
msni a.? mpssicm^. c?

pro»ar>G cy .a rjgyoiAg. vzm*.
6a3. Lot* for y^**X/2»

(G.ia) Q^P) « <V<e>) ~ ^<(3) fj^)*

Denote by $«, < < jr <*»* like uuceoaciv© positive
sores of Jy(t) ctjI by t&oee of L-(k)*
where, for 0 <a< b,
(0*1*2) S(fc) * 3*<!>k) 2*(ak) ~ JgCafc) ¥<(bk)„

Given £ c. Ib2, [0,1% the Ji'o’aricr-icnool corioo (rZ iir-at

typo (?B*2)f
dpY~ an 0 4a 4X»

fer
(6*1*5) £<x) ^



EU fe
r X— t £<t) ^(t&J fit

V4»l 0

is well Ir-iO'vTi.
<r*s ,X2Lbo ^ introduced the following aorieo ©£ special 

hind, liBOvst as &oi»^asvSosoel oes?ies &£ fourth tyre (£2-

-3I?) in this vistSS io, c©£?z5oopOii(lisG to £ e 1 [a9b]8 0 < a < hf 

uhilo staging the vibrations of a cylindrical shell 

iaseroed in mftart
CD

&X*4) £(:«) ^ > PE1 QyCsds^al^), s 4 k 4 b0

where y ic © positive integer and

J’
a
t fCt) (iv(t?:K8el=:n) dt

*te r orsJ * QgCtt^.oUg a*

2 ’• 2 J° t i(t) q (tiv^oiv) at
lr *—5 *i i

TTt*TT -hTm
^ v2 \ ^y /„ v2 '
A ~y-»» J —"i*—’ **. { X •» "T"‘rv b^^*/ ^^-<blrn) V >

1*2.to2^ used €fy(s) instead 0: ly(s)f whore C^C b) « 

-[v/2)^y(s). 0© tmo oleo studied the convergence o£ tills 

icrdoo*

1^mto [56], 2)Iiit© [56] I [57].



6* PafolstcriT*' lias studied the series (6*1*3) for a 

function satisfying differentiability conditions on it* 
to consider the order of cooffldonte of its tores cad 

certain aspects of its uniform and absolute Gonvornonco• 
£3*P*l;h©b£2^ lias established similar results .for series 
PS-Ill* K*G*ecb,erbcrcr^ also dealt with the convergence 

of series PS—II* Ho investigated the order of coefficient© 
of tills series* G*lT#VJo.tcon4^ tm& G*P*lolstov^ have also 

found the order ootin&too of the coefficients of series 
(6*1*3) tinder- the botsa&od variation and square intestabi

lity conditions* respectively*

In the present chapter* we establish ouch estimates 
tinder various differentiability* beimdod variation and 
square inboGrahllity conditions* be also infer the uniform 
and absolute convergence under sere of these conditions* 

Our theorems ax?o as followers

girbORilf 6*1* let, £ be a boupdod and tulco differan- 
tiablo £unction cleflnei £02? 0 < a 4 :-r 4 b$ such that £(a) « 
f(b) « 0» £*(a) « £♦(%)**© and £** £g bounded (this

— ” W ^ ^ ” 4HMKC**4>CM tiGNCItateWB-lMUMKaGaMfc* ^ 4*MC|MijMMHn

^dolctov [99]* pp. 288*233* 2^Sfcoti [33]*
^Cefeorboxy; [61]* ^ttatson [103] ? p. 393*
Bolotov [93]? SP* 023-224* 6) jal and Patel [4]$[8],



dorivafeiv© car not ozrXot at cos-tain 'oointa)» Than the,
*a»9w**rmmm* tn.r.vtmwm «nar« euswv «aetwMW» <r»*f«ijCyirati^am u»m» cwuphwii iflaw,*mnwi «r»awa>t«»-ciM«wmr

coefficients pn of tbo series (Gal*4) of the function 
£ oatlsfy the- relation.

| iy « 0 (1/i^) 9 so a ®*

gllStrui-l-l G.So 1:0% l to a function satiefyim the 

conditions of thooreg. &«,!» ffibpa the gogfoa (C*l«4) 

Qonv03?rea imifosssl? o&d absolutely o:i [c,b] , for v^»l/2, 

Oo>> lot £ bo a function defined on fe.bl.t—a—*o*iL,irr—iiliiwm^ ;nuw.aj« Wf..iOJau «a»«***a* (hm« «cv nnq^'jnwtawiaMWMtwnaMt ni«wn"iin«in»«»JnTM« «MP* W * "* *

such that f la difforpnisiablo 2o fciooo (e> 1) ana aunt;

that £<a) e fs(a) « fn(a) » »<>e » * Of
«Ca—IbWOmIIiMI " w w ^ r w

£(b) e f»0>) o fH(b) « *«• « f<2o-3.)^ ^ 0j

€ "*$c\ %and 2T '(iz) io boundod (this derivative pa? net cj&st
' w memm ummivvnmmmAkitihm 1 «MNWMMant» to»<»»ia<Mw>fwr»><«na«rtr-».rr»'*r—»| i ■fie it win «wm(k> tnt*nn»»miiEi

at certain ■ceintn). 2b.cn the coefficients 7\, of isho 

series (6»X#4) of the fuEction £ -satisfy too- relation
CMMMBWPMHBttfOuCV ' ^ spUHOB »■» ~ir ~W*< CMnMMHHUMWlKamOCiM 4anc3MWMiuclCaHiaciUBi **«*MaM»

|PS| « OCV!b,2o~I)9 GSC^®.

ffS-BGKI&l £«4» let f bo a function satisfy lac, the.I'wnwwwMBuni w*mm*.yt «nmi mm -im bim»himn > ■n'lnwiiwci »raw,vimra(?*»iwM» ■,«n»tTW'cm«i

eoMltlone of llic-ores 6C5 for 8^-1. 2faon„ for v > **X/29

tho norips (6*1*4) gpatrorr.oo usiiferaLv and absolutely
wiTHWn fc-7B»9T«Mr9»tiW»wi»i,Ti* v ^ Muffin*—imjiiiiioinir—r.nfcim Wj<,iwimnB cjm'.iwfiwii «r uniwmln umiiwn ■

on [a*b]*

GniX'E^t-S 6»5» lot x' bo a fumotion of bounded variatl*
*bb—wm*iwwwini»m«w.»Tiiiir»niTio,iMi<i Bu iwffcia, towewy mm M^trsomm nntumnj(i«nc»ut» «mr» icawaiwCKiiWMBWtTr «ib<h" JW-"——

<B. La®1^* 2kQ£U

a 5^^221^,0101 » 0C3./O), Cfl n-»®.



gilI50£ITI-l 6»6. It £eLSfa.bl. then, 

r'bJ t £(t) 6t e o(!/%,)» G£
(X

mid tfao poncrol toz-n o.f the r,erica (6*1*4) eouvornoo to 
aero for over.? 22 e [e.,b] •

6*2. She followi.BG locirao arc needed to provo bho 

above tlioorons (1^, «... , dosoto suitable ponitivo

conotcnto s tl&rouokout the ehapbor)*

I2S23A 6*1* If 1: > 0 ic .mtfflclcntly Imrao and y io 

ft goal BtipkOB, tliCS
jyCsIc,al:)| < ~r ,

h V2S£

unoro 0<Q^s4b,
SSOQg. Sfe bavo1^

(6*2.1) Qv<3Sfc,aI:) » »
Also, It do tru© tocit^

(6.2.2)

~1^W l£>#<c*)
21

I?a>, % ir<2) j _ %a.. (s)( ^~ygr 5 |“y ^ pjT/cf' *y
K"\for ell sufficiently largo real valves of is aneb- ^,

(i ■)(6.2.3) (c)»oVPTi^W, * .^3) . ~VWi (P.)hv (a), a-y (s) «e 8y (»),
She eotioatioBG (6.2.2) arc time for y > 0, tut In

^IStGOB [l03]»63«61, rolotiioric (1) and (3). 
^ Uatoon [103], p*211. ^PabooB [1031, 23* 74.



view of (6*2*3) s (6*2*2) feeeooo t-ruo for oil roal values

of v and fox' all stiff ic ienvly largo real values of s* 
Using zoexm&nGQ relations^» wo also hove,

(6.S.4) <
1 VI3I 1 '

for all ouffieieeruly large real z and v any real attsfeos** 

file Iccna* nci?5 follows feoa (6*2*1)5 (6*2*2) 

cad (6*2*4).

6*2* ffeg v > -1/2 end siaffletcatly lame real

fc>0*
T- A fie a, .,v\Iz yST (|^(i±tak) is Kr cos(;£l’.-alt) 4

o* <Q4S»

ebox'o oOO nomine bemt&eS. os Iz <*><&*%*?4M>****£II94*** ^ ■■ 4mMMHPKWi^9tfOR*PM{k|Vi** *3nUEMik* ^

HGG, Using the Goytiptotic c;tproooionoc - 3

_ /ST J . * V 7T T?\ 1
f sinCs* «*r* ♦ 5) - J

fiT1 rXy<») (S^C y-rr .. V
2

<?vCaO
s'

1

ykeso 8j(;e) and 9 (s) retain hounded ao %-»gd9 and iho 

rccurrosco relations^ 3 t;o obtain3

Qv(3ds#al:) * | Jw(rd:) [ t^Calt) ^Y^Cak) j ~

- I {^„iCd&)*dv+x<afe)} ^(sk)

^Uafcson [103] $ !>* 74* ^EeXsi’ov [99]$ j>* 213*

Ajatson [iCaJo g. 66*



whose <?(!:) yooaino homnloii go
She Iot;jna? &c|r» oacilh ZolXovs £ton tbte»
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is positive uhe-a Iz is stifficicatly large*
She proof of the lemma is# now# cc-splcto*

£Sv&A G»4« (floylej?^)* 4?e«? ©offieiontly largo cs artd 

any real w t
^ ° S ♦ ^4*^^ * o(B-3).

Sra tra

6*3* SCOOP OP eSEoasn 6*1* lot l(::) » £{:<)* Bhosi
tho conditions of the theorem arc aloe true for 2?t i«©*»

(6*3*1)
'p(a) » P»(a) o 0# ]?<b) « P*<b) • © orwl Pn la

l boiiHtioda cave at certain points*
Since/*' Ey Jy(s) {* Kg iyCss) is a general solution.

of the. Ecosel’o equation,
a? yR ^ sc s?*1 ❖ «v2) y * 0#

for arbitrary E^ and Sg9 it follows that Qy<:-r,ok) is a 

solution c£ Mo equation* If t?o put s *> s' y, then 
o(:0 = Qy(n„al:) hooonoo a solution of

3^ Sn 4- - |i } z « 0#

ucoro pay -1/4* Piaally# ty substitutin'/; «th8 wo 
obcai/vo that s(t) » (t!?)^2 Qv(tk*ak) is a solution of
(6*3*2) E« (t? * p/tS) S a 0,

lot u(t) a t1/£ Qy(tk.*Gfc)* Since u(t) differs from

1 Baylor £?2] # p, ?Q* 2^olstov [99J, p* 203 I

Bowman [18Js p* 116*



s(t) cnl;/ bg a constant* u(t») ic oloo a solution 

of (S#3*2)... * Senec, t?c have

that is* 

(6,3.3)

ut? * (3t? * (i/t2) u ^ O,

3 *5ti » C ** tl*1)*
t*£* 4m**

Arm t*

■t nae not;, ecnai&os?
fbl(it) a J
a

x f(;:) Qv(;±[,ok) cb:

rb
- J J?(x) tt(x)

a

3.jy, m$3pi0
>

?»*-
fbJ > P(z) { *% St(x) ~ U“(5c)f dX
a ‘ L x4" J

« JL
Is-

rj <*• Fn(3£) I u(z) dx <*■
a v x^ J

+ •%• J '"{i?$(X} u(x) - F(sc) taf!(r)l d2i 

If" a J

(6,3.4)

not?*

*%* J f*% F(x) - P”(s:) } u(x) 
tf* o ^ J

b4, j p*(x) ts(x) *» P(x) u*(z) 1 
?/' L JG

a*(s) - ^l,M/2 ,, ;(Kk,Bfc) * lar^2 { JJ(3dc) Y^(qIi) • 

- d’(alr) Y*(xk) } |

if k is a zero of S(!s),30 ullO.u 3



*'3A0'»

'u*(a) *> I? ilj(ab,dk} and u*(b) * |r jCbfc, ok),

ly Loosa 6*1, it, now follows that u(a), u(b), u*(n) 

and u*(b) arc oil berofided* therefore9 by (6*3*1) and

IOO = ~^y J b{4f I?C^) *• S^Cx) } nix)
*•* t» <— r> L </“ JWfc «A>

&*

fen oae& n«

Choosing E^, snob that
*% 2?(2) - ?"(-) 4 Ki
*,}*<*»•

where [&<,*d] - B, a sot of neosurc son©,, io the set of 
points at which S'45 io not bounded., v;e bavo by Ocbuof-s 
inequality*

Z(iin)i 4 -“§* yl^a/ j |u(x))aas
i,i i i„ t. a 1'13

(6.5*5) 4 9 by Xfcmo 6.3*k -''ta

(6*1*5)* (6.-3*5) and Lmmx £.3* the proof of the 
tiieoron is conplotod*

6*4# PECQg 0? £!hS)KSh 6»2.o Since £ satisfies bh©
<*hypothesis of Sbooroa 6*1, using .its conclusion mid 

Lenna 6*1, wo got-9
' r j*I »u <Ms*a>akP/ 4 ~k(6*4.1)



»143>

Also, fey loans G*4f. for sufficiently large a9 

(6.4.2) lim > c/2.

ilio tmifefia asd absolute oonv’o&penep of (6*1*4) in 

[a,b]§ sow* follows tsoss (6.4*1) cad (G.4.2)#

6.5* raoeg Gf wmssi 6.3. Lot *(x) »S21/2 £(x) azul 

u(s) Qv(s2^.f£l^)» Shea ao is tho proof of Shoorom

6.lf
x(tt ) « •!», J j *% »(x) - r°<ss)} u(x) die

|v» J

a ~^*r J %(&> *e(K) iJ* ^
•jIm*

where P-, (:s) « -&r 1?(:e} ** F^Cs:)*

tat 9

3C
Hov?9 1?^ ala© imtlcfieo tho cos&itioao of QJfeaorea 6.1 

oo that
'te 

a
l(I^) « J %(%) U(2t)

** **
fix,

diere SV^x) »•%■ (s) » g£(u).

If o>2* SG, seta of ico the hypothesis of Theorem 6*1

aid tho oroiisent can bo repeat©6 till wo obtain t

'bJD^ t ggCs) U(,X) <tZf,

Micro FQ(x) * Jjy P^C-) <® E^jOe)*
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(2s)
lot 0 bo the cot on whicte t (%} is feamded* Sticn-

(2s)? ^ (2-:) is oloo io boiifa&od on 6, ami poo# ([o,b] «*g)

Hence, qd is. the proof of v'hoorora 6.1,

at

(6.5.1) I ICO I <
14 ami *

4tiS

Sho tliooarbc, now# follows free* (G*3»i) end keens 6.5.

6.6. ShQtS? 62 g&aoriS! 6.4. Qy shoosoo 6.3, term 0.11

end (0.4.2), no havc,

|p£fj *'iy(*-S^,ul2.^) | ^ ***jj^!j* * «a2.} 2, ii, «»» , f> ^Xe

1'his peovoc the fchooroD,

6.?. H106F gff mwm 6.5# % lqrpot&eaia, t1/2f(t)

is of bounded variation. so that we nmr write.

JL/S^j^iT €»*- ?(t) ^ e^j C^!) ’** cpC^i) $

uhero Gi ©nd g^ or© botsidod soiBOtosi© iae^eaolsf; functions
«a» <h-

of b on £c9l>]* Uo, tlicroforo, bate

I t f(t) ^(tk^ok^) dtJ « j' gjCt) ^yCls!:ra#ai^) &
t*»

J V/2 GgCfe) QyCtl^,al^) at

(6.7.1) *** *!*■ Xot £S0^/v#



^1 a 15*5•Cm lA»

Using tsta33 occead rear vain© theorem, tvo get, 

(a) J ' t3^ Q (tk^GlO db *

* %(fe) J t^2 Qv(tl^,a!^) at
“ -yj*

£*oz? some f)e vi* in [a.,b} . Hence, % Loehbq 6*21

rf} Sj. wn**!/ iEj, ** %Ca> J cos € ^ ** f &t
a l "s t ->

o(fc

+ %<&} I f oos <tl^- a i^) + t At

(6*?*2) « OaA,2)*
£**

llxiaa.lcrly,
(S.7.3) Ig « 0(V^2),

Ey (6.?.i) to <6.7.35,

fb O(6*7*4) J fc £<t) HvCtHn,Qkm) dt c 0(1/1^).
a

!lo&ns 'Latmaa 6*1 and 6*5 and the osticatlon (6*7*4) 

ue obtain,

1% %(:^D9^)j « OCVV* as

fliie proves the bhcoron*

6*8* Pfi€€:f? OH f^XHISn 6*6* L!S; oot P( St)

pQ4£4b« files Pe£ [a,bj* IIcscc, by Baaool*s inequality.
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eft
n 2 ipow»

It follows that Guo ces^ioc 
m

p
no IuD«J e .

Q^<ai &

ic coavoi’^ont, so to at*
"bpj^ 1*-T*t **n-»©

(6*8*1) liq pD^ j" k Qj'Cs^oI^) & a 0«

iiioQ* by Isma
(6*0*3) j x Q JXsrl^cl^) &•

2bcrcf0SQ9 by (6*8*1) osid (G»G«2)9 
<GoC*:3) pu ■« oCir„)9 no

Vli L»J

Again 9 tg? liQzsza 6*59 
rbJ % ffe) Q^Csfe^al^,) S

t?*s ^3*/• (OKWW. Qr V

a

—»9>.e

uenco.

CS2? 4 |PC t* £"la

Ef*0*~<4? »
i~l ^-3“ta

r bJ a f(x) C]yC;.feE9al^a) <3k » oCX/&0)9 as a-* so*

2bio prevee the f.i^ot part of the tlicor-eo*. fho 
second part of Gbo thoorco follows face CG*S.£>) and 

boaao. 6*1*

• #*


