
iAppendix' III

dX=

CKRTAIM INTEC-mLS 

(A.3.1) If the elementsrof.-X:P3ai (n^ p) are random variables,

S4XX‘4S+S* ^

‘ . [see (38),(59),(60),(79)].

(A,3.2) If the elements of 'y:nxl are random variables & gj:nxl 
is fixed, then ; •

n/2 00 r r-i+n/2
_ ____ x dx/r / p(r+n/2).

r=0 ,, /

[See (68)].

(A,3.3) Let S:pxp be a symmetric matrix having p(p+l)/2 random
- - ' ,i . , f.

variables and Xsrxp of rank^rCj^ p ). Then
, *"* - -1 

f t t ( (n-p-l)/2 -tr£ s 
(a) I^= LJ jxsx'j jsj , - e ds

2 m'j
3

y’y^ x*-dx

J...J e rdi~TT 2^ Qs'ffl) x

” 1 <V ^ <v
X IT’)dT

p / - x p :!n-*x:
=2 ' expC-tr

2 J *i lXT ^ t i^*til exp(-tr£ T8T)dT

i,-p(p-l)/4 p , r / x n/2’r- | $ "ft* **)«■ /xzx'/

*1 . t t , (n-P-i)/2
(b) 12s J. .*||XS X,|; ,^s| ' expC-trJT ») dS
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if p*2t

££.QQf.f,~ Since Xs rxp is of rank: r (r^p), then there exists
a matrix Y:(p-r)xp of rank (p-r) such that (X! Y*)’:pxp
. - . - - /X\is non-singular. Since ;£:pxp is sy.p,de, then! I X (Xf Y')
4 , /x\ ‘ Yt ' 0
is sy*p.d. and so X(X* Y») a TT1 where T= | 11 ^

W -■ IT- T_J p-r

12 22J 
r p-r

c\*x*o# T-j T^11 ‘ii =xzx>.
\ ;.} ? -1/X \ a, ^ -j

Transform S to.B such that S=/ I T B T' (X* Y») .r 1*7
,-i

and hence the jacobian of .the tra-nsformation is 

(p+l)/2

nr
,Y I

!P+1

= jlj . - [See tU.2.8.)U-; Also let B=
t .. ft'v

hi S!2\ ' md
Rk *22} ®"r
•’ P-r

so XSX’^K^T^. for B(X* Y*)= TRT’ .

Hence the integral -given in (A,3.3a) is 
n/2. i f

*f m l^-l

Let 211=W’ where>yjrxr is non-singular, because 
B11 is sy,p,d6 Transform ?“ ^-^22. & ¥22=H22'"Wl#i2*

, t , (n-p-D/2
2il| M exp(-tr R)dR,

~ r (p-r)/2
Then the jacobian of the transformation is jvj = j^ij

, s ■liiil



Hence ' '?
i r-1 i * • ,
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n/2 /i ‘ > ctt
1= in |m1

tt Cn- r-l)/2 , (n-p-l)/2
W,22

expC-tr Ku-tr W?2-tr wy dE^ «22 dW12
33/2 ,-c pvpsjj^ r / ... x p / ...»

i.o. I^in Iffic'i-JT |=-rj;- ^ •

We can malts the transformations of S similar 
to (Ae2*4) & (A.2.5):> andrshall thus prove the part (a). 

Similarly part'Cb) can be proved.

rt p(p~ l)/4 r

(A.3.4) If IQjt= j,.j
' r~i u i- . (n-p»l)/2 -1

Ctr-=XSX»r ja| exp(-tr£ S)dS,

t i
then I0 ?t= (t-1)1 £ (ini+t-i) (-1) (tr±XIX5) IQ,^/C t- i) |

£ tr(XlX’ )1 I0 trai /(t-i)f for t£ 1
1 = 1 V - 3

p(p-l)/4 n/2; P / ...i
^ ^.cr ir /n ^ . •

Proof:- In .=CoeffV of e/bl in
UjW —’ . ; , ; *

(n«p-l)/2

i’c--*. ■ 

i f-,

=10,0

-1 1
; ::expj-trr (I-s X«X)S) dS

> ’ 4> *=>n/2
Cdeff. of « /t\ in |l-0X2X*f

Then usin§ (A.ie,rZa), it is easy to see that
/ ! 1 !tt- v ; ; ! VJi-l

x0 t=(t-i)i r Ci-nitt-i) (-1); (t^xrx*) I0 ^/(t-i) l
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and similar to finding the coefficients from (5.4.16), and 

using (A, 1.17a), we have; .,
I0jt=(t-l)j r (i'n)tr(X£K1)1 IQ ^/(t-i)! fort 3,1.

Gorollary:~ If in (Ao3*4) 9 rank of X is ones then
• * . .. .n/2 -t- p(p-l)/4 p / \

x0,t =ir| Ctr XZX')_ -^ rCt+n/2) T pp^L) ,
it Iv v y

where IQ ^ is the same. as defined in (A.3.4),

n~lf J. H— X. A »-L TO-{- n-1(A,3.5) [ x (l-x) dx/B(m,n)4jf x J A(l-x) dx/BCm+j ,n)

if 04c <1, m>0, n:>0 and j is any positive integer.
Proofs- Take j=l and^any, c lying, in c <1, then consider

Xx mrnl *•*
x ■ (l-x).

'* - ^

n— 1
dx-m-rnm fo m n-l

x Cl-x) dx

xm’i-x) (dx -’m' f x“ (l-x) dx •£ n-l

Hence integrating by parts}

n, n 1t m *i n 1 „ A m, n"x n A n“1g,B(m,n)= jjx (l-x) j/m + x (1“x^ dx- tk ( x (l-x) dx
n j

-cm(l-c) /a <0 1 • for"0< c <1.

Hence g<0.
-1 n-l • y. 1 m n-l

i.e.J x (l-x) dxZB:(mjn)£/,: x (l-x) dx/B(m+l?n) .
v. 
/ *

¥e can in this.5manner extend the integral and
j"~ , i

prove the integral (A 1-3.5).
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m n ,(A.3.6) (a) If Sssxs and- p(S)=c<mst. jsj | ,

then the distribution of t=|tr S is approximately given by
>r '»]Js(2m+s+l)«2|/2-, .// J(2n+s+l) s-2^/2

p(t)~c t (l-t/s)1 for Git is
s(2m+s+l)/2 r

where c -s BHrs(2m+s+l) ,i-s(2nts+l)j and if
v=l-t/s, then pCv^sj-lsCaa+s+l) ,£s(2n+s+l) jvJ .

The approximation is valid if m+n 730 when s=2 ■
i, }and when s increases by '6ne .unit, m+n must increase by 10 to

give satisfactory result..
-r>.: • m n

(b) If Sjsxs and p(s)=cohst. jsj Jlg-Sj , then the
i :-i

distribution of u=tr S(Ig~S> is)
(s ( 2m+ s+ 1) -2} /2' 7 - - {s(2ra+2n+s+l)+2|/2

p(u)=c.. u (l+u/s) for OiUiOO
"*• i v ‘ , .. •* *"J“1 ” ■ ,

Vfhere ox =s Bjisfa.its+l), sn+l] .

The approximation; given'above is valid if (n+s)
, , " ' ' V -V

satisfies the conditions-stated for (m+n) in (A.3.6a).
; V •; >. [see (62,61)].

* r,.
u 1 - n•\V


