CHAPTIER I

INTRODUCTION

1. Nuclear She Mode

Theoretical studies of the structure and properties
of mucleil have been made for several years now, within
the framework of the indepermdent particle model or the-
miclear shell model. The idea of the shell model with
the introduction of a strong spin-orbit ferm'was re-
surrected by Mayer ami by Jensen et al, and it has had
immense success in interpreting experimental results.,

The basic postulate-of the shell model is that the com-
plex interactions between the micleons in a micleus

(about which we have very little precise information)

may be largely replaced by an overall effective potential
field V acting on each nucleon independeﬁtly. There

are already available several excellent reviews on the
subjeét,l’z) and we may briefly sketch some of the
important aspects of the shell model which will be

relevant for our subsequent discussions.

The solution of the Schrodinger equation for a
micleon moving in the potential V giveé a'completé
set of orthonormal eigenfunctions, characterised by a
set of quantum mmbers, and the energy eigenvalues.

We now consider the A (= N+ Z ) nucleohs of the
nucleus to occupy a set of these single pérticle eigen=-

states, Such a set of A occupied eigenstates will be
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called a configuration. The total muclear wavefunction
in the simplest approximation is the properly anti-
symmetrised product (Slater detgrminant) of the occupied

eigenstates.

From an empirical‘analysis of the miclear properties
such as binding energies, ground state spins and parities,
reduced widths of the low lying energy levels etc., we
can obtain a rough picture of the single particle energy
level scheme. We require that the potential V should,
to a reasonable approximatlon, reproduce this emplrlcal
pattern., In all explicit shell model calculatlons, detailed
properties of V do not enter at all. In such explicit
‘calculations, the single particle energy levels, or rather
the relative energies of the levels involved, are chosen
as given by the experiments., Similarly the éingle particle
wavefunctions are generally chosen to be thoge of a simple
harmonic oscillator with a range parameter suitably related
to the muclear radius. This choice of the wavefunction is
primarily dlctated by ease in subsequent shell model cale
culations, ani is partly Jjustified by the argument that
a harmoaic oscillator potential with an appropriate spin-
orbit term provides a fairly adequate explanation of the
observed single particle level schemes. 1t should be
possible to derive more detailed properties of V by
empirical analysis of‘nuclear properties. Although this
appeérs not to have been done systematically, we note
that the inclusion of the spin-orbit %ernlwas‘dictated

by the empirical pattern of the magic mmbers; or the
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observation of large quadrupole moments and transitions
for many miclei indicated that at least for some mclei
the single particle potential must deviate from'épherical‘
symmetry3). Other features of the potential V have
become clear from recent theoretical analysi§4) of the
foundations of the shell model. It has been shown from
the equality of the binding energy per meleon in the
nmucleus that the potential V mst have a velocity
dependence,vso that it has a depth of about 70 MeV for
the most tightly bound nucleons and about 35 MeV for the
most weakly bound oness). One may also surmise that the
shape of the nuclear pétential should roughiy follow the
miclear density distribution, which can be Well.described

6)

in terms of a Woods=-Saxon shape 7,

[1 + exp(}c-—R)/b—J—i" "

Thus the harmonic oscillator is only an approximation, amd '
it is well known that the use qf the harmonic oscillator

wavefunctions gives rise to incorrect binding energy results.

) The other important concept underlying the shell
model is that of the coﬁfiguration space. We have defined
the configuration as a set 0% particle states occupied by
individual micleons. A state of a given configuration is
obtainéd by suitably coupling the angular momenta, spins
ard isotopic spins of imdividual mucleons to obtain the

total angular momentum ete. Of course, the overall muclear

- wavefunction must be made fully antisymmetric in all the
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nucleons. 1In general, a given nuclear state may then be
obtained by superpdsition of the suitable states of one

or more ccpfigurations. In the lowest approximation the
corzfiguratién space chosen is one dimensional i.e. or_xly
one configuration is assumed to describe the miclear state
satisfactorily. Various speciglised versions of shell
model are obtained depending upon the choice of the con~
figuration space. For studying some detailed properties

of the nuclear states it méy be necessary to extend the
configuration space to many dimensions; i.e. coﬁsider
superposition or mixing of many configurations. In general
the configuration space_choseﬁ depends uﬁon the nature of
the problem, the relative importance of the neafby confi-
gurations, and the ease of computation. It has‘been
customary in shell model to include only the few energeti-
'cally lowest configurations, ami diagonalise the Hamiltonian
matrix constructed in this limited space, The analysis of
Brueckner and‘othérs4) has‘pndvideq an undergtanding of the

validity of this proecedure.

We may point out that in the modei.as described
hitherto, there .is considerable degeneracy in ensrgy of
mclear states, i.e. there will exist several states with
different spins J , but all deg%?ate in energy. For
example, 1f we describe the mcleus O— by the simple
choice, viz., configuration (d5/2)2, it will have three
states with total angular momentum J = 0, 2, and 4,
Energetically, all the three states are degenerate, since

they arise from the same configuration. §Such degeneracies
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are, however, not experimentally ébserved. To account
for the observed splitting of these states, the shell
model now introduces interactions between the micleons;
in other words correlations amongst the hucleons (which
were till now considered independent), but only as

small perturbations. It should be remarked that some
correlations are already imposed by the action of the
Pauli principle, and should be distinguished from these
additional correlations which are now introduced empiri-
c2lly. The choice of these perturbing interactions has
also been largely dictated by the ease of computation.
Intuitively, one may characterise these inter-mcleon
forces as residual effective interacticﬁs after the single
pafticle potential V is extracted from the exact many
body problem, In absence of apriori knowledge of these
interactions, it has been customary to choose them in
the variational spirit~wi?h‘a4number of free parameters -
to be determined by pomparisonfwith the experiﬁental

results.

These miclear interactions which we shall call
effective interactions (they have also been referred
to as psuedo pofentials) are considered rather weak,
so that the Hamiltonian matrix can be evaluated in Born |
approximation (first order pérturbation theory) andi the
configuration mixing introduced (in particular high
configurations) is small, They are generally chosen as

central two=body forces of the form

‘\/lz' z \/C,[Ao * A‘lM +AzB * A3MB]5(&”') (1.1)
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where M, B are the space and spin exchange operators
(Majorana amd Bartlett) and Ak are constants. The
function f(&n)of the distance between the two nucleons
is chosen of the Gaussian or Yukawe shape, although a
square=well or a Stfunction are alsoc occasionally used.,
Some calculations have alsc been made with inclusion of
tensor or two=body spin-orbit forces. We should also ad@
that, generally, ﬁore than two?body forces are neglected,

and there are some phenomenological calculations which

show that this seems to be a reasonably good approximation?j

In general, then, we would have a very large mmber of
arbitrary parameters in the interaction, and unless enough
experimental data is available, or a systematic investi-
gation can be mede, or unless there is additiomal Jjusti-
fication for choice of some of the parameters, it would
be difficult to attach much physical significance to such
empirical nuclear interactions, It does not appear to

us that a satisfactory investigation on the nature of \Gz,
its uniqueness in a particular case, or for a group of
nuclei, or a variation of its parameters as we go from
one nucleus to another has been reported. Perhaps there

has not been enough experimental data.

Even with the rather stringent limitation of only
two=body central interactions, We find that most of the
authors have chosen different interactions mostly as a
matter of expediency., Table 1 lists some of the inter-
actions reported in the literature; the list though not

exhaustive, is representative. Listed are strengths of '

»
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The relative strengths of the interactions, Pj 39
instates with 1 = 2T + L and J = 285 + 1. P13 denotes
the strength of interactionin T =0, S = 1 state and is

normalised to unity.

P. s

ij
Author P33‘~ Pll P31 P13 Reference
Rosenfeld | =0.3¢  =1.78 0.60 1.0 8
Inglis -0,60  =1,00 0,60 1.0 8

~ Soper 0.15 0,00 0.46 - 1.0 9

MQShk.OV & 0.20 "0020 0.60 1.0 10
Ufford ,
Talmi & =0 ¢33 -0 ¢ 37 0.51 1.0 11
Unna.
Barker 0.38 0.81  0.30 1.0 12
Elliott & | =0.26  0.50  -0470 1,0, 13
Flowers z : \
Peasleé - 0,00 0.56 - 0.34 1.0 14
Pandya & 1.10 0.78 0.43 1.0 15
Shah i
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the interaction in various spin and isotopic spin states
of two nucleons, for example Pg,; denotes the strength
of the interaction in T =1, 8 = 0 state (singlet even).

These are related to )\k of equation (l.1l) by

P = A +A. + A, + = 1 (normalisation
13 ° L 2 As condition)
_ Pll = A‘o - Al - ﬁ;g + A;s (1.2)
Pg1 = .AD + Al*- A2 u.As
P =

ag = By Ay T Ay - Ay

It has been generally found that the effective two-body

!

interaction appears to have a rather long range - of t@e
order of the muclear size - compared to the range of the
free mucleon-micleon interactions. Table 1 shows that
there seems to be little agreement on the exchange nature
of tﬁe interaction. These effective interactions do not
appear to be of the Serber type. In particular, the
forces in the odd states seem to be much less well deter=-
mined, compared to the even states, for Py appears to

have a rather well defined value of &2 0.55.

& major aim of the work reported in this thesis is
to attempt a systematic study as far as possible of the
nature of the effective nuclear forces. The investigations
of Brueckner et al previously mentioned have given congi-
derable insight in the general qualitative nature of the
effective interactions. In the next section we outline

some of the ideas of the Brueckner theory, and then make



additional remarks on the problem of the éffective miclear

interactions,
2. Brueckner Theory

The nuclear -shell model as described in the previous
section‘is an empirical model, It is based on an assumption
that the mucleons in a nucleus move independently of each
other in a common potential well; in other words, the
Hartreé-Fock procedure of atomic spectroscopy can alsq
be épplied to study nucleaf spectra. The work initiated
by Brueckner et al and carried on, extended énd expanded
by many investigators has now enabled us to urderstand
why the shell model procedure has been so successful and
has actually provided a more rigorous and somewhat modji-

fied Hartree~Fock procedure for application to nuclei.

2a, 'Realistic two-body potential

Any theoretical study of the nuclear structure
starting from the first principles necessarily needs
a complete knowledge of the mucleon-nucleon forces.
A satisfactory procedure would be to obtain firstly
from a theory of elementary particles the nature of -
the nucleon-rucleon forces, and then to proceed to solve
the Schrddinger equation for the many-body problem with
these interactions, However, at present, it is not
even possiﬁle’to dérive the nucleon-nucleon forces rigor-

ously from Meson theory. Our present knowledge of nuclear
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forces is derived ih a semi-phenomenoclogical manner from
a study of two mucleon systems such as the deuteron and
the nucleon-nucleon scattering experiments., Two-nucleon
potentials can be chosen to fit the experimental data
and static as well as velocity-dependent or non-local
forces have been used. Although non-~local potentials
have been explored by several authors, the static
potentials, particularly those associated with the

romes of Gammel-Thaler and Signell-Marshak appear to

be more popular. It is now known that the interactions
are stroang, short ranged, have a hard repulsive core
(which may be simulated by a non-local, non-singular
potential) and are spin- and isotopic-spin-dependent,
The potentials have central, tensor and spin-orbit

terms and taking our cue from meson theory, they are

given Yukawa shapes, il.e.

V

i

oG < ke
V, QXP(—}L&)]//«L& 2> % .

The strength and range (\/oarxi /bt) in various states

(TS) can be specified, although not always unambi-
guously. The forces in T = O states are not precisely
or unambiguously determined. We glve in table 2 a set
of parameters obtained by Gammel ard Thalerlﬁ). These
parameters have been used for nuclear spectroscopy
calculations by Banerjee and Dutta Royl7). (For other
sets of potentials also used in muclear calculations

19)

see N, Meshkovlg) and Dawson, Talmi and Walecka .
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Parameters of the Gammel=Thaler potentials.

The potentials have the Yukawa shape V,[Bxp (-M4)] %

18)

outside an infinite repulsive core of radius 0.4 fm .

Strength V,

State Invér se range M
(MV) (£m)~t |
Singlet even ~d.34 1.45
Triplet odd
Central =14 1,00
Tensor 22 0.80
Spin~orbit -7315 3.70
Singlet odd 130 1.00
Triplet even
Central ~877.4 2,091
) Te nsor "159 04 1004:5
' Spin~orbit -5000 3.70
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Iwo points should be made., Firstly, although the
role of non-local potentials is not yet clearly established,
there seems to be an inereasing éwareness of their importance.
in view of the fact that they are non-singular aﬁd easy to
handle in applying to calculations of nueclear structure,
Secondly, one should remember that the analysis of two=-
nucleon systems only gives knowledge of nucleon-ixicleon
forces '"on the energy shell', Matrix elements of the
interaction "off the energy shell" can only be studied
from more-than~two~body systems, such as Hg, H33 or
scattering of nucleons by deuterons etec, There is further
the problem of possible existence of three-body or many-

body forceng’ZI)

and the best that can be said is that
at present there seems to be no definite phenomenological

A
evidence in favour of their existence.

2b. Reaction Matrix

We have now to consider the nucleus as an assembly
of a large mumber of mucleons (A) interacting via the
strong, short-ranged interactions described above. The

total Hamiltonlan is given by

A
- A (201)
H=) T+ )y
i=1 - 1<} '
R R .th
where T; = kKinetic energy of the i+ mucleon amd Vij

the two=body interaction potzntial. The energy of the

system can be calculated from the Schrddinger equation
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The conventional gartree~Fock procedure cannot be
followed to obtain a solution of the above equation,
when the Hamiltonian contains strong (and infinite

in static case) forces. The achievement of the
Brueckner theory is to provide a modified prescrip‘ﬁion
for the evaluation of the energy of the state., This

can be degcribed as follows:

Introduce a single particle potential Vj
operating on each mucleon i. Then a single particle

wave equation can be written:

(_TZ"!‘ V£)¢£:(—£%l+%) ¢£':E£¢£ ' (2.3)

With the solutions ¢£_ and the single particle energies
Ez of the above equation, we construct a "reaction

mtrix" or a X - matrix,

(Im|K|x4) = (iml\/i}'l%,&)

+Z (Lm’Vt}'P?)AE (PCV! K lﬂlé) (2.4)
P
where the matrix elements in the space of the single
particle states 95’2 etc, are denoted by the well known
bracket notation, and AE pg~ is the excitation energy
of the two particle state (pq)

AEP‘V:EE“--EM—EP‘E‘V‘ (2.5)
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The projection operator @ takes care of the exclusion
principle, and is zero for all states for which AEPa“;‘O
or approximately zero - as we discuss later, ard Q=1
otherwise, Thus K matrix is obtained from the solution
of the above integral equation., Next, & self-consistency
fequirement is imposed by comdition that the single

particle potential should be given by
(avim) =) f aniKimm) - @ik mm)]
‘ ts"

Thus the potential V obtained from the above equation
should be identical with the potential with which we

started in the equation (2.3), Vi= (LIVIL) . Wnen
the self=-consistency requirement is satisfied, one may

obtain the so=-called energy shift,

€,.= (1m|K]tm) = (tm| K m1) (2.7

and the total energy E of the system is then

E -‘-; Ty "'Zezm

L<m

- if' D
ZT“E*'-;-;%\/,& .

We do not go into the details of the Brueckner

(2.8)

theory, since these are adequately described in litera-
ture, and the present work does not deal with it. .It
is enough to point out that the determination of the
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energy shift or the energy of the system is very similar
to the usual Hartree-Fock method, except that here
instead of the simple two=~body interaction vij’ one

uses the reaction matrix K.

Let us summarise some of the results of the

Brueckner formalism which are of interest to us.

(1) The single particle potential V occuring
in the above formalism is a non=-local
potential, and therefore clearly the
question arises as to how far it is
proper to approximate it by tﬁe harmoniec
oscillator potential. We do not know
about this, but most of the calculations
on muclear spectroscopy that have been
uwde recently performed following the

2 .
17,18,19,22,23) appear

ideas of Brueckner
to avoid this problem and ﬁse harmonic
oscillator wavefunctions géﬁ to evaluate
the reaction matrix,  Baner jee and Dutta 3oy
femark that this procedure will not produce

any large errors.

(ii) Although the two=body inieraétién Vij is
singular containing infinite repulsive
core etc., it turns out that the X-matrix
is much Weaker; finite and analytically
smooth and well-behaved, Thus it is

possible to Jjustify the use of first order
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(iv)
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perturbation theory for the K-matrix (or
its approximations i.e. the effective
interactions), whe;eas for the V-matrix,
this would lead to infinities. On the
other hand even if the Vjj is local, the
K-matrix is nohrlocal and density dependént,
ag well as dependent on the configﬁration
of the shell model states that is being
considered, Thus in a strict sense the
K-matrix is not a two-body operator, but
for a given configuration space, it may
be approximately considered as a two-body

potential.

The effective nuclear interactions that

have been used in shell model computations
should not then be compared with the

real nucleon-micleon interaction Vjj, but
should be regarded as approximte models

of the K-matrix. Thus one should not
expect them to have hard-cores or saturating

properties etc,

~One of the most important results that

emerges is a consequence of the- Pauli
principle operating in nuclei. It is
found that the form of the K-matrix in

configuration space differs from Vyj only



(v)

/

at short distances £ 1fm (called
the healing distance). We shall have
occasion to comment on this feature later

in this thesis.

In the shell model calculations, it was
invariably assumed that for the ccnfigurétion
space one should include only the (energebti-
cally) lowest few configurations, and then the
Hamiltonian matrix constructed in Born appro=-
ximation in this space should be diagonalised,
This approximation has received Jjustification
from Brueckner theory. £As may be geen from
equation (2.4) the higher two-particle
excitations are all included already in the
definition of the K—matiix. In practice one
defines the operator @ so that in The sunm
over all excited states, all those states
which are approximately degenerate with the
grourmd state are excluded. The "approximately
degenerate" has to be defined, but perhaps

it is alright to define this to mean all
configurations within about 2 MeV of the
ground state. This should be adequate for
considering the low 1lying states of nuclei.

We shall adopt tais definitionl7) in our work.
It is clear that the form of the K-matrix or

the effective interaction will depend upon
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the cholce of the configuration space in
which the Hamiltonian matrix is constructed.
Although this was intuitively recognised,

it is very well brought out from the Brueckner
formalism, and this fact has to be borne in
mind while comparing the different effective

interactions.

We have summarised the results that are of interest
to us, and hope to discuss the results of our calculations
of effective interactions in various nuclei in the light

of the above concepts.

3. Scope of the thesgig

We have seen in the previous section that to
evaluate the energy of a nuclear state, one must evaluate
the corresponding K-matrix. The practical evaluation of
the K-matrix for finite nuclei, is however quite difficult,
particularly for potentials which are singular and contain
infinite hard cores. As we mentioned above, the actual
self-consistency problem is generally not attempted;. even
so the evaluation of the K-matrix involves a consmiérable
amount of numerical computation. gince the work in this

17,18,19) have been

thesis was begun, several calculations
published which evaluate the K=matrix for various poten-
tials and the energy levels of some nuclei. Although
larger and larger number of such calculations will be

performed in the near future, it would perhaps still be
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degirable to have a simple model interaction, an appro-
ximation to the actual K-matrix which one can use in
shell model calculations guickly, simply and effectively,

to calculate the nuclear energy levels.

Usually, in the shell model calculations of
nuclear spectra, one assumes some interaction as dis-
cussed in the previous section and calculates the '
resulting spectrum for comparison with experiment. In
recent years an alternate procedure is also widely used.
This is to take the observed spectrum and deduce from
it some properties of the effective interaction. This
process can be described as follows: For a given nucleus
experinments may provide spins and parities and energies
of a number orf low levels. Other experiments such asg
stripping, or pick up of a nucleon or electromagnetic
transitions might provide some information regarding
the wavefunction of these states. If we have thus
enough information on the eigenvalues (energies) and
the eigenfunctions of different states, it may be possible
to invert the Hamiltonian matrix (completely or partially)
to obtain explicitely (all or some)the matrix elements of
the interaction, We shall discuss it in detail later,
but only mention it here that this entire procedure
depends upon the choice of a suitable configuration space.
Thus from a given nucleus or several nuclei of neighbouring
mass values involving the same configurations, it may be
possible to extract several matrix elements of the inter-

action., These matrix elements may then be analysed further
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to obtain some properties of the effective interaction
and its‘parameters. With some luck and enough experi-
mental data, one may be thus able to obtain some infor-
mation on the variation of the X-maltrix with mass or
configurations. of nucleil ete, In chapter II we discuss
in detail the methodology adopted by us. We would like.
to consider thaﬁ the method of approach and analysis
presented here is an important contriﬁution, and a very
useful one, whether or not the results obtained in this
and sﬁbsequent chapters are completély satisfactory.
This technique is then applied to simple nuclei such

6 18

50
as Li 'y 07 4 Ti ~ etec. The energy levels are analysed

and the results on.effective interactions are presented.
o \

In chapter III we prg;ent some additidnal calcu=-
lations on the nuclei 018 and 019. Combining the
available»informatioq‘bn these two nuclei, it is possible
again to ﬁbtgin more information on the nature of the

effective interaction,

An additional investigation carried out during
the course of this worl is presented in the Appendix.
This includes an analysis of effective nuclear inter-

aétion in sl/2~d3/2 subshell.

oo O oo



