CHAPTER 1III

In chapter I we have described a fully efficient least
Squares method for estimgting n(,;lj, ané $, and the errors
of these estimates, The method is one of successive appro-
ximation and requires az reasongbly accurate initial esti-
mate of ¥ . In chapter II we have pointed out that the

N
least squares estimate of ¥, r say, are of the form

H

T %’:‘Wx(ﬁyx/ B‘ilwx(?')yx,,l ’
where w (%) are complicated functions of T, There we have
described, for each of the cases n = 5,6,7 and 8, a estimate
which is a function of the ratio of linear functions of yis,
which leads to very simple estimgtes of reasongbly high
efficiency over the useful range of § ,
In thls chapter, the estimate of § is considered under

two alternative m thods: Shalk omd Khaty L32];

(1) Patterson's [ 2¢]method of estimating § by conside
-ing a ratio of two quadratic functions of y's, which he calls
2 "Quadratic Estimaten. ‘

(ii) Modified Haxiley‘s method suggested by Khatri and
Shah T 16 7] {chapter VI).
The relative efficiencies and biases of these estimates gre
congidered in detzils for n = 5;6,7 and 8 equally spaced

ordinates, the observed y's being independently and normally
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distributed about their expectation with constant variance.
1. Quadratic Estimate of § . -

(A) Patterson's quadratic estimator:
The curve y =o+ Sx + P §F can be written as
Vo= M2=9) #8+ S(1=x + 8y, .00 (3D
which is one of the family of estimates obtained by a
procedure which Hartley [ 10 ] has termed internal regre-
ssion, The estimate of £ given by the multiple regression

of Ygep O X and y, in equation (3,1) can be expressed as

A/ ‘“2.\ ! T o (3.2)
r= A/B = ‘ nyx / 7’7‘_ Wny—-l s 0o o 3.2
'r}il:‘_ _'n‘.‘
-1 _ XY= X5 Yy
W 1 Wy e Y D - - T i )
here wx+1 Y ( i;yx M {p-1) -(x-% (3.3

RIS
%% (n-1)%%

- ™
and x= ();x,%/(n-m, (220,14250005 D=2},

Estimates of this type, as described by Patterson, given by
ratios of quadratic functions of the y's, are known as qua~

dratic funm estimators, We can write the difference equation

(3,1) in a more general form as

yx-&-f(}ﬁl fj-l[ﬁcyx*'lyﬁ'}}s + S k(1 Przsk ( L+ = ¥ )1 sooe(3ed)

whers k# 0. The estimate of the regression coefficient is
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% rf % . \ R\
;_ri D (ky, +lyy) / (ky! + lgl) D (ky, + 1yds eee (3.@

dy ¥ = (Yogylsc‘esyno‘?} and the

t
where _3_71 = (Y13Y29“°?n.,1 -0

matrix D, of order {n-1)x(n-1), is such that
? }nFl =0 and D E‘= 0 see (3.63

where ;;}‘_‘ = (1,15060,1)¢ (n-10x1 and t' = (0,1,2,...0-2),

1

And equation (3.2) can be convenlently expressed in matrix

notation as

= y! = y! von )
& =y] ¥, ‘B‘rl Do v, (3.7)

= y! =y' D ¢o e ( 8&
B=y, ¥ s 0 g 3.

", 2 .“ X « . ] .
where Wl = (W, Wy, “n.-—l) and D will be described

later,

r (O,k,l}?gi D (Ky0+ lyl)/gé D (%¥o+lgll01309)

The significance of 0 in r(0,k,1) will be explained later
and k and 1 are self explanatory. The matrix D may not
be symmetrical in general. A

As a particular case of D, the matrix Do=(dij) found

from (3.3) can be written as
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dif -2 {n(2m1-31m333+613}(n(n-l)(n-zﬁ, i A3 993{3.10‘}

and
d; ;=1-2 {_n(zn~1~61)+6:12} /n{n=-1)(n-2), i 2§ ... (3.11)

i3 = 152,3¢00n=1,

Here, the matrix D, is symmetric and idempotant. When
n=5,6,7 and 8, we have the following matrices. Please note
that each column {or row) sum is equal to zero and the sum
of a1l multiples of each element of columm (or row) by

14243900 Trespectively 1s also equal to zero,

When n = 5,
i -4 =1 2
-4 7 =2 =1

D = ...

0 | -1 -2 7 -4
| 2 -1 -2 3

When n = 6,

4 -4 =2 0 2




When n = 7
50 =40 =25
-40 74 -22
b2 -25 ~22 86
105 -10 -13 -16
5 -4 =13
20 5 =10

When n =8
90 ~60 -42
-60 120 ~36
-42 =236 138

1

D= -24 =24 24
s 2 2

-24
-24
24

-

144

20
-2 5
-12 =10

138 36 -42
-3 120 =60
-42 =60 90|

It is easy to show that r{0;k,;1) is the estimate of obtain

-ed from the regression of k'yx ¥ :L‘y}{.H on kyy + lyxﬂ’

where k'and 1' take any values such that k1' 4 kt1
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(B) Mogified Hartley's Method:
The difference equation (3:1) can be written as
- -1 NE \
Vrr V=L © T (% - g+ D4 2 @)+ (01 2y ey ]
eee  (3.12)

for k¥ + 1 £ 0. Sumning over the values of x, we have

-1 .
Ve =L P )T TR wp #8) (xrD) + $(1- $)xlxr13/24 <+ B
+(9=1) (B84 + W8 | eos  (2.13)
. :& l
where Sz = Q?::g}y;] with &l = Q.
The equation (3.13) can be written as
vy = agte, g+ 5%, .+ ag (15, + 8, .); «.e(3:14)

(1 = 0,1,2,00@ 5n-.-l')

(§-2) (k+1? 3-1, k+l £ 0, and 3‘ and gz_are.: the

it

where aqg

first and second order Fisherts [ 9 7] orthogonal polynomials

obtained for x = 051925000 gn=~1y i.e.
= o - - 2 - —2 ’ M"j - - 9
glt* X=X, %Lg x” - X 7\-—{5:{ X ?, where
Moy = L(x% ¥ (z - Xy My = T_(x-x}g, X :sz/n and

X =Txn .



The regression obtalned in (3.14) is called an internal
regression as defined by Hartley | |o ] « Solving the inte-

nal least square equations, the estimate of a5 1s given as

y' B8 rks )/(15, + k5 )' B (18, + K}y eea(2.15)

where Za:(yc’?yl?yg,.ee,ynmi?? _S_z; ={S§095‘l:cocss’&lﬂp

v ‘ _ n n i n i
8! =(0,8158 500058, 005 B = I-ply 11 "’L,g‘%—‘ -7 55,

2

};1 :‘(191’060 9~1)3 n.Xl,
We may write S, =Ty and §~_1 =0,y where
1 0 0 veo 0]
1 1 0 ese O ._0 0
Tn :' 1 1 1 sas O tfnxn and W= —t—
Tn 0
1 L L ses 1

with T = I =W, . Then the estimate of £ can be shown as

X_‘ P_X/ g( N N oo (3016;’)

Wwhere P = T, E (lTn + W, ) and N = W, B (1T, + kW)

Noting E I, = 0, this can be easily verified as

r{1,k,1) = y) M (ky, + 1yy) / gl M (ky, + 1yq)50..(2:17)



where M = {(m, .) =
( 13) and mij m;‘i and

. . s \) .
: . Ci%]&’) (..%?5”:.) C’L:.%;&-)L’i:—%).k)
m, =1~ ij/n-_% LT :
13 T, s

® ooo(gmlB)

The notation 1 in r{1,k,1) will be explained later. It
may be noted that the estimate r(1,1,0) was given by Khatri
and Shagh [ 16 ] and r{(1,1,1) by Trivedi T 14 ]o

In practice, it is very easy to construct the matrix
M by using the orthogonal vectors from Fisher and Yates

table L 9 1 for different values of n.
When n = 53

T 4 -5 =2 3}

1 -5 8 =1 2
M =

35 2 =1 8 =5
L 3 -2 -5 4 |
When n = 6,

[ 25 -20 =-20 o 15 |

20 32 =4 -8 0

M=t -20 -4 48 -4 =20

140

0 =8 =4 32 =20

15 0 -20 -20 25




and When n = 8,

49 -14 =35 -28 -7 14 217
L1444 10 =24 -4 4 14

20 14 -7 .-28 =35 -14 45 |

2¢ Expectation and variance of the General quadratic estimate,

The method adopted to determine the expectations and
variances of quadratic estimate of S 1s in principle exactly
the same as described by Finney ' 7 7] and Patterson[ 26 7]

but they are given here for 'cqmp&éi;eness of the text. This



results given in this section apply to any quadratic estimate

of the type considered above. It is assumed that ¥y are

supposed to be independently and normally distributed with
variance ¢ %,

Finney's formula [ 7 7| can be written for the asymp-

totie variance and expectation of r = A/B (as described in
chapter II) as

Var v =§VVar A+ ¢Var B - 29 cov (4,83 /{E*(BD}Z,.N(&B)
and E(r)= §+{V,- Yvg)/ B¥(B)+ S@.rg,r B - Cov(A,B)}/{}*I*(B‘D}g,

oo s (3:20)

Whers V, and Vg are the terms in > inE(4) and E(B),

respectively and E%(B) = E(B) - Vo The variances and

-

covariances of 4 and B can be obtained by repeated use2 of
the formulsa

Cov(s'Dt, u'8v) = E(s') DC,  E* E(w)

+ B(s') DOy, BOPHE(E)DIC_ BTE(u)

+ B(4¥) D', B B(y) .o (3,21)

o s}

®
3

1 ]
ta

y £s Uy, ¥ are jointly normslly distributed variables

with cOvariance matrices
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T cov f.tl,vl) cov (t,,V5) oes ]
Ccov {tg’vl} cov (t29v2) tes
Ctv = oaa(3¢22}
[¢oki g (t3,vl) cov (tggvg) 'Y
& -3
- ©
In addition the expression
2(g'Dp) = E(g') DE(E) + trace (DC' ) ¢oe(3.23)
is also regulred,
Let us define two matrices
n=2
E! - {l, g 3 290 g ) e00(3é24)
and
F0 0 0 us O 07
1 0 ¢ R 0 0
U= . a'c(3325)
1 0 ese O 0
L 0 0 0 1 0 J
And further let us define
Fo =R'DR,  F, =R'D'DR,  F,=R'D'UIR,
F, =R'DD'R, F, =R'DUD'R, FgR'DOR, ,.,(3,26)
Fgo = R'DUDR, and K. =R'DU'DR.
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The varignces and covarignces of 4 and B are then
5 o 2 2
Var A= pz‘o"{(ka-lf’ j)gFl-s- 5’2(1«:2+l JFg+ekl §° F 4
+ 281 (1§ WFgrakf (18D Fg| «on (3.27)
Var B = fs {01 § )%+ (6% 17 grok) Fyrentier1§ )R
e 1 ghesd Fad ' 5
+ 21 (1‘*'13’33"53 s ceo (3.28)
2
Covla,B) =pv { (41897, + POPT)F som1 97,
+ (+1f ) ( PRALF+ (rl§ ) (KF 1] F3>} eoe(3.29)
Also  E*(B) = {k + 1%) F ee0(3:30)

Substituting (3.27) to (3.,29) in (3.19) we have the required

variance:
2
5 2, 2 .
Var r = ‘/35”5_{(35“ §IF~2§Fy 7/ F, } ) soe(Bs31]

which is independent of k and 1. It should be noted that

the asymptotic varisnce of the linear estimate
y' DR/ 3D R eee(3.32)

is also given by equation, (3.31). The first two terms for

the bias in r, depending on k and 1 are
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2
‘—]%'{,(ln §k) tr D = k tr DU-1§ tr Du' /(1{-&-153}?0} eos (333

and o ( \ 2.
72:9’{(1:4» SV TP -F)+( 91:-1;?5-14}?64?13 F, /(k+1§’)FOS..(3634)

3s Quadratic Bstimates with minimum variance when {= g o *
We shall consider here how to construct the matrix‘D such
that the quadratic estimate of f has minimum asymptotic vari-

ance when § takes some particular value, § o SaVe

The asymptotic variance of (3.32) when = go can
be writien as
2 = Wi N2 - )
.S 2 — (, M-t X=1 2} ‘
ﬂ - Pg_%fl‘é' 90 ) Z’.Wx -2g0 2rwx Wﬁl}} /{Z‘: W'x fo ) 900(‘3335)
where w_ are proportional to the elements of D,R, with the

restriction 'j’_wxza, ixwx = 0 and wa gox'“l = A

Minimization of @ with respect to w, subject to the abeve

conditions gives

X * X=1 «
(1 Sdwy Sl b ) = \D + )\ x+ My o7 T s ees (3.38)

Where X = 1,2;seon=1ly, Wy = 0 and wy, = 0 and )\, )\‘i, %'1.,
are constants for all x . We can write the above (n-1)

equations in the matrix form as

V= N LIo3* MNE* ;{i By eee (3.37)



Where
el -5 0 0 eu
- € 1+ S =S 0 NP
0 =% 18 e S
V= 0 0 -0 WE . . . s (3:38)

i =g, :
BE=(1s 805 & s wee So s X = (L2y00em1) and

Ei’é(wl, “-'29 2650 Wn”lp P

Hence, Y -1 ‘ «13 ‘
LA S g'n-»lf AV VA R, o0 (3.39)

Since 1'w = 0 and x'w = O, we have two equations to deter-

e

mine 3! and 3| by taking n', = 1. We have

t -1 | r -1 3

" 1 LI S
/\3‘_ ~ ]—'D."‘lv %n"’l ‘.... n“'l v ‘}.E“'.. 1‘1'1“1[ -0
1 o} 3.40)
Py xtv 1y XV x X'V ¥ |
. = Tml - = - 0

Substituting the values of \' and \! of (3:40) in (3,39),
2 NY
we will get the required weights

w=] v oyl X v ] B, eee(3.41)



Where Fi 1 1 ... 1 :
X' = s 2x(n-1)
l 2 3 e g n“’l .
Thus the required matrix D which minimizes the variance

of the quadratic estimate whenf= . is

D,

e = VR Ryt oo (3.42)
¢ N

vhere V_l=(c1.j‘) is given by ci;j = Cyy

N S S ST S S VISHE S YERE S W EPES
| cos (3,43
when (.41, and
C.. = i{n"j)/n (i é j), sv e (3@44)

1]

whex when §S.= 1.

The guadratic estimates with D can be written as
r( §., k; 1 ), the estimate is obtained by putting {= N
When § =9, this is the same estimate as we discussed
in section (4) with matrix given by (3,10) and (3.11) and
therefore is more efficient for low values of § .,

When § = 1, this is the same estimate r(1,k,1) as
discussed in section (BY and therefore it is more efficient
for high values of §. In this case the matrix D, of (3.42)
is same as the matrix M of (3.18). We have verified this for

n=5,6,7 and 8 and in general the above statement may be tmue.
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4, Expectation and Variances of r{0,k1) and r(1,k,1).
Using the formulae (3.24), (3925) and (3.26), we can write

down the values of Ty, F, and F, for the estimates r(0,k,1)

1
and r(1,k,1) considering the matrices Dy and M respectively.

(4) For the case of r{0,k,1) when Dy is given by (3.10) and

(3@ 11) H
' 4 2
Fo = F, ¢ n=5: (1-9) (3+489 +3 § )/10,
4 4
n=6; (1-¢ ) (4+89+11 ¢%+8 ¢7+a §5)/10,
4 2, 3 4
n=7; (1~ £)7(50+120 ¢ +204 9“+232 £ +204 §
. 5 6
+120 ¢+50 §)/105,
3 4
n=8; (1- §)7(16+20  +76 $3104 §H118 ¢
+104 §5+76 f6 +4.0 f7+15 383/28
4 2
F, ¢ n=5: (1~ §)7(-10-5%-120 §7)/100,
4
n=6: (1 §)%(-8+ 69 +a g6 §%8 §4100,
n=7s (1= © )% (~20+579 +120 pZ176 $r120 p*

+57.f5—20 Jﬁ)jgls,
n=8s (1- p)E(-5+280 +72 PZr128 P12 p*

I G 8
+128 §O+72 § +g8 5;7-5 F /o8 .
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(B) For the case of r{1,k,1) when M is given by (3.18).
@ W4 2
Fo: n=5: (1~ §)7(4468 +4 §<)/35,
4.
n=6: (1~ § )*(25+60.F +82 y2+60 33+25 £7)/140,
4 ' 3 4 6
n=7s (1~-5) (10+30¢9 +54 32«‘:-645 +54 +393>5+10 $ )/42,
n=8: (1- ¢ )*(49+168 § +352 32+520 33+594 34
R 8 “
+520 994352 pCri68 9 420 §°)/168.
- 4 2
Fis n=6: (19 ) (54+88S +54 § )/ 1225,
. » 4 2 3 4
n=6: (1~ §) (1650+4480 9 +6164 ¢ “+4480 § +1650 $ )41960,
. LA ( 4
n=7: (1- 9 )*(234+816 9 +1542 9%+ 1872 ¢%+1542 5
5 (]
+816 §°+224 P )/1764,
.4 2 3 4
n=8: (1-9 ) (5292421504 F +48576 p +75264 p +86808 §
5 6 7 8
+ 75264 § +48576 p +21504 § +5292 § )/28224,
4 2
F_s n=5: (1 p) (~16-179 -16 ¢ )f1225,

4
=6: (1= ) (~200+280 § +424 9 21280 Ry 5 100 § /1960 s
. _ 5 |
n=7: (1= 8)% 24+186§+408 F+528 g’3+408 §r186 24 36)/ 1764,
2 3 4
n=8: (1~ ¢ ) (1176472929 +19008 § +31504 » +36892 N

+31584 35+19008 36+7392 37+1176 38}/28224.



5, Efficiencies of the two estimates:

The efficiencies of r(0,k,1) and r{1,k,1) for n=5,6,7
and 8 are set out in Table 3.1, The efficiencies are cbtalned
by taking the ratio of the least squares estimate obtained

by Shah and Patel [ 34] to the variance given by (3.31).

It can be seen that the efficiencies of the gquadratic
estimates r(0,k,1) are better than those of the linear estimabes
és described in Chgpter II (Shah({311). It is interesting to
note that the efficiencies are zlmost 99.9% for r > 0.5 in
the modified Hartley's method and for quadratic egtimates
the efficiencies are better and almost 97.0% for »r £0.4. This
suggests that the further work for this curve in the direct~

ion given by Patterson [[2¢ ] is under consideration.
6, Biases in r(0,1,0) and r(1,1,0).

The total bias given by (3.33) and (3.34) can be writtem
as ! bias = @ var r.
Values of & Tor the estimates r(0,1,0) and r(1,1,0) are set
out for comparision in Table 3.2. It is easy to see that the
bias in the linear estimates considerably low as compared to
that of in r(0,1,0) and r(1,1,0). It is of interest to note
that the modified Hartley's estimates have less bias than

quadratic estimgtes,



gy K G TS A W gy S0 00 g Wk Y K2 0 DS DU 2 e gam e SUCE S T TS QIR e A S Lt AR S dowe S S s G Sy ..

0C°0CL  O1°¢é8 00*00T 7E°E6 00°00T B38°L6 00*00T  00°00T 0°T

RS N 0 S g Y 4 P e U g S Ty Sl Tl S0 ot S S0 W iy o, Ui DM e G T U T S e B

66'e6  BT°68 €6°66  P0°E6 00°06T  08°.6 00°00T  66°66 6°0
66°66  80°6S Tg°66  BI°S6 00°00T €598 00°00T  L6%66 8°0
96’66  63°68 26°66  T5°€6 86766  L0°L6 00°00T €6°66 4°0
L8°66  TE€°06 96°66 - L8°C6 86%66  LB'L6 00°00T 88%86 9°0
95%66  Lb°T6 18°66  E€5°F6 76°66  EV°L6 00°00T 28°66 S°0
16°36  61°26 ¢t°6e  SE°Se T6°66  T8°L6 86°66  LL°66 ©°0
ZE*L6  SE°S6 £9°86  $9°06 15°66  22°86 $6%66  GL°66 €°0
a9°76 L8°L6 T0*48 YL °g8 8°86 c6°88 £8°66 08°66 a0
gv°06  TE°G6 9T He  TE°66 0€°L6  $9°66 29'66  36°66 T°0
89 °93 00°00T $.768 00°00T 0L°%6 00°00T 94,°86 00°00T 00

(T (TORf0)a (UOECTYT (IOWPO)T  (TOWUT)A (T'Wfo)a (TNTHa (T¢wloyx &
{[=u &= oO=U o=U

e o VO g D5 S B s s s SR R e SR e W i W NG i By S0 R W WY g M g, e (e S o D S e A e Wt st B D S e iy Gty P K i O g (DS G S S S U ERS $04 St B g WY oo 2 A e B Tt D Y oy SO A B icn LD e SR B £ e W W S g

¢ § 10 seqeurqse ordmrs IO SOTOUSTOTIIN

1% °ot1qe]



D W A LIRS S o (R CD SO0 R By G0 U0 WS gy SO URG TS Y G e S WO B VTR WY e TR U QO S T S W A B g OIS AR e gy O e e W M e U S gy O g B AV D TS e ok M G S T U S T e M e B e R U e S gy

008 *T~
825°T-
2e9 T~
Too T~
€99°T -
665°T~
867" T~
gve T~
L8T°T~
0€6°0-
£99°0=

005 *g -
gL g~
P80°E~
$09°E -
18%°e~
a0 e~
§48°c~
Sev*e-
88078~
L99°T~
12 S A

000°T -
T90°T -
LTI T~
39T ° T~
06T °T~
GeL°T~
69L°T ~
OIT T~
STo°T -
¥38°0~
glL 0~

1e1°3~
898"~
Tie g~
ees g
899°8~
OLL G~
oTg* g~
SeL°8-
SLy e~
961~
90T~

00G *® =
ovg® -
igs° -
EG9° =
T99°~
145 M
9Tl -
€8L% -
O PR
glo° -
909° ~

009°T -
§G9° T~
7 53o R
A
1T T~
4997 -
PG L~
15351 A ey
8L2°T~
650°E~
008° -

000° 00g*~ 0°1
€T0°~ 188°= 6°0
880~ #E'~ 8°C
9%0*- 898°=- 4°0
850°~ 888°- 9%0
a60°= Llg*- 8°0
0gi*- geg’- ¥°0
évl°~- %8E€°=- £°0
8Li*- 8oe’~ 870
$0g°- 98g°®- T1T°0
gcg’~ geg°=- 0°0

O T £ WD gy W e SO T W IR e T g £ T T T S g S O W) G A T R TV S o W gy O P A T . O BN S gy G A2 S s D 1 g P can O S TN e D e e A0 s K S S KO e 0 TR O Mgy T SR S 8 e 8

(0*TCTYx (0°Tl0)a

(O*TTya (O°T*0)a

g=u

(0*T¢TYx {o*té03a

l=u

o=u

(0*T¢tyx (0°Téc)a &

G=U

g i g S 005 T G G e DS g O WU g S DT G o 6 W W Y S D 0 IS A N s S8 OO G T 60 s e, o T S0 WY W WD B TS U 0 g Sty N S I B e O D S0 ot S o T i S S B W O WS g O Gy B T30 o g

€OST*T)a pue (0°T¢0)a ul seserd jo uoisiIedumo)

g°t  9T4®L



- 8 -~

7. Estimates r{0,k,1) and r{1,k,1) with low biases,

As suggested by Pattersonf 26711t is possible to
choose k and 1 in the families of r(0,k,1) and r{1,k,1) such

that the biases are gero. The value

W/1= {F(tr D - ftr DU + ( §%-1) F}/F (trD-4rDU)-20F +oF,

L (3645}
is such that the bias is zero in r(0,k,1) when the matrix
Do is used instead of D, and in r{l,k,1) when the matrix M

is used instead of D, Talues of k/1 are given in Table 3.3.

Now by choosing some value of k/1 from the table
3:3 it may be possible to reduce the biases near to zero
for at least some values of . This is pointed out in Tables

(3:4) and (3.5) for r(0,k,1) and r(1,k,1) respectively.

8. Remarks: BY choosing the proper values of k and 1, it can

be seen that the biases in r(0,k,1) and r{1,k,1) are suffici-

ently low over the whole range of ¢ « And partiéularly for hih

values of § where the estimate »{1,k,1) is almost efficient,

the bilas in r{1,k,1) is less than that of the linesr estimates

2150,

Thus we can conclude that the estimate obtained by
the modified Hartley's method are much improved than that of

linear estimates and quadratic estimates on the whole,

7
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Table 3. 4
Bias in r(0,k,1)
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Table 3.5
Blas in r(1,k,1)
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