Appendix F

Excess parameter y,(m, f,,,) in terms of

SU(Q) Racah coefficients

The formula for y»(m, fi), given by Eq. (4.4.7), involves (H4)m’f ™ As the Hamilto-

nian in Eq. (4.3.1) is a direct sum of matrices in f, = {2} and {13 spaces, we have

(HAY™ " = ((Hgy + Hypa)t)™ F1)

Expanding the RHS of Eq. (F1) using the cyclic invariance of the averages and ap-
plying the property that terms with odd powers of Hyp; and Hjy;», will vanish [see Eq.
(4.3.6)], we have

(HAY™m = {(HigyytY™ ™ 4 (g2 2™ 7 + 4( (Hiy)2 (Higap)2)™ I
(F2)

+2( Hygy Hyyzy Hizp Hyy )™ .

Writing H in terms of the unit tensors B’s using Eq. (4.4.3), the first two terms in Eq.
(F2) will give

()™

_ 1
- dﬂ(fm)

<fm”1 | B(f:?Fvlwvl) | me2>

Vlnv21”31v4:FV1»sznFV31FV4JwV1:w'vzswv?,vww;
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% { fmv2 | B(f2Fy,0y,) | fmvs){fmVa| B(faFysy;) | fmva)

x (fmv4 | B(faFy,wv,) | fm Vl) (F3)

X W(fZF’V1 w’Vl)W(fZF'Vzw‘Vz)W(.fZF‘ng’Vs)W(_fZF'V‘lw'V‘l) «

Using Eq. (4.4.5), it is easy to see that the term <H§2

tribution in three cases, (i) 6 F,.F, =L Owy oy, =1, 0 F, F, =L Owyymy, = 15 (D)

mfm .
) will have non-zero con-

6F1’1:FV4 =1, 60,0, =1 6sz-Fv3 =1, §a,,,0y, = 1; and (ii) 5F‘VlrFV3 =1, 00, 0y =1,
0 F,,F, =L 8wy,0y, = 1. The first two cases are equivalent due to cyclic invari-
ance of the traces and they can be called direct terms whereas the third case involves
cross-correlations and thus is called the exchange term. For (i) and (ii), applying
the Wigner-Eckart theorem and carrying out simplifications using the properties gf
the Wigner coefficients (see Appendix E), the direct terms reduce to 2 < Hj%z >m’fm .
Similarly, for the exchange term, reordering of the Wigner coefficients {see Eq. (E7)]

yields an expression in terms of a new Racah coefficient. With these, we have

(i)™ 2| (s )™

2
+ A%, [ds(F)* da(fm)

1 N
X Z U(fmfmfmfm, (Fvl)plpg (sz)pzp4)
FVI:FV2:pl:p2»P3)p4 \/dﬂ (Fvl)dﬂ (F'Vz)

x{fn || BUFv) |l fin) p, {Fn || BUF ) | fim),,
(F4)
X (fm || BUaFy) |l fim) oy (fm || BUF ) 1 fim), -
In Eq. (F4), the multiplicity labels appearing in the new U-coefficient [this is quite
different from the U-coefficient appearing in Eq. (4.4.10)] can be easily understood

from the corresponding labels in the reduced matrix elements. Similarly, we have

(2, Hﬁz}>m’fm = { <H§2}>m'f " } { (Hflg}>m'fm } : (F5a)
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(Hipy Hyzy Hy Hygzy )™ = 22,22, da(2D da (17D do(frn)

1 _
X Z U(fmfmfmfm; (F‘Vl)plpg (F’Vz)pzp4)

Fv],Fv2»91;92,93;94 \/dﬂ (Fvl)dQ(FVQ)

(F5b)

x{ fm 1| BURYFy) 1| fin)p, { frn || BULPYEW) || fim)

X{ fm | BU2IFy,) | fin) gy { fin 1| BULHYFy) 1] fm),, -

Substituting the results in Egs. (F4), (F5a) and (F5b) in Eq. (F2) gives { H4)™ m Using
this and Egs. (4.5.5) and (4.4.7), we have the analytical result for the excess parameter
Y2{m, fin). This involves SU(Q) Racah coefficients with multiplicity labels and eval-
uation of these is in general complicated [Gl-05, KI-09]. Similarly, evaluation of the
reduced matrix elements in Eq. (F4) is also complicated. The only simple situation is,
when the multiplicity labels are all unity. We denote the U(Q) irreps that satisfy this

(g

as f,>° and we have verified that one of these irreps is {47} where m = 4r. For these

irreps, the expression for v is,

6:4)

ram 89+ ey |

2 12
A, do () (F6)
fufo=rnz 90Ua o) BT, | [do(Fy)da(F,,) |

x UL [2 12 8, By, Fuy) 27 (fa: m, £D) 272 (fiy:m, ,Ezg))}.

The 2V(f2: m, f») in Eq. (F6) are defined by Eq. (4.5.6). They can be calculated using
Xy given in Table 4.4. Therefore the only unknown in Eq. (F6) is the SU(£2) Racah
coefficient U( f,(,,g)‘;g ,Sf) ,(,,3) ; Fy, Fy,). There are many attempts in the past to derive
analytical formulation and also to develop numerical methods for evaluating gen-
eral SU(N) Racah coefficients [Bi-68, Lo-70a, Lo-70, Bl-87, Bi-82, Se-88, Vi-95]. There
are also attempts to derive analytical formulas for some simple class of Racah coef-

ficients; see [Vi-95, Li-90] and references therein. In addition, there is a recent effort
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to develop a new numerical method for evaluating SU(XN) Racah coefficients with
multiplicities [Gl-05,KI-09]. From all the attempts we made in trying to use these re-
sults, we conclude that further group theoretical work on SU(NN) Racah coefficients is
needed to be able to derive analytical formulas for, or for evaluating numerically, the

Racah coefficients appearing in Eq. (F6).
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