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Therefore,
R v .
27 @ 2 .
o PPz % p B
. w o 3
vl - V==Y, v~1I N
n=2 +I ) n=2 +1 TR
,‘ . o I - o -

e B

. L T
V=Y, (v-2)log T 18 ~5’-)

v

since [an 6, as also | & \B does not exceed P B it follows that

s Byip P

% a ] +1%, < o,

. C Fy<e .
" This completes the _proof of the theorem. - Lo

4. .PROOF OF THEOREM z. We shall prove thzs theorem also for k = 2.‘ .
. From(10) we have : :
v

ey
P e <ao(®)
y—1 n, 4 2V
) n=2 I ’ )
" hence by (7)'we get
2’ . ) .
5 P < 1+s
[G( )’ ( )T
- m=2 +I zv

Cq Z‘V(I+d)

2 .
[(v— ) 1og 002 |7
By Schwarz’s inequality :

. . ‘ - —vafz
2 ’ ifz , v[2 Sy 2
s p < (up )t g —— —
©oy=-I LA ( - ) : {v=2)log I"‘Te(v-z)
#e=2 +1I N .
" Therefore, 2V oo . - o
IR S P S S T A
e N A L S (R D S PR
=2 . -
_and hence
v ' , oY -
%_' _‘na:/Z P o ; 2 na/z P ‘.
v-1 - v =1y, v-I )
#=2 +I n=2 +1I
<o 3 !
[ pA <
Cv=y, (v-2)legttE(y

uy'5
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Hence - - ’ Cogmy ol
N _ T

% PR sm‘*’ N < ( ) VN I . L

i O i s “r“ Loy

Putting N'= 2", where ¢ is an integer > v, > (legél 2} + 3 and taking
into accouut only the terms with mdxces n exceedmg ‘N, we have from the
last mequalxty '

»»2‘} 3 A ‘~‘ * (‘)' * . ":_ 'v ) .
kil -y
(Io) > Pn2<2m(2y)vz .

P . Sl L - N . ., . ",

Hence by (4)
2Y 2V V(27 Vg ) PV '

FLENG D

(1+a) ‘ : . v

[51( )121+8(2v)]u+2

Asshownm{é}, Co S e e )(
h(k~)>(wﬂﬂ%2'

<G

.and "~ . l,,(~~——-‘)>§log(v-z);' - o
. N\ 2V ¥ N . .
hence, ‘

v " c ! S
2. T R A -v I+a -
b P2 < o2 " ) —

v~-1 [(v— )log:r''*”g(v--z):l"‘-*'2

fn==2 I
Applymg Hdlder’s mequahty we get’

2¥ 2¥ . B/é, 2V. 3 .I_Blz..:v ;, _
b P’f\<\ 53 pna'> (2. I) P

V=1 T y—1 v-I
=2 41 Co M= 1 =2 +I
- sv(T+d) Bz o
2
<C’.~[(v—z)log1+s(v 2) ](“‘*'2 Blz- .2 ( B
- L T pforp= 2" (
(v —-2)10g1+8(v ~1Y v a2 o

o
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Therefore -
27
(s v—~f[f(x+h)-f(x W) Pdr—g 3 P2,
n=1
W%le{e ot Pn2:.=a%2+bn2. .l o o * .;,:; . 7
l 2% : ) : 3
Now -—~f{f(x+k)*f(x k]*flx<-co(k)f&fx+h fia- )]s
‘o Y90 -, . DO E S

[ N .
where w denotes the modulus of continuity of f(x). Putting.h = % .
4

we have ’ i

__f [f(x+2N)~f( N)] i “5 p . g:

T <@ f<x~-> o
o Frees)srsle- Jf(xf;»

(v 2)miN
<2‘§:*If'f o () s [
va/N

y==0

2N-—1 .

<f S If(‘x+v‘+1«m)—f(x+3~n %
g y=0 “ N 3 ﬁ‘v\k'-N i

D o, - T e
Since® % . f( "f(x+“ﬁ“)]*<\v’.;x. N
e ’ . '
where V is the total variation of S(x)in (o, 27t), we have" ok %
Ty

L0
Therefore it follows from (8) and {g) that

( | ) ' T J .
Fliva)s(g)lassr.

w .
2 gin2 T ({ =YV
nix Pt NSO N ) N,
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THEQOREM F. If
) ‘ ch®

S T JEE

N CETIE f(x)

2,
a+1

The air of this paper is to make a similar addmon to Thedrem D More
) precxsely we intend to prove the following g

TH EOREM r. ‘I f( ) is of bounded variation and satisfies the condition

then.(3) s tl:ue for § ==

ha
+h . ¢ - 3
(4) . if(x HENE [11 ) "lk1+8(k)‘]a+.2
then(3)holdsforﬁ-«— +z R BT . i.

Tf we put o = 0 and % = 1, then this theorem reduces to the more generai
.form of Zygmund’s Theorem B Remark; (7) ].

G H. Hardy [ 2] proved that 1ff( YeLlipag,o<a < 1, then

-

ts) "3 aB~F (1e, 418 [J< o, " : . S

n=1" ) ‘ : S . .
for B <a. If f( x) is, in addition, oflbounded variation, thén .’
(6) . :

: 3 w82 (la, 14 15,1 < o, o
- * n“I !
for 8 < a. A C. Zaanen }_6 Theorem 3'] has proved the followmg adchtxon :
. : T YA Y . i
RALITE |<, e , then ().
: l(h)lax( ot ) T
holds for § = a: : In this connectign, we shall prove the following - .
THEOREM 2. 1f f(x) is-of bounded variation ‘and satisfies the condmon

. ch*

[w» wn zl“(k)]2

=, .then (ﬂ\t‘i) holds

(7) Iflx+h)=-f(x)

for B=a.
3. PROOF OF THEOREM 1. We shall prove the theorem for k=2. From
(1) it foliows that

L e . . .
f(x-{-k}—f('x—-k) ~ zﬂgl(bn cos nx—-a, s’in nx ) sinn_h.



‘ON THE ABSOLUTE CONVERGENCE OF FOURIER SERIES
B. S. Yadav and O. P, Goyal

1. Let f(x) be Leintegrable in (o, 2rc) and periodic outside with ‘petiod 27
and let -

(I)‘ f(x)rJ la, + 2 (a cosnx+b sinnx ).

n=1 :
S. Bernstein { 1] and A: Zygmund [7] proved the following. two theorems
respectively ; .
THEOREM :A. 1 f(%) 8 Lip «, & > }, then the Founer series of f( %) converges
absolutely, that is

(2) 3 (Ianl+ib ) L
%-—- . R

For o == ;L this is no Ionger true [9]. . ;
T HEOREM B, Iff{x)isof bounded vama‘aon and belongs to L:p k2 q. > o
then {2) hoids. ' .

These theorems were generalized by O. Szasz [4] and Waraszkiewihcz [;5] and
A, Zygmund [ 8, 9] respectively to the following theorems:’ o
THEOREM C. Ifif(x)elipa, o <<a<1,then :

(-4 B B B .
(3) 3 (la, +¢an_)< @,

2. A 4 ~
forg > + - -, but rot’ necessarziy for B = el e Ty
TIJEOREM D. If flx)1i 1s, m ‘addition, of bounded vanatlon in Theorem C,
then ( 3) holds for-B > 5 but not necessarily. for § = - + 5 ‘

L. Neder [ 3]and A.'C. Zaanen {6 ] have respectively made the followmg addiz
tions to the Theorems Aand C: - - - 0D s R
THEOREM E, Iffora>o,
T “h(h) = Iog(e+h ) B N N
Iy () = log log (&° +r7T ,
and1ff6rcertame>o oo e R
Cha ' R N

tf(x+k)—f(x){<

SR () EHTH
then (2 ) holds also for a=1% N

3



ON THE ABSOLUTE CONVERGENCE OF FOURIER SERIES
0, P. Goyal

1. Let f(%) be L-integrable in (0, 27) and periodic outside with period 2w,
and let

’ a 0
(1) fix) # -2 +3% (a cosvx+b_ sinyz).
: 2 y=1 VY v
G. H. Hardy [ 1] proved that, if f{# ) e Lipa, 0 < a < 1, then

(2) T wBE(Ja, | +18,]) < o, forB<a

# =TI

If f(x} is, in addition, of bounded variation, then

 Pl2
(3) 2 In(lanl+lbnl)<w,forﬁ<a.
o=

A. C. Zaanen { 4] has proved the following addition :

ch*
If [ Ax+h)-flz) < e g >0, where

h(k)l(h)..L (k)

L(h) = log ( e+ %-) I( k) = log Ing(ee+ %—) ..
then (2 ) holds for B = q4. ‘
Recently, B.S. Yadav and O. P. Goyal [3] have proved the following
addition :
If fi x ) is of bounded variation and satisfies the condition

a
A+ B -f(x) ] < Ch

( I+3>,,,e>a,then(3)holds
(k) L(k). Lp(h)
for § = a.

In this connection, we shall prove the following theorems :

o
Let flx) L+ % a cosyz
2 L1 Y

and o denote the modulus of continuity of the function f{ x).

Received October, 1963.
Revised December, 1963.
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Theorem 1

It (i) fix)slipno<aw<1
TR ._‘I . :
*w(——-—)logn
(i) a » —27
n

] n
and (i) o (»-
o

s (o |)< o forp<a+i
=X ~

We have the analoguous theorem for sine series also.
Theorem 2

If

-

) is increasing 'slowly," then

R

(i) fix)elipg,o<a <1
) ¢
-0 f—

(ii) bn?}‘».__..g..?i).

and (iii) o (»;q) is increasing slowly, then

s 21,

E%ﬁ-%('bh,;)<m,forﬁ<a+%-

We state here the two lemmas which we, shall need in the proof of our
theorems. .

Lemma 1:

Iff(#) e Lipa,o < a < 1, and w3} be its modulus of continuity, then
_ so(3)woen
T, T < e
Lemma 2 (Tomic[2]):
Under the hypothesis of the theorem 1,
. # I . )
if m = [?]’Rv == gy (T) log v, v > 1, )‘o'lx > 0;
X m

b3
v - . .
= my 2 ?v ( av+ - ), p being sufficiently large but fixed and

< m, then

I , [
(4) Bm = 0 ( ) (7) log n)‘and also

A : B -

I 0 m-1

, (5) E;c(am-l- m)<Bm—Bm-1+ m=-1"
Lemma 2 follows from lemma 1 {2].
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Proof of Theorem 1:

Takiﬁg into account that A, {v>»p ) is a sequence increasing slowly, we

shall have in vritue of {5)

A ] s
V4 44
iavl "‘7< !av')'";—

BV 1
B - -
<2’¢'U[ 14 B‘I'I+ V"I]

Therefore,

Ve, -iﬂ“" [#7%s,- VB“%BV-I“”M%]

B
<27:[v6”%8v~(v-1)8—%3\)_ + VB - V—I]_

I v—-1I
Hence, )
m "t A w
b vﬁ"%la |~ 3 BEDY can 3 Bl
V:"—p'{"l v V::'?'*'I v V“—"P+I \V
wh - m - B
- 3 (v-1)PiB _ptem 3 PRy
y=p+1 v Cv=p+I v—1I
- " 1B,
<21\:(m8 %Bm+ s Bt v-1
Vzp-}-‘[ ) y~1I
. 5.
gl vB_%Ia Issznmﬁ'% B,, + 2m ’g LB-E vt
V:P+I v ’ v=]§+1 y~1I
m A
PR S B
v=p+1 v
" p-} L p-}
M= 0 v=§+xv (la, 1) <27 ) S 0™ Bm_
B ~-x m X
Lt s B-% Ty Lt B-3
2 z p) ) Y
Trrow ﬂv#ﬁ-}'l v v =1 mo " ”
0 o0 1B _ 0 _1 A ;
2 B i(angea = WPFiI x o Pohoy,
v=p+T v y=p 41 V=T y=p+t1 v
Sincemﬁoomﬁ"%Bm < n;I;twAnB"%m(%) log # [in virtue of (4)]

.
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(——-—) logn
= LI

logn
—— < JA —= 55— =0
n->00 nt I now 5%+ B ’
for p<a+4.
Therefore, in virtue of {4), we have,
[+ 0} ...l o8] (,——)iogv
p2 vﬁ “{la |)g 2nA 2 v+I)B
v=p+1 v v=2
1
0 -l
+ = vg"%i}_( 14 )'ogv
y=p+1 v
® J_)
<c % vﬁ_%m(v log v
v=p+1 v
© -1
< C 5 B 3 log v [smcew( )<B,_E_. ]’
v=p2+z Ty v*
© log v
< C p I+ 1.8
yv=p4+1 V a+i-p
< o, fora+3-p>o
Therefore,
s B-1
Eov (e )< e forf<at}
y == 1
Proof of Theorem 2:
# 4 I

BytakmgT’=1§+ b I-

nix) cos yx and kvz w(—:), we
y =1

can prove the Theorem 2 just as the Theorem 1 is proved.
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® fx =4 -4, %), if C=(—1)%
©) fuD)=A@N AP, if C=(~1p+;
where B, (t), B,y (),..., B;(t) and A (x,y) are arbitrary continuous functions.

\

(7) is the general continuous-solution.
(8) and (9) are particular solutions.
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ON THE ABSOLUTE CONVERGENCE OF A SERIES ASSOCIATED
" WITH A FOURIER SERIES

0. P. Goydl

(Presented 26 February 1965)

let f (x) be L-integrable in (0,2 =) and periodic out side with period 2 =,
and let its. Fourier series is

.y : f(x)NE a,cosnx= f}i Ay
N =1 n=sl
We shall be concerned in this note with the series
e S8 o .
(1.2) > , where S, is the »'* partial sum of (1.1)) i.e.
- n=1.

" .
(1.3) Sy=> Ag and S is an appropriate number independent of n.

Pt} '
We shall take S=0.

~We write

(1.4) DO ={f(x+D+f(x—0}/2

1
and @0~ ] ® @
0

Hardy and Littlewood [1] have considered the [c, 1] summability of the series
(1.2) and Zygmund [3] has obtained the necessary and sufficient condition for its
convergence. Recently R. Mohanty and S. Mohopatra [2] proved the following
theorem:

Theorem A. If (I) @, (f)log £ is of bounded variation in (0,27),
t
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|2 <‘) is integrable m (0,27),

(III) (n""An) " is of bounded variation for § > 0,

then (1.2) is absolutely convergent.

We intend to prove the following theorem:
K40}
sin’
and (I) a,=0 (n““), o >8>0,

21\

Theorem 1. If (I)f log — - dt < oo,

then i Sa. is absolutely convergent.
n=1 N

Proof. We have

S _ 1 f@(t)sin(n+1/2)tdt

n 2nw sin’/,
[
1!/5
1 f@(t)sm(n+1/2)tdt Ij‘di(t)sxn(n+1/2)tdt 5> 0
2nw sin?/, 2nw sm'/2 . '
0 /.8
= zwi E’l: ifng(t)dz
eyl om et N sin‘/,
e =
<S =+
2alf1+ &)
o s
=J+J
Now
n/lla
A @ (1)
s, ¥ — — dt
\r;-—;ln sin/,
0
. ™Ik (b()
w o t
L S =
S, Lanl®
”/k+1
gAif L) —-dt
) sinf/,| =1 n

ety
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k21

k
® D)
< 4 ——=|logkdt
- ;¢Z=1 f sin 1/2 g
™1
Tlr
® 2r| @() Lm
< 4 log~— | —=1dt, since <<k,
h ;Z‘xf gt sin’/, ( k+1 !
1
t<2njk, logkglogg?).
F2x| Q)
<A f}OgT sinflz dt
0

<< 0.

Since @ (f) ~ i a, cos k xcoskt, we have the Parseval formula
ud)

ki3 k1

én:’"f @ (H)sm(n+1/2)tdt i a coskxf sin(n+1/2)tcos ktdt
g

smi/2 sin /2
n[8 3
_ i akcoskxf sin{k-+n+ 1/2)t;—sm(k-—n- 1/2)tdt.
= 2sintf2
. ﬂ/lts

. 1
Applying the second mean value theorem to the factor ?cosec ~2—t we see

)
that the coefficient of a,cosk x, k # n, does not exceed 2n —— in ab-
solute value, and so ﬁ]k—nn—f
2 2 ‘ 1 n& 1 ’
il <=2 | @} |cosk x| ———7 + 0 (7) (where ’ denotes that the
T kel k—n——»———] n

term k=n.is omitted)

<A %'kna__,.._ﬁi__.w-}‘ 0(..1.._>

n-—1 ™
<43 +4 + 0(—~1~)
k=1

=R +R,+R,.
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—a
—l -1
4 ) 5
oy k=t w1 B—k—
n k:{—;]»ﬂ

=0 (n%% + 0 (¥~ logn).

Similarly .
R k=

=0 (n*-*log n) + O (n®-%),

Therefore
1
J=N 1§,
n=l -
», logn , = 1 ;2 1
<4 Eloar S —— a1
ngln1+a—8 ] nlte=g = nlte
< oo, '
for « > 3.
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ON THE ABSOLUTE CONVERGENCE OF FOURIER SERIES
0. P. Goyal
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grable in (0,2 =) and periodic out side with p§riod 2=,

4

1. Let f(x) be L-inte
and let

'6)) F(x) ~ %9 + i (a, cos Dx + b, sin Px).
ya=l
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G. H. Hardy [2] proved that if f(x) € lip ac;?O <o < 1, then

(2) ii nﬁ*l/Z(la"I+|b'x‘) < 09, for B < O

If f(x).is, in addition of bounded variation, then

€)) Snﬁlz(la,,{+fu,,{)<oo, for B.<a.

ne==i
A. C. Zaanen [5] has proved the following addition:
Che=
If [+ —f@)|< , >0,
| LWL - -1t (h

where (B} =log (e +4Y), I, (h)=loglog(ec+h™),..., then (2) holds for P=u

B. S. Yadav and O. P. Goyal [4] have proved the following:

If f(x) is of bounded variation and satisfies the condition

C h=
(LB« - -1+ (P’

[fG+R-fR)<

hen (3) holds for B=a.
Recently the author [I] has proved the following:

Let f(x)~%’-+§ a,cosvx
Va1

and o denotes the moduliis of continuity of the function f(x).
Theorem A. If (1) f(X)elipa, 0 <a< e,

—w (—1—) logn

@ 6>~ 13 1,

and (III)w/(-—L> is increasing slowly,
x

then i nt=\2(la, ) < w0, for B < a-1/2.

n==1

Theorem B. If (I) f(x)e lipa, 0 <a <1,
i
el R
()
n

and (I1I) m<~1—~) is increasing slowly,
} X

an b, > , n>1/2,

then % =12y, ) < o, for < o:+-;-.
=1
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The aim of this paper is to generalize the theorems 4 and B in view of Tomi¢’s
[3] paper. More precisely we intend to prove the following:

Theorem I. Let f(x) be periodic and continious in (0,2 =) and has (1) as
its Fourier series. If (I) f(x) €lipa, 0 <a<1

and (II) a, and b, are postitive,

then 3: nr(|a,|+1b,) < o0, for y <o

n=1

From Theorem 1 follows: )
Theorem 2. Let g (x) be a periodic and continious function in (0, 2w) and let
g(x) ~%°—+ i (a,/ cosvx+b,/ sinvx)
pe=l
and w,, denotes the moduls of continuity of the function g (x).
If f(x) satisfies the conditions of the Theorem I and
@y (8) < “)(8)? az' P Gy, bv' />/‘“bv’ )
th 2 , ,
“ S wr(a) |+|b/ ) < o, for y <.

ne=1

We state here a lemma which will be needed in the proof of our theorem.
Lemma (Tomié [3]). Under the 2" hypothesis of the Theorem 1,

if m—_-[——z—:l and B,,,x—.—— Z vu,, then

um,=1
4) Bmg|s,,(~l)<Mw(i,f) and
2n 2n
3) b (B Byt D )
m—1

Proof of the Theorem 1. We have in virtue of (5),

7 v—1

v b, < i(VYBz_VYBV”I+VYBV*1)

gi (wB\, o (Vo 1)VByg VY B”‘; ) , since B, 0~
w .

V__
Therefore,
m
Swa <2 S, »———-Z(v-—-l)YB_1+w2vYB =
vl T gl o1 v—1
<~4— mv B, +———z B ‘.
T wa v—1

Hence in virtue of (4) we have
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"

A m(l f)
T m ?
wh < Amtoe|—, 1+ 4 v _2Y 7
3 o(Z.s)ra $

v=1 v=1 v
A" . o 1 1 ¢
< + A4 2“‘“_= since w(—)<——.
me=yY &y ylta-y y Y&
im im A" 7 m
li Sy, < li Y lim __...1_
m— 0y > 00 mE—Y m—> oo =y yita—y
Therefore,
[ ' w\ i . im 1
S vru, < A’ ) since ! =0, for y<a
= o vitey m —» oo m*~Y
< oo, for vy < a.
REFERENCES

[1]1 O. P. Goyal, On the absolute convergence of Fourier sertes, Jour. of M. S, University
of Baroda, vol. 12 no. 3 (1963), 23—26.

21 G. H. Hardy, Wetersnass non differentiable function, Trans, Amer. Math. Soc, 17
(1916), 301—325

[31 M. T o m1¢, Remarque sur ma note La convergence Absolue des séijes de Foui fer, Archiv
der Mathematlk vol. 14 (1963), 31—33.

[41B. 8. Yadav and O. P. Goyal: On the absolute convergence of Fourier series
Jour. of the M. S. Uni, of Baroda, vol. 10 no. 3 (1961), 29—34

[51 A. C. Zaanen, On the absolute convergence of Fourier serfe I, Nederlandse Akad.
Weterxsehappen Proc. 48, 211—215.



MATEMATHYKE HOTE NOTES MATHEMATIQUES

V oroj pybprum objaBibyjy ce OopurmHaiHH Dans ceite section on insére des notes
TUPHNO3M Wiy obuM He mpenasy TPH lUTaM- contenant des contributions nouvelles ne
faHe CTpaHe. dépassant pas trois pages imprimées. '

MATEMATHYKI BECHHMK
2 (. 1965, erp 251-253

LACUNARY FOURIER SERIES

0. P. Goyal
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© 1. Masako Sato [1] has proved the following:

Theorem A. Let —;—<a<a<1, 0<Pp<(Z—a)/3
and B2<a—asi(2—a—PB)/4
Ir fUGa-2a-B) <y, < @2M@ ),
i”k:’cl -—nk§>4eknkﬁ,
and
B
@ ;}5 f £ () f (L) [Pt = 0 (42 as h—0,
0
(i) - f | £ (6= (t £ h) [Pt =0 (1) unif. in v,
i ]
then 1 Z([a,,k}+]b,,k})<oo,

where 4, and b, are the non-vanishing Fourier coefficients of f(2).

Theorem B. Let -—;—<a<u<1, 0<fB<c(1—0a)/2,

i
Y>m , and B2<e—a<(l+B)/4.

If m=[k] (k=1,2,3,...), and the conditions (f) and (i) of Theorem A
are satisfied, then 3 ([a,, |+|b,, )< oo. .
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In this note we generalize the Theorems A and B and prove the following:
Theorem 1. LetO<a<i. Under the hypothesis of the Theorem A,

’ 2
¢))] S (|0 |7+ by, |P) < o0, forp>2o:+1.

Theorem 1. LetO<ad. Under the hypothesis of the Theorem B,
(1) holds for p>:Z 2

at+1 :
Theorem 2. Under the hypothesis of the Theorem 1,
) > mP13( | G | +1 By | ) <00, fOr p<ar.

Theorem 2. Under the hypothesis of the Theorem 1’, (2) holds,
for p<a.

2. Proof of the Theorem 1. In the proof we shall use the
following lemma:

Lemma {1]: Under the hypothesis of the Theorem I,
2ny

©h S 0,2 =0(m~2%) where p,2=a,2+ b,
N
Putting n, =2*~1, from (3) we have,
v A
2
©) 2\,2_1 o gzzw'

Applying Holder’s inequality, we get

2'1 2v pl2 s 2 1--pj2
(2o (2]

2?—1 v 2V—

¢
< 4 2v(-pl2)
2vap

Al

T
T av@pta2-D

Therefore, ,
« - v
z Pn = z zpnp
1 v=1 gv—1
@, 1

<43

$=y 2vG@ptpi2-1)

< oo, for p> 2
’ Za+1

Since |a,, |Pand | b, |7, does not exceed g,”, we have

2
|7 1B [P < oo, for p>—2v.
5l + B )< o, for p>
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Proof of the Theorem 2. From (4) we have, by applying
Schwarz's inequality,
12, 2 12
p,.z) ( > 12)
1 1

2

%p&(zﬁ

ov—-1 24—

<..£ L2 \
2wx
A
S ave-12)
Therefore,
v A (2v)p—1/2
p—A2p L Z2ANTS
A’ !
2 v{a—~p) :

Hence
2V

i nkp~—”29” == z“
1

- 1J2
nkp f Pn
v=1 pv—1

@ 1
< A
o Z vix—p)

v=1

< o0, for p<a.

Therefore i mP= 12| @y | + | by | )< o0, for p<a.
1

Theorem 2’ can be proved as similar to Theorem 2.
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INTEGRATION OF DIFFERENTIAL EQUATIONS OF GEODESICS
ADMITTING CONFORMAL EXTENDED INFINITESIMAL
TRANSFORMATIONS

Blao Okiljevi¢

The differential equation of geodesics in the Gaussian form is
ey ' Y=y o,—y o,
The aim of this paper is to show the form which the function @ has to
assume in order that equation (1) admits conformal extended mfinitesimal

transformation and furthermore, to point out the method by which equation
* (1) can in this case be integrated.

Equation (1) is equivalent to a system of two differential equations of
the form

dx d dy’
@ x99 2

1y Yoy,

Let the function (x, y) be determined in such a way that the system (2)
admits a conformal extended infinitesimal transformation

©) V(fy=axfo+b fi+(b—a)y fyr-
To system (2) there corresponds a linear partial equation
C)) g Y (N =futy [+ 0=y 20) fyr=0.

In order that equation (4) admits an infinitesimal transformation (3), it is
necessary that certain conditions [1] should be fuifilled, which are in this case

(5 Y(by)—y' Y(@x)=¥()
Y[(b—a)y]—y (7 o,—y20) Y(@x)=V (J o,—y"?e,),

where the operators ¥ und Y have the meaning given by the relations (3)
and (4). In expanded form the conditions (5) become

G-a)y'=0-ay
and

(b—a) (¥ 0, —y20,) — (¥ w,— o) =ax [y on—y?0,]+by (V' 0, — Y2 05) X
x (0, —2Y )y

The first condition is obviously identically satisfied, while the second
takes the form

(6) G, —by 0, + axee—(axy' —by) e, — byy 6, =0.

Communicated at the IVth Congress of mathematicians, physicists and astronomers of
Yugoslavia in Sarajevo, the 6th Oct. 1965,



