)? CW 1] 12| 2312
PW 11 12 —-2.312

UNIV-SD | 1 12 ~1.952

BONN-J 11 12 1.838

(fp) MWH2 | 1] 20| -5.604
FPM13 11 20 —5.699

#1° KBB 1] 22 1.675
(ds,fp)® KUO-7 |1} 20 12.034
2] 12 —-2.312

(ds,fp,sdg)° | KUO-12 | 1| 12 | -2.312
21 20 9.874

3¢ 30 21.027

#2/ SDI* 1] 20 42.663
2 12 43.100

3] 30 50.038

41 14 49.910

P+QQ 1] 20 42.663

27 12 43.100

31 30 50.038

4 14 49.910

#39 SD1** 11 30 44.694
2114 43.555

31 42 51.070

41 16 50.362

P+QQ |1} 30 44.694

21 14 43.555

31 42 51.070

41 16 50.362
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Table 3.3 (cont’d)

F#1 (2p3s2 1sy2 2172 19072)
#2 (197/21 2‘15/2, 1’111/2, Zdalz, 351/g)m” @ (2f7/2, 1’29/21 1513/2, 3pasa, 2f5/2, 31’1/2)m“
#3 (Lhoya, Yiraya, 2f272, 2f572, 2P372, 20112)™7, (28072, Litssa, Virasa,s 3dssa, 29772, 45172,

%

3&3/2)""‘

The spherical orbits (1ds;s, 1ds;2, 25172), define the unitary orbit o = 1 with s = 0.
The proton and neutron unitary orbits are sarme.

The spherical orbits (1f7/a, 2pass, 1fs/2, 2p12) define the unitary orbit a = 1 with
s = 0. The proton and neutron unitary orbits are same.

The spherical orbits (2ps/a, 1572, 2p1/2, 199/2) define the unitary orbit a = 1 with
s = 0. The proton and neutron unitary orbits are same.

The spherical orbits (1f7/2, 1f572, 2pas2, 2p1/2) and (1ds;2, 1daja, 251/2) define the
unitary orbits @ = 1 and 2 with s = 0 and 1 respectively. The proton and neutron
unitary orbits are same.

The spherical orbits (ldslg, 231/2, 1d3/2), (1f7/g, 2p3/2, 1f5/2: 2])1/2) and (199/2,
2ds/2, 19772, 35172, 2d32) define the unitary orbits a = 1, 2 and 3 with s = 0, 1 and
2 respectively. The proton and neutron unitary orbits are same.

The spherical orbits (1g779, 2d5/2, 2d3/3, 35172), (1h1172) define & = 1, 2 for protons
and (2f7,3, lhosa, 3pssa, 2fs72, 3p1y2), (1iya/2) define a = 3,4 for neutrons. All
unitary orbits have s = 0.

The spherica.l orbits (lhglz, 2f7/g, 2f5/2, 2p3/2, 21)1/2), (1513/2) define o = 1, 2 for
protons and (299/2, 1i11/2) 3d5/2, 2g7/2, 451/2, 3d3/2), (1j15/2) define a = 3,4 for
neutrons. All unitary orbits have s = 0.

In this case, values are given for 158 Eryo. For other rare-earth nuclei the scale factor
41/A/3 should be used.

In this case, values are given for Z5°Uy147. For other actinide nuclei the scale factor
41/A'3 should be used.

t References for various interactions are given in the text.
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Table 8.4 The unitary orbits (a and B) indices, two particle unitary orbit
dimensionality IV, g and the Vg g that defines the VO for several 2-body

interactions (pp, nn and pn parts are given separately) in different spaces are

tabulated!.
pp nn pn
Space alpB Va 8 Vo B Vo B
Interaction Na,@ (MeV) Na@ (MeV) Naﬁ (MeV)
(ds)*
CwW 141 66 —0.144 | 66 —0.144 | 144 | —1.430
PW 1/1] 66 | —0.070| 66 | —0.070 | 144 | —1.407
UNIV-SD* 111 66 | —0308| 66 | —0.308| 144 | —1.775
BONN-J 111 66 | —0.347| 66 | —0.347 ) 144 | —1.519
(fp)°

MWH2 11} 190 | —0.005] 190 | —0.005| 400 | —0.637
FPM13* 1111} 190 | —0.106 | 190 | —0.106 | 400 | —0.720

#1°
KBB 1)1] 231 | 0.016 | 231 | 0.016 | 484 | 0.444

(ds,fp)?
KUO-Torbit | 11| 190 | —0.439 | 190 | —0.439 | 400 | —1.102
940 | —0.484 | 240 | —0.484 | 240 | —1.277
212| 66 | —0707| 66 | —0.707| 144 | —1.778

(ds,fp,sdg)*
KUOQO-12 orbit 66 ~0.514 | 66 —~0.514 | 144 | -1.307
240 | —0.353 | 240 | —0.353 | 240 | —0.949
360 | —0.269 | 360 | —0.269 | 360 | —0.688
190 | —0.323 ] 190 | —0.323 | 400 | —0.821
600 | —0.245 | 600 | —0.245| 600 | —0.638

435 | —0.226 | 435 | —0.226 ; 900 [ —0.558

Qo N DN = e e
[ L
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Table 3.4 (cont’d)

PP nn pn

Space alp Vaﬁ Vaﬂ Vaﬁ

Interaction Nog | (MeV) | Nog | (MeV) | Nog | (MeV)

#2}',***

P+QQ [ L|1] 19 | 0010 | — - - -
12| 240 | 0.000 | - —~ —~ -
22| 66 | 0008 | — —~ — —
3(3] - —~ | 435 | 0.016 | — —
314 — - | 420 | 0.000 | - -
414 - —~ 91 | 0.017 | - -
113] — - — — | 600 | 0.000
114] - - —~ —~ | 280 | 0.000
23| - —~ —~ — 360 | 0.000
214| - —~ - —~ 168 | 0.000

#3_(;,**»‘

P+QQ |1{1]| 435 | 0006 | - —~ —~ —
1|2 420 | 0006 | - —~ ~ -
2 (2] 91 | 0005 | — - ~ -
303 — ~ 861 | 0.009 | ~ —~
314] - ~ 672 | 0.000 | - —
414| - -~ 120 | 0.011 | - -
113] - — —~ — | 1200 | 0.000
114] - ~ —~ — | 480 | 0.000
23| - ~ — — 588 | 0.000
2 4] - ~ — — | 224 | 0.000

* The quantities are to be multiplied by (18/4)°3
#+x The quantities are to be multiplied by (42/4)° %

*% % The strength Gp, Gn, G, G, GS, define the P 4+ Q.Q interaction are given in the
P rp nn Pn

text. V, 3 for pn part of the interaction is zero {see Appendix B).

t See footnote of Table 3.3 for other details.

For SDI, analytical expressions for Vaﬂ are available (see Appendix B).
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Table 3.5 The unitary one-body part eg I of NIP hamiltonian h and the renormal-

ized single particle energies fg,l]({m]) (defined by (2.58)), for protons and neutrons,
that depend on unitary configurations are compared for each spherical orbit a in
different spaces for various interactions. The corresponding pn unitary orbit config-

urations [m,, m,] are also given’f.

Space
[myp] | Interaction | & e g;, ,[,1,1,
[m,,] (MeV) | (MeV) | (MeV)
(ds)® | UNIV-SD | 1 | —1.096 | —2.458 | —2.458
[4] 21 3.599 | 3.810 | 3.810
[4] 3| —-1.211 | -0.246 | —0.246
[6] 1] -199 | —2.691 | —2.691
[6] 21 3.599 3.991 3.991
3] —-1211 0.249 0.249
[6] BONN-J | 1| —-1.838 | ~2.730 | —2.730
[6] 2| 3.242 | 4425 | 4425
3| —0.968 | —0.660 | —0.660
(fp)* | MWH2 | 1] 3.740 | 4.2908 | 4.298
[10] 2| -2.760 | —3.016 | —3.016
[10] 3 | —0.660 | —0.950 | —0.950
4 1.140 1.072 1.672
FPM13 1| -2.665| ~2.821 | —2.821
[2] 2| -0.634 | —0.499 | ~0.499
[2] 31 3.545 | 3.642 | 3.642
4] 1.292 1.620 1.620
11-2665{ —-3.317 | —3.317
[8] 21 —0.634 | -0.002 | —-0.002
[8] 31 3545 | 3.938 | 3.938
41 1.292 | 1458 | 1.458
F#1° KBB 1] -1.675| —1.845 | ~1.845
[8] 21 -0.895 ] ~2.574 | —2.574
[8] 3| —0.595 | —0.775 | —0.775
47 1.325 2.437 2.437
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Table 3.5 (cont’d)

Space
(m,) Interaction | o* GL‘I} E}z ([}]:L
[m, ] (MeV) | (MeV) | (MeV)
(ds,fp)? KUO-7 1| ~1.838 7 —~2.039 | —-2.008
[40] 2 | 3.242 3.460 3.387
[22] 3 | —0.968 | -0.803 | —0.750
4 | —-2.664 | —3.231 | ~3.275
5 1 3.526 3.794 3.656
6 | —0.664 | —0.310 | -0.098
7 1.366 2.159 2.328
[51] 1 | —1.838 | —2.161 | —2.161
[51] 2 | 3.242 3.575 3.575
3 | —0.968 | —0.666 | —0.666
4 | -2.664 | -3.629 | ~3.629
51 3.526 3.856 3.856
6 | —0.664 | 0.074 0.074
7 1.366 2.803 2.803
(ds,fp,sdg)¢ | KUO-12 1| ~1.838 | —~2.060 | —2.060
2 | —0.968 | —0.645 | —0.645
3 3.242 3.413 3.413
4 | —2.664 | —3.341 | —3.341
5 | —0.664 | 0.048 0.048
[600] 6 | 3.526 3.596 3.596
[600] 7 1.366 2.480 2.480
8 | —3.247 | -3.824 | —-3.824
9 1.253 1.384 1.384
10| 0.753 1.393 1.393
11| 2.753 2.265 2.265
12 ] 3.353 3.564 3.564
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Table 3.5 (cont’d)

Space
[m,} Interaction | o* el ,[,1,1, E},
[m,] (MeV) | (MeV) | (MeV)
KUO-12 1 ] —1.838 | —2.407 | —2.437
2 | —0.968 | —0.102 | —0.075
3| 3242 | 3.662 | 3.693
4 | —2.664 | —4.296 | —4.304
5 | —0.664 | 1.000 0.875
[1242] 6 | 3.526 | 3.717 | 3.832
[12100] 7 1.366 4.032 3.970
8 | —3.247 | —5.100 | —5.007
9 | 1.253 | 1.963 | 1.685
10| 0.753 | 1.860 | 2.110
11| 2753 | 3.014 | 2.545
12} 3.353 | 4.580 | 4.498

For UNIV-SD, BONN-J interactions a = 1, 2 and 3 correspond to 1ds/,, 1dg/, and
25172 spherical orbits respectively.

For MWH2 interaction a = 1, 2, 3 and 4 correspond to 1fss3, 1f772, 2pas2 and 2pyy,
spherical orbits respectively; for FPM13 interaction « = 1, 2, 3 and 4 correspond to
1f272, 2paja, 1572 and 2py /s spherical orbits respectively.

For KBB interaction @ = 1, 2, 3 and 4 correspond to 2ps;2, 1f5/2, 2pi2 and lggy
spherical orbits respectively.

For KUO-7 orbit interaction @ = 1, 2, 3, 4, 5, 6 and 7 correspond to 1f7/5, 1f5/2,
2p3sa, 2p1y2, 1dsya, 1dsyy and 2sy )y, spherical orbits respectively.

For KUO-12 orbit interaction @ = 1, 2, 3,4, 5, 6,7, 8, 9, 10, 11 and 12 correspond
to 1dssg, 25173, 1dasa, 1fz2, 2p3y2, 1fsp2, 2P172: 19072, 2dssa, 19772, 3512 and 2d3),
spherical orbits respectively.

For other symbols in the table, see footnotes of Table 3.3.

Results for rare-earth and actinide nuclei with SDI and P + Q.Q interactions are

not shown as for SDI, the SPE renormalization is zero, i.e. EL” = eg} and the
renormalization is negligibly small for P + Q.Q interaction.
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Figure 3.2

(a) Vap matrix elements of V1% and VU2 vs (af) for various ds-shell inter-
actions. Results are shown for pp and pn parts of the interactions (note that
pp and nn parts are identical). The definition of the index o (and f) is given
in the footnote to Table 3.5. The V.5 and Vfg[zl are in MeV units. Text and
the footnotes to Tables 3.3, 3.5 give further details.

(b) Vs matrix elements of VI and VIU2l s (af) for various fp-shell inter-
actions. Results are shown for pp and pn parts of the interactions (note that
pp and nn parts are identical). The definition of the index « (and f) is given
in the footnote to Table 3.5. The V,4 and Vo[{%][zl are in MeV units. Text and
the footnotes to Tables 3.3, 3.5 give further details.

(c) Vap matrix elements of V¥ and VIl vs 8 for various o values for KUO-10
orbit interaction in (1 fr/2, 1572, 2P3/2, 2P1/2, 1dssa, 1dasa, 28172, 1p3sa, 1pije,
Lsy/2) space with spherical orbit indices o = 1,2,...., 10 respectively for protons
(and neutrons). Results are shown for pp and pn parts of the interactions (note
that pp and nn parts are identical). The V,z and VCE?IZ} are in MeV units. See
text and footnote to Tables 3.3, 3.5 for further details. The orbits (1f7/2, 1fsa,
2p3s2, 2p1/2), (1dsja, 1dssa, 25172), (1p3s2, 1p1y2) and (1sy/2) define the unitary
orbits o = 1, 2, 3 and 4 for protons (and neutrons). The V,z and ch[zl for
the KUO - 7 orbit interactions are same as that of KUO - 10 orbit interaction
with o, 8 € 1 fr72, 1f572, 2p3s2, 2P1/2, 1d5/§, 1d3/2, 28172 and therefore they can
be read off from the figure.
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Table 3.6 Norms (in MeV) of various tensor parts of h + VI%. Last column gives the

percentage error in the norm of H{O  vI9U2} when V2! s put to zero i,

Space | interaction | (m,,m,,,5) | [ROM] [ VO] T [P TV | Error
(ds)® PW (4,6,0) 5.75 455 | 10.01 1.66 1.37%
(8,8,0) 5.58 7.33 12.55 1.55 0.77%
UNIV-SD (4,6,0) 6.36 1.65 7.16 1.16 1.32%
(8,8,0) 6.17 2.51 7.50 1.02 | 0.93%
BONN-J (4,4,0) 5.58 1.42 6.94 1.43 2.13%
(6,8,0) 5.75 2.76 8.41 1.53 1.65%
P+ Q.Q (4,4,0) 5.58 0.58 5.50 0.43 0.30%
(4,6,0) 5.75 0.75 5.66 0.41 0.26%
(fp)? MWH2 (6,6,0) 8.12 0.63 8.72 1.24 1.01%
(10,10,0) | 8.86 1.20 9.99 1.49 1.11%
FPM13 (6,6,0) 7.79 1.23 8.74 1.21 0.96%
(10,10,0) | 8.50 2.18 | 10.21 1.38 0.92%
#1° KBB (4,6,0) 3.53 1.97 5.23 0.89 1.44%
(8,8,0) 4.08 3.78 7.43 1.21 1.32%
(ds, fp)* | KUO-7 (4,4,0) 5.58 0.56 6.04 1.66 3.78%
(4,4,2) 6.27 | 0.85 6.84 157 | 2.64%
(6,6,0) 592 | 0.94 6.72 1.88 | 3.91%
(6,6,2) 6.86 1.45 7.91 2.00 3.21%
(ds, fp, | KUO-12 (6,6,0) 5.92 0.58 6.31 1.39 0.69%
sdg)® (6,6,1) 6.43 | 0.82 6.91 1.43 2.15%
(6,6,2) 6.81 0.93 7.33 1.46 1.99%
(6,6,3) 7.10 0.98 7.65 1.48 1.87%
(6,6,4) 7.33 1.00 7.89 1.48 1.76%
(18,22,0) | 814 | 4.75 11.46 1.35 | 0.69%
(18,22,1) | 8.49 4.80 | 11.87 143 | 0.72%
(18,22,2) | 881 484 | 1225 | 1.51 0.76%
#27 SDI (14,10,0) 4.74 0.00 4.74 0.04 | ~ 0.00%
(22,24,0) | 4.94 0.00 4.94 0.04 |~ 0.00%
P+QQ | (14,10,0) | 4.74 0.14 4.87 0.09 0.02%
(24,250) | 4.80 0.27 5.04 0.09 0.02%
#39 SDI (8,16,0) 6.33 0.00 6.33 0.03 | ~0.00%
(10,21,0) | 6.77 | 0.00 6.77 0.03 | ~0.00%
P+QQ (8,16,0) 6.33 0.12 6.41 0.08 0.01%
(13,21,0) | 7.00 0.16 7.12 0.09 0.01%

i see footnotes of Table 3.3 and text for details
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or less when V192! is dropped; only in the case KUO-7 interaction in (ds, fp)

space, the error is ~ 3%.

In conclusion, it is clearly confirmed, by the results shown in Table 3.6,
that the V192! part of the interaction can be neglected irrespective of which
part of the periodic table one is dealing with, as seen from the results obtained
for variety of interactions that span the entire periodic table. Thus the gen-
erality of one of the important assumptions made in the level density theory
with interactions as given by (3.3), (3.4) is established. Finally it is worth
remarking that the negligible renormalization of SPE produced by SDI and P
+ Q.Q interactions and that the corresponding VI3 part is negligible show
that these phenomenological interactions built into them one of the important

requirements for the applicability of the level density theory with interactions.

3.3 Tests of moment methods for NIP state,
spin-cutoff and occupancy densities

In order to test, in large spaces, the moment theory given in Sect. 3.1.4 for
NIP state, spin-cutoff and occupancy densities and their S-decompositions, a
case of twelve protons (m, = 12) and twelve neutrons (m, = 12) in sixteen
spherical orbits is considered with Shw = 0 to 4hw excitations. The s.p. orbits
are (a = 1~16) 1sy/2, 1pasz, 1ps2, 1dss2, 28172, 1d3ja2, Lf/2, 2p3s2, 152, 2P1)2,
1go/2, 2ds/2, 19772, 381j2, 2dy/2, 1h11/2 and the corresponding SPE (in MeV)
are 0.0, 8.076, 12.206, 16.388, 20.596, 21.851, 24.752, 29.431, 31.208, 32.201,
33.116, 38.213, 40.383, 41.297, 42.238, 41.454 respectively. The SPE follow
from Seeger energies for neutrons; Ref. [Hi-69] gives the Seeger energies. The

spherical orbits are divided into eight unitary orbits (& = 1-8) and they are
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[Ls1/2]y [1pss2, 1p1sa), [1dssa, 25172, 1dapal, [Lfrpaly 12P372, 1fsp2s 2p1sal; (L9072l
[2d5/2, 19772, 3512, 2d3/2), and [1%41/2]. The corresponding s values and parities
(s(7)) are 0(+), 1(—), 2(+), 3(=), 3(—), 4(+), 4(+) and 5(—) respectively (in
the above choice, parity is uniquely defined for a given s and therefore parity
is dropped in the remaining part of this section; in principle one can take s =
4 for 1hyy/; orbit but then one has to decompose the space according to s and
7). Results for state, spin-cutoff and occupancy densities are given in Figs.
3.3a - 3.3f. In the figures the exact results are obtained by direct counting
method (i.e. by using spherical configurations (m,, m,)). Results shown in

Figs. 3.3a - 3.3f are first reported in [Ko-92a].

Comparison with direct counting results

The state densities and their decompositions are well described by the
moment methods as shown in Fig. 3.3a and they confirm that the earlier
‘results by Smith [Sm-87; also Ko-91] for identical particles (Smith dealt with
36 neutrons in 31 spherical orbits) extend to the realistic case with protons and
neutrons. As can be seen from Fig. 3.3a, the essentially Gaussian densities
for a given S add up to give exponential form (as in Bethe's Fermi gas theory;
Eq. (C.1) of Appendix C ahead) for the state densities and this has its origin
in the fact that at the energy where a given S-density peaks, the density for
a higher S (which is displaced with respect to the lower S density) dominates
and this continues. It should be mentioned that calculations for pn systems
without S-decomposititons (therefore they do not tell much about origin of
the exponential form of the state density) are given in [Ha-80]. Fig. 3.3b
shows that moment methods give good description of spin-cutoff densities and

their S-decompositions. The quality of agreement is similar to that of state
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Figure 3.3

(a) Comparison of exact counting results with moment theory for state densi-
ties I(E) and the corresponding S-decompositions I™5(E). The exact results
are averaged over 2 MeV bins. I(E) is in MeV ™! units and shown in the
figure is Log(I(E)) vs E. Text gives details regarding special orbits, s values,

unitary orbits etc.
(b) Same as Fig. 3.3a but for J2 - densities I’ (E) and JgéS(E).

(c) Same as Fig. 3.3a but for n, - densities I* (E) and I$(E); a = 1dsp

proton orbit. The results are same for 1dys/; neutron orbit.
(d) Same as Fig. 3.3c but for a = 1 f7/; proton orbit.

(e) Comparison of moment theory results with exact results (averaged over 2
MeV bins) for state densities (I(E)), spin-cutoff factors ({J%)¥) and occuap-
tion number (ny,)%. The (na)E results are given for proton orbits 1dss; and
1f772. The results are same for corresponding neutron orbits. Shown in the
figure are also the comparison of moment method results with fermi gas forms

(see text) for I(E) and (JZ)E.

(f) Comparison of fractional occupancies (for protons) n. (F) calculated using
moment theory with Fermi-Dirac form (3.16) for E =5, 21 and 41 MeV. The
SPE ¢, are given in the text for the orbits o used in the calculations. The

results are same for neutrons.
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densities. Here once again the total spin-cutoff densities have exponential
form. The centroids € (in MeV) of I?%S(E) densities are 264.2, 273.81, 283.35,
292.85 and 302.32 for S =0, 1, 2, 3 and 4 respectively. Thus each state density
is shifted by ~ 10 MeV from its neighbor and this explains the exponential
behavior of J2 - density as seen in Fig. 3.3b. The average (o (in MeV), 1,
~2) values for the unitary orbit configurations that belong to a given S are
(5.86, ~0.01, —0.13), (6.06, —0.01, —0.13), (6.22, —0.01, —0.12), (6.35, —0.01,
—0.12) and (6.46, —0.02, —0.12) for S = 0, 1, 2, 3 and 4 respectively. For
the state densities I5(E), v =~ —0.01, y2 ~ —0.13 while (¢, o) (in MeV)
take the values (264.71, 6.17), (274.17, 6.31), (283.63, 6.43), (293.08, 6.54)
and (302.52, 6.62) for S = 0, 1, 2, 3 and 4 respectively. The widths o for
I?%S(E) are consistently smaller than the widths for I*(E) and same is true
for centroids. The (71, 72) values given above confirm the action of CLT for
NIP state and spin-cutoff densities. The quality of agreements seen from J3-
density extends to occupancy densities and in Figs. 3.3c, 3.3d the results for
1ds/; and 1 f-,v/g.densities are shown. As an example, the centroids (in MeV)
of IMS(E) for 1ds/; orbit are 262.88, 272.34, 281.80, 291.25 and 300.68 for S
=0, 1, 2, 3 and 4 respectively. The centroids shift (~ 10 MeV) with respect
to S explains the exponential increase in I"5(E) with E. The average (o
(in MeV), v, v2) values for the unitary orbit configurations that belong to
a given S (for ds/; occupancy density) are (5.88, 0.0, —0.16), (6.03, —0.01,
—0.16), (6.16, —0.02, —0.16), (6.27, —0.03, —0.15) and (6.36, —0.03, —0.15)
for S =0, 1, 2, 3 and 4 respectively. In order to further test the results for JZ
and n, - densities, spin-cutoff factors and occupation numbers are calculated

as ratios of densities,

o3(E) = (J2)" = I’y (E)/1"(E)

100



(na)® = I (E)/T"(E) (3.15)

and the corresponding results are shown in Fig. 3.3e. One sees that moment
methods describe (J2)F and (n,)¥ in large spaces very well. The variation in
(J2)E and (n,)? with E can be understood by replacing the fixed-S densi-
ties by Gaussians and using the fact the (¢, o) values for I*5(E) densities are
smaller (the deviations are larger for 1ds/, densities) than the corresponding
values for Il°(E) densities; K = J% or n, with a = 1dsj,. Calculations for
(J2) and (n,)? for ‘nucleons’ are reported in [Ko-91] while in the present
exercise more realistic pn system is dealt with. It should be added that calcu-
lations for different (m,, m,) sets are carried out and also with different SPE
for protons and neutrons and the results are found to be similar to the results

shown in Figs. 3.3a - 3.3e.

Comparison with Fermi gas forms

It is important to understand how close the moment method results are
to the NIP forms as the later forms are widely used in literature in analyz-
ing data (Appendix C gives a summary of various Fermi gas forms). Re-
cently comparison of Fermi gas forms with exact results are given by Grimes
[Gr-88] and they are not of much use as the Fermi forms are not compared
with a theory that can be extended easily to the interacting particle case.
The same is true with the recursive method for calculating NIP state densi-
ties and spin-cutoff factors proposed by Jacquemin and Kataria [Ja-86] and
the Monte Carlo method proposed by Cerf [Ce-94]. For state densities of
pn systems, the back-shifted Fermi gas form [Hu-72; Eq. (C.1)] is given by
I(E) = (v7/12)exp{(2\/a(E — A))/(a"/*(E — A)¥*)}. In Fig. 3.3¢, the fit

of the back shifted Fermi gas form with the moment method results is shown
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and the deduced value of the level density parameter “a” and the back shift-
ing energy “A” are a = 3.75 MeV~' and A = —4.68 MeV. The Fermi
form fits very well upto 45 MeV and beyond that one has to enlarge the sin-
gle particle space to get good agreements. As it is well known in the Fermi
gas theory [Hu-72, Gi-65; Appendix C] the spin-cutoff factors take the form
oi(E) = (J3)¥ = kJ\/m where kj is taken to be a free parameter
(k; o< A*3). With the (a, A) values determined from the fit to state densi-
ties, the calculated (JZ)Z values are fitted to the above form and the results
are shown in Fig. 3.3e. The value of k; is determined to be 1.58. One sees
that the Fermi gas form shows departures at lower energies (£ < 10MeV),
as well as at higher energies (£ > 40MeV). Thus the Fermi gas form cannot
be used at lower energies and the discrepancy at higher energies is due to
the truncation of the single particle space to sixteen orbits. The parameters
(a, A, k;) obtained above are somewhat larger than the values commonly used

for real nuclei, i.e. a ~ A/8 to A/10 MeV~!, |A| =~ 2 MeV and k; =~ 0.1A%3,

From the calculated occupation numbers it is possible to deduce [Sm-87]
thermodynamic temperature (§(F)) and chemical potential (x(E)) by fitting

the fractional occupancies n. (E) to the Fermi-Dirac form,

< Ny, >E _ 1
(27a +1) 1+ exp[B(E){e — p(E)}]

nca(E) = (316)

At various energies E, the calculated occupation numbers (n,)¥ for the spher-
ical orbits o (with SPE ¢,) are fitted to (3.16) and the inverse temperature
B and the chemical potential i are deduced and the results are shown in Fig.
3.3 for F =5 MeV, 21 MeV and 41 MeV. One sees that occupancies have
excellent agreement with Fermi-Dirac form (3.16). With increase in energy as

normally one expects, the chemical potential decreases and temperature (§71)
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increases; (B(E), u(E)) are (in MeV™, MeV) (0.61, 17.13), (0.37, 16.66)
and (0.28, 16.05) for E = 5, 21 and 41 MeV respectively. The calculated
(B(E), u(E)) values are seen to follow closely the approximate Fermi gas ex-
pressions B(E) = A/VE and u(E)B(E) = A'+ B'VE; A, A and B’ are
free parameters 2. Thus it is seen that occupation numbers yield values for
thermodynamic temperature. Obviously its extension to the case with inter-
actions is of immense value (Smith [Sm-87] made some preliminary studies of
the same; however he did not give any large scale NIP example). Thus the
results given in Figs. 3.3a - 3.3f conclusively establish that one has a good
theory in moment methods for construcfing state, spin-cutoff and occupancy
densities, their S-decompositions and for calculating spin-cutoff factors and
occupation numbers in large spaces for NIP systems. The agreements shown
for S-decompositons of (J2)® and (n,)F densities are essential for applying

Egs. (3.3) - (3.6).

3.4 Summary

Two important tests of SAT-LSS are performed in a comprehensive manner
and they are described in Sects. 3.2 and 3.3. The test of smallness of V102
demonstrates that one of the conditions for validity of the convolution forms
given in (3.3 - 3.6) where the densities are expressed as a convolution of NIP
densities (due to h) with spreading Gaussians produced by V, is well satisfied
by nuclear effective interactions. The detailed tests of the moment methods for

NIP state, spin-cutoff and occupancy densities clearly show that the moment

2f = FtnI(E) and ppf = g;n%fn(I(E)), where m, = Y n? (E) is proton number.

The p,f is similarly defined. From the Fermi gas theory I(F) ~ AocB“‘/E. The form given

above for pg follows by taking g—ﬁ% and gg—% to be constants.
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methods are well suited, having the desired structures, for construcling the
NIP densities which are one of the convolution factors in the IP theory given
by (3.3 - 3.6). Further tests of SAT-LSS come from actual data analysis.
Towards this end, in the next chapter a systematic analysis of fp-shell level

densities and spin-cutoff factors data is carried out.

104



