Chapter 5

Trajectory Controllability of

Second-order Impulsive Systems
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In this chapter, the authors have examined the trajectory controllability (TC) of
second-order evolution systems while taking impulses into account. The cosine fam-
ily of operators produced by the linear component of the system, the integral version
of Gronwall’s inequality, and the idea of nonlinear functional analysis were used to
describe the TC findings. Applications for both finite-dimensional and infinite-

dimensional systems of the TC-controlled systems are given.
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Vishant Shah 5.1. INTRODUCTION

5.1 Introduction

The ability to be controlled is a fundamental qualitative quality of systems. In order
to move a system from a given starting state to a desired end state or one that is
near it, one must identify the controllers that will do it. Kalmann was the first
to introduce the notion of controllability using the concept of functional analysis.
The monographs [125, 140, 22|, and articles [70, 82, 80, 90, 51, 130, 72, 45] and
reference their work discuss the study of various types of controllabilities for the

linear, nonlinear systems using functional analytic approach.

One should determine the controller that moves the system from the supplied be-
ginning state to the desired final state in order to examine different types of con-
trollability of the system. This style of controller, meanwhile, could not be cost-
effective. Hence, George [122] introduced the Trajectory Controllability (TC) prob-
lems. Instead of leading the system from a specific starting condition to the intended
end state, the challenge has been to build a control that directs it along a preset
course. When launching a rocket into space, a specific path and the intended loca-
tion are necessary for cost-effectiveness. Consequently, TC is explored by numerous
researchers [27, 137, 133]. The authors in [133] investigated the TC of a semi-linear

parabolic system.

On the other hand, in many systems, the state abruptly changes at a specific moment
in time or a small time-period. These systems might be referred to as instantaneous
impulsive systems or noninstantaneous impulsive systems. Applications and char-
acteristics of these systems are discussed in [135, 74, 156, 129, 121] and reference
therein. Shah et al. discussed the TC of a first-order non-instantaneous impulsive

system on the Banach space in 2021, [136].

Many evolution systems representing wave phenomena are modeled into second-
order systems. Therefore, in this article, the authors have discussed the TC of

second order system

() = Az + F(t, 2(t), 2'(t) + w(t), (5.1.1)
x(0) = 219, 2'(0) = g, a
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by considering non-instantaneous impulses into account over the finite time interval
Q = [0,Ty]. Here, at each time t, the state lies in X, A is the linear on X,
F : QxX® = X is a non-linear function, and w(t) is the trajectory controller

of the system.

5.2 Preliminaries

Definition 5.2.1 (Complete Controllability). [136] "The evolution system com-
pletely controllable on the interval Q@ = [0,To] if for any xo,x1 € X there exists a
controller w(t) in the control space U such that the state of system steers initial

state xoy at t = 0 to desire final state v1 att =T.”

Definition 5.2.2 (Total Controllability). [136] "The evolution system is totally
controllable on the interval Q = [0,Ty] if it is completely controllable over all its

subintervals [ty, tgi1].”

Let Cq be the set of all functions (-) defined over € satisfying the initial state and
final state z(0) = x¢ and Z(T") = xy, respectively. This set Cq is called the set of
all feasible trajectories. The controller obtained from the concept of complete and
total controllability for the linear system will be optimal but for the semi-linear or
nonlinear system may not be optimal. To overcome this situation one has to design
a trajectory having optimum energy or cost and define a controller in such a way
that the state of the system steers along this trajectory. Finding the controller that
steers the system on the prescribed optimal trajectory from an initial state to the
desired final state is called TC.

Definition 5.2.3 (TC). [136] "The evolution system is trajectory controllable (T-
Controllable) if for any trajectory # € Cr, there exists L* control function w € U
such that the state of the system xz(t) satisfy x(t) = ©(t) almost everywhere over §2.”

In TC, one must identify the controller that will cause the system to steer along a
predetermined course or trajectory from an arbitrary beginning state to the desired

final state. Consequently, TC is the most powerful kind of controllability.
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5.3 TC without Impulses

In this section, the authors have discussed the TC of the second-order system

2(t) = Az + F(t, a(t), 2'(t)) + w(t), (5.3.1)
2(0) = 219, 2'(0) = a0, )

without considering the impulses over {2. Assuming F good enough to have a unique

mild solution
x(t) = C(t)x1o + S(t)z20 + /0 St —7)[F(r,z(r),2' (7)) + w(r)] dr, (5.3.2)

for all ¢t € Q and any measurable function w(t). Where C(+) is a strongly continuous
cosine family of operators generated by the linear part A and S(-) is associated sine

family of operators.

Theorem 5.3.1. The system (5.3.1) is Trajectory controllable over Q if F is mea-
surable with t, continuous with respect to other arguments, and there exist positive

constants Ly, and Lpoy such that

| F(t,z1,21) — F(t, w2, 22)|| < Lpr||wr — 2a|| + Lpa||#1 — 2.

Proof. Let u(t) be any trajectory from Cq which steers the evolution equation (5.3.1)
from the initial state z19 to desired final state x1;. Define trajectory controller w(t)
as

w(t) = u"(t) — Au(t) + F(t,u(t), ' (t)), (5.3.3)

and plugging it in the system (5.3.1), the system becomes:
2(t) = Az + Ft, (), 2/ (£)) + v (t) — Au(t) + F(t,u(t), ' (t)). (5.3.4)

Considering 3(t) = z(t) — u(t), the system (5.3.4) becomes
5(1) = A3(t) + F(t, a(t), 2 (t) — F(t, u(t), (1)), (5.3.5)

with conditions 3(0) = 0, 3/(0) = 0, and the mild solution of the system (5.3.5)
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satisfies
13 S/O ISt — )| [1F (7, z(7),2"(7)) = F(t, u(t), u'(t)[| dr.

Assuming properties of strongly continuous cosine family of the operators generated
by linear part A and the hypotheses of the theorem,

t
1301l S/O ISt =) Ly [[4(7) = w(T)l| + Lz ¥'(7) — ' (7)]| d7
t
< K/O (L 3+ L2 I5'(DID) dr, K = [ISC)]]
Differentiating (||3(¢)|| is differentiable a.e) the above inequality

13" < K (Leall30)l + Lralls 1)

simplifying
KLp
/!
< —F .
IOl < T2 (o)
Applying a differential form of Gronwall’s inequality ||3(¢)|| = 0 a.e., and thus z(t) =
u(t) a.e. Hence the system (5.3.1) is trajectory controllable over €. O

Example 5.3.1. The equations of motion for the artificial satellite due to the oblate-

ness of the earth are modeled into second-order equations

pep M 3uRP (e’ + 9 — 43%)
? (t) - T3? 27”7 1)
megy B 3/1R2<]2U(P2 + 02 - 432) 5.3.6
t) (t) - T3U 27’7 ) ( = )
pon M 3uRPJan(3 4 3y” — 23%)
3'(t) =~ 33 57 ,

where G s the universal gravitational constant, R, M are radius, mass of earth,
p = GM, Jy is zonal coefficient, and r = /¥2 + 92+ 32. From the various stud-
ies, it was found that the motion of the artificial satellite is unstable under the
oblate earth if the initial velocity is low and sometimes it can hit the surface of the
earth [138]. Therefore to make the motion in the prescribed orbit one has to plug the
controller into the satellite so that they follow a specific path. Let [uq(t), ua(t), us(t)]
and [wq (), wa(t), ws(t)] be the prescribed trajectory and the trajectory controller for
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the satellite, respectively. Plugging it in (5.3.6), the equations of motion becomes:

)y 3R> Jor(x® +v° — 45°

7’3; 27 + Wy (t>7
p poo 3uRPLy(® +9° —43%)
y(t) =—39 - 57 + ws(t), (5.3.7)
" H 3:“’R2J " 352 + 302 — 232
3(t) = —3d T 29 o7 ) + ws(t).

Since the motion of many low earth satellites has a circular orbit having fized radius

r = a from the center of the earth. Therefore, the equation of motion for the circular
orbit r = a becomes:

Z://<t> _ _ﬂx . SMR2J2I(52 + 02 B 432>

a’ 2a” +wit),
" 3uR2 Iy (x? + 9% — 432

(1) = S5 - : (M YA (5.3.8)
i 3uR* I (3 + 3y° — 23%)

(o) — Loy - BB )

These motion equations have the following form

'(t) = AF(t) + F(t,7(t) + w(t), (5.3.9)

where, T = [p(t),n(t),3(t)] the position vector of the satellite,

oo o0 [ 3R Lr(® 49— 45%)
a3 2a7
2 2 2 2
A=1 0 _ﬂg 0 |, F(F(t)) _3uR Sy (* +9° — 457)
a 2a"
o o -4 BuR®Jay(3¢° + 39° — 25°)
. _
L 2a7 |

The function F(r(t)) is differentiable with respect to 7 as all of its partial deriva-

tives exist and are continuous over any finite time interval. The linear operator A

generates a strongly continuous cosine family of operators

Cos %t 0 0
\/ a
C(t) = 0 cos %t 0 ;
a
0 0 COos %t
L a” |
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and associated sine family

sin %t 0 0
\/ a
0 )
1
0

Thus the motion of the satellite (5.3.9) is trajectory controllable for the finite time

intervals. Let the initial position of the satellite be
7o = [0, —5888.9727, —3400],

having initial velocity vo = [7,0,0]. Figure 5.1 shows that the motion of the satellite

18 not stable without a controller. Data:

State without Controller

e

T

—\_\_\__\--

"—\_\_\_‘_

000 500 T -ﬁ%né
" 2000 o
0o -

Figure 5.1: The motion of the satellite is not stable without a controller.

7o = (0, —5888.9727, —3400), vy = (7,0,0), R =6378.1363, a = |rq|,
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uw==GxM, J, =1082.63 x 1075, Time Span: 540000 sec. Now considering the
trajectory for the motion of the satellite

3
u(t) = [71/“_sm1/ﬂ3t 58889727 cos 4 | 4t —3400cos,/ﬂ3t],
1 a a a

and define the trajectory controller w(t) = u” — Au — F(u) and plugging into the
equation of motion (3.4.4) the state of the system follows prescribed path. Figures 5.2
and 5.3 show the trajectory and state after plugging the controller.

Trajectory for the Motion

Figure 5.2: Trajectory of System.
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State of the system with controller

Figure 5.3: state after plugging the controller.

5.4 TC with Impulses

This section discusses the TC of the non-instantaneous impulsive second-order sys-

tem
2(t) = Az + F(t,z(t),2'(t)) + @(t), t€[0,t1)U[sy,ts)---UJs,, To]

:L‘(t) = gk(tvr(t)) + wk(t)a le [thsl) U [t2732) U [ P Sp)a

x(0) =z, 2'(0) = 290,
(5.4.1)
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over €. Attributes of the system (5.4.1) are good enough to have a unique mild

solution
(C(t)e10 + S(8)ao
—i—/o S(t—71) [F(r,z(1),2' (1)) + w(7)] dr, t € [0,t1),
{L‘(t) _ Qk(t, x(t)) + wk(t), te [tk, Sk), (542)

C(t — s1)Gk(sk, 2(s1)) + S(t — 51)Gy (51, 2(s1))

+/ S(t—s) [F(r,z(r),2' (7)) + w(7)] dr, t € [sk, trs1),

\ Sk

for all ¢ € © and any measurable function w(t), where C(-), S(-) are a strongly
continuous cosine family of operators generated by the linear part A, associated sine
family of operators, respectively and G, denote the derivative of G with respect to
t.

Assumptions 5.4.1. (A1) The linear part A of the equation (5.4.1)is an infinites-

imal generator of a strongly continuous cosine family of operators;

(A2) The nonlinear function F is measurable with respect to argument t over 2 and

there exist constants ro, Lr1, and Lpy such that

| F(t, z1,20)—F(t, 21, 22)|| < Lp1||w1—21||+Lp2||xe—2o|, Va4 € B,y CX, i=1,2;

(A3) The nonlinear functions Gy, and its time derivative Gy for known value of x(t).

Moreover there exist 0 < gr < 1 such that
1Gk(t, 2) = Gi(t, 2)|| < gille — 2|,V 2, & € By,

Theorem 5.4.1. The system (5.4.1) is trajectory controllable over § if hypotheses
(A1)—~(A3) are satisfy.

Proof. Let u(t) be any trajectory from Cq which steers the evolution equation (5.4.1)
from the initial state z10 to desired final state z1; satisfying u(t}) = z(t). Over

the interval [0, ¢;) the system becomes:

2"(t) = Az + F(t,x(t), 2/ (t)) + w(t)z(0) = 219, 2'(0) = xa. (5.4.3)
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Plugging the controller

w(t) = u'(t) — Au(t) + F(t, p(t), o (1)), (5.4.4)

in the system (5.4.3), and proceeding in same way as in Theorem 5.3.1, the system is

controllable over the interval [0,¢1). Over the interval [tg, si), the system becomes:
£(t) = Galt, (1)) + (1) (5.4.5)

Plugging the controller
wi(t) = u(t) — Gr(t, u(t)), (5.4.6)

in the system (5.4.4) the system becomes z(t) — u(t) = Gp(t,z(t)) — Gr(t, u(t)).
Taking 3(t) = z(t) — u(t) and computing

131 = N1Gr(t, 2(t)) = Gt u@)I] < gkll3 (D)1

Thus, (1 — gi)||z(t)]] < 0. Since gi < 1 therefore ||2(¢)|| = 0 a.e. Hence, the system
is T-controllable over [ty, sx), Vb =1,2,--- | p.

Over [sg, tr+1) the system becomes:
2"(t) = Az + F(t, z(t), 2'(t)) + w(t), (5.4.7)

with initial conditions z(sy) = Gi(sk,z(sk)) and 2'(sk) = G(sk, x(sk)). Since,
l3(t)]| = 0 for all ¢t € [tg,sr) and continuity of Gi leads to |[3(sx)|| = 0. Thus,
x(sk) = u(sk). Plugging the controller

w(t) = u'(t) — Au(t) + F(t,ut), ' (t)), (5.4.8)

in the system (5.4.7) and assuming the hypotheses (A1)-(A3) and using the theo-
rem 5.3.1, the system is trajectory controllable over the interval [sg,?;41). Hence,

the system (5.4.1) is trajectory controllable over €. ]
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Example 5.4.1. Consider the partial differential equation

2
_ 1 (5.4.9)
Z(t,x):gsin(Z(t,x)), S [%%)’

in the Banach space X = L*(Q), Q = [0, 7|, Ty = 7, and with initial condition
Z(0,x) = Zy(x), Z1(0,z) = Zy(x),

and boundary conditions Z(t,0) = Z(t,7) = 0. Define an operator A as AZ = Z,,

over the domain
Dom(A) = {y € L*(Q) : y" eist and 2(0) = z(7) = 0},

The operator A represented by

= 2 2
Az = Z —n? <z, \/j sinnx> \/i sin nx, z € Dom(A).
7T T

n=1

The operator A is the infinitesimal generator of strongly continuous cosine family

C(-) on X defined by

- 2 2
C(t)z = Zcos nt <z, \/; Sinnx> \/;Sinnx,
n=1

and associated sine family S(-) on X defined by

=1 2 2
S(t)z = Z - sint <z, \/; sinnx> \/; sinnx.
n=1

The evolution Eq. (5.4.9) can be formulated as the abstract equation in X = L?([0, 1])

as:

. % = Av(t) + F(t,v(t)) + w(t), te {o, %) U [%1}
v(t) = Gi(t,v), te {%, g), (5.4.10)
| v(0) =, %(0) =0
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e The function F(t,v) = e~V is continuous function and there exist Ix(r) = 1
on B,, satisfying
[ F (1) = F(t v < Jor —vel.

Thus, by Theorem the system (5.4.10) is T-controllable over [0, 1].

e Assuming that the derivative of §sinz , 2'(t) exist over the interval [0, 1].

Then, the system (5.4.10) is T-controllable over [0, 1].

5.5 Conclusion

In this chapter, the authors have discussed the TC of the second-order systems
with and without impulses. The discussion of the TC of the system was obtained
using the concept of the cosine family of operators, nonlinear functional analysis,
and Gronwall’s inequality. Applications to the motion of the artificial satellite and
nonlinear one-dimensional wave equations are also added to validate the obtained

results.
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