
CHAPTER III

In chapter I we have described! a fully efficient least 
squares method for estimating <,^3, and j5 , and the errors 
of these estimates® The method is one of successive appro— 
ximation and requires a reasonably accurate initial esti
mate of $ • In chapter II we have pointed out that the 
least squares estimate of r say, are of the form

' = "£'wx(?W .

where wx(r) are complicated functions of r. There we have 
described, for each of the cases n = 5,6,7 and 8, a estimate 
which is a function of the ratio of linear functions of y’s, 
which leads to very simple estimates of reasonably high 

efficiency over the useful range of $ »
In this chapter, the estimate of tf is considered under 

two alternative eb thods: SKc^h. cuw<L \c.V\cJnb C2>23;
(i3 Patterson* s 12.^ method of estimating S by consida? 

-ing a ratio of two quadratic functions of y*s, which he calls 
a ’’Quadratic Estimate”®

(ii) Modified Hartley* s method suggested by Khatri and 
Shah L '6 1 (chapter 71)*
The relative efficiencies and biases of these estimates are 
considered in details for n = 5,6,7 and 8 equally spaced 
ordinates, the observed y*s being independently and normally
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distributed about their expectation with constant variance. 

1® Quadratic Estimate of $ .
(A.) Patterson* s quadratic estimators

The curve y =o(+<3x + /& f can be written as
y =<(!-*) + *+ ^(l- §)x + $jx ... (3.D

which is one of the family of estimates obtained by a 

procedure which Hartley £ lo 3 has termed internal regre

ssion® The estimate of i3 given by the multiple regression 

of yx+i on x and jx in equation (3.1) can be expressed as

•yh
r- a/b = X<y / X <y.

X X r Vh * (3.2)

•n-i 'n-i
where w* = y x+l 'x

„ l_xy -xTiV
-( X.yv )/(n-l) ~(x-x) ~3L-~-------9 (3.3)

x^-Cn-^x2T x

and Xs ( 2Ix)/(n-l), (x-0,1,2. n»2) *

Estimates of this type, as described by Patterson, given by 

ratios of quadratic functions of the y*s, are known as qua

dratic £ms: estimators. We can write the difference equation 

(3.1) in a more general form as

f ) 1 [{icVlyx^} - f)x+k (<+&- >2 ,...(3.4)

where k^ 0. The estimate of the regression coefficient is
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y^ D (ky0 +ly-j) / (ky£ + lyj) D (ky0 + ly^), ...» (3.6)

where y^ = (y1,y2,...y^), f0 - <yo,7l,e*s*yrv2^ and the

matrix D, of order (n-l)x(n-l), is such that

D = 0 D t = 0 ... (3.6)

where 1* = (l,l,..®,l)s (n-l)xl and t* = (0,1,2,.. .n-2).
“33.-1 ~

And equation (3#2) can be conveniently expressed in matrix 

notation as

A = -1 -o = 4 D° *•« (3*75

B = y* w » y* D y ... (3.8)
~o —u —o ° —o

where w* = (w,, w„, ... w „) and D will be described 
-o x 2' n-1 o

later.

r (0,k,l)=y* D (ky + ly.)/y* D (ky +ly )..*(3.9) 
'-X — x — o —O — 1

The significance of 0 in r(G,k,l) will be explained later 

and k and 1 are self explanatory. The matrix D may not 

be symmetrical in general.

As a particular case of D, the matrix found

from (3.3) can be written as
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di3= ”2 /n(n-l)(n-2),

and

i /£ 3 e »«(3* 10)

dii-l-2[n(2n-l-6i)+6i2}/n(n-lKn-2)J i s j ... {3.115

1)4 ~ 1)2) 3* • o II** le

Here, the matrix D0 is symmetric and idempotant. When 

n=5,6,7 and 8, we have the following matrices® Please note 

that each column (or row) sum is equal to zero and the sum 

of all multiples of each element of column (or row) by 

1,2,3,«... respectively is also equal to zero.

When n = 5,



When n = 7

50 -40 -25 -10 5 20

-40 74 -22 -13 -4 5

1 -25 -22 86 -16 -13 -10
105 -10 -13 -16 86 -22 -25

5 -4 -13 -22 74 -40

20 5 -10 -25

0
1 50

When n = 8

D JL
168

90 -60 -42 -24 -6 12 30

-60 120 -36 -24 -12 0 12

-42 -36 138 -24 -18 -12 -6

-24 -24 -24 144 -24 -24 -24

-6 -12 -18 — 24 138 -36 -42

12 0 -12 -24 -36 120 -60

30 12 -6 -24 -42 -60 90

It is easy to show that r(0,k,l) is the estimate of obtain

-ed from the regression of kry + l*y on ky + ly „,
x- x+l z x+l

where k*an& 1* take any values such that kl* A k*l
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(B) Modified Hartley8 s Method*

The difference equation (3*1) can he written as 

y^ryx=(k+1 ?3 1[l(* " <?+ ^3+ ?)x^+ (f-l)(lyx+1+kyx)] ,

» • a C 3d 12}

for k + 1 / 0« Summing over the values of x* we have 

yx+l=(k+l j5 )" 1[{( < - <£ + ^Kx+l) + ^(1- $,)x(xKL>/2+*<+{3^

+ ( «?~l) (1BX+^ + kS^) J , ... (3.13)

3C

where &„ = X.y« with S, = 0.^ o -c * ■*•

The equation (3*13) can he written as

yi = Vai%,l+ a2VS a3 (1S:i + aeo(3«14}

(i " 33fl)

where = (^ -l) (k-Kl? ) s k+1 / 0, and ^ and ^ar® the

first and second order Fisher* s [ °! ] orthogonal polynomials 

obtained for x = 0,1,2^.*® »n-l? i.e*

%ts ^ - x , \= x2 - x2 - ^Kx - x ), where

Mb= r (x2- x2) (x - 1), zv= X(x-s)2, x2=Ix2/n and 

x ~ Xlx/n •
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The regression obtained in (3.14) is called an internal 

regression as defined by Hartley j“ lo Solving the int<s* 

nal least square equations, the estimate of is given as

y* SCB^kS^/Ci^ + KL-j)* E (!S0 + B| ) , ...(3,16) 

where y*a(y0,y1,y2,..Myja_11, S* =($0,S1}.., ,3^),

_sq =(o,s1,sa,...,sn.8), E = -xJiSi*. >

1* ~(1,1,.«• ,1) 5 nxl,
- n

We may write S0 = Tny and S = U^y; where

TAn ~

1 0 
1 1 
1 1

0
0
1

... 0
»* 0

• •« 0

1 1 1 , o , 1

$ n x n and W «
0

TL An 0
—

with T - I = W„ . Then the estimate of f can be shown as
XJL ***

y* ? y / yi H y ... (3.16)

where P = Tn E (lTn + kWn } and N = Wn E (lTn + kWn) . 

Noting SJn = 0} this can be easily verified as

r(l,k,l) = M (ky0 + ly^) / y^ M (kyQ + ly-j)S..,(3.17)
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where

mij

M =s (a ) and nr .*3 . ij
- ij/n - ^7 -*3-fc ^

m.. and 3i
t

T, ■’U ' • • C 3® 18)

The notation 1 in r(i,k,l) will he explained later. It 

may he noted that the estimate r{ 1,1,0) was given hy Khatri 

and Shah £ 16 ] and r(l,l,l) by Trivedi ‘£ IH

In practice, it is very easy to construct the matrix 

M hy using the orthogonal vectors from Fisher and Yates 
table t 1 for different values of n*

When n = 5,

M

M

4 -5 -2 3 1
1 -5 8 ■EM -2

35 “2 -1 8 -5

_ 3 -2 -5 4

= 6,

25 -20 -20 0 15

-20 32 -4 -8 0

-20 -4 48 -4 -20
140

0 -8 -4 32 -20
_ 15 0 -20 -20 25
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When n = 7,

r 10 -5 -8 -4 2 5 ~

-5 10 ■ —2 -4 -1 2
M= 1 -8 —2 3.6 2 -4 -4

48 4 -4 2 16 -2 -8

- 2 -1 -4 -2 10 -5

. 5 2 -4 -8 -5 10

and When n *

"49 -14 -35 -28 -7 14 2t 3L
-14 44 -10 -24 -14 4 14
-35 -10 65 12 -11 -14 -7

M a JL 168 .-28 -24 12 80 12 —24 "•28311 -11 12 65 -10 -35
14 4 -14 -24 1 H © 44 -14
21 14 -7 1 ,c

o 00 —35 -14 45

2* Expectation and variance of the General quadratic estimate,

The method adopted to determine the expectations and 
variances of quadratic estimate of f is in principle exactly 

the same as described by Finney t J 3 and Patterson l 2.6 } 
but they are given here for completeness of the text* This
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results given in this section apply to any quadratic estimate 
of the type considered above® It is assumed that y__ are 
supposed to be independently and normally distributed with 
variance cf2.

Finney* s formula C 7 ] can be written for the asymp
totic variance and expectation of r = il/B (as described in 
chapter II> as

Var r = ^Var A + /Var B - 2§Cov '(A,B)^ /£E*{B^2,.»b<3„19)

and E(r)=£-*(VA- ^Vg)/ S*(B) + ^far B - Cov(A,B)}/^B*CB^2,

• b»(3e 20)
where and Vg are the terms in s'2 in E(A) and E(B) , 

respectively and B^CB) » E(B) - Vg* The variances and 
covariances of a and B can be obtained by repeated use of 
the formula

Cov(s*Dt j u*Ev) = B(s*) DCtv E* E(u)

+■ E(s«) VCtw E(y)+E(t*)DfC ^ErE(u)

+ B(t») D*Cgu B B(y) ... (3*21)

Here s, t5 u? v are jointly normally distributed variables 
with covariance matrices
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'tv

r007

COV (tg,V1)

cov (t3jV1)

L

COV ms

COV (tgjVg) .•« 

COV CtgjVfj) sag

O

6

In addition the expression

E{s*Dt) = E(s») DE(t) + trace (DC«
•49 to *■* •«

is also required«

let us define two matrices

st'

• * 6 C3# 22}

1 ( 3® 23)

r* = <1, e , /’2)

and

Us

0 0 0 »* a 0

1 0 0 » e« 0

0 2, 0 o«• 0

a a e

_ 0 0 0 1

And further let us define

F0=R*DR, F s R*D‘DR? 

Fg = R’DD’R, a R*DUDfR?

F6 = R’DUDR, and F^R’DtPDR.

• » a C 3a 24)

0

0

0

8

0

a » * C 3« 25)

F^D’TJDR,

F5aR*DDR} .•,(3*26)
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t

The variances and covariances of A and B are then 
?ar As £V|Ck+l? )2F1+ f2(k2+l2)F3+23ai'2 F4

+• 2 $ 1 (k+1 ? )F5*2k f (k+1 ? ) F6 ^ .. « ( 3.27)

Far B =/iV:L[(k+li>)2F1+(k2+l2)F3+2kl F4+2k(k+l? )Fg

4- 21 3 ... ( 3b 23)

Cov(AjB) = f'tp- ^Ck+lf )2F2 + f (k2+l2)F3+2kl 5F4

+ (k+lf ) ( S)k+1)F3+ (k+1? KkFgtrljFg)^ ...(3.29)

Also E*(B) = (k + 1?) F . ..»(3«30)
v

Substituting (3*2?) to (3®29) in (3a19) we have the required 

variance?

Far r a & & « ( 3« 31)

which is independent of k and 1* It should be noted that 

the asymptotic variance of the linear estimate

y* D R / y* D R ». ® (3*32)
A i - ~o

is also given by equation,(3„3l)« The first two terms for 

the bias in r, depending on k and 1 are
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CU r

jpL[Cl“ Jk) tr D + k tr DU-1 tr Du* /(k+lj>)F0^ (3,33)

and ,, P
J£_j(k+ j>l)( fPj-Fgj+C ?k-l)F5-KF6+iy F1 /<k+l?)F0^..<3.34)

3# Quadratic Estimates with minimum variance when £ = 5q «

Me shall consider here how to construct the matrix D such 

that the quadratic estimate ofj*has minimum asymptotic vari

ance when $ takes some particular value, $ say.

The asymptotic variance of (3.32) when ? = can

be written as
* - -2^\ "«} C1) 2}..»(3.35J

where w are proportional to the elements of D,R, with the

restriction Xw-x-=0i "Xxw = 0 andlw £x-1
X

1’
= X .

Minimization of 0 with respect to w„ subject to the ab@veJL

conditions gives

(1+?0)wx- f6(w h; ) = + Xl x + XL * » ••• (3.36)x-1
i

where x = ls230«.n-l, wQ = 0 and wn = 0 and )£, y*, 

are constants for all x * ¥e can write the above (nr-l) 

equations in the matrix form as

V*- K.-Vl+ ^ Ir (3.3?)
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Where

r i+w i
*-

Q o O

1+ ^ -So

0 ~{> 14* 9^-
io —

7= 0 0 -?c

9
•

* 9
• «

Rj-d, $6 J C 5 0 n~ 2 6• •• S0 >S e

w’fsXw^, Wg, •a o W„ ) «
n-i

Hence,
W =

Xf 7'1 1 +
Ax. "n-l

0

-So

e
o

0 * * *

• 6 *

« © 6 
ted

... (3,38)

(3.39|

Since i*w = 0 and x*w = 0, we have two equations to deter

mine and by taking = 1* We have

r \» *x.
-1It V 1 •- n-lv in-1

lr 7'"1xn
~ r^i

x'V”1!
*nr*x

X1? ^x

1* 
*n-1

i"f ?o

..(3.40)

Substituting t he values of \* and of (3«40) in (3*39),
^2- a6

we will get the required weights

w = [_ y" 1- 7~1 X(X* V* hf \ * V*1J R0 •« • ( 3o4l3
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Where
X* = 1 1 

1 2
1
3

1 
n-1

2x(n-l)

Thus the required matrix D which minimizes the variance 
of the quadratic estimate whenj3 = is

D„ (3S 42)

where V =(ci;j) is given by C-S;j = cjis

°lj= <1_ S?(H'3))/Cl- Sf'Ki- sf>
* a 9 (3»43)

when 1 } and
c = i{»-J)/n (i4j), ••• (3s44)

Wtes when ?*= 1,

The quadratic estimates with D can he written as 
r( k, 1 ), the estimate is obtained by putting £= *
When ? = ^-d , this is the same estimate as we discussed 
in section (A) with matrix given by (3*10) and (3*11) and 
therefore is more efficient for low values of j* a

When ls this is the same estimate r(l,kjl) as 
discussed in section (Bl and therefore it is more efficient 
for high values off* In this case the matrix of (3942) 
is same as the matrix M of (3®18)* We have verified this for 
n = 5,6,7 and 8 and in general the above statement may be time*
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4, Expectation and Variances of r(0,kl) and r(l,k,l).

Using the formulae (3*24), (3*25) and (3*26), we can write 

down the values of Fq5 F^ and Fg for the estimates r(0,k,l) 

and r(l,k,l) considering the matrices D0 and M respectively* 

(A) For the case of r(0,k,l) when D0 4s given by (3*10) and 

(3. ID:

Fc = Fn i n=5s (l-P )4(3+4p+3 .?2)/l0,

n=6; (1-5 )4(4+8y+ll.f+8 £3+4 jVlO,

n=7j (1- S )4( 50+120,f +204 i2+232 f3+204 54

+120 5^+50 i^)/105,

n=3 5 (1-5 )4C 15+40 5 +76 p2+104 p3+ll8 f4

+104 f S+76 f6 +40 /+15 58)/28

F2 s i*=5: (l-P)4(-10-55-l0 52)/lOO?

n=6: (1- f )4C-8+ 6p +4 p2+6 53-8 f4)/l00,

n=?{ (i- ? )4(- 20+57P +120 p2+176 p3+120 J>4

+57 f5-20 /)i315,

(1- P )4(-5+28P +72 f 2+128 J>3+142 j>4

+128 P°+72 P +28 P -5 J )/98 *

n=8*
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CB) For the case of r<l>k,l) when M is given by (3ol8}#

FQ; n=5s C1- $ )4(4+6p +4 32)/35,

n=6s ( X- S )4( 25+60J -4*82 j>2+60 ^3+25 ?4)/l4Di

n=7s (1- S )4( 10+335' +£4 J>2+64 p 3+54 p»4+30 j>5+10 j>6)/42,

n=8: (1*. S )4C49+168 $ +352 5 2+520 f3+594 j»4

+520 f5+352 J>6+168 J>7+49 f8)/l68.

FlS n=5; (l~P )4(54+88$ +54 p2)/1225,

n=6; C1- 5 ) 4( 1650+4480 5* +6164 $ 2+4480 J 3+l650 P4)/(l960,

n=7s (l-P )4( 234+816 5 +1542 3 2+l8?2 f S+1542 J-4

. +816 _?5+234 J>°Vl764,

n=8s (l-p )4( 5292+21504^ +48576 j> 2+75264 J>3+86808 p4

5 6 V 8+ 75264 J1 +48576 J> +21504 J +5292 51 )/28224.

Fgs n=5; Cl- 3)\-l€~l7$ -16 /)^1225,

n=6s (1- 5* ) 4( -100+280 £ +424 J> 2+280 Jp 3-100 £ 4)/1960, 

n=7; Cl- S)4(24+l865+408/+528/+408 5>4+l865)5+24/)/l764, 

n=8s (1- 5 )4( 1176+73921’ +19008 p2+31524 J>3+36892 J>4 

+31584 3 5+19008 J>6+7392 ^?+H76 s?8j>/28224.



- 7?

5, Efficiencies of the two estimates*

The efficiencies of r(0,k,l) and r(l,k,l) for n=5,6,7 

and 8 ar@ set out in Table 3»1« The efficiencies are obtained 
by taking the ratio of the least squares estimate obtained 
by Shah and Patel L2>ll to the variance given by (3*31).

It can be seen that the efficiencies of the quadratic 

estimates r(0,k,l) are better than those of the linear estimates 
as described in Chapter II (ShahC313)• It is interesting to 
note that the efficiencies are almost 99,9^ for r >0*5 in 

the modified Hartley’s method and for quadratic estimates 
the efficiencies are better and almost 97,0/S for 1*4 0,4, This 

suggests that the further work for this curve in the direct
ion given by Patterson is under consideration,

69 Biases in r(0,1,O') and r(l,l,0).

The total bias given by (3,33) and (3,34) can be written 

as : bias = % Var r„

Values of 0 for the estimates r(Q,l,0) and r( 1,1,0) are set 
out for eomparision in Table 3.2, It is easy to see that the 
bias in the linear estimates considerably low as compared to 
that of in r(0,1,0) and r(1,1,0), It is of interest to note 

that the modified Hartley’s estimates have less bias than 

quadratic estimates.
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so
7* Estimates r(05kjl) and r(l,k,l> with, low biases®

As suggested by Patterson C 2.^*1 it is possible to 
choose k and 1 in the families of r (0,k,l) and r(l,k,l) such 

that the biases are zero* The value

h/1* ^F0(tr D - Hr DU’ ) + ( f 2-l) FiyF0(?trD-trDtT)-2?F1+2Fg ,

• * e ( 3«45)

is such that the bias is zero in r(0,ksl) when the matrix 
D0 is used instead of D, and in r(l}k,l) when the matrix M 

is used instead of D* Tallies of tyl are given in Table 3.3.
How by choosing some value of k/1 from the table 

3.3 it may be possible to reduce the biases near to zero 

for at least some values of g * This is pointed out in Tables 
(3*4) and (3*5) for r(0,k,l) and r(l,ksl) respectively.

8, Remarks; By choosing the proper values of k and 1, it can 
be seen that the biases in r(0,k,l) and r(l,k,l) are suffici

ently low over the whole range of f e And particularly for h% 
values of $ where the estimate r(l,k,l) is almost efficient, 
the bias in r(l,k,l) is less than that of the linear estimates 

also©

Thus we can conclude that the estimate obtained by 
the modified Hartley's method are much improved than that of 
linear estimates and quadratic estimates on the whole©
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Table 3,4
Bias in r(0,k,l)

n=6 n=6 1 '...n=? ' n=8

s r(Q,4,l) r(0,1.8,1)
WWHMCtaiatM «■»— — — «B«B

r(0,1.6,1) r(0,1.6,1)

0.0 — .083 .867 ,183 1.262
0.1 -.095 .581 .168 .840
0.2 -.089 .364 -.063 .403
0.3 -.072 .202 -.238 q 224
0.4 -.049 .083 -.155 .001
0.5 -.026 .001 -.157 , -.174
0.6 .001 -.053 -.138 -.301
0.7 .025 -.084 -.109 — « 384
0*8 .046 -.100 -.069 -.426
0.9 .070 -.104 — .024 -.436
1.0 .080 -.100 r .015 -.423

Table 3.5 . 
Bias in r(l,k,l)

9
n~S

r(l,8,i) r(l, 2.2,1)
n=7 n=8

rCl, 1.8,1) H 1,1. 6,1)

0.0 — «125 .055 .436 1.000
0.1 -.103 -.016 .235 .654
0*2 -.074 -.047 .101 .400
0.3 -.041 -.050 ,019 .220
0.4 -.009 -.036 -.023 .101
0.5 .020 -.010 ! -.034 .030
0.6 . 047 .020 -.026 -.003
0.7 .067 .050 -.006 -.011
0.8 .085 .079 . .020 — .002
0.9 .099 .104 .046 . .017
1.0 .111 .125 .071 .039


