CHAPTER - 2 !

CERTAIN SUMMABILITY MEANS OF GENERAL
ORTHOGONAL SERIES

Let &¢n(x)5 (n=0, 1,25.....) be an orthonormal
system (ONS) of L . integrable funﬁtions defined in the
closed interval [a, b]. We consider the orthogonal
series

2,1.1 cz? (
( ) E c 8.(x)

with real coefficients cn's.

Let us denote the partial sums, (C,a) means,
(R, 1) means, (N, p,) means, Riesz means and de-la Valle'e

- poussinfs means, of the series (2,1.1) by

n
S (X) = p c (.X),
n k=0 kﬁk
n
(x) = -% 5 A5 (x)
A, k=o
1 n Sk(x)
L (x) = b
n logn K=o k '
T (x) L 3 (x)
X = == I p.S . (x),
n Pn K=o k7k



n A
opt Ny x) = L (L~ - ) (0,

n+l

(x) 2n=1 Sk(x)
v X = z - ’
n K=n n

respectively.

We denote as usual the (C,l1) means, (E, 1) means,
(R, Ay 1) means and (N , pn) means of the orthogonal
series@,1.1) by

o (x)s T (x)s o (X, x) and t (x).

An increasing sequence of natural numbers

nl<n2< ’.O.'J‘Q‘Q <nk< ¢t s e ey

is said to satisfy the condition (L), if the series Z*H-
. k] k
satisfies condition (L) i.e.,

)

@ N
L = (—=)
Ot

k=m Dy

Sunouch?Q)has proved the following theorem

concerning the (£, 1) means of(2.1.1 ).

Theorem i~ 1f

(2.1.2) [9,(x)} & k (n=0,1,2,.00...)

then

1) Bary N.K. [12]
2) Sunouchi G. [118]
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q
b H
|, (x) = o (x)] © o, a
af E L - L dx$An£lnq legl .1Q>l-

[

Similarly, Patelr) and Kantawala2) have found

similar orders of approximation of,

. k
(261e3) El L5 (x) ~ ALl , k %2
[S (x) - o (A x)lk
i x) - ,
(2.1.4) nil L 2 , k2.
k
(241.5) t [Sa0x) = %0 , k 3, 2
n=1 n

The convergence of the series (2.1.3), (2.1.4) and (2.1.5)

for k = 2 have been studied by Meder3), Patel4) and
Kantawalas).

In this chapter we first prove the analogds
results for (€, a) summability, (N, p,) summability,
(R, 1) summability, Riesz summability of order 1, de-la
Valle'e, Poussin's summability for k = 2 and then we
extend the above result for (C, «) summability, (N, p,)

summability by ccnsidering k > 2. We prove the foliowing

theorems:
1) Patel R. Ko [94] 4) Patel [92]
2) Kantawala [1] - 5) Kantawala [50]

3) Meder [76]



eore i~ If the coeffic}gg}f of the orthogonai
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o 2
(2.106) L cn { = ,
. N=g¢
then 5
© [s (x) - d® (x)]
> n n < w
n=1 n

almost evexywhere.

D e e X 1T WY SRE PR WD € e £ OO

Theoxem 2 :~ If p_ >0, p_ Yo, np, = Olp_) and the

- . -

_oR
o (5 (x) =T (x) .

n=1 n

oD

almost everywhere.

Theorem 3 :~ If the coefficients of the orthogonal series

R - . o -y

(2.1,1) satisfy the condition

oy 2
L Ck logk < o
i k=1
then, 5
o (5 (x) ~ L (x)
= (5 )
n=1l n

almost evervwhere.




Theorem 4 3~ 1f the coefficients~g§ the orthogonal,

series (2.1.1) satisfy the condition (2.1.6), and

-
i

AR
1 < g 204l yhen

)\n - e
(s (x) (» ))2
n n
nil nP N P>t

almost everywhere.

Theorem 5 t- I1f the coefficients of the orthogonal series

IR ‘
Al d - - W G il AU e S S S A — oSy G - - - —— -

(24101) satisfy the condition (2,1.,6) then

2
(s,(x) = Vv (x))
1 P

1 ™8

(oo, p)l
n

almost everywhere.
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Theorem 6 :~ If (¢n(x)l ky, n=o, 1, 2, Ciieees
then

T - q
b; lSn(x) - Gna (x)] w g2 q

. dx { A L n 2,
& nel n S AL le b v a>

Theorem 7 :- ILf p, > 0, p, %o, np = O(P ) and the

q
i q g=2

bew |8 (x)«T(x)
J oI L 4 n y o a2 2,

a2 n=l n

dx = (}(1)n§ le,l

Dealing with the (g, 1) summability Kolmogoroffl)hés

proved the following theorem.
1) Kolmogorcff [58)




Theorem A :=~ Under the condition

o
E

n=o0

the relation Sy (x) = oy (x) = 0, (1) 1is valid almost
n n
everywhere for every index sequence {_Vng with

Vn+l

»q 1.
Vn 7% 7

Similar result was proved by Sharmal’ for (N, p,)
summability Using lacunarity. The same Tesult was
proved by Saprez) with (L) condition, weaker then
lacunarity., In this chapter we extend the above results

for Norlund summability and (N, p,) summability.

Theorem 8 :~ Let {pn be a nonnegative monotone

-

sequence of real numbers such that P, =7 = as N —%

and np = O(Pn)o If an increasing seguence of natural

numkers {'Vn B satisfies the condition (L), then we have

X ou2 o T C30 00 YD

under the condition (2:1.,6), the relation.

PED 2% J0W W Wt

SYn(x) - ch(x) = 0 (1)

almost everywhere.

i

Theorem 9 :~ Under the same condition as of thegrem 8.

We have,

5y (x) = T, (x) = o, (1)

SV% V%
almost everywhere. .
1) sharma [110] 2) Sapre A. R. [106] Iz
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We need the following lemmas for proving’ithe

above theorems

Lemma ll) :- (Paley's theorem) : Let,~{¢n(x)8 be an
ONS over the interval (a, b) and

1p, (x)] & M for a < x<b.

(i) If f(= Lp, 1 <pg2 and €17 Cp» seessC esscale
the Fourier coefficients of f with respect to

gl' ¢2p secs ey ¢nn--o then

e’ n"'z} < Ap{afbmp ax}

where Ab depends only on p and M

(i) If q 32 and Cys CpsesessC yenee 1S a sequence of
numbers for which ‘
oo q qgq-2
R 1Cnl n € =
n=1
then a function f(x) (- LY (a, b) exists, for which the
numbers ¢_ are Fourier coefficients with respect to the

n

system {¢n(x)}‘ and
1
1
b g a w0 q 2| ¥
iaf | £] dx} $ g { T lepl n

n

1) Bary N.K. [12]



where Bq depends only on gq and M .

Lemma 21) i~ Suppose that p. is non-incr

and that pn >/.0 > 0, n=0, l’ 2) ceeeso

X pesnen o e

Then (N, pn) summability reduces to (N, pn) summabT{Ey

Lemma 322~ If the coefficients of the orthogonal series

(2.1.1) satisfies the condition (2.1.6) and

{.png (= Mas a 2 0,

then the series,

2
(5 {x) = t (x))
1 n '

it 8
A
8

almost everywhere.

5 ,
Lemma 4 )z-w If p >0, p 2 0 and the condition, 'nh,‘=o P
L4 O n s

Iﬁn(x)l & k is satisfied then

q

Deo ks (X)"t(x)l oo q q=2
T N n _ ‘

ey = dx =Q() z Je | n

n=1 \
where q ) 2. :

>,

1) Ishiguro Kazuo [45]
2) Kantawala P.S. [50]

\\ ™~



Proof of Theorem 1.

We have,

Y oL X
Sn(x, Gn(x)

L]

conséquently,

(2.4.7)

i o8

02
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1 . .
Zygmund %as proved that Ag is increasing (as a function

a

of n) for a » o and A,
For a > 1, the condition (2.4.7) gives
™ b 2
1 a
n=}:-l N af (Sn(x) - Gn(x) dx

g 1 n o 2
< I — Z k7 ¢
> n=1 n(Aﬁ) k=0 k
o 2a-—2
, 1 n n
= O(1) 2, & L
n=l n n2a ke
oo n ]
= O(1) 2 4o ¢,?
n= n =1
=0 £ kel & =
k=1 n=k n
by 2 2 1
= (1) ¢ kK™ ¢
O k=1 k2

k=1

2)

.Therefore, by B.Levy's theorem /,

« 2
[s,(x) = o (x)]
1 n

H 18

n

converges almost everywhere in (a, b).

is decreasing for -1 < a < o.

1) Zygmund [349]
2) Alexits G. [5]



Again for o < a < 1, the condition (2.4.7) gives

“ |, b L2
ﬁzi —~= £ {Sn(x) - o (x) 1 dx

2(

o n
§ A _ 1 ¥
=0

A
2 n=-k+1
n=1 n(A;: ) K

Cx

202
(n=k+1)

i

o )
O(1) ¢ k2ck2 g
. n::l n=

]

O z k¥ ¢ 2
k= =

O(1) ¢ ¢ $ e
k=

Therefore, by B. Levy's theorem,

« 2
(Sn(x) - cn(x)
1 n

Hrg
~
8

n

almost everywhere in (a, b).

Thereby the theorem is completely proved.(/

Proof of Theorem 2 :~ We have

n n
- 1
S (x) ~T(x) = ¢ @ (x) ==L p.S.(x)
n n keo k¥k Pn r=0 rr
1 n n 1 n
= == I c¢@P(x) L p_ ~—3~ ¢
Pn k=0 k"k =0 r Pn r=0

{

a=1 2

D4



L 3 o g,(x) I N ACE:
= === L c X L p. -5 c XJ, P
Pokeo KK r=o0 °* Py k=o K K ' r=k T
1 n ¢()k-l
= === L ¢ X L p. .
Pn k=0 Kk =0 r
Consequently,

i
18

If {.pn& is increasing, then the coqdition (2.1.6) and
np, = (P,) gives,

R}]

oo b 2 oo n
1 = 1 2 2 2
T = [ (s (x)-T(x) ) dx & L k¢, p
n=1 n a n n N n=1 nPn2 k=0 k n
0 o 2
=z kzckz r Pp
k=1 n=k 2
nPn
~0(1) k2ck2 r s
k=1 n=k n

Hence by B, Levy's theorem,

(5,(x) = T.(x))
n o0

™8
A

|
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‘almost everywhere in [a, b].

1f {pn'} is non-increasing then by Lemma 2 (N,«pn)
summability weduces to (N, p ) summability and for (N,p_)

summability the same result was discussed by Agrawal and

Kantawalal) (see Lemma 3).

BEroof of Theorem 3 :

We have,
n
n S
1 . _TV,
Sn(X) - Ln‘x) = ki CKQK(X) - log n =1 v
n n
1 1 //y

= Lc P x) = I -5 c B, (x)
k=o K K logn V=1 ¥ k=1 WP
£ 8 (x) g, (x)

= L c X - L ¢ x) L
K=o K K log n KPR "ok v

= Tognitegn- I—y=1 Icfix) 1557

k-1l
Z' [+ ¢ (X) T —'l-'. .
ko1 KK vel VY
Since
Lim L i
(1 + =2~ 1
n—% 27 % =57+ «eeeeo + =2~ _ 109 n ) is finite,

and

o <1 +-%~ + ~%~ + eeves + —%— - logn, for n=1, 2,...

»sesy there exist such a constant M > 1 such that

1) Agrawal S. R. and Kantawala P. S. [1]



(2.2.9) o<1+h+ds Lol 4 2~ logn < M for

n = l, 2, ssscscney S0 by inequality.

H

, 2 o
(a+b) & 2 (a + b° )
We have,
n 2 2 2
(2.1.9) (Vzl ~%— ) <2 (M + logm) for n=1, 2,. ...
Hence by (2.4.8) and (2.4.9) we have
b 2 2 n 2 n
4, L ¢ + L ¢ log k.
(s (x) = L(x)) dx ¢ =% ,~, "k “ %
5[ n n loa™n k=1 k=1
. b
1 2
Let L == [ -
ne1 M4 (Sn(x) - Ln(x)) dx = 11 .
Therefore,
o0 n @0 n
I <af [ t—2— 1 ¢+ L &
n=4 nlog n k=1 n=4 nlog n k=l
ck2 log2k ]
=4M2[21+22]o
Now |
oo .n '
1 2
Sl'=£ L ¢,

n=4 nlog°n k=1 X

£ I el I ——2ope
k=1 n=k nlog n

o7



and N
N 5

2
D lo
4 nlog n k=1

™
N

L]
il 18

®x

[
ck2 logzk L 1
n=k nlog

]
[ e I8

o 2 1
¢y log k —To5%

= I ¢ logk _< w.

Therxefore,

2
; fb (s (x) = L (x))

a n

dx
n=1

Hence by B. Levy's theorem,

2
(s (x) = L (x))
l n

Heg

n

is convergent almost everywhere.

grcof of Theoxem 4

n
z ck¢k(x) -

Sn(x) - on(A! Keo K

)

x

i

gk

n

g (1 >\k:
=0 ) A+l

¢ Py (x)
(x) >\k

08
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b 2 p P 2 2
S [Sn(x) - o, (XN, x)] dx = —5— ¢ >‘k c.
2 n+l K=0
i.e.
Pl s - apih, 0l acs T B nZ?
—— X - g X X =
n=1 nP a n n ’ nzl)\Q nP k=o k "k
n+1l
2
. 2% >‘k 1
= Lo B2 TP
k=0 n=k >‘!ﬁ1+l n

Therefore, by B.Levy's theoren,

B

2
[Sn(X) - o’n( XN, x)]
np

F

n=l

° k+1
2
N L
+ =5 ~ .o
A, ol k1)

p>1.



Proof of Theorem 5 :-

2 1 2
[Sn(f) = Vo (x)] = Lo (N, x) = Vix) + s, (x) - cn(% »X)]J

2
< 2{[%“*’*? SR A

2
[S,0x) = op(X, 17 )

2 2
SO (s (0 - vyt 1 - ) - (o (N x) =V (x))
n=1l nP A n=1 nP
‘ 2
, w (S_(x) = V_(x))
4+ L e
n=1 np }
= 2 [Ml + M2 ] .

But Ml is convergent by Patell)

M2 is convergent by Theorem 2.

Hence Theorem is proved.

Proof of Theorem 6 :-

& n 1 -1
Sp{x) = o (x) = kZ ¢ Pplx) = == L A _, Sylx)
=0 ﬁ\,’ =0
1 1] n a=-1 n
= SF Icegix)Ta -1
A nk=o0 =0 An V=0
a=-1 (x)
A S, Ax
n-V N

1) Patel C. M. [92]



n n n
1 a=1 1 a=-1
i Ml vzoA“V It \,zo‘\nv
T ¢, P .(x)
k»o kk ‘
., n n a-1
=L g0 £ oA - -
An k=0 V=0 n-=V An
5. (x) n a=-1
L ¢ X L
keo K k V=k Ah--V
=" Ioptwr A
An k=0 V=0 n=Yy
n
= kio ck¢k(x) R, where
k=1 a=-1
z A
R = V=g n-V /
kK o ' g
An ;
Using Lemma 1 we have,
Fols 0 - ol = M1 Eegor |
X) - 0 .(x X = c X X
a n n a k=0 k"k* ¢
n q q g-2
< A e ] R k
N lk:l k k
Therefore,
q
b'w |S (x) - a%(x)] . ™ n q q gq-2
g —A—— dx & AL 2 Ele] [RJ K
a n=l n=1 K=l
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b3

i
i
.

k-1 | q
T a-1
w q g2 = £ Ay
(201910) = Al % lckl k T __%__, Y_—-O !
k=1 : n=k Ana

Zygmund has proved that Aﬁ is a increasing (as a function

of n) for a > o and Ag is decreasing for -1 < a < o .

For a > 1, we have

Kol 9
. T %1
= Yy=o M-V L
n=k Aha n

< L k (1) ==~
n=k n9 O n

q = 1
O(l) k ni:k nq"'l

f

1)
Therefore condition (2.4.49 gives,

q
Is,(x) = ol(x)]

b = o 2
q g-
/T ~ ax = O(1) = le |
a n=l k=1
For o < a < 1, we have
g (V=0 Ao - ¢ ga (n=k+1) 1
n=k Ag n n=k O (n)¢ n

i
o}
=
L
!H
-
—
A
'_.—wﬁ
:5’0-
Nttt



2 % 1 :
Q1) x° = 2
n=k nq+l !

[}

i

QO .
Therefore, condition (2.4.%9 gives

s (x) = (x| a-2

1 n

e q
ax =0(1) ¢ le |l &
k=1
This complets the proof of our theorem.

Proof of Theorem 7 :=-

We have,
() - F(0) = E cp(x) T
S {x) - T (\x) = L c x) ¥ p
n n Pn k=0 K7k r=0 T

where R, = 35—  p, .

Therefore by using Lemma 1, we have,

b - q b n q q
af Is,(x) = T (x)] ax = af 1k£° c B (x)| R dx

H

\ n q q ;__2

Hence,

A
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- g
b w S ( - T (x) o
(2.149) fz‘nX)n‘nXidx.(Al
a N=1

\ =A% I {ckl kT
n=dk=1
kgl )
(I Pr
q
- n(P_)
If p, is increasing, then
kel
k O
r=0o * n n n
k P
=0 ¢ ";"'n') .
Hence,
k-1 q
. (rio P ) o a
= 1 - e
n an . nq+lf“
Henee R.H.S. of c2.1.144) 18
=T A ZAGLK L
= n=k n9*!

Consequently, from {(2.1.44)

J P dax = QO (1) k§l |ck!q (-2



]

i
'
'

If p, is non increasing then by Lemma 2 (ﬁ, pn)

summubility reduces to (N, p ) summability and forf

(N, Pn ) summability the same result was discussed’ by

Agrawal and Kantawala 1) (see Lemma 4).

proof of our theorem.

Proof of TheorXem 8 =

We have,
Vv Vv
(x) = t, (x) = I cf(x) -2 T
3 X) = = - =
Vn Vn k=0 Kk PV =0
n
1 Vn kel
= 5;" L Ck¢k(X) ( z
=0
n
Therefore,
b Vv
2 n
I (sy (%) —
- t, (x) ) dx = I ¢
a "V Y Py k=0 K
n
Now 1f‘{p;i?}is increasing,
k-1l
z p -d = p - + ooooo+p
i=o Vn i Vn k+1 V
< kp
Vn \
N

This complets the

(kél |
L p .
i=o Vn" +

65

1) Agrawal and Kantawala

Pl
Boerrns

[1]
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Hence,
b 2 n
1 2 2 2
J sy (x) = 4, (x)) dx ¢ == I ¢ k" p
a Vn Vn PV k=0 k Vn
n
v
n
zO(l) 12 L k2 Ckz
V k=0
n
(2.4 L (SV (x)-—tv (x)) ax =0(1) 2 =5 I kck
n=1 n n n=1 Vn =0
Similarly of i'pn& is decreasinag,
kel
& P -4 = P T ocoe + P
izo  'n~? Vp=k+l Va
¢ K Py k4l
b 2 Vo
1 2 2 2
f (S, (x) = t, (x)) dx < =~=— L k7 ¢ p
a Vn Vn pv 2 k=0 k Vn ~k+1
n
v 2 2 2
c \')
=0(1) = k g
k=o,
/(Vn»k+l )

Therefore, ‘

b 2 @
(2.1.13 J (s, (x) - ty (x)) dx = O(1) = -
a n n

t 8

n=1



From (2 olaﬁ)

(24018

™8

b
J
n=1 a

Now we will prove
right of (291314 °
on the right side

v V2
1 L k¢ +

1 k=1 .

P
L =5+
1

m

and (2143, for {.Pnﬁ mono tone,

(s v (x) - tv (X)) ax =O(1) £

Taking the first p
of (2-;1:014) °

%g £ Kk®
2 k-4

v k
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1
n=1 ;;5 k

the convergence of the series on the

terms of the series

But as the sequence { Vi k satisfy the condition (L) so

also the sequence {Vnz}

Therefore,

I A < oL
m=K Vm Vk
Hence,
V-
; —is L k2
c
1V k=0 k
n
']
1
kzl Vl

(see Bary [2], page8 )

, where ¢ 1is constant,
2 ¢
V2 5 o V
> % .. 2 2 ¢
k=V,+1 “k 25 ¥ +k§v X kv 2
p-1 p



b8

Vv
p m 2 2 ;
= ¢ X ~i~2 L k ck 1
\' \Y
p m 2 P 2
£ ¢ & I c, = ¢ El <\
m=1 k::Vm. l+l k=

From- this, the convergence of series on the :right in
(2.4.4) follows. So by B.Levy's theorem rgsult directly

follows. Hence the proof.

L 1]
L

Proof of Theorem 9

We have,
- l n
Sptx) = T {x) = E ¢ P {x) = 5 E P, S, (x)
=0 n k=
L 5 p, e (x) (x)
= === L p, Lc¢ x) - Zp,S (x
Pn V=0 v k=0 kpk . Pn k=0 k7k
L3 egix T
= === I ¢ X r p
Pn o Kk k Veo v
Now,
P (x) = T(x)) Lo3e? e
S ix) - T (x dx = Lc I p
Jn n ;:?k=o k Veo TV
1 n 2 2
(’"""’ Zc P .
p 2 k=0 k k



Therefore, |

=0 = 2 = 1 o2,
z f(5nﬁx) - Tn(x)) dx < I === Lc p
n=l a N= =

since {pn\l is increasing we have,

b < Pn for k {n .

k

So,

I (5,00 - T0)® ax = 0() 3

Now replacing n by Vn in the above inequality we have,

Vv
o o n
N £ fSV (x) = ty (x)) dx =0O(1) & —;5- I ke
: - n=1 a nzlv; k=
n

k

The convergence of the right side of the above inequalitf
follows from theorem g. Hence by B.Levy's theorem the

result directly follows. Hence the proof.

if {png is nondncreasing then by Lemma 2,
(N, P,) summabilitv reduces to (N, p,) summability and

result follows from theorem ¢.

Hence the proof.

2
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