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CHAPTER 3

BOUNDS FOR THE NUMBER OF COMMON TREATMENTS BETWEEN 

ANY TWO BLOCKS OF CERTAIN PBIB DESIGNS

3.1 Introduction

In this chapter, we derive hounds for the number 
of common treatments between any two blocks of (i) SRGD 
designs, (ii) certain triangular designs, (iii) certain 

Lg designs and (iv) certain rectangular designs. The 

results are established by using the theorems proved by 

(i) Bose and Connor 6_J^, (ii) Raghavarao [_ 34_/ and 
(iii) Tartak /Hd4J*

3.2 Bounds for the number of common treatments between 
any two blocks of SRGD designs

For the description of SRGD design, we refer t© 
Section 2®2 of Chapter 2. We use Theorem 2.2.1 due to 
Bose and Connor to derive the bounds for the

number of treatments common between any two bloeks of 
SRGD design. The result is given in Theorem 3.2.1.



48

Theorem 3.2.1. If x he the number of treatments 
common between any two blocks of SRG-D design, then

max (0, T^) < x < min (k, Tg),

where
T1 « k(r-l)(b-l)~1 - ACb-2)1/2,

f2 = k(r-l)(b-l)~1 + ACb-2)1/2,

A2 = k2 % (r-l) 2 i
v(v-m) (b-l)

(h-1)

k2(v-k)(b-r)(b-T+m-1) /v(v-m)(b-l)1

and

Q1 = (v-k)(b-r) - (v-rk)(v-m).

Proof. Let the blocks of the given design be 
denoted by B^, Bg, ..., Denote the number of
treatments common between B^ and B^ by x^, 
i *= 2, 3, s.., k. Let Xg = x. Considering the 
treatments of the block B^ singly, we get

b(3.2.1) £ x. * k(r-l) - x.i=3 1

Using Theorem 2.2.1 of Chapter 2, due to Bose and

*
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Connor £~6_f, and-considering the treatments of the 
block pairwise, we get

bZ x.(x.-l) 
i=3 1 1

(3.2.2)
= (k/m) [(k-m) /\.j+k(m-l) ?\g-m(k-l)]-x(x-l).

In Section 2.2 of Chapter 2, it has been shown 
that for a SBGD design, « r(k-m)/(v-m) and

= rk/v. Substituting these values of Pi ^ and Ag 
in (3®2.2), we get

(3.2.3)

bE x.(x.-l) 
i=3 1 1

[*k‘Q-/v(v-®) k(r-l) 2x + x,

where = (v-k) (b-r)-(v-rk) (v-m)-.

From (3.2.1) and (3.2.3), we get

(3.2.4) b __ g
Z (x. - x) i=3 1

k2Qx 
v (v-m)

[k(r-l)-x]2

(h-2)
2x *

where x = jk(r-l)-xj / (b-2). As 

we get the required result.

b
Z (x. i=3 1

x)2 > 0,

When b = v - m + 1, A = 0 and hence
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x = k(r-l)/(b-l) = k(r-l)/(v-m). flams, we get the 
following corollary.

Corollary 3.2.1. If in a SRCD design b = v-m+1, 
then there are k(r-l)/(v-m) treatments common between 
any two blocks of this design.

This result is also proved in Theorem 2.2.3 in 
Chapter 2.

3.3 Bounds for the number of common treatments between 
any two blocks in certain triangular designs

for the description of triangular design, we 
refer to Section 2.3 of Chapter 2. We consider here 
triangular designs in whieh rk - v = n(r - ?^)/2.
We use Theorem 2®3.1 of Chapter 2, due to Raghavarao

to derive the bounds for the number of common 
treatments between any two blocks of this design. The 
result is given in Theorem 3*3.1.

Theorem 3.3.1. If x be the number of 
treatments common between any two blocks of a 
triangular design in which rk - v = m(r - ?^)/2, 
then

max (0, T^) < x < min (k, Tg),

where



and
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T,

I COf ( y r\\ ^ v\ ✓A ^ gsir1;/2
c .-v 6'- r.no«i\v>-

) o 1 ;/ r-_j •!>

T2 = k(r-l)(h-l)”1 + ACb-2)1/2,

,2 , 2 L ** k .lEzl)!] /o_i)
v(v-n) (b-l) J •

» k2(v~k)(b-r)(b-v+n-l)/v(v-n)(b-l)‘

Q2 s (y-k) (b~r)-(v-rk) (v-n).

Proof* Using the same notation and argument as 

in Theorem 3.2,1, we again get

(3.3.1)
i*3xi - - x-

Using Theorem 2.3.1 of Chapter 2 due to Saghavarao 
C^J and the same argument as in Theorem 3.2.1, we get

I’ x. (x.-l) 1 1

(3.3.2) » n(2k/n)(2k/n - l){ - l)

+ jk(k-l)-n(2k/n) (2k/m - 1)]( Ag - l) 

- x(x-l).

Using the method of proving (2.3.3) of Theorem '2.3.1, 

it can he shown that
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i**3
xi(xi-l)

(3*3.3)

k\ / v(v-n)J - k(r-l) 2x + x,

where Qg « (v-k)(b-r)-(v-rk)(v-n). 
From (3.3*1) and (3.3*3), we get

(3.3.4) £ (x, - x):
i=3 1

k % [k(r-l)-x]2 e

v(v-n) (b-2)
\_ h _ pwhere x » [k(r-l)-xj / (b-2)® As £ (x. - x)^> 0,

i=3 1

we get from (3.3.4) the required result.

When b ■ v - a + 1, A = 0 and hence 
x = k(r-l)/(b-l) * k(r-l)/(v-n). Thus, we get the 

following corollary.

Corollary 3.3.1. If in a triangular design in 
which rk - v « n(r - \)/2» b = v - n + 1, then 
there are k(r-l)/(v-n) treatments common between any 
two blocks of this design.

This result is also proved in Theorem 2.3.3 of 
Chapter 2.

3.4 Bounds for the number of common treatments between 
any two blocks in certain Lg designs
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lor the description of a It, design, we refer 
to Section 2.4 of Chapter 2. We consider here Lg 
aesigns in which rk - T ^ - s(r - V* We use 
Theorem 2.4.1 of Chapter 2, due to Raghavarao £~34_7 t® 

derive the hounds for the number of treatments common 
between any two blocks of a Ig design in which 
rk - v « s(r - . The result is given in Theorem
3.4.1*

Theorem 3.4*1. If x be the number of treatments 
common between any two blocks of a Lg design in which 
rk - v 7\^ ~ s(r - 9^), then

max (0, T^) < x <_ min (k, Tg),

where

= k(r-l) (b-l)"1 - A(b-2)^2,

Tg * k{r-l)(b-l)”1 + ACb-2)1/2, - 

% (r-1)2 ]

v(s-l)2 " (f-1) J / <t_1)
• fc2(v-k)(b-r)(b-v+2s-2)/v(s-l)2(b-l)2

and - . - ...
Qg = (v-k)(b-r)-(v-rk)(s-l)2*

5roof. Using the same notation and argument as
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in Theorem 3.2,1, we get

(3.4.1) Z x. = k(r-l) - x. 
i=3 1

¥sing Theorem 2.4.1 of Chapter 2, due to Raghavarao /~34_/ 

and the same argument as in Theorem 3,2.1, we get

Z x,(x.-l) 
i=3 1 i

(3.4.2) s (k/s) [2(k-s) * 1 + (sk+s-2k) ^g - s(k-l)]

- x(x-l).

We have shown in Theorem 2.4.2 that ~ r(k-s)/s(s-l) 
and Pvg = r(sk+s-2k)/s(s-l)2. Substituting these values 

of and ?\g in (3.4.2) and after some simplification,
we get

i=3
x^(x^-i)

(3a4*3)
/ tKs-I)5 k(r-l) - x2 + x,

where Q3 = (v-k)(h-r)-(v-rk)(s-l)‘ 
From (3.4.1) and (3.4.3), we get

(3.4.4) Z (x. — x)2 =
i=3

k2Q3/v(s-l)‘ k(r-l) - x ,
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where x = (k(r-l)-x]/(b-2). As S (x^ - x)^ >
0,

the required result follows from (3.4.4).

When b = v - 2s 4- 2, A = 0, and hence
Qx = k(r-l)/(b-l) = k(r-l)/(s-l) . Thus, we obtain the 

following corollary.

Corollary 3.4.1. Ifina Lg design in which 
rk - v = s(r - h = v - 2s + 2, then there are
k(r-l)/(s-*l)^ treatments common between any two blocks 

of this design.

This result is also proved in Theorem 2.4.3 in 
Chapter 2.

3.5 Bounds for the number of common treatments between 

any two blocks in certain rectangular designs

For the description of a rectangular design, we 
refer to Section 2.5 of Chapter 2. We consider here 

rectangular designs in which 8X * 0 - 0 . We use 

Theorems 2.5.1 and 2.5.2 of Chapter 2, due to Vartak £~&4j9 
to derive the bounds for the number of common treatments 
between any two blocks of the above design. The result is 
given in Theorem 3.5.1.

Theorem 3.5.1. If % be the number of treatments 
common between any two blocks of a rectangular design in
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which 0^ * 0 « 0gj then

where

max (0, T^) < x £ min (k, Tg),

T1 = k(r-l)(b-l) 1 - ACh-251/2,

T0 = k(r-l) (h-l)""1 + A(h-2)1//8,

2 ,.2 T Q4 (r-1)'
A = k* [ vp (b-l)

] / (*>-1)

k8(v-k)(h-r)(b-p-l)/vp(b-l)8,

and
^4 = (^-k)(h-r)-p(v-rk),

p = (■v1-l)(v«-l).

Proof* Using the same notation and argument as 
in Theorem 3.2.1, we get

b(3.5.1) S x. = k(r-l) - x.
i=3 1

Using Theorems 2.5.1 and 2.5.2 of Chapter 2, due to 
Vartak £~54^7, and the same argument as in Theorem 2.4.1, 
we get
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b
Z x4(x4-l) 

i=3 1 x

(3.5.2) » (k/v) Jv2(fc-Vi) (^i~ %$) + V-^k-Vg) (Ag “ ^

+v(k-l){X - 1) x(x-l).

In Theorem 2.5.3, we have shown that

\ = rVg(k - v1)(v1 “ l)/vp,

\ m “ Vg){vg “ 1)Ap»

* r(v + kv - kv1 - kvg)/vp,

where p «* (v^ - 1)(vg - l). Substituting these values 

of ^ , 9vg , and" ^ in (3.5.2) and after some 

simplification, we get

b
X x.(x.-l) 

i=*3 1 1

(3.5.3)

k(r-l) - x + x,

where * (v-k)(b-r)-p(v-rk).

From (3.5.l) and (3.@«3), we get

k2Q4/vp
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5(3.5.4) % (x.
1=3 1

x)'
k2Q^
vp

[k(r-l)-x]!

(b-2) 9

w — 2where x = Jk(r--l)*-x] / (b-2). As 2 (x^ - x) >_ ©»
1=3

the required result follows from (3.5.4).

When h = p+l» A « ®, and hence x = jh(r-l)/ 

(h-1)] » k(r-l)/p. Thus, we get the following 

corollary.

Corollary 3.5.1. If in a rectangular design in 
whieh 0^ = 0 = 8g , h « p+1, then there are k(r-l)/p 

treatments common between any two blocks of this design.

This result is also proved in Theorem 2.5.4 of 

Chapter 2.

Remark. After having published the results of 

this chapter the author came to know about the bounds 

for the number of common treatments between blocks of 
incomplete block design, obtained by Agrawal 1__7", who 

L.'&Jf also showed that the.bounds obtained by him are 

superior to those derived here.


