
MOLTICOLLINSAPITY OF-MEANS
Chapter .1

OH CONDITIONS FOX TEE ?(M4S OF THE TYPE : :XAX* *. (LX* + XL* )/2

DISTliIEUTION .HITE APPLICATIONS

1* 1J Introduction and summary;-

In the definition’of the form” of the-type sXAX* +
(IX* +■ XL*)/2 + C 5 C:pxp and A:men are symmetric matrices.

whereyU:pxn is a matrix and £s pxp is a positive definite 
matrix,, The case of p-l has "been considered hy H,G,Laha(45) 
and the case when C=Q,L=Q has been considered by the author 
(33), The two main theorems established here are :
(a) "The necessary and sufficient conditions for the forms 
XiiX* (LX* + XL*)/2 + C to be distributed as non-central 
llishart if rank A51 p, are (i) A is idempotent, Xii) L=LA 
and (iii) C = LAL1 /4", and (b) "The necessary and sufficient 
conditions for the independence of the forms! XAX’ *

1

(LX* * XL* )/2 + C and XBX* + (MX* + XM* )/2 4'N are AB=0, 
LB=MA=0 & LM* =0", The various particular eases-of these 
theorems are studied.

L:pxn is a matrix and the elements of the'matrix X: pxn 
obey the distribution, ‘ ” A

-pn/2 ~n/2 ' -1
(l.l.l) MH(jk} £ ) = (2 77*) IXl expj-trf
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5 / M ! < t 'She above results are applied to-'(i') testing the

regression like parameters, (ii) testing the equality of
' - __ <*

mean-vectors and (iii) testing the multipbilinearity of 

means of"first kind for multivariate normal populations. 

Also it has been shown that these tests',are invariant under 

certain types of non-singular linear transformations of the 

variates.

1.2: Condi t-i ons..that.-X./DTJ....± JXXlitXTAi/Q. ±..G _is -distributed

lS_ ’li

r\ '■ !
.',1

¥e shall first establish: the following lemma: 

Lemma: If X:pxn has the density function given in (1.1,1), 

the eumulant generating function of the. elements-, of 

XAX« + OX’+XL' )/2 + C is '

00 s-l

\ > 

s
Jr 2" j' s’*1 trk trd9);+ tr©(C + L/i>) % tr@£9LL

S=1 - .0 ) ■
00 1 • z 2s tr(fl+X9L) A* (|W-r®L)’ e(T©)s ' ,

S=a - . ... 'I.

1 4-

rmwhere 9;pxp is a symmetric matrix. <;!>!!
- -■ • * I /' i • . -.-V \ ■ -

tsProof: The moment generating function of the elements of 

X£X‘ + (LX' + XL’ )/2 + ‘C is
(1.2. l) Me) = bjl ,J exp{- tr (i£f ^X' -®XAX^jr®LX' - If /vXx 1)] dX 

where b=(27T)'"^n^2 |X] exp(tr 9 C -i-tr.'jf ) and 

®:pxp is any symmetric matrix. Here we may note that 

trPQ = trQP.

,‘H r-*
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,1 I‘ j : ! • = if B-y- (-A. lo6a), we can write 1=0.1)* Q1 where Qsnxn =
•Ltjai, 5 is an orthogonal matrix and D* :nxn
c-c*" mm tstf*s a diagonal matrix, and by (A. 1,4a) 5I=iT’ where 

:pxp-is a triangular matrix, 
frarisfom the elements of X:pxn by the relation 

tAX^YQ-’T'ihe Jacobian of the transformation is I? I • fQ!|P
= 11-1^"[See (A.2.1)]. '

L et t '.:J=T ’ 9T, V =T~ Q= (Hi,i£S,..» ,Hn> and V=*T~ 1LQ=

^i»igr*i-* ie€u & yi=f * Also let
Y=(y ,y ,.*e,y ).'Then equation Cl.2.1) is

(1.2.2) 2i(«)=b \Z\ 'Jrpk’I eXp{-i-£f yi(I-2^)yi.sC2i'‘-Wx1)'iJ:

i.e.itW=]T |l-2rf,Hr* expCtrSC -itrx'Vf*.').
‘ :;1 i=l " • - •ii-df
\T expA” Z C^i'+ Wyj_) ’ (I-Sct^’i) (i^ + T''-i5} *

X Substituting the values of u1’ s, s3 and using 
*;'(I-2*ClW)"’1 =I+2dC.T.f(I-2X*bT)“1 & 11-PS) = ) 1-3?) , we can write
/’ \ f > i';~A', i **•
f Cl.3..21 jas ^
.••"tl.2.3') 0(e) =jt jl-Sot^o) 2 exp{trO(-C+I^U5) +itr9r-@LL’},

i=l * -
I .'expjroL tr(^+I«l)q,q’ (jU+IeL) ’ ©(1-2^10)“1} .

L '*- - A-T.ft=i x • “x -
r\ - - n s
sf.'j,- Bencfe using (A. 1.17a) & (A.i.lBa) and then using I tC± 

L.rXT_J . i—-1
'= trAu-and £ ci,q! «<f = As, we can simplify (l.a.3)

' 1=1 "x i - ,
'•v *
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,irid writs it as mentioned in .the lemma;

. .• Thus the lemma is established.

tCorollary 1: If in the lemma L=0 & C=Q, then the curaulant
CJ r": * • , •-generating function of the elements of XAX1 is

r 2 • trA tr(Te) + t tM M'e(ie) o«|See(39).s=l s=0 1 - L J
>' ■ - »

Corollary\2i If in the lemma, A is idempotent, then the 
moment generating function of the elements of XAX’ +
(LX’+XL1)/2 +C can be easily written down from(l.2.3) as

•yj / Q

C 1.2.4) £S(©)= [l-sr^r exp.{tr@(C-iLAL' ^Lp-Up.')
.exp^i-ti^lGCLL’-LAL' )+trO(I~2lO)“1(/*+L/2)AQU+L/2)'} . •

H f "V 
j* |i j I

;4Iow we shall establish the following theorem:
Theorem'-I: The necessary and sufficient conditions for'

XAX1 + (S-N-XL')/2 +C to be distributed as, non-central Hishart 
if rank A-?s p, are Ci) A is idempotent, (ii) L=LA & (iii)

pHlA^Uo I
'Proof: Tiet the conditions be satisfied. Then the moment 
^generating function of the elements of XXX’-KQP+XL’ )/2+C 

(is> easily;written down as
f(:i!02«i5r^Ce)=|l-2r©rr/2 exp£tr-Q(I-2^0)*”1 (/»+L/2)A^i+L/2) !|
Jr" !. 4 ’ ~ * ‘ ’

'which,is” the moment generating function of non-central 
hishart;distribution with degrees of freedom rdf.r^p) 

and non-,central parameters as the nonzero : roots of
' JcU
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i? /■

{f'hfkfpS)H^L/2)K [.See (6)] .

J-' , Conversely if XAX’v(LX! +XL’)/2->-C is distributed as

non-central Uishart, the moment generating functions given
5 /

in (1*2,3) and (1.2,5) must be equal, and so taking cumulant 

generating functions, we must have the relation for any
■I . *©:;pxp ‘'given by -

. x-„' - ;:o3(1.2.6) > X 2s"1 s“A (trAs-r) tr(X©)" +tr©(C+Lfi») +*s
s=l

PitrQZ^LL* + I 2Str{(/l+r©L)iiS" gil+J©L) «-/tA^(I«)
s~0 . -■ 'Os ~ ;- IT 2 trCLAM*+^&LI)©(re) = O . ■ •

s=0 .
’ - - ■ sEquating the coefficients of tr(F©) , we have

etrA~ = r for s=l,2,3,..,.• Using (A,1,17c) we have 
(l.2.7)\ \ tr-A jand so A is symmetrical idempotent,

• \splitting this value in (l.2*6), we have
TW nX(l, 2.8 j;; tr© (C~nLAL1 +lfL' -LAM1) HtrOjO (LL1 -LAL1 )=0 .

Equating the coefficients of the elements of ©F©,
>;e.)have-•• L(,I~A)L1 =0« Since A is symmetrical idempotent,
‘ ^ 1 t \ &" „ W« tj 'then (I'-jAy is also symmetrical idempotent,. Then using
i. jN
(A»1.12)", we can write I-A = 'fill’ where H:nxt is semi- 

orthogonal and t=rank (I-A), Hence L(I-A)L'=0 means
v. •* *

(LA)(LA/O-and so LZv=0 or Llul!=0 or A.

(:1.2,3s)/ LA

,.!A
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Putting L=LA in (l.2«8) and then equating the 

coefficients of the elements of 9,-we have 
(1.2.$$!' C = LAL1 /4 .

I" Hence, we have established theorem I. .

■S-To3: itions .for .lha ,1 udenendence.-of JEAXl*ClXLt£LllZ2EC
i r

frr.d TBX-1 * f MX * +XM1 ) /2-i-TJ:.

Theorem'lit- if X:pxn has the density function as given 

fin (li-lw’,1), the necessary and sufficient conditions for the 

.forms SAX*+ClK*+XL,)/2 + C and XBX, + (MX:,+XM, )/2F$ to hef I1'*

'.^independently distributed are AB=0, LB=Mfi.=0, LM5 =0,
Lh (l ij,

"Hrooftlet be the joint moment generating function
i f \ ; i/ 2

£p£ KAX'^CIZ'+XL’ )/2*-C and XBX_,+(MX,+XM' )/2*N where pxp 

r''and 9„ipxp are any two symmetric matrices.

;-A^he necessary and sufficient condition for their ' 

independence is

(i.s.i) ^(©1}q2) = 0(o,o2) 0(9l5o) .
This re suit Cl. 3.1) is true for any 9-^ & ©2 • Now ■ 

we shall first consider a particular case 9-j_=9 & ©2=^

for qny-nonzero | and any 9spxp and establish the conditions
» 1 ?for C;iv3i 1) to be true. Then utilizing the conditions thus 

.obtained,' we can easily obtain conditions for (1.3.1) to be 

etc rue1 for any values of 9 ' & 02 • thus we shall establish 
f^any further conditions which might have been lost or modified 

J 'In tSSffirst particular case*'"He shall thus use the above

;r1



is
menhicnedhproc edure to establish the conditions for 
C 1.-3^l) toQbe true for any values of ©^ and 9 

//Por the particular case © =© and ©f
2

1 - -■ '2 S»!
use the results of the lemma & rewrite (1.3,1) as

we

(1.3.2) 2S"1 s~M tr(A+JB) 5 —trAS-tr(fB)SItr(£©) S +

-/2str(/*+i©L-^r@M) (a+jb) ^(ft+Xeid-izeM) ’©cr©)s'
s-Q

Sm

•2s tr(fC-t-ZQL)AST‘ 1(/(+I©L)s © (Z@) S-&tr(LL«+ ^MM’ )©£©

s-;-l.jf 2s' tr(|H+§X©M)B <^U9M) ? ■ ©(X©)

■*-^tr(L+fM) (L+fM) !@£© = 0.
, sEquating the coefficients of tr(£©) 5 we have

(1.3.3) ;::tr(A+fB)s = trAs+^s trBS for s=l,2,.,, .00.

Bet-in (1.3.3), s=4 and equating the coefficients

of‘-§.'5 we ...have
(1, 3,4) ;:2trPP! - trP2 = 0 where P=AB»

•. V ;:: i,ea tr(P+P* )2 = trP2 .
' ‘J f ) - 2Sihcb P+P’ is a symmetric matrix, tr(P-s*P’) is

positive and so trP2 is positive.
2Therefore Equation (l»3«4) gives trPP,=:0 & trP -0 

for PP* is...positive semidefinite. Hence PP,=0 and so 

(l.-3,5) p=0 i.e, AB=0 .
h-' losing this result in (1,3.2) and then equating 

thePcoefficients of the elements of §2©(E©) s we find that 
(1.3.6) i l + E32Ll = 0 . ’ ' -
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o 2-Since MA^M’ & LB L1 are positive semi-definite 

matrices(K1.3.6) gives Mii%s =0=13^’ .
5-~’l

t3l3.?K^i.e.(MA.)(Mk),=0=(LB)(LB)* i.e.MA=LB=Q .

Using 'Cl.3.5) & (1.3.7) in (1.3.2), we find that

trLM’££3=0 i.e. equating the coefficients of elements of
% \ >

019, we 'have LM5=-(LM>)’ i.e.- 

(1.3.8) LM' is a skew-symmetric matrix .

We can conjecture'that the result (1.3,8) is 

not true for the general case* So, we shall first use the 

conditions (1.3.5) and (1.3.7) and then we use (A. 1.7) for
'll*

the transformation of X ‘to J by an orthogonal matrix. After

'certain,modifications as in the lemma, we find 
■f- 00 ^
'(1.3.9) Log jZK@.,90) = £ 2“. s -1-

•: 1 * s=i
' ‘ ’ QQ. e S+1 <!
Vr'-’.+ 2^ 2 (jU+lQ-jL) +tr(e1C4-e2N)
,/- ■ L:t;:s=0 ~ •• ■

(> j;, +tr(01L]U*-r02MjU? )+tr(e1L-^02M) %l/2 * '

(Using this -expression in (1.3.1), we find that
i*- - '* I - * ’*•* *

|a_)trLM* (©ol9i)=0 for. any Q-, & §9 . Hence equating

the cbefficients of the elements of , we havo

(1.3.1C) LM* =0

■ _'jHeh.ee. in general, we have the necessary and sufficient 

conditions as given in (1.3.5) ,(l«3.7) & (1.3.10), which 

proves the theorem II.

| trA srtrBStr(I©2)
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Corollary- :3t- If, the two. forms P(X)=XAX'+(LX‘+XL‘ )/2+C

and qCX^JCBX’+CMX’-KXM1 )/2^H are independently distributed.

then there exists an orthogonal transformation Y=X& (&:nxn
is an orthogonal matrix) such that - P (X) ^P-^CYj: pxt) and
Q(X)=Qi(Y2spxs) where Y=(X1?y2,Yg)n , A=(A15 Ag , A3)n

^ s n-s-t t s n-s-t

Yj^XA^ i=l,2,3 and t=ranlc (A L’) and s=rank (3 M’ )„
This follows immediately by using (A.1.9)

and theorem II.

Coro 11arv-4:- .' The necessary
<» ’ *“ ■■ N

the' independence of XA.X1 + (IXs
and .sufficient conditions for 
+XL’ )/2-i-C and MX’ Cor -l-MX’+irXM*) _

ai^e AM! =Q_ .& LM ’ =0 «

i) This follows immediately by - putting B=0 & 11=0,h * ' L) i ' ■
■ in-the dr enr* IT or we can independently derive from (1.3.1), 
for 0(9 ySg) is easy to write down in this case.'

Corollary -5:- The necessary and sufficient condition for the 
fo'rms (XfL i) Ai (X-KL-j.)? for 1=1,2,.... ,m to- be independently 

distributed is A^A^o for L- j«,
’V."' This is easily'Seen to follow from theorem II.

1.4: Cbndi tl.QTis ...that .g—mimber -Qf..-fQi3LLS.L-(XililA.(XtIi) l. .are
- ,_; M ;
independently ,distritaitad.-asJJiaharti-

mTheorem III: let A = £ A^(A & Aj_’ s are symmetric matrices) ,
4 — *1X—rank A=r and rant A,-=r. (r. fe n). Then from the following

M x i
conditions,
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a^s CX-FL^A^ (X+L^) ’ • 1=1,2,., • ,m are distributed as

Xlsiia-rt, . • '• ' • r—,
)l : f"

. agJ (X-fL^)il^(X+Lj)1 and (X+Lj)A-j (X+L-p1 are independent­

ly distributed for i?*j, /X f

a^: (X+L)A(X+L)' is distributed asJlXkhart',^
* i | | v" -,L *

d-j_:Ai 1=1,2,.*,,. m are ideapotentr?) .,--1

bg'.A^A.pG for all P s

b3: A. is ideapotent, 

mep 2T r,=r >
i=l 1 '

< Sl

I l i i ) t
t (

(a) if any two of the first three a^'a^ao :are satisfied, 

all the remaining conditions are satisfied,

(b) if any . two of the three conditicnsrj)1,b- '7b0 'are
, - 1 - %* - *■** dj. i'

\N ’satisfied, all the remaining conditions:are satisfied,

(c) if any two conditions of and'hj j(i^j) one from 

each are satisfied, all the' remaining conditions are satis­

fied and

(d) if (e^ and a3) or (e1 and b3) are satisfied,- all the . 

remaining conditions are satisfied,

; p !”*
Proof ; (a) If any two of the condition'^- a ,a0 and a are

■■■ ' ‘ 1 d
satisfied, then by theorems I and II, -any''two of b ,b2 and

^ •1 f
b0 are satisfied. Now by (A,1*13), any tVo ofrb-pbg and b3

u - _. - r j s'!
imply the rest of b^ and e-,. Now by theorems ,If;pr II, b.

± Ad--' A ’ -
implies a. . Thus (a) is proved, ■ AAr.i
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(tO^If any two. of the conditions b ,b0 and b^ are 

satisfied, by (A.i. 13) the remaining bj. and are satisfied. 

Hence by Theorems I and 'II, h-j_,b2 & b3 imply a^,a2 & a3 ,

Thus (b) is proved,

(c)//lf a. and b. i/I aro satisfied, then by theorem
; y 1 3

I or IX,/ b± is satisfied. Hence by (A, 1,13) all b^' s and e-^

"are satisfied and so by theorems I and II. all a,-' s are satis- 
J'' ’ '1
fled, .-Thus (c ) is Droved.

-• '• (d) By theorem I, -a3 implies bg and by. (A.l, 13) and 

;b^ implyjb^ & bg, and then by theorems I and II, b-^bgjbg

‘Imply aji,a0 and . Thus, (d)’ is proved,

l.b : ?Applications:-

, (i) To.-t.e..st .the.AqimlitV-0.f..-me.en--v.ect.Qrn_lQr__]^multi-.
_/* i r‘* ' ‘L--"' /V“\\ van* ate porml ati nnq:-.

j;
~C;l,5,ir~* Let X^ipxn^ be distributed as M (fliipc for

1=1,25,,, ,1c and let them be independent, :lxp, ^:lxn^=
(1,1,,'l), Let X;pxn=(Xl5X2,s ?Xk) v.-here' r.= Jl Tl±,

Jdl - • i=l

/U. : px^C&xi’ ,b?%2 > *»* •

Cl,5,2) Let us define = ii/n.:n.xn. for i=l,2,.,.,k,
X x - X X »

B=diag, (S1 ,Eg,,. „ ,E1c) :nxn, and As rr-ai-ll' /el where 4’: lxn=

(1,1, ,1). Then it is easy-to see that A and 3j_ are

symmetrical idempotent matrices, Now it can be verified easily

.that 3-/is also symmetrical idempotent and AB=BA=A. So 3-A 
J"'_^ r *v
Lis found-,to be also symmetrical idempotent and we further



f *1
21

get the relations (33-A)A=-(I-S)=sO and (B-AK'I-B) =0.

Hence the fox'ms connected vith;these matrices 

(namely x.jO-AjI-B) are independently distributed and obey 

Wishart distributions if (k~l=rank(3~A)) ^p,(n-k=rank(I~3)| 

^ P* Also

(1.5.3) (X-/U) (X-/U.) ' = (X~/U.)A(X~/U) MX-fl) (2~A) (X-fO ’' +

(X-/H) (I-B) CX-^O 

* So

(1.5.4)

o ’ b 
» ‘C 

w - S 3ir ( say.) o

51.Wow it is easy to verify that v-;

s3=(x-jo(i-2)cx-^« = j; ^i-Si'i* )x^;;
v , ■ '■S2=(X-^)(B-A)(t-ytt)! = £ n,(5-5-%^)'(555~-iSli#

1=1 ;; ■ </1

and. 3r'A(X-jU.)A(X~M)* - n(x-£ )(x -£•) V;,
: k ‘ k

vrhere 5 3 - Ai *
1=1 i-l:

Hence by using theorem III and 'in'vieu:pf

(•1.5.2) .and (l.5*4), we. t.

V-'*

5 o. have the result thatV!:
, - L5-;U
^1.5.5) </n(x - fi.) 5 Sg and Sg are mutuall^indepVhdently

distributed, and the distributions connected ’-with them are:.

'/n(x- ft) is N(£?E) , Sg is iiishart 5n~k,p}Z) if

n-k^p, and if S2=(X-^^' (X-/l)' where A;mc(g~l) is semi-'

A’& “Ii.^i pee (A.l»8a)J,

hen (X-/*)A is MN(0,£>.

orthogonal such thab AA,--3-A and

t
■j q t* n ^ *P M /I

Under null hypothesis S9-S~ £ n. (5^-v) (xi-x)
i=i 5 "" _

.ue to hypothesis Q\±-\~Bp - . 4Lk= ^ ) and
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so the statistics required for the test procedure.,are
: > — i ' '■

the ‘oro'oer functions of the elements of S-So-v « ; A' k __ __ ,-.iL •
Let 7= £) n. -The.'"hull--'hypothesis

is 7=0» Ifote that if t he following functions of the elements 
of £ J'7 are zero , then 7=0. The functions .'•are

1- "Cl.5.6) (i) maximum characteristic root of.£ 7,
Cii) tr£”x7? (iii) tr 2X7+1) 1 -p and ■
Civ) tr £ (7+X) ^-i,

P
(And many other such functions can be stated).

Hence we can at once write dowk the correspon-' 
ding sample statistics for the test procedures $ namely

^ 1 : O ;Cl.5.7) (i) maximum root of SSo"** LS^-lCoy* s".criterion
" (76,13)], £-;'r

Cii) tr SSq'1' ^Hotelling1 s T-criterion (29)],' 
Ciii) tr SgC-SrSg) p.'^Pillai1 s H~criterion (62)]

and Civ) tTpSoCS+S^) Jj'Jilk1 s - A-'.criterion (85)]
Cl ,5.8) w ence^forth, when we say that; d he statistics

daare, the proper functions of the el8mentsfpT;(S.P'*Mldtie to
— l :* i

hypothesis) (S.P.M.due to error) , we mean the'above four 
statistics for the test procedure. 7 # 7''
C 1.5.9) Similarly,' \re can easily obtain! thelstatisties
for the test procedure . .=^=^oCgiven3. ThG
statistics under the null hypothesis are: the'’proper functions 
of the elements of {(X~£oi’) B (a— &A'.)'} S31 .

Cii) To obt.p-i-. ih^i for .tasting t.ho
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Let (i): be distributed as MH

in„1

P(M -l -

cA tti /
n. . .'.a.:

i' ffor i=l,2,*,,k and theyhafe independently
p/Ill

\^12 ^22j

PI-
distributed* Letjj, ~ > f=I12^22 » |={-l&r

y=(y_ y
k -'s'

^ X 2 2 « •» * 2^- ]-£ J * T53CT1 c&ncl s*A. i ^ « e « ^ * QpCTl 3 tjtml

C 1*5* 10) Then with the same notations*'1 as/( 1*5*2) 9 
v;e have T^Y-f-pX) (I~B)X’[X(I~B )XX3~|te~B) (Y~§-fX)!

and T2-0r-|-pX) (I-B) {l~X'[l (I-B)X']“'xc}(1-3 >(Y-f-pX) 

are independently distributed (by usingjtheorem II) for 
(I-B)^I-X1 £x (I-B )X1J"" "St} (I«B )X * =‘o .

Also note that
(1*5*11) rank (I-B)Jl-X^X(I-B)XO~\l(I-B)=n~q-k, 

and T^Ya-B^X-X’tXQ-B^'J^la-B^1

and T1-S12S22 312 "PS12 ~'S12ft"t'PS2SP,'Xe A

(1.5*12) Hence under null-hypothesis (p=0), ire have the 
required statistics as the proper functions of! the elements
of 52.22 22 B12~^x"^2 ^ Also note-‘that''S1#2 is

distributed as wishart (n-k~ q,p ? 2^ e 2= ^11“%2^22-^l^' *
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< p J ,_.rp(iii) In J;<ast ..fclie-jatLl.fclCQllinaa£l.tyi.b^.jaegn.s.-.(if.-£laia.t

I .1,
kind, nam ely ‘Ho (1 ]=l2- ... = h&) ’ or

. 6=fk=J0C gi ven)3 .

with the same notations as (i;5\2) aiid (1.5.-10) 

we can write, : , ’: — “
(1.5.13) 13= (I- f-pi) (I-A){ I-X! [ X (I-A )X * J } (I-A ) ( Y-f -pX ) *

. ' = (Y-})(I-A)tl-X,[X(I~A)X,]"1X}(I»A)(Y-J) 

where (Y-f) (I-A)=Y-f- y Is + | V and 
(I-A) jl-X‘£X(I-A)X’J^JU-A) (I-B){I-X’ [ X (I-B )Xs J""^X J(I-B)

. . = (I-3){l-Xl[X(I-B)X,J'3X}(h&-'§) /
■ • ' - - ! i j\ , .

Hence (Tg-Tg) and Tg [as defined-'in (i«5.10)3 are

independently distributed and lg is Hisha.rt (n-k-q,p;r^ g) 

if n-k- q •S’P* Also in null hypothesis

, m m r o±3~~ 2~'" 1«2~° 1,2 where
Hci-aky- xvixTltlia)

and “ 1«2 !’ir‘;,ri2”22 ,f12 & s1.2

12 22'
<■* S, tj\ J ’ P • Vl

-it'S ~S 3 S1 ill 12 22 ? 12

(1.5.14) Hence for tasting H0 (JL :.v;»;=ivXV„the
1 ' w -j

" 4required statistics are the proper functions of"the
-1 - 1 p

elements of (W-. o S_ 0 -I) . ''-au- l A-
45 1. d - •—. . •

(1.5.15) Similarly for testing K0£££~>.,»=2]paf0( given)} ,

we have the required statistics as the,proper functions 
of the elements of (Q1o2Si^2 "I} where‘ ^i.2=QirQl2^i2 >
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and
Q12\ p

\%2 %2f 0'x
, .5- . Q.
N » ‘ l1.6s Jmrar-i a r»r* ft of

«i-XiA P-lJ-
X
•K

X

■•Je have to consider the invariance of the roots of 
the. fora. (XqX’) (XRK11 where QR=0, Q2=Q & -?~:u 

Let Q:nxn & xhnxn be of ranks r and t$^ p) 
respectively & Xspxn, Then by (A,1,7) and (A<,1*12), there 

exists on Orthogonal matrix-A^CA^,^?Ag) n such that 

I" :_;r- r t n-r-t
QvA-|An’- 5 ^A-jAg1 » "dith this, it is easy to see that 

" Z-1'=XA1i'Z^=XAg and Z0=XAg are independently distributed.
S.S iCH/U^-r), MsyuA2,I) andW^Hig,! ) respectively.
Also tM-fdrm (XQX1) (XiDC1 )~1 is equal to- (Z^Z}) (ZgZp"1 .

•U) The roots of (Z Z^)(ZPZJ>) ^ are invariant under 

the transformation P^-GZ^TJ^ & Pg^GZ^TJo where fj^srxr <1 
't]2: txt ;are orthogonal matrices and Gtpxp- is-.a non-singular 

matrix//for \ -3 *
I Lpy roots" of P1P^(P2Pp“1=roots of G(ZjZ*) G’ G> ~ ^ZgZ^) ~ V'
>'0= roots of -(Z Z‘)(ZpZ*)_ by using (A.1.16b)

tThis gives the invariance of the statistics derived
' ■ '> i ' 'in (l.S.-Gj >& (.1,5.9) by the transformation given above.

(ii) Let A and 3 be .the same matrices as defined in 
Cl.5.2), Then since I~B and'B-A are idempotent matrices of
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ranks in-a & tk-») respectively, and (I^B^B-A) =0, 'then
n

hy (A,i».7) & (A.L 12). we. can write Cl“B;>~A2A^;'-aM 

such that A-i As &Ax: nx(k-l) }2g.nx(n-k) ■

are semi-orthogonal matrices.

(1*6,1) Let (Ai A2) = Z1 Z3\Pf
Z2 Z4 j;CiT

k-1 n-k *0

where], the

distribution of I \ is given in [(ii) ofClo-5)]

This gives S=( KI-BHY' X,)=Nr'"'3| ^ z1,).
\x/ p4J 3 *

(1,6,2): , Then the statistics given in ;(1,6.12) are 

invariant under the transformation i^G^ZoTJ oc Y^GgZ^ 

where G-^pxp & G2:^x|^are non-singular matrices-and ,

^:(n-k)(n-k) is an orthogonal matrix, for roots of

VstVs - v37i CV4V4fl T47Sf:1 =roots of

S12S22 S12 'Sl,2 by nsing (A*l*l6^) and H“s 12s22s 125

S=
lH S12\ p

rt j ri

12 "22/ -

p q ) (2* Z«)
w *x

V'- ^ ! 
- r <i \

(iii) iith the same notations as (l]-6.l) i:,',e<

(z£ z£) &

- 7
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tije£-statrsties given in (1.5.14} are invariant under the 

transformation given by
/Z. ,Z-G H 1 ; • 3

1 7 ’ , '' :A, 2
- v*-

T1 V3' 

va v4
wher e 7}: ( n~ 1) (n-1):

0\ k-i
’Is] n-k

’:V‘" It )l
is an orthogonal matrix and G= C

k-i n-k

G2>i.p is a non-
HiI q

P 1
s ingulali.majbrix.

Proof: j -Let E=

*- cJ

jS = ]

'E 11 12 D /V
E’ E lo-12 22 1 4
P q

(\r| ?])- and

'F-,, F.11 12 = E +
F*12 22,

(?i V£) . Then

(1.6.3) S=GSG‘ and F=Gb G! .
■Howi E11<G1 G2) 'g2)>, hi2=(g1

and r =a o ^22 u3 lwt 22 ^3 *
( 17-1 
‘12^22 sh=(°i <W-12) S22 (Sb.'S22>

.Hence

3iz = °i S1.8S1 whel’e S1.2=Sll-

’'<'s'iss22si2
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F- = 0^^ where

U2Z ■ Htaoa

.-r\ , «/*■** X ^ y-tr6lS; S .°?-^S1.2 '"l.2_I^ foots of (0pi>2 0^ ‘‘ligGj -D

. ,> hi =roots of Oi^Viir”0!'1 * '

■ h' 't ' ’ ' -1J:; Li:;rr.' =roots of (slt2Fi ,2~I'> by usin6 U, 1.16b).

similarly-,'-we can prove that the statistics given in( 1.5.15) - 
are invariant under the similar transformations as. given (Unwii

‘m f :

in £(ill)-"of (l»6)] .

1.1 : Itemarks: -
If we- consider the form X’AXHCL'X+X'LJ+C 

where Aspxp & C:nxn are symmetric matrices, L:pxn and
.X:pxn obey,, the density function as given in (l.l.l), then '

> ’ t

the following results can be easily established independently 
or--from'‘the results of (1.2, 1.3, 1.4):
1 ,- ~(l) Cumulant generating function of X’AX+a‘(I',3$>X,L)

-KL-is s trdA)str9S^trO(C+L,/k)+i:tr92L,XL+ 1:. ..
o—l3=1i ;^ 2 str(fitlLQ)1A(£A)S(M;^LLq)0S+ ^ where ©:nxn is any symmetric 

s=0>
matrix.

/I C-2) The necessary and sufficient conditions for 
X,A^-k|-(L.!XtX,L)-<*C to be distributed as non-central Wishart 
are-' (i)’/ AXA=A (ii) L*=L’XA and (iii) C^L’XAXL if rank 5 n.
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{) 1 >

(3-}>4he necessary and sufficient conditions, for
‘i _J'~ ”^1/

X^lX^KfdXtX’lO+C and X,3Xh|-(m,X+X,M)+N to be independ 

distributed are A£3=0, LtXB=M,rA=o « L’XM=o.

f}

t ;

I,**

ently


