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ON CONDITIONS FO4 THE FOsMS OF THE TYPE MX' * (L + XL')/2
- ¢ TO B Dz':zRIBUTw INDEPENDENTLY OR TO OB UTSHAKT
~ DISTRIBUTION,’ITH aPPLICATIONS,

¢

;o i: Introdueti nd STmMmaryve-
In the definition of the form of the -type:XAX' +
(IX' + XL')/2 + C, Cspxp and A:nxn are symmetric matrices,

Lipxn it 2 matrix and the elements of the matrix Xipxin

obey the distribution, S e
-pn/2 ~n/2 7 -
(L1 wi(u,g) = (2 1zl exp{-tr (Zp) (X -}4)’ }

where M :pxn is a matrix and Z:pxp 1s a po’sitive definite
metrix. The crnse of p=l has been considered by ReG.Laha(45)
and the case when C=0,L=0 has been considered by the author
(3%), The two main theorems established here are :

\c.) "The necessary and sufficient conditions for the form:
XiXt + (IX' + XL')/2 + C to be distributed as non-central
Uishert if renk A p, are (i) A is idempotent, (ii) L=IA
and (iii) C = LAL'/4", and (B) "The necessary a.ii& sufficient
conditicns for thc independence of the forms: XKAX' +

(LX' + XL')/2 + C and XBX' + (MX' + XM')/2 * N are 4B=0,

LB=Mi=0 & LM'=0", The various particular cases -of these

#

theorens are studied, : o

5 % - .
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regression like parameters, (ii) bestlnv the

¢

mean-vectors and (iii) testing the multiééllihéérity of

kY

}.4. ) ,

£
\
. H
The sbove results are applied bb_(

means of~first kind for multlvarlate nerﬂal populations.

_:gr
Also it has been shown that these uQStS .atfe invariant under

certain types of non-singular linear transformationgof the

variates,
14

1e2: Copditiona thot IAYY + (ITX1+XT1) /2 + ¢ 4o distrimmted

aa Jisharhs-

s
. ) g{b
We shall first establish: the following lemma:

Lemm§~ If X:pxn has the density function gifen in (1.1.1),

the eumulant generating function of the aiémenﬁs of

-~y
e,

XAKY + (I.Xs-n.m!)/z C is - ;’ ij
0 -1 r..l {v
¥ 2° trh® tr@6) ¢ tre(C. + LP"> +3  tspenn
8= - -
8] o8
:0 ‘ h |

where Q:pxp is a symmetric matrix.

XAX' 4 (IX' + XL')/2 +C is '_-_y s
(1.2.1) #(e) = bf.J exp{~tr( P S eXAX', LX< tMX‘)}dX
x;zhere’ b=(2r)"” -pn/2 Iz ] exp(tr ecC -%tr): /q)u) and

9:pxp is any symmetric matrix. Here we may note that

trPQ = trQP.
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B5--(A,1.6a), we can write A=QDeQ' where Q:nxn =
-1 I N s 5 - S »
(-Q:L: Goresesdn ) is an orthogonal matrix and Dg:inxn
i ';;:. 1 “f A A%
=8 a dlagopal matrix, and by (4,1.4a) ,I=IT' where

N ]
I XD i«a a triangular matrix.
A

{0 Transform the elements of X:pxn by the relation

e 3
ke p
,,f..-TYO' “The gncoblan of the ‘Lransfoama’cwn vsl""" fQ‘l

—lilq/g [see (2.2. 1)]
Aet :-7 ’@T U—T %Q—'(”l,”z,oos,y_n) and V" ILQ"'
R -
(gl,x?i?}i},‘,_”v ) iee. ¥4 - qul & y;=r 1Lq_ . 4lso let

" 2 - n
(10202 ﬁ(@r-b ‘fl «n »&z eXD{"&[g %..(I"Qd “})3? "”&-—e\»ir‘rév:i) '3}

i, eoﬁ(@/"I lI-%li I "o p(tr@c ~rtr )y )\L}\U)@

A o K‘;

i n ~1
O exp{t I @y i) (T2 @+ )]
i=1 S -

w4 Mes i

PeN

M ~ Subqtltut ng the valunes of ui's, ;qi's, W and using

{I-‘PoC“J\ 1 ered (o240t & ]1-,?33- |1-57] , we can write

' ){10 2) aa.c‘ )

’(132 5 4(e) = }T 2d. ).el exp{tr@(—c*i*ll/w) +hrererit .
l—l . .- .

oyt

7y ,.':5« n
g‘{i}; Hénde using (4,1,17a) & (£.1.182) and tnen using Io(
U ety , i=1 *

= trA - and r 019} & = AS, we can simplify (1.2.3)
i=1 7T : : .
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AAd write it as mentioned in the lemma:

T .{ T%‘m,s the lemma is established.

__grolg gry 1: If in the lemma L=0 & C=0, then th.@ cmnulant

f -
é’gen e{tlng function of the elements of XAX' is

i

Pt o sia

ﬁ.\

T - 3 ) OO ’ fo . s 7
257 Lg L ogea® 'l:r(fe)sf + ) ’cr/llAS 1[&‘@([@) ”[_See(39)].
s=1 .- §=0 - |

o> -,

Corollaiyig: If in the lemma, A is idempotent, then the

s»;s

moment generating Tunction of the elements of XAX'+
(LZ*+XL')/2 +C can be easily written down fl’om(l.éQS) as
(1.2. 1) B(e)=|I~2T6] " exp.{ﬁré(c—-i*LAL' +IMr-Lapn) §o

_ -exp[¥trefe(IL'-1AL! )+ tre(I-28)" li)\fiz;)'z)‘é L2y} |

::'*UBVSI we shall establish the following theorem:

o

'l‘heorem I' The neceSSary and gufficient conditions for

M'+(‘M"+XL‘)/2 +C to be distributed as non~central Wishart

1f rank s v, are (i) 4 is idempotent, (ii) L=Li & (1ii)

LAAL QY j (

‘Proofs fj"’et the conditions be satisfiedg Then the moment
'_g'éneré’éiﬁ:r function of the elements of }ulz{'-"(mi’ﬂﬁ”/ewﬁ

:Ls )ily written down as . :
- £/2 N 14 [N 1 5 1
(1,2 5) z&(e) 11—2):@] exp{tf@ I-276) (F+L/9)h(}l+ls/2)}

-t

a‘xé no :1 E: ntral parameters as uhe nonzerc : rcots of
i '
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q&+L/2;Aqn?l/2)' [see (6)]

DR ccmvazaely if X&X"’*(L}{H-XL‘)/%C‘ is distributed as
pog central lishart, the momeﬁt generat1q~ functions given
iﬁ (102 3) and (1. 2 5) must be eqaal, and sc taking cumulant
generaulng ¢unctlons, we must have the relation for any

;@ﬂ-ﬂpxp 01-"% oy

'*»..

(1.2.6) - [ 251 o (epatry tr(z0)° +tro(CHIMY) *

Qfﬁ? ® - .. sl :
citrororns + L 2%tr [Uerenia” T(MrZer)'- maple(se)®
) ‘@ S g N - . -
. =X 2 tr(ap+ALY)elFe)” = 0 .
520 S .

-guat1“3 the ‘coefficients of tr Z@) ,» We have
o

trA” = . for $51,2,350440. Using (£.1.17¢c) we have

(L.2.7) -, trjd =(

-

[

)and so & is symme*r'c 21 i ide mpotent.,

s ‘ut ting this value in (1.2.6), we have

.o

(»1 2, 8)‘“1:1’@\0«;TAL‘TT «Lé,fl )thtrefo(LL t-TAL =0 .

5, j P
- v ¥

“.uquam&nﬂ the coeffi ients of the elements of eZbg

Q tha ve L(In L)L =0, Qince Ads symmebrlcal'ldempgtent,

\

L.z

Jhen (f@A) is also symmetrical idempotént. Then using

.
()

(4;1. 19), we can write I-A = &' where'ﬁ:nxk is semi-

\‘}

po _,-r

érthogonal and t=renk (I-i), Hence L(I-A)L'=0 means

SLﬁ)(Lﬁiﬁiﬁ 0-and so LE=0 or LAi'=0 or {,

oL e : < , A
T'(I.'.lg 2 o 9‘;)1 | L = LP«- - N
1o ;S .
a0 [ -
z AR
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Putting L=Li in (1@268) and then equating the

(1.2.«3'.9%}@ G = LAL'/4 .

~ Hence, we have @stablished theorem I.

> ¢
. o~
L

':}1 3: Lopditions for tha indensndence of XAXITE(IXI4XT Y /ol

ﬁ'ﬁﬂ'é'
\‘*n 5 XEXI (XML ) fo -

T%gog‘g”ll- if X:pxan has the density funcﬁioa as glven

[

1n (lol.l), the necessary and sufficient conditiocns for the

>\orms YJV*+’IY‘ KLE)/2 + C and ZBX'+ (ML XM‘)/O?W to he

1nde@_gﬁ@nuly distributed are AB=0, ILB=MA=Q, LM'=0,
J" ~. ‘( {\

f‘Promlw.Lot ﬁ(@ﬁ,v ) be the jo ir moment generating functicn

‘{gf LKJ+(ﬂK‘+XL‘)/2*C and XBX‘“(HX‘TXM')/2+N where ©4:pxp

,__.-_, 1

i
(1.3.1) #(e1,0,) = £(0,0g) #(e1,0) »
This result (1.3.1) 1s true for any 91 & @, . Now

we chall first consider a particular case 9,=8 &\Qzﬁgg

for any: nonzerogiaxuary Pspxp and esta b115h the conditicns

H

for (1 S 1) to be true, ihen utilizing uhe conditione thus

_.Obta ‘i we can easily obtain conaltlonv for (1.3.1) to be

;
.—_'o—

h~«true for apy values of @l
et ,,“ﬁ.

Tany ~urther conditions which might have been 1lost or modified

& 85 . Thus we shall establish

in the-first particular case. We shall tbas use the above

ey
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mentlcned;procedu;v to establish the conditions fo;
(1.5 1) tolbe true for any values of @, and &, .

‘f{ ; sor the particular case Qlf@ and 0= €9, We

g; O - |
f Lo Y er aegn) Som et - (§3) S (L) ® ¢

o
71
©
:", ot
Yy
[0]
l (D

1 te of the lemma & reWrite (1.3.1) as

{
:
ig
t

25t (/tﬂ-zeL-kgz@M) (4+¢B) S""l(ﬂ+iez,+§£ez»f> ‘e(te) °

m
2
5=0
~% 2% r(rvr}:eL)A (ﬂri@L)‘efZe) (LL'vg‘MMWeZe
§=0

g1 st

o ,
- 2;) 25 tr(M+QEOM)E  (Mr gzeM)'g o(fe)®
8= ‘ ’

+ £ (L€M) (T+QM) 'efe =
- ‘ , | s
Equating the coefficients of tr(£@) , We have
: s
(1.3.3) . tr(ﬁx‘rgB)S = trh % gs £3B° £or $21,2,e000

Egﬁ n (1.3. 3), s=4 and equating the coe;flclenus

- N 2. o
(10334) 2ch“’ + +£7P” = Q where P=AB,

) 2
‘=1 €, ur(D*D') = trsz .

SR §

$>»1 qlnce P+P' is a symmetric matrix, tr(prpt)?
‘ 9051t1ve and so trP? is positive. T

= Therefore Equation (1,3.4) glves tzPP'=0 & £rP2=0

for rp‘ 1s pOSltiVQ semidefinite. Hence PP'=0 and so

(1?'3.35) o p=0 i.e. 4B=0 .
%}? @Eiﬁg this result in (1.3.2) and then equating
& t‘/“ - . . 3 )
the cosffivients of the clements of ¢20(Ze)”, we find that

(1.3.6) ° S omAn B2 = o .
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- ~Since A 2 & IBL' are positive semi-definite

_.,

i
/ R “‘,‘:“_ .,\\"\ . " )
3$r1%@3§§(133@6) gives MAZM' =0=IB<L' .

'(i,sev) e, (HA)( (MA) '=0=(1B) (LB)' i.e.MA=LB=0 .

Using (1.3.5) & (1.3.7) in (1.8,2), we find that
brLH'eié“@ i.e, eguating the coefficients of elements of
X9, ve hﬁve LM'=a{ILM')' i,e.

(1.3.8)  IM' is a ckev-symmetric matr ;X o

We can conjecture that the result (L. 838) is
not true for the general case. So, We shall first use the
conditions (1.3.5) and (1.3.7) and then we use (4.1,7) for

‘{
the txdns;o ut*on of X to ¥ b] an orthogonal matrix. Lfter

‘eerta;pﬁmod1¢1cations as 1 the lemma, we find

E A 98] Qe - s g
(1.3,9) Log ﬁ<91592> = Z 2%t g 3‘{ trh trZe.) S""‘cl’Bs’Gr(I%)c}

-

L T 2t (e L)a" HpeZe L) te (Zel) 1tr(e LCre )

-;" ’ ;” ’ '. L S=O

o, Ttr(e Lro MM )+ tr(e Lra M) (elmegi@ ‘2.'/2 -

. e @ S¢ ' N ?S+l Yo M) te ( yS
R SZL’(‘) 2 tr FIo B (Mo M) te (Fo ) T .

kfﬁfi g thiS-expression in (1.8.1), ve find that

JZ* ir_ LM'(@aigq =0 for. any 91 & @5 . Hence equating

the cgéfficients the elements of @2291, we have
(1.3.10) M =0 .

-;xﬁ;pce, in ganeral; we have the necessary and sﬁfficient
conditions as given in (1,3.5),(1.3. ?) ( »3.10), which
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If the two, forms P =XAX'+(LX‘+XL‘)/2+C
ad QX -ng'+(NX ?AM‘)/°+W are 1ndeoeqéent1y qutrlbuted.
then the re exists an orthogonbl tranoformatlon‘Z€KAKQ5 nxn

is an %;thogonal matrix) such that. P(K)“Pl(Yl.nxb, and

o e,

(X)-ﬂl(‘.{2:p s) where ¥=(Y4,Y5,Y 3)1‘1 s B=(Bq, Ay, Ag)n
t g Tiwd G t s n-s-1t

Yi:XAi 1=1,2,3 and t=rank (4 L') and s=rank (B M'),
T This follows immediately by uc;msz, ( u,a)

and theorem II,

Cgroilgrx é.n, The neces»afj and su*flclent COudlt;OHH for

A

4‘hc 1naenenﬁcnce of XAY'+(LY‘TA 1) /2+C and M{! (or'FMY"‘XM')

=}

ale “M'*‘O & LM‘ =0,
g e
?74* 17y Thig follovs immediately by.putting B=0 & N=

fy
.

e 3
*“;:

{
t N
‘1n taeor "Il or we can lndépendently &erive from (1.3.1),

fo; &(e ,92, is easy to write down in this case.

C xglla:x § The ﬁecess&ry and sufficient condition for the

fcrms (&m )Ai(X+Li)' for i=1,2,+...,m to be independently

.'

dLS xlout ad is A'hj=0 for

h)
B
N

Jeo-

T -

"~ This is easily -seen to follow from theorem II.

1.4t Canditions that 2 mmber of formes (X+IMALKSI) ! are

m

Theorem IIT: TLet A =2 A4(A & A4's are symmatric matrices),
rapk L=r and rark Sy=r, (r. =p). Then from the folloving

conditions,



al: (X“}‘Li)p.i (X+Li) ' i'—”—l,
aE:(X+Li)Ai(X+Li)' and
distrivtited for i#],

(a) if any two of the flr
all the remaini n conditions

(b) if any. two of the thre

12
as

I

2,0 ym are distributed

(X*’Lj)é

< 2,
Lan
-
o ey B
- -

)|

g.

1 v “‘
st three al,dg,aﬁ

<

R et

4

are satisfl@@, e

e conditienstbq,b,5b

~

satisfied; all the remaining conditioﬂs:;re sat*sfleu,

(e) if any two conditions of a; and b~,(1£d) cne from
each are setisfied, all the’remalnlﬁr conmltlons are satis-
fied and ‘

(@) if (e; and ay) or (e; and by) are satisfied, all the
remzining conditions are satisfied.

Y
Proof : (a) IF any two of the concltloQS»a 17239 and 8, &re
satisfi=3, then by thsorems I and ¢I,»an¥~t o) OL bl,og and
b, are savisfied., Wow by \nel.lB), ax j.:EE of Ll,b2 and by
imply the rest of Dby and e, Sow Dy theb;gms(lkor IT, by
implies a; . Thus {a) is proved, Ligiﬁ ;fﬁ q
N 1

are incdependent-



s L] ; )
(D) 7If any two of bthe coniitionq P ,sb, and by are

sa flcd, by (£.1.13) the remaining by and e, are satisfied.

Lo

Hence by Thecrems I and TII, by,by & by imply a8, & ag .

Thus {b) is proved,

c CIf a, and b, 1#j are setisfied, then by thecrem

i J
C Ai?
I or II, by is satisfied. Mence by (4.1.13) all by's and e

are satisfied and so by theorems I and II,all a;'s are satige

O

21 (d) By theoremn I, a; implies bg and by. (4,1.13) e, and

» v: 3 -.}’ "'": :‘.' 2 - . ikl
Mﬂg lmglmj?l & by, and then by theorems I and II, Bby,Dby,bg

e e

mely 2420 and ag . Thus, {d) is proved,

7™
e,
j —a
-3
8]
i
"
5}
L.ﬁ-
.,.i..
my
(D
D
)
=
1
- )
H
-
A
»)
=
B
D
)
o
]
bt
KD
2]
rl.
O
£
n
.f‘,
o
3
3
3
o]
-
H
i

- i i ik R
_i 1 2?f°q,k and lef them be independent, M :1X£, d::1xmg=
{l) lg :'r;o»sqj.} ® LvL $ ny&"“ \yljxgg & v 34’{'{ } x")’h.ere. = Z 0. Py
oo i {:‘ - ) i=1

S

PA"’yq‘ngi',ﬂgig :o=wa£k;k

P

1.5.2) Let us define ‘5=jﬁé&/n zp.kni for 1=1,2,.00,k,

B d-‘ag" ("“] 9“2,00@91—!1{) nxn, and :".’,:QX]_-—A!/IW wthere J_.""Xn

(1,1y0e551). Then it is easy -to see that & and Ey ar

Syumetgiéal idempotent metrices, Wow it can be verified easily

- etent and AB=BA=A, So B-A
| - T -
& L. m‘.' e
Tis found. to be also symmetrical ide mpotcnt and we further
—.X Y - - e,



&

get the relations (B-L.)Q.=~«(I=a3)=0 and (.J-fl){f B)=0,

Hepnce the forms comngct ted '*:Ltk;g lt\é-es,z matrices
[
{(namely L4yZ-4,I-E) are i--\ ependently distributed and obey
Wighart distributlons if (k-lsrank(2-1)) 2p,(n-k=rank(I-3)}

(1.503)  (Zp) (Ko "= (KA (X ) T ( ;...Iw;{ ~A) (KepOt +
(X=p) (T-5) (}:-pr v,

=8 F S ¢ §..'3.::f{8337’~3°

Hov it is easy to vorify that "S- =4
' k e
(1.5.4 o= (X pon - S S LA ¢
P1e5.4) Xl ! 12; Ki-xy ll )“::Lf«a,,
g ( ’
8= (X-p) (3-2) (T=p0* = ), {x, -2y ) (Zgmx-Ms 0
’L g ¢ ﬁ" 12_;1 _._\-l Z-x &la "‘z:}_ P E E')
and  31=X-pa(X-p)t = n(z-p ) (g -ON N
- ok g
vheze 2y Ly/ny 5 x= L Ky dy/n, Begom

»

y using theorem ITI and in'w

iewiof
.
,

Y]
WO
3
[
o
[

RN

and {1.5.4), we have the result thht
:‘ feeid

~~
]
L 2
&4
L]
o

[a}

Jalx ~ R, 54 and 8g ars muuu:ﬂl

)
j—
W
o
N

3 ®

distributed, and the distributions con ct)“ ] -
")

Jnlz- is W(g,I), 84 is 1?131*19.«3“1|
n-k2p, ond if So=(X-MAN (X-M)' vhere A:nX
orthogon2l such that AN'=3-4 =2nd AIA =Ty 4

then (X-M)A is MN{O,¥)
: X
Under null hypothesis So=8=) n,

is the 5.F.M. due to hypothesis Wq=pm,
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r’; f“‘-; % ,.""l'\ gu

S0 Tne statl tics required for the test .3fccedur re
---‘x : s
o, ] n ) o . Ty
the proper functions of the elements of 5‘533 ol
)id o s

Let V=) n, M;-p0 (M;-A0 . The hull-hypothesis

. .
is V=0, Wote that ift he folloving functions 'of the elements
of ¥ are zero, then =0, The functions ‘arc
(1.5.6) (1) maximum characteristic rﬁot of,z’”l"\?',
(iii) tr Z(\“‘Z) -p and
ivi —trp):(v—%):) "Ly, |

(4nd many other such functions can be s;,a ted),

ot

-,..

Hence we can at once write down the correspon~

ding sample statistics for the test oroccﬂur s mmely’
1
wle

{1:8.77) (1) maximmm root of 884 j,]
2.

3
H
N

"~

(Hotslling's Tncrltékion (’ég)],‘

i

-1 ) . 0 '{ :
S#dg) =P F,'[P:z,llal ﬂ{crlterlqn (62)]

.-1 ]
Y 1 el
0 3 [_1111»: st !}_/c:.ltemorv (esy].
(1.5.8) Hencefforth, when ve sa _y thatithe statistics

<."~5

ere the proper functions of the elements ol w( P M,,\.ue to
hypothesis) (8,P.M.due to ervor) l, ve mé'm the aLovm four
statistics for the test proceiure. 3.5‘ ) *
(1.5.9) Similexrly,’ *re can eusily obtﬁln tha*é'ntlstz_c"

for the test procedure -aoﬂ\l-,—ﬁ?—-,”—[ék«ﬂo( F"lvpﬂﬂ Tbo

statictiecs under the null hypothesis areu’che proper functions

o]
fury
I 5

o
1e elements of {(X-Mod')B(E-MoL')'} SB »

(ii) To_ohhain the ctetistirs faor teatineg the

) -1
regresasion~like narsmolers Z.lg 222 t—




‘ Yi 2 e P&i !
Let be distributed as M| i

— ?
X, g g\ Y -
i Y ﬁ.L i
LA o n‘ ;
. R
i .
f R 4
/Iy I, SR
1L 2 for 1=1,2,.,..% and they are Independently
. ? ; : ot
= Zlg 222
\ -
Y a .

1:»; ibuted. L@ué_-; =My F"l’ P Zmzzg s§ (glghm :ftkﬁ-k)

Ry W
Y:(Ylﬂz: cvey¥psipX0 and X::(XT yeeesXplt q_}{ng Zlal“n ’
K F R

R

(1.5.10) ‘Then with the same notabinng;ﬁs‘(loS 2}5

we have T}=fymg~px>(1~ X [x(I-3 X] 1K(I»u>(V~§ ~BX) !

and. To=(t-g-pi) (1-5) {T-1 [X(I-B)X ] ]‘}@«31 -§- P‘U’

are independently distributed (by mi-_wtheorem II) for

(Iud){ImX‘[l(Inu)f’] fK}fI Xt =0 .,

£1s0 note that o
(1.5.11)  rank (I-B){I-X'[%(1-3)x'] "% }(I-B)=n-q-1,
| and Teev(1-B){T-xt [x(1-B)x'] T Hr-m) v

- - Forod o
‘ -1 P b AR ©11
g SRR SR “BY(wr Xy T

‘311 1° 22 19 sl«azl‘t(x)(I By (X X

o

(1.5.12) THence under nu.Ll-hypothes.Ls (P-—O) we have

required staLlstlcs as the pfaper funct biopo of tn elements

of »1«;%2% 195112 if n-k~q2D- Also not thwt S-; o is

distributed as Wishart (n-k- ;Zl 9——211~219 2‘2‘1"9}‘ .

l

it b —
i 1,
!{“.,‘ R

the



CE 24

PO by

brye J: ,d

~ ‘ § 3
(iii) To test the mn1+100111naﬂL1tv)o meqnq of first

kind,namely Ho(flff9—..°~ fk) oi ?;
| N
O[il 52 se o—ik—jg( glveﬂ).] . i

e b

rﬁ

Vith the same notations as (155,uz and (1.5.10)

'u

ve can write,
(1.5.13) Tg=(Y-§- PX)(I-A){I« t[x(zm)x*l 17}( I-4)(Y-§ - px)*
-(Y-})(I--.>{z->v[x(T-A.>x*] ST (o)
where (Y-§)(I-)=¥-f- 74! + § 1 and '
-23{1- X‘[X(Iu X1y 17{}/;_-‘ D (=) T-xr[%(1-3)x"] x3(1-3)
= (IuB){T X [E(I-B)X1]" lx}(IuB) .
Hence (¢3~¢2) and T, [és de*wned in (2.5.10)]) are

independently distributed and Tg is Jlsharu (nrkwq,p,Zi 21
. . ~. N a

- o R A o
if n~k-g 2p. 4lso in null hypothesis . ..., <o
. g e o)
: f,' 5.0 1:~;
y Y ox 1% Y jo
- d Fvols
Ta=To=ilqy o=5 where (L—A;{Y‘ X)) = lzﬁml“
3 27 k.d77 1.2 X OB R q
: : ‘.f:u 12 22
£y N

1;7 =1 o ¢ ' = - Ty
and Wy g = Vygiiofas Wip & 81,2 % Spp7P 12322;?;2 )
..I" /

e eay

(1.5.24) zzen_c for testing Ho (§ ~_§k)wthe

required statistics are the pzope: ~unctions Qf“tke
( T -1 v\f“-. ' ifv."

elements of (Wy,3 8, 5 ~1) « oo ‘

(1» Se 15) Similarly fo:f~ testin LAO[} ""oem"fk .f (g&ven)] s

——————

we have the required statistics as he nropef ¢unculons

of the elem ents of (Qy. 20112 ~I) where Ql 5=3711" ngQgngz s



ol 1
i Y 5 v-§.4 ..s_oi 1
Py A omnl
and Q= = : ) .
< - ’
. L
1.6: af *he test_eriteria eiven in {3.58):

‘e have to congider the invariance of the roots of
2.
ak

—_—llg

the form (XQX‘)GXRK‘)“* where QR=0, !
Let Q:nxn & Rsnxa be of ranks r and t&z 1)

respectively & X:pxn, Then by (A,1.7) and (A.1.12), there

exists ‘6':[ Ol %os’or\al matrix- A—-(Al,A,,An) n such bhab

' r t nert

’U'E:R=A2A2' . Jith this, it 1s easy to see that

i

' :"XAZ and xAg are independently distributed
MN(/I(A y L) and MI(MAg, X ) respectively.

Also b5 form (XX (K'Y~ T 15 equal to (2921) (278"

W

. -

. P : , 1 . .
: (1) The roots of (%.21)(Z,25) ~ are invariant wnder
A.w& + e ’g.n Rt 10 P.=0G7 . Y Po= 7 . PN
the tx g.x;x_:L,omat:f.O-{ Py GZ:ml & Pg GZZT‘E where 1]1@ XL &

e
")2:"; t,a}zgorthogonal matrices and Gipxp is-a non-slngular

. o oL Co
Jte = roots of (Z ; (2528 ~ by using (1,1.16D) .
ifhis gvves the invariance of the statistics derived
- ‘ \; \1
in (1.5.6).& (1.5.9) by the trensformation given above.

<

J
(ii) Let A and B be the seme ma trices as defin d in

{1.5.2). Then since I-DB and‘ﬁ~_l\. are idempotent matrices of
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renks (W-4) & (ﬁ-l) respectively, and \I~B)(3= )-‘{ then
NN
by (2.1.7) & (A.1. 12), we can vrite (I-@:}‘_f? A‘giaﬁd
B-2=A AV such that Al As =0 &Al. nx(k-1) ,Ag.nx(pmk)
are gemi~orthogonal matrices, . P
_ Y ‘ 7 L-l ZB p“*:
(1.6.1) Let @4, A) = , - wh the
X : Fim 7 Gy
2 Y4 i i
e peren ML

-
¥

distritution of(' is giv’ez i [_\13.) o;(:z,o»s;]
X .

- i Y ' ' P Zg
This gives Sz( )( -D)(Y‘ X! ) ( ) ¢z
X ‘ A

A
qt_:

P

'—.-,auw-

(1.6,2): . Then the statistics g:x.vea in (l,b 12) ave
invariznt under the transformation J3=G1237)oc Vézc—zgé”}
where Gyipxp & GZ:;}X are non-singular matrices.and .
"):(n«k) (n-k) is an orthogonal matrix, *or roots of

TV (¥ v;i)"l VUL {VoVL - VgTy (VU ) 4Vé} =rcots of

ry - Ly L4 74 ” “.l '-l )
SEIACRIY ‘2,71 { 85007y (2,21) 12, 3} O> *=roots of
e Sml art S-l by using (£,1.16b) and S “-«S - oS!
1222 “12 V1.2 OV USERE AEel.LBO S1.2 iy »1?**22 127
s ]z St "“*»;
s (“11 AR B TET TP
aig 822 q a \ 24 ° = “* St
P q n-k « £
(iii) Jith the same notations as (.L$6 1) 3. Co
z T\ T ¢
?.;‘zd‘-( 1) (Z} 24 & s= ( 3)3!‘2;* zZ5D
N WA : o Z =
= NP2 : 4] > .
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the-statisties given in (1.5.14) are invariant under the

trarsformation given by

7T v, v M, O k=1
G( 1 3)?}:( 1 3) where 1]3(!1”1)(1‘1«1): i ) |
o i;j' . :" T - - -
*ffZ‘%%" Vo ¥y : 0 Mg nk.

- . © k-1 nek

PPN
< .

f_::-t'/‘ Hrb?i . ‘ Gl GQ Y
is an orthogonzl matrix and G= = is 2 non-

AP Y rrimener

» . .,ij‘ ., p q
L o . - ’ ‘
singulaitmalrix. .

I S B B D v ,
Proofs Let E:( 1t 12) =( 3) (Vé V‘,:,:)‘ and

(1.6.3) . 2=0SG' and T=GiG' .

iNowt  Ey4=(G; Cg) g(@i Ge)'y B =(6; G5)S(0 Gy

< A .

3 : s at

T =l o 12) o=l gy =

oy s 94.422 1.412-.-(6'1 Gz) (S ) 022 (512 l 822) Gé oHence
S ‘ 2 ; | |

i

S e
(1:804) 3y oB1y-Bipfag Big = G 87 o0} where Sy 9=5;q~

= . -] .
‘df;u Y = " J.S'r_-, .
e g 12722712 -
- T * )

i o
) 43 ._:'"— X
“'*.: . i § 1t
Lo izl



Sgﬁilar{y ﬁ =7 7 -1 o= . G! where
o7 Lo 2 ll 19722 12 7 T1TL.271 *
¢ e ’ . T
S RS X .ﬁ,j =1 :
W ST T, Hence
BETLL 12ee 12 nee
w’ ) . ) . “1 -
roots o8] Vi ‘-I‘=‘oo 3 of (G! 1 G.¢ lr G!
e : ( 1 2 Vi J=roots o (Jl.ul 9 lcl 1.2 I)
o 4“” =roots of G) (JE—]‘ I Y Lo
o - 2Es YAMTL.27 1.2 1 .
b ':('m“ " . -1 )
', f\:j:_::\ =roots of El,zFT,‘)“I) by using (i‘Lolele)a

similarly, -we can prove that the statistics given in(1.5.15) .

are inviriant under the similar transformations as. given dlwest

If we consider the form X'! }w (L'XEXTL)+C
where A:pxp & Cinxn ave symmetric metrices, Lepxn and

_X:pxn ﬂey the density function as given in (1.1. 1), then

+

the follo* ine

e

results can be easily established independently

oz from’ the results of {1,2, 1.3, 1.4):

(1) Cumilant generating function of X'aX+y (IL'X+X'L)
P ém."s"l L e NS ASiaonl Tt 1 27 1 .
-1 )2 s brZi)Ttrevttea(CHL /‘-L)“%‘;;tr@ LT 1o

g, st :
y gsmépm )‘A(}ZA) QQ+ZL@)@ 1 where ©:nxn is any symmetric
830~ .

£

B (2“ The necessary and sufficient conditions for

e J

X L‘LXT»-(L'XHUL +C to bg, distributéd as non-central Wishart

are (1)f‘f"2”~‘ (ii) L':L’ZA ond (iii) C=iL'TALL if rank A;ne
T . : s
A :__*__‘_*\
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