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Chapter -3 ;;:ﬂ

MONOTONIC LOWER BOUND ON THE POWER FUNCTION REGARDa
ING THE TEST PROCEDURE FOR MULTICOLLINEARITY OF MEANS

3.1 2 In:mdamizign

In this chapter, we shall show that the test
procedure (the maximum root criterion) given in chapter I
. for the multicollinearity of means of the i‘irst kind possesses
the property of monotonicé lower bound (i.e. 1= P 2 or the
power of the test procedure is always greater than or at
least equal to.the probability of the error oi‘ first kind
or size of the test) in the sense given b'y S N Roy (79) and
K.V,Ramachandran (66,67), First, we shalll pz;ove this for the
‘ particular case when r‘l and then for the: generalwease. For

the particular case we can’ also refer to- Narain (54).

'y T

3.2 : Monotonicity of ‘,thg test when r=1 <Y a0
N L e /"'

‘o ,"‘“\

The test procedure for testinvaHo(é -»M-zlzzgzy
=Q) is to accept Hy if Usge and reject otherwise,»where ¢ is
o_atained from Pr(Uz:c/Ho)- I~ oL ,ngeinc the 'size of the
test, = . o A 4_’:3;:;

The power function=l-=Pr(U 2 c/alternative)
-Pr(u 2 c/( 1+c)—b/a1ternative)

1
where U= (Z"S 12822;5) (s 11-8 128 29 12) (y—S 125223)/( 1'*‘;;' 8223)
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il

-1 “ . : "'1 g :_j:’__"‘.
and 1“1:(1"‘}'3233)/ {14-(3! x') 8 ("~)}, as given

earlier in (2,1.1) or (2.3),

By the use of the power function of u given

in (2.3.2), we can write 3

(3.2,1)

(3.2.2) « =

for j=1,2,

- p=

V. __(;.:

b o . 1sd B{%q"i,é‘(m-q*l)}

fi‘ du‘» fl ‘ 5 Fqri-1 %(m«q”l)ﬂ-:l

Sydrnt é‘._,/a)'i "isé ffz*(l‘“fi d,}/2

B % jg - ..MW,L’ \;“2

AR

%p.'-j-l ’é’(m—.q_p-l) '“‘::w'x “’; s

u {1=u) - i
B{%m ,-e-cm.q.pm} T

Also by us:tng the integral (A 3.5), e get
1 #p1 o m-g-p-1) e
u (I~u) d\}/ﬁ{%pfz(mq-pi‘l)}

< j 3 p‘*;}- )%(m— g=p~1) .

(1=u d

'%P"‘J,%(m- ¢prD}

3’..’. -

Since the range of integration in (3.2.1) is over a

finite domain, we can interchange the order of integration
in (3.2.1) and then by using (3.2.2), we write

(3.2.3)

ioe. 1"P >d‘ ' . (;'“; A

!.»4'1

Hence we have proved the result’ for r=1.
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3¢3 : Monotonicity for the )\ma'x tést in-ggénéral ]

g
. ——

Without any loss of generality, we shall
revirite (2.2.1) as
(3.3.1) const. expf-tr VV'-tr(z-8)(z- &)1}
’ g -1 -1 - (T \p
where VV'=gt s§ ’ 22'=‘§"§, V= (Vl) ,.for m;,p-l-q
. .- a/jd
.m

| -1
and VV' is positive definite,( ) = -g ( )

.

~

(3.8.2) . It is easy to see that under the above

transformat" ons, -1 -1
roots of[(IﬁX‘S ) {Ir-l-(Y' X') S () ;-Ir]
. "::, l =
= roots of [{I + Z) (VgVé) 2.2} {I +z'(vv') Z} -I]
-1
referring to (1.6 111), 5‘1—8' (/“- z_.,_z 222 ¥,

(3.3.3) 1r 5 ig oforank scmin.(p,r) then by (4,1.8),
we write 5‘1 p( r ) A » where [‘ :pxp and D:rxr are

orthogonal matrices ang 72 ‘are the nonzero . ;;;Séts of 8185. i.e,
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'.2 are the nonzero roots of ;;r‘;‘g e
L

(M - y-':1.2’-_22") (&1 ’-'12':22&2) (’*"5122'22”)/1

Dr 0 s ’

Let =T} :pxr and SO Tz for i-1 2400498

(0 0) P-5 7) nii 3%y »
T I=-S

-
"~ e

\x‘

and 7’13=0 for #j, 1=1,2,f..p & '1:1’2’;.‘.1“‘;175.1:0
for i=s+1,0003 min’(pﬂ_r)' ‘

Transform Z to B and V to T by the relations

p /B p /D O J pfT

(3.3.4) B= (1 = ( ZA' and, T= ( 1\.
- - a\B2] q\0 I4 w1 a\Ig
r P q .o ’&"gf‘\n n

[t oY " B
( I() V » Then the jJacoblan of 'bhe transformation is
0 , -

one and by using (1.6 iii), roots of :”'x 'i;

Sl - \ “1/vyy
[Gexregs © 1{1 (' X 8 l( i)}i*f-lr 7”:

= roots of [{zr+BY ('rzmg) 132} {Ir B (7T ); }-Ir] .

nw":

.,’.4

> 1

<,

Hence the eduation (3.3.1) isj_ffi N
. (3.3.5) const. exp | ~tr TI'=tr (B-,) (B7)"} where

T ey

‘1 oF ( 1;1 ) _ ,"]f‘-ng: gxr, roots of qi ), -are thé roots of
1/4 S
T ol

-1 . ' o
V5 Vfa Sy

2

P
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Now by (2.1.1), we have the acceptance rega.on
 Mpax=maximum characteristic rcot of
[ +B‘(T2T2) Bg} {I +B‘(TT') B}-: ] ¢ o

-~

By (A.1.24), we have for non~npll g.rxl,

1 -1
ﬂ [g'B'(TT') B,a-_g'B'(TgT ) Bzatc {3 g‘*‘,a‘B (Tg‘l’é) Bga}]
asrxl

S l[a...B'(TT') B_a<coa a +(1-co)a B'(T2T2) Eg@]
g.I‘X .-

H s

Hence we can write P-—I«Pr()\maxé c / not Ho) i.e.

(3..:.6) I= const. ff expl=tr TT'-trBB') deB

o J
e ;f'“«

Where the domain D is given 'by . %

[a (B+") )" (TT') (B+7b)a 4eq a a+“ T i‘
as rxl : =7

(1-cq)a" (Bzh) ' (irgw (Bg'ql)a]
and bij s and t, j‘s are to be integz-ated over ’(-OO ,00).

By the use oi‘ (A.l.ze), we have«.j
(3.3.7) _a (B+7)o) STT‘) (B+')°)3 = max.aqgt-gf
(B+")o),a§,'(B+") )1 (TTy;
,{max.root gf (B+7)o)g a' (B+"}Q)'} {ain, root of(TT') }
l.e. 3 (B+q )(TTY) (B""']o)a, >3 (B+no>'(s+1)°)mmax(m )
where Amax (TT') means the maximum root ‘of TTY,
Therefore substituting the value of (3, 3.7) in

(3'3'6)5 ve have 1411 where ;:,Lg

,,,,,
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(3.3.8) _:Iii.—."éonst.'f. .J. exp (~tr BBf - tr TT') 4B 4T,
Dy

here Dy = ra‘ L [a* (B;t-;‘?o) ' (B+0)a £ (Amax?T")a'a ¢ * |

| 4 O\ TT')(l-eo).a'(B ']1)'(T2Té;1(52”11)3

I tl
='.J and B & T : (=00, 00) .
We note that the constant value of (3.3.8)

does not contain any ¥'s. The problem is now of 1ntegratmg
(3.3.8) and - showing that the integral stays greater than
a monotomcally decreasing function of each ¥i or Nl
separately,_' It wlll suffice to show the monotonic character
of %:hi.s 1nt§gral with ‘respect to variation of (say) r1l
To this end, remembering that 3' is a non-null vector
(al,az,...,ar) , We might without any loss of generality
;Sut al-l and write the domain Dl of (3.3.8) as

2

(‘3.3.93 _,a‘rxl[{(bl 11*T1)“‘ Z’a % b, 13.} *

4 f
!-.:J\}

- 2{32-: a, (b 44" 1113)} € 528 MnaxTT!)*

-1
(1-¢0) (xmw'r' ) 8 (BgFN (Tgly)  (BgrT) a -

8" (35" (B 2]
where 7]13 s -are defined in (3.3.3) amd B= (ﬁ.w)
: To carry out t he integration (3.3.8), we first

-
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integrate out over bl 11 and then check the total 1ntegra1,

h
P

which we call Ig is pro;portional to

o

‘ ~-Inf 3, * } : l,
la e t
(3..>.10) ! exp(-bl 11) ]f 1]3%?(-% T'.? )

Up 2 ‘egy
Idbl 1y expl-tBgBy 3 - ;)' % bl 13"“32 d'.rIEdv

the symbols being defined in the following way S
i

ji"bl.ljl J "2 3,..., r and bl ij i~3,3,.o.p, 3—1,2,.-.,1',

:,! ‘a

‘and eh- --f F 2‘& and ey = ‘Tl‘flé "faa x%here

(3.3.11) - 2‘: 8.t V. and'.:i» --
frp U3t 7y :

and £, = [Qmaxﬂ ) o ,a, ,a "‘(l—-cc).
.2 (Bz+7)1) (TZTZ) (Bg’*")l) a -

Further-more, we have the properties of (3.3.10)

as (1) the constant of proportionality in. (3.3.10) 1s free
from y‘i s, (2) T: (p*‘q)m "(tkk' -Oo<tkk.4 00, (3) Bz qxr

l'»)j:$ 4‘?}‘

(b2 tt')’ ‘-OC)“:{2 ggt €@y while vy and b ij from

-0to 00~ subaect to faa always staying; rea?., (4) for

2a only the positive square root is to be)taken,
1“‘? _,,:;v

- 4_1?

s g {J

!
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s;gxd, fo, are free from Tl o Now with a;=1,

let@i :,ai* déppj;é the value \of & for which f£5, is minimum,
Then it is clear that this g* is free from ¥ and vyt and

is a function of typ1 'Sy by it 'Sy ¢, and possibly also
7)13 s and Mz . Votice that af = 1. Also let e, % and

8o * stand for the values of ®a and e5, on the’ substitution
of 3% for g, It is now clear that Inf g ela.‘ € p¢ ?

Sup ‘.;' 923>eéa*’ so that Interval{ Sup 5 eaa,Inf" a ®ip }

L4

< Interval (eaa*, ela*)'

-

‘ N )
‘ ~Let us now introduce an Iy such that but for the
constant aﬁd positive factor of préportionality (the same

a8 Ig) it is defined by

(3.3. 12) f f " exp (-b?_ 11483, 11] exp(-tr TT'-tngBg)..

exp(-Zv - Z bg.ij)dT aBz:[[dv sIdbl‘ij

,.\

’ It will be seen that, while Il is the integral of
the a.e. posi’cive function of (3.0.8) over the domain Dl,
which is (tpe ‘intersection of a class of domains, I is ‘the
integral of the same a.e. positive function of (3.3,8) over
the intersection of a sub-class of t he previous class. In

fact, the- sub-class is formed by excluding from Dl all _a s
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for which Inf a ©155e,< l.a.* and/or e, i <e,, &
Sup g 923 . This shows that 12413 . '

-

“*"It is now easy to check that, aside from a

constant and positive factor of proportionality, we have
*
223

37 = f..:“:exp (-ega*)-exp (-e?a*~ )]exp(.~trTTf-trgzgé?_

.. exp (-ZvJ.—fV_' bl.ij) aT dejfdvj, Idbl'i_j .

(3.5.19) 1.e. f o [omsf-e 158 T3t *)}

exp{- (kfia.**j Tl'f2a*? }]expg- trTTr- %' V23: )

T LR

. \
exp(ft?ngé- ‘%jbl.ij )\,d'r @2 %I:dvjt %dbl.ij

(U}

-~

'by the use of (3.3,11),
_ ) New we recall that foo+ 1s 2 function of tyy 's,
. ¥,
b2 tt' ;s 1 i;] 's, Ty % and possibly also of the other”

7) 13's while £+ which is a linear function of vy 's with

a coefficient vector 3,* which 1s a function of the same quanti-
ties that occur in £, « o Thus, since VJ, are each a N(o,1),
therefore the conditional distribution of f]a* given g%, i.e.
given tkk' "5, bz.tt' 's, bl.ijls is normal with mean zero and

-
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varience g” = 3~ a¥, . Therefore aside from a constant
a® jlzg 4

?
( "SL -
and positive factor of proportn.onality, we can rewrite

(303013) as e

?..].:; | expl=-(£ +T‘*‘f;-:;:j)52
(a.3.10) &7 = Jooo Lol (gt mirtge) } -

.’)Mi
y K

exg {9(fla*+ 1—féa*) }] exp(-fh*/o’j*)

(: 'Tm tr BoB! é':v’bz ;ur' aT
exp(-tz TT'-tr BoB}- ij 1.1§298 5+ .
“ - - - R (-"- . a‘,»‘s . -

-~

P T
.de I’; dbloij ' “"ii“A:I} Lod

Integratlng out over fh*, it is easy t.o check that
the right hanci side of (3.3.14) reduces to

vt

_(3.3.15) f...J[exp (Tl-l-faa*) /(1+5 )}..

el Tty /(1+e >}] exp(-tr 7).

- .
exp(-tr Bghy- %:,jbl- ML Il;fjdbl. 4

) Remembering that faa* is a.e.‘ positive, it 1s now

" easy to check that according as T is posi‘bive or negative,
2

We have a-cec, (Tl+f2a*) >or <(T1"'fza*) 109. 8eCoy

oA

(3.3.16) exp{-(Tl‘i-faa*) /(1+( )}zgr ) v

. e

’exp{ (Tl—fga*) /(1+5 >}

.



Thus, the integral-(3.3.18) 18 negative or
' positive ‘accorzing as Y is positive "'E‘:_rv\’xiega;ixre, which
proves that Ip is a monetonically decreésing_ ‘function of
each !ri[ separately, so that the powe§r ofg the test stays
-"greater than a nonotonically increasing ‘function of each
lril separately, and is unblased at least against all
alternative Yj's for which 12.. (1-00. Hence’ P" Ié(l—o\)‘.-
ices 1~ P24, : ; ;it.;: '
%ich proves the proposition, that the test

is unbiased,
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