
CHAPTER - 2

CERTAIN SUMMABILITY MEANS OF GENERAL 

ORTHOGONAL SERIES

Let (n=o, 1,2,..........) be an orthonormal
system (QN3) of L^ » integrable functions defined in the 

closed interval [a, b]. We consider the orthogonal 

series

(2,1.1) * cn^nCx) 
n=o

with real coefficients cn’s.

Let us denote the partial sums, (C,oc) means,

(R, 1) means, (N, p^) means, Riesz means and de-la Valle'e 

- poussin's means, of the series (2,1.1) by

nS (x) = l cjD.(x),
n k=o

°nU) = kf0 Ck SkU)

Lnlx)
logn

n S.(x)
£ -V-

k=o
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<,n(N, *) - ^ ) eAtll)'

2n~l S.(x)
V (x) - S >

n k=n n

respectively.

We denote as usual the (C,l) means, (E, l) means, 

(R, >.n, l) means and , pn) means of the orthogonal 

series£t,l.l5 by

<»nCx)f Tn(x), on(>s» x) and tn(x).

An increasing sequence of natural numbers

"l < "2 < • ••••••« <nR <

is said to satisfy the condition (L), if the series

satisfies condition (L) i.e»,

£
k=m

1)
)

2 )Sunouchf has proved the following theorem 

concerning the {Cf 1) means of(?.,l#l ).

Theorem s~ If

(2.1.2) I0n(x)| ^ k (n=o,1,2.............. )

then

1) Bary N.K. [12]
2) Sunouchi G. [118]



b
I

a
£

n=l

Sn(x) on(x)l

n
dx 4 A

oo

£
n=l

n |cn| , q>l.

Similarly, Patel*^ and Kantawala2 3^ have found 

similar orders of approximation of,

(2.1,3)
OO
£

n=l

|5n(x) -
k

V*)| k >, 2
n f

(2,1.4)
OO

V
|S„Cx) -

k
un( h , x)|

k s 2l*

n=l n

(2.1.5)
oo
V

lsnCx) - Vx)|1'
k > 2i*

n=l n
f

The convergence of -the series (2.1.3), (2.1.4) and (2.1,5)
3) 4)

for k » 2 have been studied by Meder ', Patel and 
5)K antawala''.

In this chapter we first prove the analogus 

results for (C, a) summability, (N, pn) summability,

(R, 1) summability, Riesz summability of order 1, de-la 

Valle'e, poussin's summability fpr k = 2 and then we 

extend the above result for (C , a) summability, (N, pn) 

summability by considering k >,2, We prove the following 

theorems!

1) Patel R. K. [94]
2) Kantawala [1]
3) Meder [76]

4) Patel [92]
5) Kantawala [50]



Theorem 1 *« If ^J;he coefficient^ of the_orthogonal 

serie *P.A £l) Jj?ti the conjJi.ti.on_

(2,1.6)
OO r\

E c C OO
n=o n

then
00 [S (x) - <r® (x)]
E —D--------- 2------ -- < „

n=l n

almost everywhere

Theorem 2 *- If pQ > o, pn ^o, npn « Q(pn) and the

is satisfied, then the series

t (SnU) - ToU)) < 

n=l n

almost everywhere.

Theorem 3 s~ If the coefficients of the orthogonal serie 

(2,1,1) satisfy the condition

2 c. logk < 
k=l K

OO :

then,

• (S (x) - L (x))
E -JG------------- 2—L. <

n=l n

almost everywhere.
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Theorem 4 s- If the coefficients of the ^orthogonal
i

series (2,1.1) satisfy the condition (.2,1,6^, and_

1 < q ^ hj2±l then

An

« (Six) - a ( A, x))
Sn n yUV.m .....,«.«■..... ..mu. -I" \ OO ,

n*l
p > 1

almost everywhere

Theorem 5 i- If the coefficients of the orthogonal series 

(2,1,1) satisfy the condition (2.1,6) then

£
n=l

(Sn(x) - Vn(x))2 

n?
p > 1

almost everywhere.0»e»Met0»£»«3emfs»m«p

Theorem 6 ?« If |0n(x)J s< k, n = o, 1, 2, .................

then
b- |Sn(x) - a* (x)|q ~ q-2 q

/ n=i ’ n dX^ A ri " ^ Cn ’ q >/2'

Theorem 7 If d > o. d >, o. no = 0(P ) and the
mmmmmmammmmmmmmmmm O JTI O U

(concjltion (2.1,2) are satisfied then

b >36 
/ £ 

a n«l

|5ntx) - T„U)|q 

n dx
oo q q-2

0(1) E | c | n , q >y 2. 
n=l

Dealing with the (c» 1) summability Kolmogoroff
1)

has

proved the following theorem, 
l] Kolmogorcff [583
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Theorem A Under the condition

n=o n

the relation Sy Cx) - Oy Cx)
n n

0 (l) is valid almost 
x

everywhere for every index sequence with

n+1“V- > q > 1

n
Similar result was proved by Sharma^ for (N, p^) 

summability 'Using iacunarity. The same result was 
proved by Sapre2^ with (L) condition, weaker then 

Iacunarity. In this chapter we extend the above results 

for Norlund summability and (N, p^) summability.

Theorem 8 Let be a nonnegjtive monotone

sequence of real numbers such that P —~y «. as "h —y «>
———— — ——• - n
and npn = OCPn)» If an increasing sequence of natural 
numbers ^ Vn ^ satisfies the condition (Ljl » then we have 

under the condition (2<,1,6), the relation’.

Sy (x) - tv Cx) = o (l)
n n

almost everywhere

Theorem 9 Under tine same condition as of theorem 8. 

We have,
Sy (x) - Ty Cx) 

n n
almost everywhere. ,

Ox (1)

1) Sharma [110) 2) Sapre A. fi. [106]



50

We need the following lemmas for proving ;the 

above theorems ;

Lemma l1^ s- (Paley's theorem) : Let |^0n(x)^ be an

ONS over the interval (a, b) and

|£>nCx)| M for a < x < b.

C i) X f f (•*“ lP , ^ p ^ 2 an d i C2 ? *•••• «ar e

the Fourier coefficients of f with respect to 

0X» 02» ............ * 0n• • • * then

00 p p-2*l
1 |cnl n

n=l

1

P 1 b . . p
n< Ap j / 1 f| dx

L U *

where A, depends only on p and M

(ii) Xf q ^ 2 and 1 ^

numbers for which

is a sequence of

00 q q-2
E |c I n < «

n=l n

then a function f(x) (- Lq (a, b) exists, for which the 

numbers cn are Fourier coefficients with respect to the 
system |0n(x)j and

^ Bq
n=l

q q-2 I
rn ' r n * <MO rn

1) Bary N.K. [12]



where B depends only on q and M 
Q

Leroroa 2l) j- Suppose that pn is non-incr^.n^|||j-^

3 X n s

&•*****%

2 { ? £ '* j h <v11 ** J$ %

and that p Xc > o, n=o» 1, 2, ^ / fi* r» / /?
I v e t

Then (N, pn) summabilitv reduces to (N, pR) summa^i'iCt^ "

Lemma 32)- If the coefficients of the orthogonal series

(2.1.1) satisfies the condition (20l®6) and

(- Ma,

then the series.

I PA a ^ o,

~ [SCx) " t ( x) )
11 II y** t. . . . .. . . . .. . -ir - .hi.. \ OO

n=l n

almost everywhere.

Lemma 4 ^ i- If p > o, p £ o and the condition, “nte,, = O C Pr»)

10n(x)1 ^ k is satisfied then

qbee (x) — t ( X) | oo q q-»2
/ Z —.---------- dx = Q Cl) £ I c l n

a n=l n n=l

where q ^ 2,

1) Ishiguro Kazuo [45]
2) Kantawala P.S® [50]

v-

(
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Proof of Theorem 1.

We have,

S„(x> - e“(x) n= 2 ck0k(x) "
n a-1

k=o
vf>-v

, n n a-1 , n a-1
“a“ ^ ck^k^x^ ^ ^h-V ~ ' "a ^ ^ x)
A£ k=o K K V=o * V a£ V=o n-V V

i n n a-1
-jT E c.0k(x) E A y 
^ k=o ,k “ V=o n-V

, n a-1
T - Vv

2 c.0.(x) 
k=o K K

n n a-1
a ,.*V ck^kx ,.2 ^h-v””!a ,
^ k=o V=o %

n n a-1
^ ck^k^x^ ^ ^i-V 

k=o K K V=k hV

i n k-1 a-1
~~ 2 c.0. (x) £ A vA“ k=o k k V=o ^“V

consequently,

(2.1,7} £
n=i

b
n~ f Jsn^x^“ an^x^ 3 dx

* Z
n

1 n 2 k-l a-1 2
i/k (vio w)
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Zygraundnas proved that is increasing Cas a function 

of n) for a > o and a£[ is decreasing for -1 < a < o.

For a > 1, the condition (2„±07) gives

E -T- / (SnU) - a“(x) dx 
n-1 a

s< 00 1z —~n=l n(^)T
n 2
Z k 1 k=o

2ck

€30 "» 2a-2 nOU) nil Xn " n2a Z
n k=o

0(1) 00z 1 n 2 
Z k 2ckn=l nJ k=l

„ OU) OO

Z k1 2 c 2 “[k ^ 3k = l K n=k nJ

= ou)
CO

Zk=l
k2 2 1ck -7

« 0(1) Z c 2 < ~ .k=l K

2).Therefore, by B.Levy's theorem ,

? tSntx> - 
n=l ------"-------

converges almost everywhere in (a, b).

1) Zygmund [l49]
2) Alexits G. [3]
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Again for o < a < 1, the condition (2.1.7) gives

oo , b 2
L / [S (x) - (x) ] dx
i n * n n=l a

S< 2
« n q o a-1 2

JL------- £ jf c. ( A , , )2 , k v n-k+1n=l „/ .a ^ k=o"K )

oo 2 2 00 (n-k+1)
2a-2

otl> A “ e» »!k "T^n:

00 O o 00 t«OCl) 2 k c„ 2 -±3
k=l K n=k n

= 0U) 2 c/ <
k=l

Therefore, by B. Levy's theorem,

, 2» (s cx) - crJJ(x)
Z —---------------------- - < oo

n=l n

almost everywhere in (a, b).

Thereby the theorem is completely proved.

Projof of Theorem 2 s- We have

s (x) - TAx) m z cjc0|cCx) - -i— 2 prSr(x)
k=o n r=o

P” * ck0k(x-*J Pr -T“ 2 p 2 c 0 (x) 
*n k=o K K >=o r *n r=o xk=o K K
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nZ
k=o

cAtx) nZ
r=o

Pr
n
I

n
Zck^k^ x^i ” f'r 

k=o K K r=k r

n k-1
£ Ci.0i.Cx) Z p 
kso * r=o

Consequently,

oo Id Q.S -i- / CSn(x) - Tn(X) dx
n*— x 3

z
n=l

1nP.2
n

n
Z

k=o

k-1
( ^
r=o

2Pr) .

If Pn ] is increasing, then the condition (2,1.6) and
nPn ^pnJ gives»

00 i b ^ 2 OO - ^ OOO
Z / (s (x) - T (x) ) dx s< E —Z k^ck Pn2

n=l "a n n n=l nP„ k=o K n
n

OO rj r) 00 2. £ k c Z Pn_ 
k=l K n=k 2

nPn

= 0(1) Z k2c.2 Z
k=l K n=k n

= 0(1) £ c 2 < „
k=l K

Hence by B. Levy's theorem,
• - 2 « (3 (x) - I (x))

£ —-------- ------- < »
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almost everywhere in [a, b].

If tpA is non-increasing then by Lemma 2 (N, pn) 

summability ^educes to (N, pn) summability and for (N*Pn) 

summability the same result was discussed by Agrawal and
Kantawala^ (see Lemma 3).

£rggf.pf .T^^rem..3 :

We have,

SnU) - Lntx) = ck0klx) -

* 2 cjMxj -
k=o K K

* £ ck0kCx) “
k«o

■ Kgirf10® n '

1
n£ sv

log n V=1 V

l n£ ~V^,'
c^Cx)

log n V=1 v k=l

_____log n
n£

k=l

o
PC 'Q

.
W

X l JL.
V«k

1 MMMMHI

*• V /=! V
n

] £ 
k=3

ck0k(x) ' +__L_+ log n

n£ Cl.0v( x) 
k=l K K

k-1
£

V*1 V

Since
Lim

n-
(1 12 _1_

n - log n ) is finite,

and
o < i + ■“—« + .....+ ^■■ - log n, for n =* 1, 2,..,

. there exist such a constant M > 1 such that

1} ^grawal S» ft» and Kantawala P» S. ClJ
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(2#1»,$) o<l + j+ |+ --------- + n~ logn M for

n = X, 2, ................... so by inequality,

2(a + b) 4 2 (a2 + b2 )

We have,

n 2(2.1.q) ( £ “7/- ) ^ 2 (M2 + log2*) for n = 1, 2,.-...
V=1 v

Hence by (2.1*8) and (2.1.9) we have

4.M2 n o n a a 
I c ' + £ c. log k./ (S (x) - L (x)) dx < k", ''k T wk

a n n log k-i k_i

*** i ° 2LSt nfl ...... / ^n(x) - L„( x)) dx = Ij

Therefore,

X1 < C £ n n 00 .
£ cR + £

n
£

n=4 nlog n k=l n=4 nlog n k=l

4jy? [ £x + £2 ]

Now
00 . r\

£, = £ 2 £ ck
1 n-4 nlog n k=l K

2 . 2. -| e, log k J

90 2 °° 1
< Z ck £ ------

k=l n=k nlog n

oo
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and

£2 s S
n=4 nlog n k=l

n 2 2 
-2 Z ck log k

« 2 2 1Z c/ log k £ • ..-.T~
k=l * n=k nlog n

V 2, 2. 1Z c. log k
k=l logk

Therefore

Z c/ logk < «.
k=l K

“ b (S (x) - L (x))
Z J ------------- ------ 2-------

a n
dx <

n=l

Hence by B0 Levy*s theorem,

00 CSn^x^ “ LnCx))
£ —U—— —u---------

n=.l n

is convergent almost everywhere#

Proof of Theorem 4 s>

Sn( x) - <*nC^» x) * Z c 0 (x) - Z (1 - )
n k=o K * k=o *n+l

cACx)

n- A e^(x) ^
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i <,e
b 2

/ [Sn(x) - 0 x) ] dx
n1__

”2 2
\+i k=°

2 2
\ Ck:

i «e i
oo . b 2 «»
2 / [S (x) - on(>^, x)] dx « 2

n
n=l np a" " n

" v 2 22 A, c,
n=1xL/ k=° k k

00 9 00 X? 1
= 2 c,, 2 K- ... 1

k=o k n=k >?
n+1 rr

X 2“ 2 r Ak 1
- ^ Ck f V 2 D

K+ikk=o

X, 2
k 1 + • o 3

>k+2Ck+i)p )

■ l-‘ *

= 0(1) 2 c,
k=o 1

OO o

Therefore, by 8.Levy's theorem,

2
“ C S (x) - onC x)]
£ _a----------a-— --------- < oo, p > i

nr



Proof of Theorem 5 s-

[SnU} - Vn(x)] - [an(>v, x) - VnCx) + SnCx) - anCN

$ 2^[an(X,x) - V„(x)] +n

[SnCx) - an(A, X)3 }
• o » [ s (x) - v (x) 3 r °° (o (X* x) - v (x))E —D-------r-&  ............. x< 2J E D  n

n=l np ' \n=l np

» (S„(x) - V (x))
+ l  ------------- —2——
n=l np

* 2 [Mx + Mg ] .

But is convergent by Patel1 ^

Mg is convergent by Theorem 2.

Hence Theorem is proved.

Proof of Theorem 6

Sn(x) - <£(x) nS c 0 (x) 
k=o k k

n a-1

%
vf0

i n n a-1
T E ck0kU) 2 An v 

A“nk=o K * V=o n_V -j- 2
^ V=°

a-1
A Sw(x) 

n-V H
1) Patel Co Mo [92]



E W° J.Cv ” dr Acin
£

k=o V=o V=o

V
E c 0 (x) 

k=o K K

n n a-1

a 1 cAtx) 1 A " aa£ k=o V=o n-V A^

n n a-1
E c 0 (x) E Ay k =o K k V=k * v

1 n k=l a-1
£ c 0 CO E A 

Aan k=o K K V=o n-V

nE ck0k(x) Hk where
k=o

Rk =

k-1 a-1
E A 

V=o n-V 
a

Using Lemma 1 we have,

61

/ (x) - «“(x)|qdx = / | E c.0 (x) R. [q dx
a n n a k=o K K K

n q q q—2
s< Aj I | ck| lRk| k

k —* 1

Therefore,
q| S_(x) - a“(x)I v oo n q q q-2/ E 1-0-------^-E--------- <lx.< A. L i- E I cvl |RJ k

- _ , n 1„ , n , ,a n=l n=l k=1
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( 2 o lelp)
°° q q-2

A, £ | c | k 
1 k=.l K

k-i : . q
1. , vio ^

n=k n A/!%

Zygmund has proved that ^ is a increasing (as a function 

of n) for a > o and is decreasing for -1 < a < o .

For a > 1, we have

9>

£n=k

( K“»l .
s CvV=o " v

,a

q

X
n

< £ k
n=k n

Oil)
n

o a.) Kq rn=k nM

Ou)

Therefore condition (2,l,io) gives,

n^ " W'"*b « lSnCx) " °n(x)i

/ 2
a n=l n

* q q-2
dx = Oil) 2 |c„| k

k=l K

For o < a < 1, we have

•H

fkfl Aa-1 ) qV=o n-V 1 -i.

nA?

_ £ kq Q (n-k+l) 1

n=* 0 (n)a n



1= OU) k2 Z
n=k n q+1

OU) .

Therefore, condition (2.1.!b) gives

q
-|S»U) - gnU)l..d> - o u) e i cki

a n=l n k=l

This complets the proof of our theorem.

Proof of Theorem 7 :■

We have,

n k-1
$nU) * T (x) = — Z cl(x) Z p 

n n Fn k=o k k r=o r

where R.

“ teo' Ck0kU) Rk

J k-1
p.. ^ Pj-
Fn r=o

Therefore by using Lemma 1, we have,

/b|Sntx) t Tn(x)|qd* = / I E tAl«l|q |Rj 

a a k=o >

n q q< Ax Z i ck| 1 RkJ kq‘
1

Hence,
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(2.14^
b « | S ( x) - T (x) |/ ^ -JQ----^-----  dx <

a rv-I n
00 1A, 2 ~1n=l n

n ■ 
2 i 

k=l
q

c k k q-2

If pn is increasing, then

k-1
r=o

^ k D a» “ 0 (P )
v Kn n v n'

0 c ^ )n
Hence,

k-1(2 p )
r=o
n P.

O U) -
n n q+1.

Wet*ce R.H.S. c ,s
00 % q-2°° i= A, IIC»U £ -rjy

n—Ik n'frin=k n

Consequently, from

b BO

I tn=*l
^ ".TnCx)! q

dx O (1) I |ck|q kq"2 .
k=l K
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If pn is non increasing then by Lemma 2 (N, pn) 

summubility reduces to (N, pn) summabiiity and for;

(H, pn) summabiiity the same result was discussed by 

Agrawal and Kantawala1^ (see Lemma 4-) - This complets the 

proof of our theorem^

Proof of Theorem 8

We have,

Oy (X) - ty (X)
n n

V
= / - ~k A pv„-k skSjx)

k=o V k=o n 
n

, vn k-1
pT ,£ Wx) (,E„ pv-i >

Vn k=o i=o n

Therefore,

f 2
a ^SV ^ (x) ) dx =

n g k— 1

n n Py k=o 
n

E ck ‘A pv.-i)
i=o n

Now if {p"71is increasing,

k-1
.E Py -i = PV -k+l+ Py
i=o n n n

< k P
n

1) Agrawal and Kantawala [1]
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Hence

/ ( Sy t X) 
a n

Z 1 n o 2 2tv (x)) dx < E c. k pvvn Py k=o K Vn

O u) a n 2 2 x £ k c,V 2 k=o k
n

n 2 2(2,1012) £ (Sv (x) - ty (x)) dx = O (1) £ —jr 2 k*"cw
n=l vn vn n=l Vn k=o K

Similarly of ^Pn^ is decreasing

k-1
£

r=o n
PV -i “ pV_-k+l + o « . +

n
Py

n

< k pV -k+1 n

/ (Sw (x) - ty (x)) dx <a Vn n
rn ,2 2 21 k ck pv„ -k+i

k=o n

V .2 2 2^ n k c. V0(1) £ --- k..
(V )1 'n-k+1 '

Therefore»

SO b 2 oo(2.1,13) £ / (Sy (x) - ty (x)) dx =0(1) £ ~
n=l an n n=l V

n
n 2 2£ k c 

k=o
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From (2.142) and (24:43), for ^ Pn^j monotone,

09 b 2CO o ^ °°1^90

(244$ £ f (Sv (x) - ty (x)) dx =0(1) £ —Eke,
n=l a vn vn n=l k=o K

Now we will prove the convergence of the series on the 

right of (2.14$. Taking the first p terms of the series 

on the right side of (244$.

V, V0 V !
1 « , 2 2 1 „ 2 2 1 P !22^ E k ck + —5- E k Cu +0..+ —!* E k c,v/ k=l k y d k=l . k V 2 k=V ,+1 k
A * p p—1

2 2 P 1 2 2 P 1k ck ? tTT + 2 k cic~ 2 "'2 +
k=l m=l Vm k=V, + lm l m=2 V

m

P ,22 1E k c. —V
k=V ,+l * V 4

P-1 P

But as the sequence | vn ^ satisfy the condition (L) so 
also th. sequence [V„2jUee BaIy [2] ? page8 ,

Therefore

Hence

m=k V
< c

m

z -i

where c is constant.

m 2 2
- 1 k ck <

u=l k=o K

Eke
k=l

2 2
V2

+ £ k 2 2
ck ....? + • •+ 2 k cV2

p ,2 2 c
k „ 2vr k=vx " V2 k=vp-ir vP
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vPl ® ,22
c £ —9 2 k c.

m=l Vm k=V ,+l
in m—J-

N<
p m <•c £ 2 c."

m=l k^^+1
= c £ 

k=l

From this, the convergence of series on the .right in

follows. So by B.Levy's theorem r^-euli directly 

follows. Hence the proof.

Proof of Theorem 9 i-

We have,

Sn(x) - Tn(x)
n n
2 cj&k(x) ” "p~ 2 PkSk^

k=o K K n k=o K K

= 2 py £ cjD. (x) i— £ PkS.(x)
*n V=o v k=o K K rn k=o K K

n k-1
p 2 Ck^k^^ Pv
*n k=o K K V=o v

Now,

b — 2 , n 9 k-1 2f is {x) - T (x)) dx = —»jr £ c* ( £ py)
a n " Pn k=o K V=o V

12 2-H 2 ck pk •
Pn k=o k k
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Therefore,

oo b
£ /(Six)

n=l a

2 oo . n Q
T„(x)) dx < £ *~”2 2 ck P.2

n=l P„ k=o K k 
n

n

" 1 ” _ 2 ^ 2
■Oil) l.T-jl =k V

n=l n Pn k=o

since ^Pn^j is increasing we have,

,^k * for k $ n

So,

£ (SCx) 
n=l n

T C x)) dx
U

” 1 ”.2.2= O(l) £ 2 ck k
n=l n k=o

Now replacing

£
n=l

n by Vn in the above inequality we have

b 2 so | rs
f§y Cx) - tv (x)) dx =0(i) £ —«• £ k c a vn vn n=ly v k=l

2
k .

The convergence of the right side of the above inequality 

follows from theorem Hence by B.Levy's theorem the 

result directly follows. Hence the proof.

If is non-increasinq then by Lemma 2,

abilil

result follows from theorem $

(N, Pn) summabilitv reduces to (N, pR) summability and

Hence the proof.


