Appendix I */
CERTAIN MATRIX THEOREMS

(A.141) If the elements of a matrix X:pd:ﬁ (n 3p) have
density function £(X), then XX' is symmetric (sy.) /

c«\ -

positive definite (p.é.). SO e

%
. -

i
4 s
- Ya

(4.1.2) If X:pxn is a matrix of rank t (ti{pg'n), then
XX' is sY. positive semi-definite (p.s.‘d'v.“)f and if t=p,
X' 1s sy. ped. ‘ [seo; @, (18),(83) )

(4.1.3) If A:pxp is a non- singular matrix such that its
leading prinei;pal minor of order k=14240¢0,4p is nonzero,

then '
,Aw—z, ,nl . l ktlyeeeyi=l,1t1,..0,0

i K“l,..o,ﬂ*l,é"’l,...n k'?‘éﬂ,‘;&otooooo.o.oooo,n
aij—. k:-"-O . Ak*'z,....,nl . Ak"‘lf..‘.;n ‘
k“'?.,....,n k{-l’oo.,n ,
+' I"{"l,-oo’i"l i‘*‘l,...,n‘ ‘ l‘*'l,oooanl
I”“l,...,.‘i—l,d"‘l,...,n r*‘l,..,,n ’
for 1>r, j>r and r=0 1,2,...,19. 3 [_See (1)]

(A 1.4)(a) If A:pxp is sy. Ded,, then A—‘l‘ T Where ts i>0

1+1,.............,p’/ i,...,pl l i1,000,p }

i,oo.,j*lgj l,coo,P i,...’P i 1,.00,?

for 1"1,2«,000, j & j 1,2,000,}3' Similarly A=T‘T Where t 70

5 3‘ s can be established.
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and the values of ¢
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then A,. =T 0! T'f‘r'-;l—' AlE B chian . Similarl
on 810731 Tty P 11’33 22”12 10 12 arly

[ d Y w..,“.:
if A = f, 0 1O e ME L ataa
| Ny T/ \ 1, T,)° o Ity 12A2212’

@ ,
-1 -1 R f )
TS “1'1‘3 =A12A23 & Aéig=%"3f|33 . [_See (79 80)]

Proof:= Proof of this result is given :l.n the references,
but a different proof based on (4.1.3) is indicated here.
(a)  In (A.1.3) s let r=i-1 and n=p & i“‘:‘*;3

, . -»?:
Hz,ooooo-oooo.oooc,pl k"l,-oo,p\ IAk*z,-'oo,fJY
tj Jikt1l ” Ak"'l,...,j-l,j‘*‘l,..,,;& Aickl,iaeyD Kt25400y
and since A is s¥. p.de, we have .
i i a .
= . 2 =TT
3y 5 kgl tye by, for Jzi, and so A 'TT,. where T is

a triangular matriz, 'tii)e, =0 for 3‘1 & ;é 0 for J =i,

31

In a similar manner, we can prove A-—T'T

(b) Under the given conditions, we have vaiously

ll 12-T1T2 and AZZ”TZT'z +T3‘1‘3 . Hence
- ~ -l ~
All 12 (T2T1 )'and '1‘31“3 = .é. Alell 1‘2. S:.milarly the otheri

part of (A.l.-ﬁb) can be proved.
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(A,1.5) If A is sy. p.s.d. of rank r, A={

~ r P"r
; r [ Tl o
and rank A,=r, then A= (T:‘L T‘) vhere:
‘ : Cper \ Ig) - ,
~ ..,1 . . 4 ; )

: This can also be proved from (A 1+3) noting that
all the principal minoz:s of order greater than « T are zero
and all the principal minors of order less than or equal to

T, are positive or zero with at least one of them as positive,

(A.l.@) (a) If Aspxp is a sy, mabtrix of rank r, then there
exists a semi—orthogonal matrix As pxr-(sl,... ,fr )p such

..‘ o ‘1
thatA=AD¢A'" Z’ o(iﬁ &i , AS= Z *1515 for any

s pos:Ltive :Lnteger and Dd.rxr is a diagonal matrix with

diagonal elements o(i s as “the nonzero roots of A

L [Beet)y(18) (83)] .
(b) tr A Z og_ i‘or any s 'positive integer and
A to be syi matrix, oc-'s nonzero roots of A.

. ' (c) If A 1s sy. peSeds, then nonzero ‘roots of A
~are a1l positive. [See (1) (18) (83)]

.,

(a31.7) zg.ifw:pxp & B:pxp are two sy. matrices of ranks r and
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s respectively and AB-BA"O, then there« exists a semi-
orthogonal matrix A: px(r+s) such that

0 0 0 '
=A )A' & B=Al A where Dy rxr & Dgs sxs
o/ o 7Dp R
'n q,uo T
are diagonal matrices, O(i s are the Troots ofy A & Pi s

tr_..mz, \"\ !

‘are the roots of B. L ,_\_}

Proof:= By (A.J..@a), we have A-A]_Ddﬁ & B-AszAz

where Al' pxr & Ag: pxs are two semi-orthogonal matrices,

sk

and since AB=0, we have AJ.D&A AZDPA =0 i.e. Al 270

=

g -3
Hence A=(By Oy):px(rts) 1s semi-orthogonal, and so

we can write A & B as given in (A.1.7).

(4,1.,8) If A:pxn is a matrix of rank r and ‘ 11=1,2,,4.
«»T are. the nonzero roots of AA', then there existd |
two semi—orthogonal matrices A:pxr and Z:nxr such that

A= ADO\Z' where I 1is a diagonal matrix. «

Proof.- By (A.l.z) A&* 1s sy.p.s.d. of rank T and so by
(A.l.oc) there exists a sem:.-orthogonal matrix Aspxr such

is semi—-orthogonal and AlA—O i.e. A'A-'o 'y

*\,‘ 5
-

Also (D A‘A)(D¢ A'A)'-I i.e. D‘*A'A""Z,'(say)
: rxn 1s semi-orthogonal amd 50 A'A-D sz' el

mwi
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Hence (O Al)" A=(y 0)'x' and so A; At .

(4.1.9) If A:inxn & Binxn are SYe mat;x}ii"é'ég, and L:pxn

and M: pxn are any two matrices such that AB=0, LB=MA=0

and FM' =0, then there ec sgs a semi-oré:ho,g,onal matrix A:
nx (t+u) such that A= o 0)}_\',‘ =A(O )A' L=(T 0) A:

and M=(0 W)A' where C:txt and E:uxu arex two sy.matnces,
T:pxt and Uspxu are two ‘matrices, 1:-ra.nk (A L') and
-u= rank (B M'). - e

e
e;,

Proof:- S:I.nce A and B are sy. matrices of ranks r and s
respectively and 4B=0, then by (A, 1.7) there are semi-
- orthogonal matrices Qi:nxr and Qg.nxs such that
(A 1099 1) Qle"o’ AanDﬁQ' and B"‘QZDP Qé ‘Where
mon- '-‘-'*‘I-M :

Dd‘.rxr and DP.sxs are d:n.agonal matrices, and

Do‘Ql . o.
(4.1.9,2) rank (A L')= rank (Ql L‘) N ‘o “I
= ra_.nk (Q, L' y=t,

D . |
for rank (:Ql z) : = ‘r*p? [é(xr"p)_:lo ) L‘See (79)].
n p -

(4,149.3) Also rank (B M') = rank (Qg M') = u.

Hence the given conditions are written as .
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(3010904) . ( l) \(Qz M‘) =
] Now applying (A.l.S) ) We write
(4s 1.9.5) (Ql LY)=4,4 D,(Pll 912) and (Q, M')-

Alz nxt," (Pll Plg)t s Aginxuy (Pgy Pgolu are all
: ST P ‘ s P

semi-orthogonal matrices and D,stxt and Dgsuxu are non-
- singular diagorial matrices,

Hence by using the conditions (4.1.9.4), we have
(8.1.9.6) iAz =0 or Ay Ay =0,

ot .
! th
pd

Y e n(d; Ay)=Ais a semi-orthogonal matrix and
«\ L e t u L :

suﬁ‘,fsyi:’ituting" the values of Q1) Qz in (4,1.9.1), we can
wrizce A, By L and M as stated in (A.1.9). \

(A, 1.10) - If X:nxm, Yinxp are two matrices such that
XX'-V'E' ‘then there exists an orthogonal matrix (i)

JAN mm such that XA=(Y O)n if mzp or (ii)A pxp such .
p m=p

that YA (X o)n if pzn.
Proof.-— We shall prove (A,1,10) for only ome case, namely
P

m>p. The 6the:c case ean similarly be proved.

. By using (A, 1.8), we can write

3. .
h ~2
‘)‘?

[N S
yh Ay
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/™o A o\ -
X:Q(< P and ¥=Q. D" R .wheres
-\N0 0/ O o -

) ' -

Q

Qs inxn, P:mxm and Ripxp are ortnogonal matrices and
D}.rxr is a diagonal matrix, r=rank XY' and 71' s are
the nonzero roots of (XX'-—YY'). ‘
' Let m»p. Then f N
Crfo oo R0\ p,.
) )= QEP'='(Y 0) o ;t(ui s and so
m\0 O - A0 -1/ m-p

r me? P m-p! .
YR oy . JRCTEE
iz Py . =A, then XA= (¥ o).» ¥ o
{0 I : _
(A.l.ll) '.’fIf X:pxn is a matiix of rap.k r such that
XK'= ) (Tl T5) s then there exlsts a semi-orthogonal
p~r\ T S ’

o~

T
matrix Asnxr such that X= . ) A . [_See (79),(802].
_ : 2 - - ~

This follows from (A.1,10) .
(4, 1.12) If A:nxn is sy. and idempotent of rank r, then
A=A A' where A:nxr is a semi—ortho,gonal matrix.
Proof:- Since A is idempoten‘b then nonz.ero roots of &
are all unity and using (A.l.ﬁ) A= ADu A' where Asnzr is
a semi—or‘bhog,onal matrix and o s are! f:he nonzero roots of
A, for A 1is sy, Hence it follows tha.t A-— AA‘ by using the

property of idempotent matrix.:
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(4,1413) . Let B1shg) eeey A De a collection of n:m Y
matrices, rank of A4=qy 1=142yeeey m and rank (A-zAi)

o~
S

=g+ .Then from the four conditions:
cl. each Ay is an 1dem~aotent matrix;
..cz.Ai J“Q for all i# j;
3.~A is 1dempotent and _C4aig= f‘:'l

(a) 1if any two of the conditions €11C59C, are satisfied,
then remaining conditlons are satisfied and (b) if cg and E
Cy condifians are satisfied, then ¢j and ¢, are also satis-
fled, - e . [See (25)]
Prooi‘.- We shall give here . ' different proof,
(a) (1) Let ¢, and ¢y be given. Then by (A.1.12),
A. Ai Ai where A_L nxqy is semi-arthogonal and
| Ai AJ-O for i# j(due to condition ) e Hence
'§ it ; 5 a

A (A]_,TI.,A ) an q; is semi-ort;ho,gonal and A—- AA'
, G-

Hence c3 and cy follow immediately.

(11) Let ¢y'and ¢, be given., Then by (4.1.12),

’A- AiAi and A-AA? where Atnxq and Aj:nxqy 1=1 325e0eym
are semi—orthogonal. Let £=(A1y000y Ay) and so
A-ZZ'* AN . Also rank Asqg Zqi Thereforé by (A.1.10),
x4 Q"(A 0)n Where Q' Zayx £qy is an orthogonal matrix,

zqi-

'
L)
w,
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Let Q' : Zqix Z.qi = (ngooo,Qm) )..qi and
4% 9 s

L
N

- ‘ & . P T

.
q th-q R

Ai"‘ AQn"’(A O)Qi fOI’ i"l,g,ooo’m' ‘ {

Hence I Ai A Q11 Qli o Also since

'Q is an or’chogonal matrix, Q1 is semi-orthogonal and

50 Q1Q) = Q403 * 9408, .qi, Put Q11Q11~ I
Hence inin—-o il.e. Qzl-o for i—1,2,...,m. Thls is
impossible, unless q— z_‘qi. Hence ca :l.s proved and

¢, is proved from A= AQ:!; or Ai Aj“Qin =0 for iAj.

(1ii) Let ¢y and cg be given. Thena by (4,1.7),

Ay= L\il" A:L where A-(Al,..., Am) is semi-orthogonal

‘diagonal -
and D qixqi is a non-singular/matrix. Also A= Z Ay

AD A' where D=4iagonal (D ,...,D ), but & is

I
!""h

idempotent, hence D2=D 1,e, D-I for D is non-singular.

Hence ¢; and ¢, are satisfied, _‘".f‘;},

Let ¢z and ¢4 be given. Since A4 1s smetric and
A is sy.idempotent, then by (A.l.la) and (A 1.6), We

!

have Ai—* A.L Ai Vh.ere Aionqu i‘-l,z,‘oc ’m is Semi-
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. . ‘ d*'g,'muu‘.
orthogonalaxnd D di; q;Xq is none singular, and A=AL
' " where A:nxq is’ sémi—orthogonal. Letting £=(bl,...,A};)
: a.nd D—diag.(D ,...,Do‘ ). Then by definition of A,
A--ZDZ' and also A= AA'- Now. by ¢,, We have ranki=
rank yDs* =q=Zqy i.e.Zis a non-singular matrix.
’ 4
" Now IDi' = AA' i,.€,
=l -1 :
Dﬂ(i’-}"’-) Z'A} {(Z'Z) i'A }' is positive definite
by (A,1.2). Hence let D=D§ and so using (A,1.10),
bX D4Q= Awl:xere Q:qxq is'an orthogonal matrix, or

IDy=pQ'=a semi-orthogonal matrix, i.e. A;Dy ” is
B §

semi-ortho gonal where Dl-diag(Dlacl, cooyDq ),

-

. 3 ;' =T 4 ~ D ! =L e Co
- But Ai A:. I 9 and by above '1°C1A?'Aj' Dldi N i.e
o 2 : ,
- b~ D = D 'Y Py D = -
?&i __Iqi for 1°C_\ ' i.e, ’I and so Yis semi

: orﬁho_gonal. Hence ¢,y and ¢z must hold good.

(4.1.4) " m|& B
.- . - D‘ = ] 1D—CA BI if A is non-singular
" nm n
) = [D} e A<BD c | 1£ D is non-singular.
- [See (79)]
(A.l. 15) ]A+e:£ =% ot tr & where A:pxp is a matrix
&1 p-i .

and trjA: the sum of principal minors of order j in 4,0

L
S
EEER
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 (A.1.16) If A:mxn (n”"ﬁi Binxm are two matrices, then

SR et

is an& ’vaiﬁe. v } [See (2) (18) (83)]

(a) tri AB"‘tI‘i’JBA - for i"“l,z,;oe ,m and
' {8 LI

triBA--O fo}r i“d;rk 1, veey n,

x'.‘
P

(b) the roots 6F AB. ‘are the roots of BA ex-cept for

. some zero roots. N [See (79),(83) ].
' " ' ’\ ;‘3 ~iv';Im e A
Eroof:- FOI‘ any nonze}'o Sl 5 1\ lAB+eIm\
i
= ™ savar
-} 4__‘—4<

by using (A.lalé) vahd then using (4,1,15) and
~equating the coefficientg of @i's for iz 1, we have the

" result as stated in (a).xThen (b) follows from (a) by using
i “

(A01018) o ' £

(441417) If Rimxm is any ma,trix, then

(2) iI-eRl 2: b, ei=exp(p 'Z ejtsz/j) if @ is

such that expansion is valid and b o1y

bi" Z (pj‘i*i-;])(; 1):j jtrJB/i for iz 13

u NI

- _:” t=1 " “":‘t , _
(b) tria-.gz:l( »1) (tr‘ﬁ )tr; LRI/i & tr R=1 3

() if in (D)} trR%=pfor £=1,2,...,m, then
. .‘“";w”wj' .

—

e T
- 4
L4

-

PR

LT
Fpey
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i
et

tryR=p(p-1)... (’ﬁg’iﬁr,l)/i!v £Or 1=1,2,4 04,0,

RN

Proof:- (a) Let bt he the coefficient of e" in the expan51on

-p . -
of (1= Z: 2,8 . Then -
‘ i"l I s

. s

bt-—Z 2 r‘(p+1)

wlf(a / 77“)/ M(p) for t>1& by=1,
i=1 71's

“ 33 j
Where S~ denotés the summation - 50vel Ty MMpjess Such
T's e

that Z 71 and Z 3 7]'3“1;. Now it is easy to verify that
J=1
b1=p§1,b2% (pt1) alb1+p§2 ) b3="§(p“2) bgal+$(2w 1? agb tpag

and sc one. In generaL Ue can write

z«.m.

(A 101701) bt Z (Pl"'t’"“i)aibb_,!/t for t?vl & lbo=.1'o~
Now b'y (A,}: 15) . ue have

l'

i-1

]I—-e?if = 1= Z a 0 yihére ai=(.-i) tr.R,

i

Hence by ‘qg»iﬁg (1:-‘&;.‘1.. 17.1), we have the expansion
of {I—eﬁ]”p as statedin. (a;)ﬂi‘or Ats first part, Also

[ i

1oglI-@R|°p -ap g_‘ilog(].-d @) Where 0(1 s are the
ey ?°

nonzero roots of R, Using ZO\ = ¢r RJ, we ha.ve
) 1-3., .

1

‘&
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T '
Hence the part (a)is completely proved.

(v) We have LT
]I«@R[—-l%-Z (-1)i(tr 1B)e -exp(-

-y 4

i‘ 1
el 2

odtrrlsy),

1

M8

for some value of 8 ., 0
Using the result similar to (5.4.17) and equating

the coefficients of et, we have the result as stated in (b),
The result (c¢) follcws immadn.ately from (b).

(4,1.18) (a) If Remxm 1s any matrix such that Z Rl is
=0

convergent, taking R -I then (I-R) "1z iS__' R
: =0

(b) If Aspxp is a none 31ngu1=tr matrix, and B. pxp,

Y:pxn and X:pzn are any matrices, then

’ E ?

Y'(A-»XBY')”' XY 1A ]'X(I__BY‘A‘lX) =(Tava” lma) Tk,
Proofs~ (a) If L R ~P(say) is convergent, then it is easy

to verify that P(I-R)“(I:-R)P:I
Hence (2) is proved.

(b) We have Y' (A_XBYr)“1X~Y'A‘1(I+XBY'A ) x

£

=y'a” f: (_)ﬂay'z\.‘l)ix( 1) by using (a)
=0 "

i \
¥

Hence Y‘(&;{;)CBY' ) : &:Y'A"?X(IiBY'A" 3}{)
Similarly the other part cen be proved,



=

" ' . 117
AR - ,
4 A A. . .
(4,1.19) (a) 1If A=( 11 12) is a non~singular
‘ A21 YA \
P q4 -1
. - -1 -1 =1
1 A A s
matrix, then A = &11 All 12A2°1 S R T - N
N oy . o
- !’"Az.a.ﬁ 21'n ba,1

if A 11 is non- singular and

\ v
4

A l= 1.2 - _1 N loc; 12A22 if A‘zg is none
-1, =1 |:la3 1
'322‘5"2131.2 A 2*_' 2 21 1.2A12£‘22
i here A -4 =A_ A ATT &
singular where b1, 2 3_1 12“-22 21 & g, 17hopbortyy 12 °
el
ey F";g [See (80) (1)]
THR YIRS BN
B (A0
(b) Ir T=" | ~% |is non-singular, then
;""."‘:Kd Bﬂa ¢ - ‘
SO T |
i . .
A0 1
(i . [see (s3)te0)].

(¢) If Linxn is a nonesingular matrix, and N:rxn,

M:nxr are matrices, then
1

(L+mr)"1 L'l L lM(I-i-NL 1M‘ NL T, [See (e0)] .

(4) 1If D: mm is a diagonal matrix,- zg'nxl & yinxl

are two column vectors & a is,any nonzero constant, then '

[P
$
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(D+azy")” 0" L (Datgy 95~ wnere bsa/(w'n‘”za) .

‘ E,:\ f - LSee (81 80)]
Brogf:- (a) This can be proved by verifying AA=I=A~ 1A—I

(b) This follows from (a) by putting Algwo.

(c) (L)~ t(en” lvm) l_r," Z( 1)1(1. 1) -
. i=0

, e *

by us:mg (4,1.183) U‘a d: 50

(L+M1\I) Lot %o L> ]M(NL lM)im. Tept
- l- ‘

(

| = L -L 1M(I~i~1\11, lM)

L]

(d) This can be proved from (c) by putting L~D
M—-az, N-y ev

41'(
. o

, : Sqq4 -~ S ) ‘
(A.1.20) If S= ( 11 12) S is a none singalar matrix and
’ 8oy ECTY AR
p * q;f ; -
, : "" CorT
Y'= (31 Y')r, ‘tnen
pl q& S , ‘
-1 -
t -lY..Y' -3 "'l -
R T ISéz Tp)17Y, () 31232;22> if S,5 is non-
,,,,, "
: ¢ ..V! ..
-1 =3

if 811 is non-'singular and 8. =8..-8.8 '8

1.2 1177127228 21’ 32,1" 22"

-1
S2lsll iz b
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1 Lo sl ).
0. L2 b =880
-1

-1
Hen 1 lY-: '
ce Y'S Yz 929

Similarly the other part can be proved,

) s S ' .
(A,1,21) Ifs=| 11 1—*) P & W= ll ‘“[12 ' are none
. So-  Soolta i - W [ i
21 1 T Va2 )y
oo e Py

H

i

-
§ T
# "

el
LIS

- . :r : =
- &_‘ . v J - p‘

-
N .
\\A ]

. singular matrices, Q-—n-S »p x¥: )= ‘1 U2\ P

= = l
iaa Iy q=iy 33 and si ;; i 813855 Sj4 for 14§, 1,j=1,2,

=1

then w .~ S s
, i.3= (Yl lasaj Y )(I ¥ aiya 23855 B0

__} e
for 1?5;1, i,J=1,2, and 5 ;’ij are non-singular .

P
T

Broof:~ We shall p:ove (A 1.23.) only for i—-l & J=2. Now,

"y

wWe hav P- Y T 1 1
e P=( 123221.32) (;I* “g o2 Yz) (Y Mt 521)

= e
dog ey

'ii “\'? 0 O . l
2(I 8. s“'l)y Iz&i vl = v ' 1
| 12 0 S5y X,(]‘: : 921522 )

2
By us:.ng ‘(A.lo,l_B_b), we have
- -1 /I Q g=l -1
P=(I -812822) P 12722 © (W=S) 1 IP ‘
P 0o I +Q228 T smls
4 BRI 22721

‘
it

PSS

&.‘w

»
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Now using (4, l.lQb),

-1 . =1
P=(I 8.8 ]) P Q12’“22 w11 j12822321 31.2
- 12 22° -1 -1
0 822§f22 1‘3'21-&'122822 o1
1 -
5. e. P=(1 -8 ) l 2“51‘2 832“’22 21 12 22 821
L] - i LY 12 29 )
- : -1
822 22 W21 821
LA B
P=, =5 o A

1. 2 1.2 i ;.ﬂ_';‘
Similarly ;phfe o‘éhei'.j pari: can be proved.
(4.1.22) In the same_i}iotatiéih as (4,1.21), ve have

0 TR I | -1 ‘

( the ots of (I +Y'S Y Y'S ¥-Yig,.Y.
a) ro i F,? jj j) ( 33 3) or the roots
+ r,} i . -
el P -1

=1 =1 ¢ a1
of (I, ijsanj) (y -J‘Sj3 331)31 j(Y.-nsijs J Y ) are the roots

-1 o ‘. .
o Af -\I , Yy . - i s Y" M
\'f (;1.33103 p? excegt#_;??”s?me Zero ?oots if SJJ’TJJ are
- e

non" Sing\llar, i#j ] ’3”1,2," and

-1 =1 =1 -]
(b) the roots of (I*V'“ Y) (Y'S Y-YJSJJ ¥,) are the roots

of (I'Si.jwi.j) éxcept for‘some zero roots if Sjjﬁﬁjj are

non=-singular and 1#3, 2= 1 2.‘ o [?ee (37)]
Progf:~ (a) This follows immediatelj by considering (A.l.21),
(A.l.zo) and (A.1.16b). ::?fs
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(b) We shall prove this by taking i=1 & j=2,
By applying (A 1.20) and (A,1,16b), we have the
roots of P—(I+Y'S"1I) (Y"‘ 15{-"2822‘!2) are the roots of

-1 21 - -1
B:(Yl-nlzszg Y5) (I+Yasﬂ‘; Y) {Xj_-;Yésza 859)8;,2 and applying
(4,1.18b), we have

JEEIE
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Similarly, the -other. part for i=2 & Jj=1 can be proved.,
Hence, we have the result (a4, 1,.22).
(A.1,23) If Aspxp is sy.p.d and Bipxp is sy.and at least
Peseds, then for all nop=null Q.pxl, (1) 4'Bd/d'Ad is non=
negative, (ii) the statlonaxy values of d'Bg/d'Pg (under
variatlon of 4) are the. roo'»‘:s o; “the deteminantal equation in &:
| B=A8|=0 and (iii; in p.artlcular, the largest and the smallest

(nonzero) values of g'B_Q/d’AQ are respective the largest and

- 1oy
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the. smallest (nonzero) root of the detﬁerminan’cal equatian.
. Bee (79)]
(A 1.24) If A.pxp is sy.p.d. and Bspxp is éy.and at. least
P.S.d., “the statemen‘c, “glc d'Bg/_@'Ag,cgz for all non-null

= <g2" where 91 and-

d~px1“ is exactly equlvalent to ”gl 461 <8,

9, stand for axk the smallest and the largest roots of the
equatlon in 6.(3.11. positive) lBaAe(-Oe [See (79) ]

o H T
(A,1.25) Let B=x x' (x' pxl) and Aipxp 1s sy.pe.d., then the
statement " (3'&)25 & (Q'Ag) i‘or all non~-null d: pxl“ is
e:xactly equ:.valent to ‘{x'A lx <g2" )
This follows-from. (A 1.24) . ’_

"'“’“‘i
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- (A.1.268)  If Aspxp is ‘Sy.peSado ‘and Bipxp 1s SYePes.ds, then

(i) max.[ s 9min 9 inA e ]<e Q.. A Op,,B and
(i1) em:.n em:‘m <@ in"B <min. {‘emaxA OminPs Spint emaxB]

e ct,

where 9 M and G M stand reSpectively for the largest and

o -

the smallest roots of M, - | o [See (79)]

Broof:i- Since B:pxp & A:pxp are SyePeSed, Of rank r (say),
and s (say) respectively, then by (A.l.oc), we can write B=YY!
where Y"pxr i¥s of rank T 2&nd it is obvious from (Ael.za) ’chat

x'A; QmaxA xz, Ssr 4"‘3' ac rxi

o
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Now for any nonzero 5 rxl,
§'Y'AY§ / g .949 A .e'Y'Y.e/.e .ef- axY Y.

Now anplying (A.1.24) and (Ael.16b), we have
'(A.1.26.1) all: Q\AB)<Q ax® Spa

Now if C: pxp is’ any sy.p.d., then C=22' where

Z:pxp is non~sxngu1a¢ and using (A.1.16b), we have-

-] -1
all e(AB)-all e(z AZ' Z'BZ) 4@ 2 J‘AZ‘ ‘@ Z'BZ.
, max max

\

(_Ael.za.z) i,2, aile(Aié)éo e ema‘x c_B.

(a) If A&B are syzpas.d., then the result is
proved from (A.1.26.1).
(b) If 4 is sy.p,d. & B is sy.p.s.d., then fram
(4,1.26, 1)&(A 1.26, 2),we have S
(AB)ée x4 9, BandeaxB«ae AleaxA.B.

Hence the result (A‘1.26) is proved,

Similarly if A 1s sy.p.s.d. and B is sy.p@d., then
result (A,1.26) can “be proved.A

(c) IfA&B are both p.d,, the first part follows
from (b) and taking the inverses, the second part can be

= Sttins

proved. Hence

g -

(A,1.26) is. completely proved@
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