Sy "o aty

u.»v".'f'

QLT O GOUETE

(“'“ ey ra(m P B ey oy O 4 o & ergrnes
oo Dbk 16 Gedd ok aeiibit AFy TORUTE
m S o

God Iot, fom V> wl/f,
(Gelel) € Las0)d = 30e) THRY - 3(0) ¥ Lads

Zenobe by Jdy < d < c,z‘) Cswe BRC pucconpive posibiv

&

soros of J 2 ond &.ed’ ..‘.3‘ <k sy <L w..;{ oes Bhoge of f:(k)g
wvhore, Loy 0 adby

(Colel) Gl = 65;{?33;} ‘.{‘(Qt") v J’ ol “i\f{bk),

oy ml s gl » »
Given £ [G41], the Fourlowveicomel coricn of $iw

tymo (Fhel),

(Gelel) £ ~ a, 5,€md. ) CO<x: g2,

!



w350

Whone
i
8, = ——f— |7 6 £(t) 3,(68,) @b
Lm 63 b P (fu m j24 ,

. Jv-i«l {am} G

b 8 — .
is well Inovina

o

x.z::'s.%:a&} intreduced the following oorice of goocial

Iind, Inown as Fourdore-iossel gerice of fourdh tyre (Flw

vhore v ic & positive dntogoer and

3

e ::rl ‘!:P Yy

£ 5 £(%) “‘v‘;t“m!ﬂl%} %

B, = ; -

; fﬂ § 8 ek a0k ) et
TP MYEmEin

” 3
A

Y

o b
ne 1 §7 e o £ (th,p0k ) dt

5t
(6;3&:‘3) L & 3
. V2 | I4ak) L2
..ai,:i UV xgi ..:‘gl

s
Hte®? used G () instead of ?.V( o)y whore G () »
~(Wf3)‘35;)(3}. Hle han cloo sbudicd Sho comvezgonce of this

COTA00

Privo [ 6] @iike [56]s [57]e



155

e ‘i N o n A
Gizgﬁalﬁﬁav“j hoo studied tho sorics {G.li%) for a

s 3 2 JOd & LA " Bt ] e
function gaticlying Qifferpntlebility

o
B
o
}‘i 0
(3¢
s
O
ﬁ
&
o)
=
<t
-

e considor the oidor of coofficionte ¢f 443 borms ond

AN

certain copocto of ito uniform apd abrolubo CONVErOnLO.s

TN om gR 4,'8) o o 5 ol ™ & eyl 'y = °

e leliobd™ hag cgtobliched sipilor regulbo Lo soricsd

PEeTTe DeCofchorbona®) also Gealt with tho CORVODLOReo

of peries FlWIl, Ho igveobtipotod tho coxdor of cocfflicionto
1 5 o Tlepds 53‘) SR 31 5} ;

of this soricses Gellollntoon ' ad C.PeTolotev”’ hove also

fourd the oprder cobinntog of tho cecfficionts of sBoricg

(Geloed) undor the bounded vardeticn and souarze Antoomobim

lity conditvions, rospechbivelye.

undoer vorioun differontlobllitys boundod vexiation and

souore intesrabiiity condibiongs Uo olee infer the uniforn

and aboolute comverponese ander seco of theoe condiilons.

Cup {hooroms nro as follaw363

H

=Y

SUEQRTLY Gole Lot £ be g boundod and bulce diffoworie

tisblo function defined for C<ac:rgby guch thot £(e)e

bl =0y £%a) = 2B) =0 ond 2 is bounded (ibis

, =
Voorssov [99]1, ppe 228=053, “iheoti [551

32 voporbors [£2]e Funpoon [105], pe 505
o 3 .
2e01otov [99])s ppe O23=2R44 G)Agyawai ond Pasol [4]3[8]e



33t

rivabtive moy nob opdist ob geztein soints). Then ihe

of the sexicn (G.l44) gf bhe funciion

-

£ pabicty whe gf*‘?ms,u:;gg

l?ﬂ’ & O(l/l’:m), 28 0> D

[N B S ) e - . 20 - &
AL Celde 20% £ be g funciich n soblofying tho

% IR S, S Fa ¢t ¥ 3 o MU iy iy M
conditions of thooren Gele Thon fho popicn Gelad)

gopvezcen ynifersdw apd abooint ¢n [a,b]y fon Vzel/2e

TN Tl % o 4 T & ¥ E
SLEONNE CeBe Zo% © Lo g Zunttlon deoflnod pn [a,b],

S

guch shot £ ig differontinblo 20 pincg (8> 1) gnd guch

. ) Zoml
thot £(a) = £%(a) = £9(a) = seo = 3?( Dgg} @ Of

b)) = £2L) 2 2(B) = sen = :i‘< o=1)

(20) {x)

(b) = O3

ond £ io boumded (kis depivebive noy nob omist

ot gortoin nolmbnde Then the cecfficionto v, of the

e
%4
Wy

series (Ced8) of Lho Lunetion £ sebisty dho rolubion

il
| Bl = O/, g ne>w.

SURORTUH Goliy Lot £ bo o fonctior sobisfyivrn fhe

copdibions of Fhoovon G373 for o 2 1. Thon, ZoT V2 1/,

Wty Lttty

tho povics (Geled) gonvornon vnifozoly ard absoluboly

on [ayb]e

SULCHIH GeDe 106 & bo o function of boundsd voyiobion

3

en [asbls Sheon,

l}ib :‘izi‘.t,,,&_,m), = 0Of3 ‘.,),, CB 1w ®e



155

THICETT Gubs I €8 15[a4b], Lhen,

b
j % 2(5) § (¥ 00, 66 = o(l/ig ), oo mw @y

&)

ord the poncrel Soern of tho serics (Gedlelt) gouvernneo o

cozg fox gyorg e [o4D]

CiCe Fho Lollowing lomnas uwe noeded o prove tho
above theorens {1:3‘(. i I%, sse p Conobe oultable positive
conatonds, Shroushoud tho chanber)s

IEIGIA Gole XE T

v dorse and Vv oio

yhore 0< D& %< b

1)
@

- > Y
OO0, tie hove

(3) ML (L

zk) Ty, (al) e H)
24

(=)
() 3, ()

(6o2e1) Q (xky0k) =

*

Llzo,y 3% io txue thet™7,

(1) fn {23 E
(Ce2e2) {EZ (2)| S~ 4 IY (f’)f < ey
V Iﬁlw“’ v g
3 b
for ©ll sufficicntly lowge real velues of & ond 3 ¥
(1) ymy (2) €23 vy (2)
(CeZab} 5., (s Yuo Ty, (a), a,, (z)e=a )y, (s)s
The eotinctions (G.2.2) ave truc for Vy G, tut in

croabions (1) and (Zs);
yimi;ma [103]y pe P4e

+) Gaboon [165], 5261,

Fse
2 atgon [103]s pe2ile

N



wond, e

vicw of (CeleB); (Gale?2) Leceonc bruc for all roal walues
of v and for oll sufficiontly lazge merl volucs of Ze

Uodng DeCUrTeReo solabionst) » UG also kove,

(6.2.8) fﬁm <‘~*3I< 2., [3{g§'€331<“"‘%"‘“’

& 12l

Loz il pufficicntly 1o -bc ool end vV ony peal surboXe

i3

»’

The lecrma, now, £ollous £000 (Gelel), (Geled)

&ﬁ& (@‘%,'s‘}ﬂ

LN Gols oz VvV » «3/8 gnd pufficicontly large poal
> @‘
*
I 4R @ ("*Y*,al@) e ZM coslub=all) + g;fw:,l s D<ag iy

vhero o) rompdns boundef oo Lo ®e

~
TE0CTs Using the coympbobic crmronaionst)

& (=)
YL, T Lz }e

i -’ #
I %) =V {sm(zz«- el < =

- - o, i)
1,0) =% {oin(z-Be s §) ¢ 2 |,

L3

G ( )= %g- J, (=) {‘iyw@(m,) “gv#z(m)} -
= g‘? {J\}”&(&’&) - gy.i.l(mg}} gy{ﬁi}

2y, N
iiabson [103], pe Pe Deorstov [€9]s De 2334

5hasoon [1€3 ]y pa GG



V “
B [ﬁi&(:ﬁgn 'rr e aadl *ra} {{3;:.:&{::;1 m‘é&@.g;m
b vax '

- fii‘<iﬂ>*“’”"“'§?)} - Q"ﬂ{ﬁfk*“‘?’“”?"}x

X {B.&ﬂ(d» uﬁ);*wé-%—)“ 3«~-1§&~* “"T')}]

J{ﬁ z!'
+
Fx E

“3

2 N L T ;
vhore oll) roooing Lowndel oo Ded .

ELEE Ge%e Por Vo -i/2 god sufficientiy lovpo

- k5
Lige %}‘ ~ whgm
h 3 £

¢ 7o feman e < 2.
u\yﬂ, €~. V 1?(.
» b

iy

o
:V (.&.ﬁgm ) dx:

o ’
oy
&
T
N
JL'—"
£
QJ
¥r
o
4a
&

T sy e 2 v & »y ;'3 s, " by > A 3 oty
Thisc sooves tho wighd hond pard of $ho An0nBRiitye
Hiso,

b4 Q;{t‘i“" 1) @ oo j B & hyah) di,

a B anm

(

end from Lomnn Gely

[ e
2 o

Eig‘" cog“(bealz) = e/t

o

=

. Ees
RSN T

WV

lones *

2

b Ko bk e

j =& “"{"“ ) dn e j coo (Gmalz) Gt = -

a e oir I
oot g

8
LSRN

o



B, is positivo vhen k is suffieiontly lurpo.
The proof of the lerpa iz, nows conmplobo,

o~ &, ey . 1 ay o % % -,
LA Godbe (Hoylow )}a Tor cufficionm¥iy lapro v and

any peal v,
) = ; -
0 jf;.v -y §2 g’é}.gz -y
k @ e g pop - O(m )»

GoJe ZLOCY CD CROUDED Gels Lot () = /2 g(x)e Thon

tho conditions of Uho btheoror oo 2loc trne Lfon Fy l.0ey

o]
L)
£
Sad?
i
4]
-y
.
=

IO, HbYePHDI=0 and TP io

s

boundod, coave ab corbain ;oinbo.
58 E) E 74 ¥, - o
Ginec™’ J () + By ¥ {x) in o gencral solutien
of the Ioosel's equotion,
e =3 s
i L L B S I A D
2oy orbitrory i'%f-?? and Bne it follows ¢ho 9 {zals) d0 @
i par)
solution of thin equobion. IL ve pubt &= wt/E % then
=) e "G (xealz) bosomen & solittion of
£5

2= o0 e (2 -3 33w Gy

3
v V) - Lo 5 T & ¢yl ' 2 a w?,
uhore pes ) T wl/4, [nslly, Ly subobkibubing Ze tk, we

(3

9 /0 .
bocrve that w{s) = (%Zz)“/‘?' Qv(“&zz,a&:} is a polubion of
3
(Ga3a2) 28 4 (I @ p/AS) 2 = Do

zot u(t) = t4/% q (%k,akds Since u(s) diffors grom

Lioyior [72] pe 70»  ZTclotov [99], pe 203 4

Dovmont [18], pe 11Gs



w15
e{%) only by o« constant, ul®) iz oloe o solubion
of (Gele2).» Hence, wo hove

ut 4 (1{“' g;/*“aj u e 0

Calnl u e (4 &
(Ca3Ze3) ;?‘(:2?*23}@;
Lot uoy nouy connldew

j‘b
Uk = 2 £(z) G (uizenl) du

a

.Y (3 ax

3
»é‘{m,‘c{ d ulg) - t%“ﬁ.m,)} Gz
==
‘::7
{?‘(s{),% - ‘F“(:»fi)}n(:‘r:) am +
b

1) uw) - 56 wi(x)| ax

b
3 s
e ] {5 - e e e e
Z & =

(Gelett}

2 [ - b

v+ 3 [P u) - W= wr |,
Lo a
Lo,

3 G ? ? "% %] - 3 ¥
at{x)} = %‘-zﬁ""‘/“ aév(m:;@iz} + ‘:s:::“fg {3;(;:3;} 2i{ek) -

- JiCak) ¥z §;

[

so that, 1f k is a soro of (%),



. )Ty

~1/2 £ (a}: o) ond u'b) = & li“’*‘* (’sk,cm).

m

ut{a) =

P o]

Ty Lorme Gel, il, now follows that ula), ulbl, wiln)
ard u'b) aro all bownded. Thozefors, by (Geded) ond

(GaBalt),

b,
';,(3%) o .,2_‘2, 5 {% W) - E"‘(zz}} ulz) &z,
: Er.m a L

for coch De
choooing g’;j » Dueh thob,

% P e
] S ) = BY 3:}{ < Ego R E By

vbhore [&g D] =5y a sob of uoooure Dero, is tho oot of

-

sointo at wvadeh ¥ ds oot bounded, we have by Oebwors

":

s

incquaiity

¢

Il‘i{izm)[ < ;—g Ve 1/] u{'&.} dz

2

®u

(GaDaS) & ===, hy Lommn Gele

5y (GeleBdy (Ge3uB) and Lompa €3, tho proof of Hhe

theoren 1o cong 13'Z.<.,u

o~ v - 0y - »
Ootbe FRODE OF TUNOEES Ga2e Ddnce £ catisfios She

hypothicsio of Thooren Gl ueing ito conclusion and

Lominn Cq‘.g wo i’nﬁug

(6elrel) [ 2y @ (ipanis )| < =

;Y‘}

-



Aloo, By Lopnt Gedy for sufficiently large mg
(GolieZ) ¥ Bl
The uniform and oboolube conversenco of (G.l.4) in

[aybl, now, follous £xom (Geded) cod {(ColteZde

Gobe LROCH (3 TITGIEY Gede %ot T(m) =z £(z) ond

u(z) = /e Qv(:»ﬁ:m,a%:m}p Thon as in the seoof of Theorosn

vhore To(x) = < NMx)=T"(x).

Fow, ‘h"l sloo sobisfies sho conditiono of Thooren Ged,

oo that

’%ﬁv

o b
Ik ) = e J{; Folx) ulxl dix,
T

vhore  Dnlx) = ﬁi; Eli.:;) = B3Cade

ond Uho crzpuneat can bo ropested Gill we oblnin,

where T (x) = oLk, I €3 T Y €5 1



3,

i

{23)
et G bo she oob on which £ {«) i bowndede Then

{26)

PYO(®) Lo odpo is Loundod on G, ond ma’([n,b] «vﬁ‘:) A (e

Honce, an in She prool of Thoorom Cels

B
{Ge5el) liztﬁzﬁ}l < ;"'giﬁ«

&

Y o~y
o e

To thooptm, nowy followe fron (BuB:1) ond Leona

BeGw ZLGLE G OEUC T Colty By Thoorom Cedy Lomta Gely

and (Gufiel)y w0 hoveo,
N % g""“’w 2y o
l"’m “»’v(““%*a‘*’m), £ ;—gﬁ-‘;é» s Daly & Dy seo § B7Le

;" %, 1 " o~
Thic proves the thooren,

A g 2 o M WAL g ey 2 e N ;; “J 3
BeTe FUHEOE L8 SO GuBa By hypotboois, e £20%)

2
s

in of bounded vopiction, S0 that we ooy wmito,

2 2(5) e gy(5) = px(8),

ot -

£ 2 e o, | » 5 Ry AL $ e
LVRers Oy and Gy oro boundod nopotione dnerotsins funchticns

of § on [asb]e Vo, thorofore, bave

b
4; (6D o (B 0k, ) dt o

%
ﬁ}.‘
<,
by
€3
P
ﬁ
ot
L
S
&
el
B
3
T
%
1

i@o?&i) L 11‘ P :«{53‘ 807 -



Ry LI
o The necend necn value thoopen,we gob

LY
I; = pyla) S 57 & (b yaln. ) ab ¢
; :
2 D .
* gy (0) J;] 62 g (s e ) at

Zor some my w' in [agh]s Tonce, by Lommn Cely

]
(4 all
Iy = gyfad jr} {fa— con { B, wak ) + i—%}-}ﬁt +
a vk,

?13 'f{' ‘{3(?{&)
+ 63(b) j‘n’ L_l cos (b mal ) + W}%

(667:2) = O€/%)s

I

similozly,
(GePe32 in = O(1 /:%8)'
Ly qgo?ei) GO (@-?uﬁ?&

(Ga7elt) f t 2(b) G (b .00 ) 06 = ocm:f;.

iy
.

sing Lonnasn Bed and ¢ ”:a.f} and the osbimation (el

ue obtain,
2, ® (uk a0k ?[ O€i/i,)s as me->ms

Whis proves She thoopona

Go8s ERCLE OF VIO Cebe W& ot P(x) = (a:},

04%<bs Thon Te :?a‘?'[a,b], tHencoy by Denoolts inoguality,



oLl .

n-y"he

”‘\/’3 SN 1L i ”c— !f‘! ne

It follown Chot thoe ceooion
Boe (Poge
12 = & “{zh .alz 3 dx
i ¥ o &\J( \39&‘1'!} ¢
Bel *
3o convormont, o0 ULob,
{(GeBal) iin p, % @ :ma&zs) dw o= G
e O a
Aoy by Lernn Galy
- b } 7
il :_,: '* wxn » a’iy U;n - il
C‘:u aC") 4 LT >/ e o

i

Phorefepe, by (Gelol) 0nd (Golslly

(Colled Py @ 9{3.:23}9 a0 0 w>He
beaing Ty Lerno Gebe
j’a Z-vi,;;
w Pen) G lul.el ) & ] L
5 P £€§4§ k) tm a...-:,}} G2 é 'E}E,?a o o @( m)h
1
a8 D e Me
Henoo,
i
5 z £(x2) G (Rt L0k ) A e o3/ ),
a ¥ jul L I
hio preves thoe £i2s0 nurg of the Lhoorense Tho

£y - [ S T
o f2on (GeSeD) and

LA R ]

e
"“4';";‘ o
12 &
“

20 De>PDe



