
cHAagsa v

bbsise os? cs? fas£?i*3, ss&is

oj? omzM^ gopr;x^r~rf:3S£& gerxbg.

5*1 2hs rour&eav Beoool corico of firot tyi>o Q?B~X)# 
corresponding to a function £ e l^[o»l] „ io given by

<5.1*1)
OP£<=:) ^ H°n

aST
0 ^ ^ Xy

where c < dv < * * * denote the aucoocGivc peoitivc 
aoroo of the Beecel function £ (t) of the first kind* of 

order **1/2, end

G a 2■*r—r J“ t f(u) jyt3-)w<y ° v “ Civ<

t»£.X)Cooke”*' defined the modified gonrior-Boooel sorioo

*^Cooke [25>1*



for £ e J?* [0*1] 9 os
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(5»i.s> f<y.) ^ xa } ■■■■3fcs2 f1 ■ <tan)at,

fer 0
C' 4s 3S

iDsdSostly* tic oo^ioa (5*1*2) reduces to tlao series 

(5*2*2)9 if.» « C, end to a Foiarier^trisonocotric eerie©f 

if o, «v » 2/2 os? s =»■ * *»V*

Per oay function f e l^[09i] * tha series

(5*1*5) f(

VMero

v; ) ~ ) bD 3vfaA„).
S»X

C 4 2-: 4 1»

t jy (mG) at

ana ^ < i^g <&?<*• * or© tfce lasecosciw positive soroe of
y

t t S^{%) 4-'a ^y(t)5 isLtft oitlier l **Q or v+b/Z > $» io 

called tbo Foarier-Sosoel oorioo of aocosd t:jpo (P'3f2X)

oi? Mai rjcrico«

For 0 < c < b end f el^[a,b]» the FoBrior-Besoaol

series ixl tppo (PM2I) io

mtluiMW' ***

(5*1*4) ft5:0 ^ cv(:r/n,bfs)9 a 4x4 b*
E«r



Yl <Y'? <?£<•*•i-ftiora cv(ajiJ) « Svi&) ^yC^)*
are tiio eoeeecsive positive seroa ef cv(at9bt) oM

jJ&rn) J° * £<t> cy(tTD?^7 ) at
~s .«■? .... __-----------— >*-— - - ---- ■■■■■laniiM—■■uamin-mrwn n-r~

2 2
uTT V

a UWiMf I——*WWW* M.j"1 MWy^TW'l—wi ....a {V<ot0> *- V(brffl> ]

jfcot O(cuiz) GX& SL(x) donate 5 respectively, the »-tb 
partial oms of oos?io3 C5«l»2f) and (5*1*4)• ShQ»t

■1(afs) » s:e J t1*® i'(t> 3JR(ttx) at,(5.1.5)
\/b.oro

r2- 2 Jv(33_) tf^OiX,}
<5.1.0) Tn(t,x) . V -- *-- B-y. «

and

(5*1.7)

WbC3?0

n’t ,i3_(s) *> J t f(t) at
4& >*a

TT4" n 2* 2
<5.1*8) f

Yjg dy CGYgj)dv/(ir/gs»b7|a)c^(tyHj,al>V1H)
»mmm III.IM. ..ww-iy?JfCo»n) -

.1•Tor the feus*ior cozrlea of a f*onctioa £ c [~ TTt ItJ 

asd rioriodio uitli period 2 IT, tb© followias tihcorca is
1)

lo(t)jdt « o(t)f co fc-»C*t
““ o

whoro ?(t) * £(x*$) ♦ -2f(K)f tfeon the x>t£ partial

x)3ar§* [11]» wp* 141*142.
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sum* or(x)* of the .u’oori-os? series of £ has tho order
o(logE)t almost o^“erywhore*

She following theorem eoaeeraiES tho Fourier series

of o. real over £unction £ e Ir lias boon proved, by Ctto*
^ ' I)

S^Vi^BfcLct |f(t)| Cdi« o<
0

9 0.0 *: -^O+o

Short s (s)t tiio n-t h port lei u» of tho Fourier series 
(a cosine scries) lies the order given by

on(K> « ft(lo£ log ft)«
o\nJilco» ^ studied a oiaileu? problcs for Logondrc cec%eo«

Uioti-" oiid tiGhQ!?bQz*e^ invoofcigc/acd tho orders of tfcooUvw*
partial euoc of tfoo ces*ioo (5*l*ri) and {3*1*3)$ roopoctivoly< 

In title chapter, wo investigate the dogroeo of 
approirlsation of tho cthorating ftmebion by tho parti®’!

CUES O X j£*\£ H1 ioC Powrdor^TosooXs sos-ioe (5*1*2) oad‘
also by tho partial stma of FB-1I2# Giioti’o thooreno 
become a particular case of our Shoorosso 3*1 arid 3*2 
(below), by putting a®0 there* Also Sheerer; 5*B is a 
pcrtieulor ease of our bhooreo 5*2» when cse«*y a 1/3 arid

~^Cbb©**fiEass Jp5]<» 
ph&Ott [55]*

2),,Uson ^lc#*7 J* 
^Geborbcrg [Si]*



SrhoGrca %A follows from Sbcorosj %39 ulsen iS* .& 1/2,

Our theorems arc ao follows2^ 

glSOISO S»l. Lot g(x) * >r1/2“s £(x) agd lot ^.(u)

** 6C»4u)^C(x>. If eel^Lc^l]* 6 vaaAgfcg>s at 0 gud 1 |&d
as

S*£
r xs(511*9) 0(t) o |^(u)|4u a o(t)9 OO

tbon for 0 <;■:<!,

ia(d9z) » jP(s) » oClogn}* go n«»<s>,

clnost or

£i.a:OISK... 3,2m T&p lh % g %>o OS aofincd la

aieogon 5*1 * s e I?' [0,l], g(O) «• s(l) « <?„ gad let

(5»i*io) get) =* q(io^*r^r*^* sii.t*^04“,«

ffhon for © < x < 1?

S^Cg^j) *» £(12) « o(loc log n), a£ e-»>CD* 

sr&or^ 5*3* II, Z?(sc) «Sfi3^2FsL1^®], 0<a<b, 

T'( a) « F(b) a C oud If

't
0

whore #..(u) « F(a: * u) - r(zt}§ thea for a < s:< h,

%<-) - f(a:) » c(losn)9

olrcoofc ovet?/wboro«

rt(5*1*11) 4?(t) ® J |«x(u)|du « o(t)9. ao t*»0.

^^/igrawol’ gad I-titel [2]§ [pj*
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*EHB08EM 5*4* If in the hypothesis of Sheereta. 5*3* 
(5*1*11) ia replaced by

(5*1*12) @(t) a GS t**»04-j

then for a<z <b,
&n(s) •* £(x) « o(loglogn)#

O, ffiJiJho following properties of 5?^(t„2r) and R (fcfx) 

are needed to complete the proofs of oar theorems (K^, Eg* 

Ks* «»» | are suitabalo positive constants) s
1S2EA. 5*1* (Yoiing*^)* for Qp^l and 0 ^ t ^ 1, 

it is true that,

(5*2*1) v^HF jSn(tss:)j « If^n, a > 1|

n > 1.

end for 0 ^ x ^ 1, 0 i t 4l>
17. ». -_ . . i&o0.2*2) vsr |2n(t,K)| 4

ItEt-S-iA 5«2«. (Youngt** 1'cr y > -1/T: and 0 < x < 1, we

have

(5*2*3) ■x 5?n(t#s) dt •**» 1/25 as n -»gd0

and we hare uniformly, for e> 0, e 414 1-e,
(5*2*4) /rfF (t,x) dt —» 1, as n-^oo*0 n

^Young [ill] 9 p* 293, Young [111] , p* 302,



i£!SlA 5.3. Fog 0 < a < i: < fe*
•b(5.2,5) liQ r

n«»® a
tv+1 EL<fc,a) dt * xv*

£u*

and
(5*2.6) iin J vSF ^(t$s) dt » 3.,

a^QD G
I-ROGff. (5,2,5) fees bean or-ovcd bj/ Sitcboagoli'.1).

Sfco integral (5*2,6) follows £s?on (3*5*5)s olne-o c>0 is 

arbitrary there,

5,3. 3FCCF OP S&RG&ST 5.1. bo fcavo* l& (5*1.5)*
^slM- s1/2“s«(e5 . J1 {t1/s”af<t>- 

a 0 ^
- | V5T clt 4*

*§•
X/S-Kf ^ j J A ^ 2 (tf3t) dt - ij*

(5*3*1) *1+1*1 coy.
Lot e > 0 bo given. In view o£ (5*1*9)* lot no efeooac 

5 > 0 such that
(5*3*2) < e« for 0 <t^ 6«

Let n bo cisooon oo large that 5 >l/n, rflien9

•sx>I e [ J %\ 0 2*0
«s:+l/fi r2E*6 PIrjk*frJ>/H r*] .. ♦ J * J _ „ + J‘tz**2./n is :s*l/n 2+5/
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<5.5*5) * % * % + % 4 % * %% ♦ %f say*

% the analogue of S&encum-Xobcsgjua lonasa^* we get* 

<5#5*d) 2^ « o<2), 2^ « ©<2), aa &*»«>#

% 0*2*2), m obtain, by using 0*3*2),

I Jo I < &» f 40 *

• % Ja Jllfel2|.M^‘H au
l/n

• % ~Cn ^T-®”

.Sg £e + eX©g<5&) ] »

(5*5*5) » ©(logo ), m »-»®*

SirailarXy,

(5*3*©)' It* « ©(logo.)i os iiw»<2©* 

i^turfebor, using 0*2*1), we get.

I *51 « %» |8<*>«e<s)| * -

pl/n
» E.& J | g(x«*u) - s(s:) | dti 

* 0(X/n) « e* fey (5*3*2)*

fherofos'©*

(5.3*7) 2^ * o(2), «oh«<

^Uatsoa £205], p* 585*
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Di&ilorly*

(l?*^*©) jl^ * o(2 ) 9 oo fi *~^cu#

% (3*3*3) to (5*3«8>, it: follcuo tl:at 

(3.3*9) a « cClocii )5 oc n«*o>«

'Dowp t£? ( 5*2*4-) * it ic tsmo that for every s, Cc:< 

(9*3.10) 2f a o(i)5. o.o n^m*

Since, :: >£'•, the thsoson follsuo free (5*5*1)* 

(3*3*9) and 0*3.10)*

SffOCiP 0? CctinQSSh 5*2« E'er any gives c>0# in viewt-wr-m—i«n'mrr«<ir ■ ■ ■ ■■. >i i ftM *.«> ,.X *t*nMC i ■' mitvir.J*. V W 3

0'2 (9.2*20)* lot no cfeooco t}>0* ouch that

(rf'.i'.li)
log 1/v 9 .£os? 0 < t 4 ?]<

Ofj£ioooinr; n go largo that 13 >l/n9. we now eveleote 

Q2& 1f £s?on (5*3*1)® cto haves

-:>>2/n
♦ J

X (fj(t) *> G0)} VSHF 1-^te^)

4. £3
J rn*®l/n r:r r;
j J 4 J 4 J 4
l 0 n=*'i r>»l/si n

i4l/n r rX
J . . -
K41/SQ :i«KA

*r

c /"* »T» *J* /•%» «1» ,-j* #*x tw «»•, ^

^ 5=2 J*n<« v Xoo "I* ^ *S* •t/Tftr.f 30*yV

Ao m (3 * 3 *d ) *

(9.3*13) A* T 0 oil
cO ffl 0(1)5 OC n ~»<30,

Asaia, noins Lolskq 3*2 ordl (5*3.12) , go in (5.3*5)*
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i/Q ofetain,

(3*5*14) 2oo « o(loo Iog a) » as n-*©.

0E&

(3*3*15) Irk * o(!oc log n), G5 
*>* *»*

In tlio sgso uc&v uoiBG £®ogc, 5*2- Q£*& (5*3*21)* 

uo obtain*

C5*3»20) lrvA «* o(i), 2/t<, « o(i)« ao K.~»go*

% (5*3*1)8 (5*3*10) and <5*3*12) to <5*3*10)$ tbo 

Y;i;-co«f 0* ibo thc-osoni io eocplotod*

2hoos?es»a 5*3 and 5*4 eon be pa?ovo& in a i;05v aimilar 

to tfce pr-ooic of I’hoorcQD 3*3. and 3.2, rooooctii'oly, b^ 

tioiBo I»osi:3a 5*3 ssd &6&noa 2*4, p.i onci 3*0 feois ysov&oyt 

ehopte.ao*


